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Abstract

The bulk of this thesis is divided in 5 parts that correspond to separate works within

the broad theme of Asymptotics in Generalized Harmonic Gauge. Most of the results are

interconnected and even interdependent, but we choose to split them in 5 Chapters, as the

first 4 are now 4 published or submitted scientific papers and we hope the fifth becomes one

in the near future. In the following we enumerate the main achievements of the present thesis

by chapter.

For mathematical convenience initial data sets in numerical relativity are often taken to

be conformally flat. In Chapter 2, employing the dual-foliation formalism, we investigate the

physical consequences of this assumption. Working within a large class of asymptotically flat

spacetimes we show that the ADM linear momentum is governed by the leading Lorentz part

of a boost even in the presence of supertranslation-like terms. The type of boost that we

use consists of a change of coordinates which, close to spatial infinity, at leading order, takes

the form of a Lorentz transformation added to a supertranslation. The latter is a function

that depends only on the angles, as usually defined in standard spherical polar coordinates.

Following up, we find that in spacetimes that are asymptotically flat, and admit spatial slices

with vanishing linear momentum that are sufficiently close to conformal flatness, any boosted

slice can not be conformally flat. Consequently, there are no conformally flat boosted slices

of the Schwarzschild spacetime. This confirms the previously anticipated explanation for the

presence of junk-radiation in Brandt-Brügmann puncture data.

In Chapter 3, a heuristic method to find asymptotic solutions to a system of non-linear

wave equations near null infinity is proposed. The non-linearities in this model, dubbed

good-bad-ugly, are known to mimic the ones present in the Einstein field equations and we

expect to be able to exploit this method to derive an asymptotic expansion for the metric in

General Relativity close to null infinity that goes beyond first order as performed by Lindblad

and Rodnianski for the leading asymptotics. For the good-bad-ugly model, we derive formal

expansions in which terms proportional to the logarithm of the radial coordinate appear at

every order in the bad field, from the second order onward in the ugly field but never in

the good field. The model is generalized to wave operators built from an asymptotically flat

metric and it is shown that it admits polyhomogeneous asymptotic solutions. Finally we define

stratified null forms, a generalization of standard null forms, which capture the behavior of

different types of fields, and demonstrate that the addition of such terms to the original system



bears no qualitative influence on the type of asymptotic solutions found.

In Chapter 4 a slight generalization of the last result is shown, namely that a very large

class of systems of non-linear wave equations, based on the good-bad-ugly model, admit formal

solutions with polyhomogeneous expansions near null infinity. A particular set of variables

is introduced which allows us to write the Einstein field equations in generalized harmonic

gauge as a good-bad-ugly system and the functional form of the first few orders in such an

expansion is found by applying the aforementioned result. Through these formal expansions

of the metric components, the peeling property of the Weyl tensor is revisited. The impact

on the peeling property of the gauge source functions and constraint additions is discussed.

Finally, the special interplay between gauge and constraint addition, as well as its influence

on the asymptotic system and the decay of each of the metric components, is exploited to

find a particular gauge which prevents the appearance of logs to arbitrarily high order, hence

recovering peeling.

The dual-frame formalism leads to an approach to extend numerical relativity simulations

in generalized harmonic gauge all the way to null infinity. A major setback is that without care,

even simple choices of initial data give rise to logarithmically divergent terms that would result

in irregular variables and equations on the compactified domain, which would in turn prevent

accurate numerical approximation. It is shown in Chapter 4, however, that a suitable choice

of gauge and constraint addition can be used to prevent their appearance. In Chapter 5 we

give a first order symmetric hyperbolic reduction of general relativity in generalized harmonic

gauge on compactified hyperboloidal slices that exploits this knowledge and eradicates these

log-terms at leading orders. Because of their effect on the asymptotic solution space, specific

formally singular terms are systematically chosen to remain. Such formally singular terms

have been successfully treated numerically in toy models and result in a formulation with the

desirable property that unphysical radiation content near infinity is suppressed.

In Chapter 6 we establish a deep relationship between ugly fields and good and bad ones

that stems from the fact that one can write the equation for the rescaled derivative of an

ugly along an incoming null direction as a good or a bad equation depending on whether

there are source terms or not. This provides a new interpretation of the logarithms of the

radial coordinate that show up in expansions of solutions to ugly equations near null infinity.

Namely, we can identify some of those with logs we introduce in the initial data and with

the logs generated at first order in the bad equation. Furthermore this allows us to use the

Klainerman-Sobolev inequality for the standard wave equation on Cauchy slices to show well-

posedness for the ugly equation. In the second part of the chapter we perform a first order

reduction of the ugly equation with given sources in flat space and we radially compactify

the coordinates in order to show an energy estimate for that equation on hyperboloidal slices.

We expect these achievements to be a modest but important first step towards a local well-

posedness result for the first order compactified Einstein field equations in generalized harmonic

gauge.
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Resumo

O corpo desta tese está dividido em 5 partes que correspondem a trabalhos distintos dentro

do tema Asymptotics in Generalized Harmonic Gauge. A maioria dos resultados estão conecta-

dos e são até interdependentes, mas escolhemos separá-los em 5 capítulos, já que os 4 primeiros

são agora 4 artigos científicos publicados ou submetidos, e esperamos publicar o quinto num

futuro próximo. Nos parágrafos seguintes enumeramos os resultados mais relevantes desta tese

por capítulo.

Por uma questão de conveniência matemática, os dados iniciais em relatividade numérica

assumem frequentemente métricas espaciais conformemente planas. No Capítulo 2, empre-

gando o formalismo de dupla folheação, investigamos as consequências físicas deste pressu-

posto. Trabalhando com um conjunto largo de espaços-tempo assimptoticamente planos, de-

monstramos que o momento linear ADM é determinado pela parte de um boost dado pela

transformação de Lorentz, mesmo que a mudança de coordenadas contenha supertranslações.

O tipo de boost utilizado consiste numa mudança de coordenadas que perto do infinito es-

pacial, em primeira ordem, toma a forma de uma transformação de Lorenz somada a uma

supertranslação. Esta última, no caso de ambos os sistemas de coordenadas serem cartesi-

anos, é um termo somado a cada coordenada que depende apenas dos ângulos definidos da

maneira usual num sistema de coordenadas esféricas. Este grupo de transformações é usu-

almente denominado assimptoticamente Poincaré e tem a particularidade de conter todas as

transformações que preservam a propriedade do espaço-tempo de ser assimptoticamente plano,

para uma certa definição do termo. Por essa razão chama-se transformação permissíveis. Além

disso descobrimos que em espaços-tempo assimptoticamente planos que admitem fatias espa-

ciais com momento linear trivial e que estão suficientemente próximas de ser conformemente

planos, nenhuma fatia com momento linear pode ser conformemente plana. Consequente-

mente, não existem fatias do espaço-tempo de Schwarzschild com momento linear que sejam

conformemente planas. Este resultado confirma a explicação previamente conjecturada para

a presença de junk-radiation nos dados iniciais puncture de Brandt-Brügmann.

No Capítulo 3, propomos um método heurístico para encontrar soluções assimptóticas

para um sistema de equações de onda não-lineares perto do infinito nulo. Sabe-se que as não-

linearidades deste modelo, apelidado de good-bad-ugly, imitam as não-linearidades presentes

nas equações de campo de Einstein e mais à frente nesta tese exploraramos este método para

derivar uma expansão assimptótica para a métrica em Relatividade Geral perto do infinito nulo



que vá para lá da primeira ordem, como nas análises de Lindblad e Rodnianski. Para o modelo

good-bad-ugly, derivamos expansões formais em que os termos proporcionais ao logaritmo da

coordenada radial aparecem a todas as ordens no campo bad, a partir de segunda ordem no

campo ugly e não aparecem no campo good. O modelo é generalizado para operadores de

onda construídos a partir de uma métrica assimptoticamente plana e mostramos que admite

soluções assimptóticas polihomogéneas. Finalmente definimos formas nulas estratificadas, uma

generalização das usuais formas nulas, que capturam o comportamento dos diferentes tipos de

campos, e demonstramos que a adição de tais termos aos sistema original não implica qualquer

influência qualitativa no tipo de soluções assimptóticas encontradas.

No Capítulo 4 uma ligeira generalização do último resultado do capítulo anterior é demons-

trada. Mais especificamente mostramos que um conjunto alargado de sistemas de equações de

onda não-lineares, baseado no modelo good-bad-ugly, admite soluções formais com expansões

polihomogéneas perto do infinito nulo. A métrica é escrita em função de um conjunto especí-

fico de variáveis que permite escrever as equações de campo de Einstein na gauge harmónica

generalizada como um sistema good-bad-ugly e a forma funcional das primeiras ordens dessa

expansão é encontrada aplicando o resultado acima descrito. Através destas expansões for-

mais das componentes da métrica, a propriedade de peeling do tensor de Weyl é revisitada.

O impacto na propriedade de peeling das funções de fonte de gauge e adições de constran-

gimentos, bem como a sua influência no sistema assimptótico e o decaimento de cada uma

das componentes da métrica, é explorada para encontrar uma gauge particular que previne o

aparecimento de logaritmos até ordem arbitrariamente alta, deste modo recuperando peeling.

O formalismo de dual-frame providencia uma abordagem ao problema em relatividade nu-

mérica de estender o domínio computacional ao infinito nulo. O principal obstáculo deste

método é que até as escolhas mais simples de dados iniciais geram termos logaritmicamente

divergentes que resultam em variáveis e equações irregulares no domínio compactificado, que

previnem aproximações numéricas precisas. Contudo é demonstrado no Capítulo 4 que uma

escolha cuidadosa de gauge e adição de constrangimentos permite evitar o seu aparecimento

destes termos. No Capítulo 5 apresentamos uma redução de primeira ordem da Relatividade

Geral em gauge harmónica generalizada em fatias hiperboloidais compactificadas que é simé-

trica hiperbólica e tem a propriedade de suprimir logaritmos até ordens altas. Devido ao seu

impacto no espaço de soluções assimptóticas, permitimos sistematicamente o aparecimento de

certos termos formalmente singulares. Estes termos já foram tratados com sucesso em mo-

delos mais simples e resultam numa formulação com a propriedade desejável de que radiação

não-física perto do infinito nulo é suprimida.

No Capítulo 6 estabelecemos uma relação profunda entre os campos ugly, good e bad que

decorre do facto de que se pode escrever a equação para a derivada rescalada de um campo

ugly numa certa direcção como uma equação good ou bad dependendo de se existem inhomo-

geneidades ou não e da rapidez do seu decaimento. Isto providencia uma nova interpretação

para os logaritmos da coordenada radial que aparecem nas expansões de soluções para equa-



ções ugly perto do infinito nulo. Mais especificamente, podemos identificar alguns deles com

logaritmos que introduzimos nos dados iniciais e com os logaritmos gerados em primeira ordem

na equação bad. Além disso este método permite-nos utilizar a desigualdade de Klainerman-

Sobolev para a equação de onda em fatias de Cauchy para mostrar que o problema baseado

na equação ugly é bem-posto. Na segunda parte deste capítulo executamos uma redução de

primeira ordem da equação ugly com inhomogeneidades conhecidas em espaço-tempo plano

e compactificamos radialmente as coordenadas para mostrar estimativas de energia para essa

equação em fatias hiperboloidais. Esperamos que estes resultados sejam um passo modesto

mas importante na direção de encontrar um resultado local de que as equações de campo de

Einstein em gauge harmónica generalizada constituem um sistema bem-posto.

Palavras Chave

Assimptoticamente plano, conformemente plano, modelo good-bad-ugly, peeling, gauge

harmónica generalizada.
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Notions of decay at infinity

Throughout this thesis the reader will find various distinct notions of decay at infinity. In

case he or she needs a quick reminder of the definitions thereof, we list them all here according

to whether they refer to the vicinity of spatial infinity or of null infinity.

Spatial infinity

• f(R) = O(g(R)) if there exists a positive real number M such that |f(R)| ≤Mg(R) for

sufficiently large R. It is informally stated as f decays as g.

• f(R) = o(g(R)) if for every positive real ε there exists an R0 such that |f(R)| ≤ εg(R)

for every R ≥ R0. It is informally stated as f decays much faster than g.

• f(R) = Op(R
−m) means that its partial derivatives of order n decay as R−m−n for all

n = 0, . . . , p. That is, up to order p, each derivative improves the decay of f by one

additional order.

• In f(R) = OS(R−m) the subscript S is placed to stress that this decay is assumed only

on the initial hypersurface and not close to null infinity.

Null infinity

• f(R) = o+(g(R)) refers to the condition

∃ε > 0 : lim
R→∞

f(R)

g(R)R−ε
= 0 , (1)

which can be informally stated as the condition that f falls-off faster than g1+ε as R

goes to infinity, which is a faster fall-off than f(R) = o(g(R)); more precisely, o+(g) =

o(gR−ε).

• We use ' to represent equality at large radius up to error terms that decay faster than

those displayed in the expression. For example, we can write f ' R−1 as short-hand

for f = R−1 + o+(R−1).



1
Introduction



1. Introduction

Theoretical background

In the following paragraphs we explain the scientific context that provides a basis for the

results of this thesis. We also briefly state those results and clarify the problems they aim to

solve and which give them relevance. The various subsections are separated according to the

topics most relevant for the next chapters.

Conformally flat slices of asymptotically flat spacetimes

The construction of initial data for the Cauchy problem in General Relativity (GR) relies

on the one hand upon a suitable formulation of the constraints, and on the other on a suitable

choice for the given data within this formulation. The former serves to provide a theoretical

framework in which data can be constructed, while the latter encodes modeling choices of

the physics under consideration. Ideally this framework will allow for a straightforward proof

that data of physical interest exists, and for the required given data to be easily interpreted.

In numerical relativity the most popular approach to solve the constraints is to make use of

the York-Lichnerowicz conformal transverse traceless decomposition [5–7] plus developments

of the approach culminating in the extended conformal thin-sandwich equations [8–13]. In

this setting the constraints become a coupled nonlinear elliptic system. A particularly popular

choice is the puncture data [14]. Other strategies include gluing [15, 16] and the reformulation

of the constraints as a hyperbolic evolution system [17].

An important aspect in formulating the constraints is the study of exact solutions or those

with special properties as this helps to understand the physical nature of the constructed data.

This is the case for puncture data, which is in some sense inspired by the form of Schwarzschild

in isotropic coordinates. In fact, in all approaches employing a free conformal metric, it often

simplifies matters to make that metric flat. Simplifying choices may however have unfortunate

physical consequences on the data being constructed. It is known, for example, that the

Kerr spacetime admits no spatial slice which is conformally flat [18, 19]. Therefore the use

of this restriction, even in the construction of a single spinning black hole, must result in

data which corresponds not to Kerr, but to some physical deformation thereof. This deviation

often appears as high-frequency gravitational wave content, and is therefore referred to as

junk-radiation. Similar radiation is also observed in evolutions of conformally flat initial data

in which the black holes have linear momentum. This feature becomes the crucial stumbling

block for highly boosted data [20, 21]. With the expectation that the restriction to conformal

flatness was the cause of this problem, several practical [22] and more sophisticated [23, 24]

cures have been implemented. Another strategy is to try and account for the physical effect

of the junk-radiation. In the recent paper [25], for example, a fitting method is used to do so.

The relationship between linear momentum, conformal flatness and junk-radiation has

notably been studied in the literature by York [26–28], but usually with a fixed background

spacetime and a Taylor expansion in the boost. Here, to avoid those simplifications, we employ
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the dual-foliation formalism [29–34] and consider spacetimes which are asymptotically flat at

spatial-infinity.

In this thesis we examine the properties of asymptotic charges, in particular of the ADM

4-momentum. We then show that if there is a spatial slice with vanishing ADM-momentum

which is in some sense close to conformal flatness, then no slice asymptotically related to

the first by a boost near spatial-infinity can be conformally flat. Morally this result can be

summarized by saying that no slice of Schwarzschild with linear momentum is conformally

flat and therefore, in concordance with the expectation mentioned above, conformal flatness

is a cause of junk-radiation in single black hole spacetimes with linear momentum. This is

presumably also true in a more general context.

Generalized harmonic gauge

Harmonic coordinates have played an important role throughout the history of General

Relativity in several different ways. They were used by DeDonder to analyse the character-

istic structure of GR [35, 36], by Fock to study gravitational waves [37] and, perhaps most

importantly, they enabled Yvonne Choquet-Bruhat to show the first well-posedness results for

the Einstein equations as an inicial value problem [38]. The main reason why these coordi-

nates have been so widely used in such important results is that they turn the Einstein field

equations (EFE) into an explicitly hyperbolic system of equations where the principal part

of each equation is a standard D’Alembertian operator. Mathematically speaking, this choice

of coordinates amounts to requiring that each coordinate satisfies the standard homogeneous

wave equation.

A groundbreaking generalization of this was first introduced by Friedrich in 1985 [39].

Instead of forcing the coordinates to be strictly harmonic, he changed the wave equation

by adding an inhomogeneity that is arbitrary but a fixed function of the coordinates and the

metric. This keeps the principal part of the EFE unchanged while introducing 4 new functions,

usually called gauge source functions, that act as sources and which we are free to choose to

our convenience. The concept was perhaps most famously used in the numerical simulations

of the final inspiral and merger of a black hole binary by Pretorius [40, 41]. This generalized

harmonic gauge (GHG) is a crucial ingredient of the vast majority of the work in this thesis,

as we try to make the most of this freedom in order to sway the asymptotic behaviour of the

field equations.

According to the free-evolution philosophy, numerical relativists do not require the con-

straints of the theory to vanish, but rather assign initial data in which that is the case and then

check that they do vanish a posteriori. Nevertheless, as we are not satisfied with solutions

that violate the constraints, we are free to add any amount thereof to the field equations,

knowing that this will not change the solutions. Yet another property that makes GHG of

special interest is the fact that it fundamentally changes the constraints of the theory and

allows for the modification of the equations in such a way that small constraint violations are
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damped in the numerics. Although GHG plays a part in some of the results of Chapter 2, we

only go through it in detail in Chapter 4, where it becomes central.

Inclusion of null infinity in the computational domain

Although the concept of null infinity has been present in General Relativity for a long time,

dating back at least to the works of Penrose, Newman, Bondi and Sachs —see for instance [42–

46], there are still questions to be answered about the structure of spacetime nearby. From

the point of view of mathematical relativity, null infinity plays a central role in the resolution

of open problems such as the weak cosmic censorship conjecture, the (non) peeling properties

and global stability analysis of spacetimes. From an astrophysical perspective, null infinity

should also play an important role since gravitational radiation is not localizable and hence it

is only well defined at null infinity. The latest achievements in gravitational wave astronomy

are coupled to advances in numerical relativity since the former rely on the accurate calcula-

tion of waveforms from astrophysically relevant scenarios. However, the waveforms that are

routinely computed in numerical relativity codes are evaluated at a large but finite radius and

extrapolated to infinity. Despite that the latter has proven to work, from a mathematical

point of view these wave forms should thus be computed directly at null infinity. There have

been various approaches to include null infinity in the computational domain. For instance,

the work of Hübner [47, 48] and Frauendiener [49] makes use of the conformal Einstein field

equations (CEFE) introduced by Friedrich [50, 51] building upon Penrose’s idea of bringing

null infinity to a finite coordinate distance by means of a conformal compactification [42]. Al-

though the CEFE provide a geometric approach to the problem of the inclusion of null infinity,

the standard methods of numerical relativity that have proven to work well for the strong field

region of spacetimes of physical interest cannot be trivially lifted over. In particular, this

approach has not yet been used for compact binary evolutions.

To overcome this situation a variety of approaches have been pursued, including using

Cauchy-Characteristic Matching [52] and the use of a suitable hyperboloidal initial value prob-

lem. The latter involves providing initial data on a hyperboloidal slice, a spacelike hypersurface

that intersects future null infinity. These slices are not Cauchy hypersurfaces, as their domain

of dependence does not cover the whole spacetime. When implementing a system of non-linear

differential equations numerically, it is important that the terms we integrate have explicitly

regular limits at null infinity, as opposed to terms which can only be written as the quotient

of divergent terms, for instance O(R)/O(R). These formally singular terms are implicitly

regular as they acquire regular values with the asymptotics we expect for each field, but they

cause problems in the implementation nonetheless. The main technical problem with using

Cauchy-Characteristic Matching is that it results in formally singular terms.

Although challenging, this type of singular equation has been treated numerically in spher-

ical symmetry [53–56]. Further hyperboloidal formulations of GR with successful numerics can

be found in [57–60].
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Dual frame approach and asymptotic systems

In light of the above, a relevant problem to be solved on the analytical side, with direct

implications for numerical work, is the construction of an alternative to the CEFEs using more

standard formulations of the Einstein field equations but insisting on including null infinity. A

recent proposal to make inroads into the construction of such a formulation in the hyperboloidal

set up is to use a dual frame approach [30], which consists essentially of decoupling coordinates

from the tensor basis and carefully choosing each of them. This allows one to write the EFE

in generalized harmonic gauge and then solve them in hyperboloidal coordinates. Various

different aspects of this proposal have been investigated [31, 34, 61, 62]. Here we give just a

brief overview. An essential prerequisite for this to work is the satisfaction of the coordinate

lightspeed condition [34]. As discussed in [34], the coordinate lightspeed condition is related

to the weak null condition [63]. The former is the requirement that derivatives of the radial

coordinate lightspeeds have a certain fall-off near null infinity, while the latter is expected to

be a sufficient condition on the non-linearities of a quasilinear wave equation for establishing

small data global existence. Although it has not been shown in full generality that the weak

null condition implies small data global existence, a recent work by Keir [64] proved that if a

system of quasilinear wave equations satisfies the hierarchical weak null condition, then small

data global existence is guaranteed. Hörmander’s asymptotic system, a heuristic method that

predicts the fall-off of solutions to systems of quasi-linear wave equations, was used in [34] to

show that through constraint addition, one can guarantee that the resulting field equations

satisfy the lightspeed condition beyond the initial data.

The good, the bad and the ugly

The work in [31] and [34] together shows that formally singular terms can be avoided by

using the dual foliation formalism [30] in combination with hyperboloidal coordinates and GR

in GHG. However, even the simplest choice of variables shows the existence of metric compo-

nents with a fall-off of the type O(R−1 logR), with R a suitably defined radial coordinate. This

can cause problems in numerical evolutions. In [61], the authors use a toy model composed

of wave equations with non-linearities of the same kind as those present in the EFE to show

that these logarithmically divergent terms can be explicitly regularized by a non-linear change

of variables. This toy model is called the good-bad-ugly model as it splits the evolved fields

into three categories according to their fall-off near null infinity, and it is known to satisfy the

weak null condition. The non-linearities in this model are known to mimic the ones present in

the EFE.

In this thesis we generalize earlier results on the good-bad-ugly model, laying out a heuristic

method to predict the type of decay of terms beyond the leading ones in a very large class

of systems of non-linear wave equations near null infinity. Formal expansions are derived in

which terms proportional to the logarithm of the radial coordinate appear at every order in

the bad field, from the second order onward in the ugly field but never in the good field. The
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model is then generalized to wave operators built from an asymptotically flat metric and it is

shown that it admits polyhomogeneous asymptotic solutions, loosely speaking inverse power-

law decay in R but with logarithmic obstructions, close to null infinity. We define stratified

null forms, a generalization of standard null forms, which capture the behavior of different

types of fields, and demonstrate that the addition of such terms to the original system bears

no qualitative influence on the type of asymptotic solutions found. This provides us with the

knowledge of where log-terms may appear in asymptotic expansions so that we are able to

manage those terms appropriately in the numerics. The adjective heuristic in this context is

used to emphasize that the connection between the original weak null condition introduced by

Lindblad and Rodnianski in [63] and small data global existence has not been proven yet, at

least not in full generality. To remove this adjective one needs to prove suitable estimates for

our formal expansions. The last part of this thesis is dedicated to showing energy estimates

for the original good-bad-ugly model with a flat metric.

Peeling property

Exploiting conformal transformations and under the assumption of the smoothness of null

infinity, it can be shown, under very general conditions, that the components of the Weyl

tensor of spacetimes associated with an isolated source fall off with certain negative integer

powers of r, an affine parameter along outgoing null geodesics [43]. This property, known as

peeling, implies in particular that the far field of any source of gravitational waves behaves

locally as a plane wave. The question of whether physically relevant spacetimes satisfy the

peeling property was a subject of extensive debate. Whereas solutions of interest have been

shown to allow for a smooth null infinity, namely using hyperboloidal initial data [65–67],

and asymptotically flat initial data [68, 69], it is now clear that several physically motivated

constructions violate peeling, and hence cannot have smooth null infinity [70, 71]. Rigorous

evidence (from the PDE perspective) of logarithmic terms in the asymptotics of solutions

to the EFE in harmonic gauge can be found in [72] and in the proof of the stability of the

Minkowski spacetime (with polyhomogeneous initial data and developments) of [73].

In this thesis we aim to build upon the results regarding the high order asymptotics of the

good-bad-ugly model by pursuing the same strategy in finding polyhomogeneous expansions

of the EFE near null infinity. We find that there is a large class of initial data which, under

a naïve choice of gauge and constraint addition, prevents the Weyl tensor from peeling due

to the presence of logs. Furthermore, we show that there is special interplay between gauge

and constraint addition which can be exploited to turn all of the metric components into

non-radiating fields at null infinity, except the two that correspond to gravitational radiation.

Regular first order Einstein field equations

The method we used to recover the peeling property can be used to find a formulation of

General Relativity that generates no logs to the first few orders in the polyhomogeneous expan-
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sions of the solutions. In fact, by exploring this method and performing a first order reduction

and a radial compactification of the coordinates, we are able to reach a first order symmetric

hyperbolic log-free formulation of the Einstein field equations in generalized harmonic gauge at

null infinity. Constraint addition then allows us to eliminate the vast majority of the formally

singular terms, leaving us only with very simple ones that can easily be identified and suitably

dealt with through the use of L’Hôpital’s rule. We expect this to serve as an alternative to

the conformal field equations for the inclusion of null infinity in the computational domain.
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Thesis Outline

In this section we enumerate all the calculations that constitute this thesis by chapter. It is

worth mentioning that the original results in Chapters 2 and 3 were published in the scientific

journal Classical and Quantum Gravity as 2 separate papers [1, 2] under the same titles as

the chapters they correspond to, whereas the contents of Chapters 4 and 5 have recently been

submitted to the same journal [3, 4]. The results in Chapter 6 are expected to be submitted

soon. At the start of each chapter we describe all the geometric setup required to understand

the results that follow it. As most of these results are deeply connected, different chapters

make use of the same definitions, so some of these are stated more than once. At the expense

of sporadically having the reader go through some repeated content, this was done consciously

so that the chapters are as self-contained as possible and one can read any of them without

having to go through the trouble of reading the entire thesis.

Chapter 2 - Conformally flat slices of asymptoticaly flat spacetimes

We begin in section 2.1 with an overview of the dual foliation formalism and the various

definitions and asymptotics that are assumed afterwards. We demonstrate that the ADM

4-momentum is governed by the leading Lorentz part of a boost even when supertranslation

terms are present. Section 2.2 contains the main argument that, under refined assumptions

on the asymptotics, boosted slices can not be conformally flat. As a corollary we show that

axisymmetric slices of Kerr can not be conformally flat. We conclude with a proof that our

working definition of asymptotic flatness in a 4D boost-type domain can be propagated from

its natural restriction to initial data on a 3D slice of constant time.

Chapter 3 - High order expansions of the good-bad-ugly model near null
infinity

In Sections 3.1 and 3.2 we outline our geometric setup and basic assumptions. In section 3.3

we begin our analysis by considering the model used in [61]. We show by induction that the bad

field may have logs at every order in R−1 and the ugly field may have logs from second order

onward under certain conditions, while the good field must have no logs at all. Additionally,

we present a recursion relation that gives the coefficient associated with any power of R−1

of the evolved fields in terms of the previous order, ultimately in terms of the initial data.

In section 3.4 the model is generalized to allow the wave operator to be built from a general

asymptotically flat metric whose components are allowed to depend analytically on the evolved

fields. An induction proof analogous to the one shown in section 3.3 is presented to assert that

with such a wave operator, the equations are much more deeply coupled and hence all fields may

inherit logs from one another, the main difference being the order at which they are allowed

to first appear. In fact, the proof shows that the good-bad-ugly model allows for asymptotic

solutions which can be written as polyhomogeneous expansions near null infinity. Finally, in

section 3.5 we generalize the model even further by adding arbitrary linear combinations of

8



1. Introduction

what we call stratified null forms, a generalization of the standard notion that knows about

the behavior of the three different types of field, to the original system and showing that these

terms do not affect the proof.

Chapter 4 - Peeling in generalized harmonic gauge

In section 4.1 we lay out the formalism which is most convenient for this analysis, and which

is very similar to the one used in Chapter 3. We furthermore write the derivatives of metric

components in terms of components of the transition tensor between two covariant derivatives,

which we then use to derive the EFE as a system of 10 coupled non-linear wave equations,

one for each of the 10 independent metric components. In section 4.2 we state the theorem

shown in [2] and generalize its proof to include GR. Section 4.3 is dedicated to showing that the

EFE, in cartesian harmonic gauge and with a particular constraint addition, is a good-bad-ugly

system. Using the theorem proved in section 4.2, we then integrate the equations for the first

few orders to find the functional form of the leading terms in the polyhomogeneous expansion.

Informally, we integrate the equations to find the powers of logR that can be present in each

term with general initial data. In section 4.4 we show that there are choices of initial data

which prevent the Weyl scalars from peeling by introducing a logR/R in Ψ2. Finally, in

section 4.5 we explore the special interplay between the gauge and constraint addition to show

that there is a particular choice which recovers the peeling property by preventing any powers

logR from appearing in the first orders of the expansion.

Chapter 5 - Regularizing dual-frame generalized harmonic gauge at null
infinity

In section 5.1 we describe the geometric setup required in the rest of the chapter. In

section 5.2, the most convenient gauge source functions and constraint additions are chosen

for each of the 10 metric components. This involves introducing a gauge driver function that

satisfies a wave equation chosen so that it asymptotes in a particular way. This is a subtle

but crucial step to eradicate the logarithmic terms. For this reason we end up with 11 second

order differential equations. In section 5.3 we write these equations in a very concise way

that is ideal to perform a first order reduction, which is done in section 5.4. By considering

first derivatives of our fields to be evolved variables in their own right, we find a system of 55

regular first order equations whose principal part can be written in a very compact way. In

section 5.5 we choose a radially compactified coordinate system and show how that alters the

directional derivatives in the system of equations. Finally in section 5.6 we present the full

system of first order differential equations and discuss the existence of formally singular terms,

ways to make most of them not appear in the final equations and the way to deal with the

ones that do. The final system has only two types of formally singular terms, both of which

can be rendered harmless in the numerics, through the use of L’Hôpital’s rule. We conclude

this chapter with a proof that the final system is symmetric hyperbolic.
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Chapter 6 - Energy estimates for the good-bad-ugly model

In section 6.2 we argue that ugly equations on a flat background can be rewritten as good

equations for the bad derivative of the original field rescaled by one power of R in the special

case where p = 1. This allows us to show a well-posedness result by using the Klainerman-

Sobolev inequality, which provides estimates for solutions to the standard wave equation on

Cauchy slices and their derivatives. In the second part of the chapter we use the results shown

in Chapter 5 about the radial compactification of the coordinates and symmetric hyperbolicity

in order to prove energy estimates for the ugly equation with any p and any given source terms

F on hyperboloidal slices.

Chapter 7 - Conclusions and Future Work

We end this thesis with a chapter that wraps up all of the results of the previous ones. We

do this chapter by chapter and provide an outlook towards potential new research that could

spring from these conclusions.
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2. Conformally flat slices of asymptotically flat spacetimes

This chapter is based on work that was published in the scientific journal Classical and

Quantum Gravity [1]. The main results herein are that the ADM linear momentum is governed

by the leading Lorentz part of a boost even where supertranslation terms are introduced

and that the asymptotically flat spacetimes that admit spatial slices with vanishing linear

momentum do not admit boosts that make the spatial metric conformally flat. In other

words, there are no conformally flat boosted slices of the Schwarzschild metric.

2.1 Asymptotic flatness and the ADM 4-momentum

In this section we describe the DF formalism before giving a relevant formulation of

asymptotic-flatness at spatial-infinity. We then define a change of coordinates that preserves

this notion of asymptotic flatness, and end by discussing the transformation of the ADM

energy-momentum under changes of coordinates that asymptote to Poincaré transformations

plus a supertranslation term near spatial-infinity.

2.1.1 Dual foliation formalism overview

Given two families of observers, one associated with upper case coordinates Xµ, the other

with the lower case xµ, spacetime will be described in two different but related ways. The

DF formalism [30] provides a means to relate these two worldviews from a 3 + 1 perspective.

Throughout this chapter, Latin indices a, b, c, d, e will be abstract, underlined Greek indices

denote the components of tensors in the upper case coordinate tensor basis, whereas plain

Greek indices are used for the lower case basis. Underlined and plain Latin indices i, j, k, l

stand for the spatial components in the upper case and lower case bases respectively. The two

time coordinates T and t provide, in general, two distinct foliations of the spacetime, thus

creating different spatial tensors, spatial metrics, extrinsic curvatures and so on. We denote

with (N)γab the upper case spatial metric, and γab the lower case metric. The future pointing

unit normal vectors Na and na of upper case and lower case foliations are related by,

Na = W (na + va) , (2.1)

where we have defined the Lorentz factor W and lower case boost vector va,

W = −(Nana) , va =
1

W
⊥baNb . (2.2)

Here ⊥ba is the projection operator on to the lower case slice. Since the normal vectors have

unit magnitude the Lorentz factor and boost vector satisfy,

W =
1√

1− vivi
, W ≥ 1 > γijvivj ≡ v2 , (2.3)

where γij is the inverse lower case metric. Tensors orthogonal on every slot to Na and na are

called upper case and lower case respectively. The 3 + 1 form of the spacetime metric gab can
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be written as

ds2 = (−A2 +BiB
i)dT 2 + 2BidTdX

i + (N)γijdX
idXj

= (−α2 + βiβ
i)dt2 + 2βidtdx

i + γijdx
idxj , (2.4)

with standard definitions for the lapse and shift variables. Subsequent definitions, such as that

for the extrinsic curvature of each foliation (N)Kab and Kab, follow the standard lines. Their

explicit relationship is given in [30].

The two tensor bases are of course related by the Jacobian Jµµ ≡ ∂Xµ/∂xµ, which can be

represented as,

J =

(
A−1W (α− βivi) απi + βiφii
−A−1Wvi φii

)
, (2.5)

where φii ≡ J ii.
The projected upper case induced metric defined by gab = γcaγ

d
b
(N)γcd is,

gij = (N)γij = γij +W 2vivj . (2.6)

This object can be considered a metric on the lower case foliation and it is called boost metric,

with covariant derivative D and connection G. The boost metric has inverse,

(g−1)ij = γij − vivj . (2.7)

For more details of the formalism we direct the reader to [30].

2.1.2 Asymptotic flatness

Physically speaking, an asymptotically flat spacetime is characterized by the requirement

that the metric asymptotes to the Minkowski metric sufficiently fast at large distances. A

point well made in [74] is that no absolute preferred definition of asymptotic flatness can be

given or expected. Rather there is an interplay between the field equations, the physics under

consideration, and the rate at which the metric becomes flat. Therefore several distinct precise

formulations of the concept have arisen. A key development in these definitions has been the

use of conformal compactification [75], which was used [18, 19] in the demonstration that there

is no conformally flat slice of the Kerr spacetime. We instead work with a more pedestrian

definition, which is motivated and stated in the following.

Basic notion of asymptotic flatness: Consider a globally hyperbolic spacetime foliated

by a family of spacelike Cauchy hypersurfaces ΣT and a boost-type domain Ω defined as,

Ω := {R > R0, |T | < qR+ T0}, (2.8)

where R is a radial coordinate on that foliation, defined in the standard way in terms of Xi, to

be introduced momentarily, and R0, q > 0 and T0 are constants. The spacetime is said to be
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asymptotically flat if there exists a preferred coordinate system Xµ = (T,X, Y, Z), which will

in general be highly non-unique, with Xi on ΣT , in which the metric gab satisfies the following

condition within Ω:

gαβ = ηαβ +Op(R
−1) , (2.9)

where ηαβ is the Minkowski metric, p > 1 and Op(R−m) means that its ∂α partial derivatives

of order n decay as R−m−n for all n = 0, . . . , p. Following a hint given in [76], we note that by

combining the boost theorem of [77] with the improved Sobolev embedding of [78], the present

definition of asymptotic flatness can be propagated from its natural restriction to initial data,

in the vacuum setting, inside a boost-type domain for any p ≥ 1 provided that suitable data,

belonging to sufficiently high order weighted Sobolev spaces, is given. We leave the proof of

this statement to the last section of this chapter (2.3).

Permissible coordinate changes: If we are to restrict ourselves to the study of asymptot-

ically flat spacetimes, it is helpful to know which class of coordinate transformations preserves

the asymptotic form of the metric. In the following we determine the form of these coordinate

changes, which we dub permissible coordinate changes. Intuitively, slices that we can obtain

from ΣT through a permissible coordinate change are called permissible slices. Let us assume

momentarily that there are two coordinate systems Xα and xα in which the metric, close to

spatial infinity, takes the form (2.9). Then we have,

gαβ = gαβJ
α
αJ

β
β

⇒ηαβ +Op(r
−1) = ηαβJ

α
αJ

β
β +Op(R

−1) . (2.10)

In order to retrieve any information about the Jacobian, we have to know how the two error

terms relate to one another. For that we assume that the upper case coordinate system can

be expanded in powers of r−1 in the following way:

Xα = Xα
0(t, θ, φ)r +Xα

1(t, θ, φ) +Op+1(r−1) , (2.11)

where t := x0 and θ and φ are the standard polar and azimuthal angles associated with xα.

We can then write the upper case radial coordinate near spatial infinity as,

R2 := δijX
iXj = δijX

i
0X

j
0r

2 +Op+1(r) , (2.12)

which implies an equivalence of orders,

Op(r
−q) = Op(R

−q) , (2.13)

and we can conclude from (2.10) that the Jacobian must have a leading Lorentz term,

Jα α = Λα α +Op(r
−1) , (2.14)
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where Λαα is the standard Lorentz matrix. Using the fact that Jα α := ∂αX
α, we can differ-

entiate (2.11) with respect to xα and use (2.14) to get four equations, one for each derivative

of Xα. The ∂iXα equations give,

Xα
0r = Λα ix

i , (2.15)

and the ∂tXα equation yields,

∂tX
α

1 = Λα t ⇒ Xα
1 = Λα tt+ cα(θ, φ) , (2.16)

where cα are arbitrary functions of lower case angles. Plugging (2.15) and (2.16) in (2.11), we

get,

Xα = Λααx
α + cα(θ, φ) +Op+1(r−1) . (2.17)

We conclude that any coordinate transformation that preserves the asymptotic form of the

metric must have this form, and this is the class that we will use throughout this chapter. Note

that the Poincaré transformations are precisely the subset of this large class with constant cα

and vanishing error terms. For completeness we write here the explicit form of the Jacobian

in our notation, as well as that of its inverse, which will be useful later on:

J =

(
W̄ −W̄ v̄jδ

ji

−W̄ v̄i δ
i
i +

W̄ 2v̄iv̄j
W̄+1

δji

)
+ ∂c(θ, φ) +Op(r

−2) ,

J−1 =

(
W̄ W̄ v̄i

W̄ v̄jδ
j
i δii +

W̄ 2v̄iv̄j
W̄+1

δji

)
+ ∂C(Θ,Φ) +Op(R

−2) , (2.18)

with W̄ = (1− v̄iv̄i)−1/2, v̄i constant and v̄i := v̄jδ
ij . Now we need to check that all transfor-

mations in the class (2.17) preserve the asymptotic form of the metric. For that we assume

the metric to behave like (2.9) and the coordinate transformation to be of the form (2.17),

and compute the behavior of gαβ close to spatial infinity,

gαβ = gαβJ
α
αJ

β
β = ηαβJ

α
αJ

β
β +Op(R

−1)

= ηαβ +Op(r
−1) +Op(R

−1) = ηαβ +Op(r
−1) ,

where the last equality comes from (2.13). This concludes the proof that the largest class of

coordinate transformations that preserve the asymptotic behavior required by our definition

of asymptotic flatness (2.9) is given by (2.17). We can then write the following result:

Proposition 1. Let (M, g) be an asymptotically flat spacetime with preferred coordinates Xα.

A coordinate transformation is permissible if and only if it is of the form,

Xα = Λααx
α + cα(θ, φ) +Op+1(r−1) . (2.19)

It is straightforward to see that the inverse transformation takes the analogous form,

xα = (Λ−1)ααX
α + Cα(θ, φ) +Op+1(R−1) , (2.20)
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2. Conformally flat slices of asymptotically flat spacetimes

with the new quantities and O defined in the obvious manner, and Cα = −(Λ−1)ααc
α. Addi-

tionally, the angular coordinates can be seen to satisfy,

Θ =
ΛZix

i

R
+Op+1(r−1) ,

Φ =
ΛY ix

i

ΛXjxj
+Op+1(r−1) . (2.21)

Note that the leading order terms in Θ and Φ depend only on θ and φ, which is why we can

define Cα in terms of θ and φ in (2.20).

The ADM 4-momentum: The ADM 4-momentum is defined as,

PADM
α := (−m,PX , PY , PZ) , (2.22)

where m is the ADM mass and Pi are the components of the ADM linear momentum, given

in terms of the intrinsic metric and extrinsic curvatures by,

PADM
T =

−1

16π
lim
R→∞

∫
SR

(∂i
(N)γij − ∂j (N)γii) dS

j

R , (2.23)

PADM
i =

1

8π
lim
R→∞

∫
SR

((N)Kij − (N)K(N)γij) dS
j

R . (2.24)

Here, SR is a coordinate 2-sphere of radius R. Our definition of asymptotic flatness is sufficient

for the ADM four-momentum to be well defined. PADM
α behaves as a 4-dimensional linear form

under coordinate change (2.17) [79]. In fact, ADM showed [80] that a Poincaré transformation

changes the 4-momentum according to,

PADM
α = Λα

αPADM
α , (2.25)

where Λα
α = Λββηαβη

αβ . For an introduction of the ADM conserved quantities at spatial

infinity based on differentiability requirements for the Hamiltonian see [81]. Here a slightly

more restrictive definition of asymptotic flatness is used.

2.1.3 Supertranslations do not affect the transformation of the ADM 4-
momentum

We work in this subsection along the lines of the discussion given in [82] (Section 1.2.3).

The Einstein-Hilbert action contains second derivatives of the metric, but one can remove a

total divergence from it, leaving the action with only first derivatives of the metric. As the

term removed is a total divergence, the field equations are unchanged. This can be achieved

by introducing a background metric.

Let S0 be the spacelike hypersurface {T = 0}∩Ω, where Ω is a boost-type domain. On S0,

we define the upper case background metric Bab by requiring that Bαβ = ηαβ . Note that,

due to the Poincaré-invariance of the Minkowski metric, if we took cα in (2.17) constant,
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2. Conformally flat slices of asymptotically flat spacetimes

there would be no difference between Bab and the analogously defined lower case background

metric bab. In our case, that difference takes the form,

Bαβ − bαβ = 2∂(α[Λαβ)c
βηαβ] +Op(R

−2)

=: 2∂(αc̃β) +Op(R
−2) . (2.26)

We define the following tensor,

◦
g ab :=

1

16π

√−g√
−B

gab , (2.27)

where g and B are the determinants of gab and Bab, respectively. As in [82] (Section 1.2.3),

given a vector field X, the Hamiltonian generating the flow of X can be written as,

H(X,S0) :=

∫
S0

(
pabcLX

◦
gbc −XaL

)
dSa

=

∫
S0

◦
∇b
◦
UabdSa ,

◦
Uab :=

◦
Uab cXc − 2

◦
gd[aδb]c

◦
∇dXc ,

◦
Uab c := 2(

◦
g−1)cd

◦
∇e
(◦
g d[b◦g a]e

)
, (2.28)

where
◦
∇a is the covariant derivative associated with Bab, L is the Lagrangian and pabc is the

momentum canonically conjugate to
◦
∇◦g ab defined as,

pabc :=
∂L

∂(
◦
∇a
◦
g bc)

. (2.29)

The ADM 4-momentum on S0 is then,

PADM
α := H(∂α,S0) . (2.30)

By Chruściel’s Proposition 1.2.1 in [82], if the metric gab satisfies our notion of asymptotic

flatness (2.9), then the integral H(∂α,S0) converges. Now let S be the spacelike hypersur-

face {t = 0} ∩ Ω which is related to S0 by a change of coordinates of the form (2.17). As

we have shown that the boundary conditions are preserved under (2.17), we immediately get

convergence of the integral H(∂α,S). In order to show that (2.25) is unchanged by super-

translations, we define the following 3-dimensional region of spacetime,

T = {R = R0, T > 0, t < 0} ∪ {R = R0, T < 0, t > 0} ,

so that its boundary ∂T consists of two 2-spheres of radius R0, S0∩{R = R0} and S∩{R = R0}
respectively, as shown on Fig. 2.1. We integrate

◦
∇b
◦
Uab over T and use Gauss’s theorem to

write, ∫
S∩{R=R0}

◦
UabdSab =

∫
T

◦
∇b
◦
UabdSa +

∫
S0∩{R=R0}

◦
UabdSab. (2.31)
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2. Conformally flat slices of asymptotically flat spacetimes

Figure 2.1: Depiction of the geometry involved in Theorem 1. The gray-shaded surface denotes the
lower case (boosted) spatial slice and the white the upper case. To relate the asymptotic charges on
each, the divergence law is applied on the red surface T .

From [82] we can see that the integrand in the first term on the right-hand side can be written

as,

16π
◦
∇b
◦
Uab =

√
−B(TabXb +QabX

b +Qabc
◦
∇bXc) ,

where Tab is called canonical stress and is defined as,

Tab :=
1

8π

√−g√
−B

(
Rab −

1

2
Rgab

)
, (2.32)

Qab is, to leading order, quadratic in
◦
∇gab and Qabc is bilinear in

◦
∇gab and gab − Bab with

bounded coefficients. At this point we have to make the additional assumption that the

spacetime satisfies Einstein’s equations with a stress-energy tensor decaying as O0(R−4). This

implies that Tab decays near spatial infinity at least as,

Tαβ = O0(R−4) . (2.33)

This requirement is necessary because the integral on T involves integrating over two angular

coordinates, yielding R0
2 in the volume element, and one time coordinate, yielding R0 as the

time interval grows with R0. Then, as R0 →∞, the first term on the right-hand side of (2.31)

is, ∫
T

◦
∇b
◦
UabdSa = O0(R−1

0 ) , (2.34)

and the remaining two terms give,

lim
R0→∞

∫
S∩{R=R0}

◦
UabdSab = H(∂α,S0) . (2.35)
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2. Conformally flat slices of asymptotically flat spacetimes

We would like the left-hand side to reduce to H(∂α,S). For that, we have to rewrite the

integrand in terms of the following tensor,

(g
◦
−1) ab :=

1

16π

√
−b√−g gab =

√
−b√
−B (

◦
g−1)ab , (2.36)

where b is the determinant of the lower case background metric, and replace the covariant

derivative
◦
∇a with the one associated to bab, ∇◦ a, by making use of the tensor,

Cbac :=
◦
Γb
a
c − Γ

◦ b
a
c

=
1

2
(B−1)ad(∇

◦ b
Bcd +∇

◦ c
Bbd −∇◦ dBbc) , (2.37)

where
◦
Γb
a
c and Γ

◦ b
a
c are the Levi-Civita connections of Bab and bab, respectively. In order to

compute the ADM 4-momentum, the vector X is chosen to be ∂α (see (2.30)) and the second

term on the definition of
◦
U ab (2.28) vanishes, so let us write,

◦
U ab

c =2

√
−b√
−B

[1

2
U
◦
ab
c +

B

b
δ[b
c g
◦
a]e∇
◦ e

b

B
+ Ceefδ[b

c g
◦
a]f + Ce[b

cg
◦
a]e + Ce[a

fδ
b]
c g
◦
ef
]
. (2.38)

The quotient of the determinants of the background metrics can be computed using (2.26):

b

B
= 1− 2(b−1)ab∇

◦ a
c̃b +Op(R

−2) . (2.39)

We must now define the future-pointing vectors normal to S0 and S, normalized with respect

to the background metrics. Respectively,

◦
na := − ◦α∇

◦ a
t ,

◦
α−2 := −(B−1)bc∇

◦ b
t∇
◦ c
t ,

n
◦a

:= −∇
◦ a
t . (2.40)

We must also define the outward-pointing vectors normal to S0∩{R = R0} and S∩{R = R0},
◦
sa :=

◦
∇aR ,

s
◦a

:=
◦
γba
◦
sb ,

◦
γba := δba +

◦
na
◦
nc(B

−1)bc , (2.41)

respectively, in order to build the integrand on the left-hand side of (2.35):

◦
U ab

c
◦
na
◦
sbX

c = U
◦
ab
c
◦
na
◦
sbX

c + 2∇
◦ f
∇
◦ d
c̃e

[
gfbge[d − gfdge[b

]◦
na
◦
sbX

a] +Op−1(R−3) . (2.42)

In order to understand the last non-error term in (2.42), we have to perform the following

simple computation,

◦
sα∇◦ δ∇◦

δ c̃β −
◦
sδ∇
◦ δ
∇
◦ α
c̃β =∇

◦ δ
(
◦
sα∇◦

δ c̃β)−∇
◦ δ
◦
sα∇◦

δ c̃β

−∇
◦ α

(
◦
s δ∇
◦ δ
c̃β) +∇

◦ α
◦
sδ∇◦

δ c̃β +Op−1(R−3) . (2.43)
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2. Conformally flat slices of asymptotically flat spacetimes

The third term on the right-hand side of (2.43) is zero to leading order because c̃a only

depends on angular coordinates (2.17). Note that, to this order, whether the dependence is

on lower case angles or upper case ones is irrelevant because of (2.21). Also, from (2.41) we

have ∇
◦ a
◦
sb = ∇

◦ b
◦
sa, so we get,

◦
sα∇◦ δ∇◦

δ c̃β −
◦
sδ∇
◦ δ
∇
◦ α
c̃β = ∇

◦ δ
(
◦
sα∇◦

δ c̃β) +Op−1(R−3) . (2.44)

Plugging this into (2.42) yields,
◦
U ab

c
◦
na
◦
sbX

c = U
◦
ab
c
◦
na
◦
sbX

c +
◦
nbX

b∇
◦ a

[
◦
sc∇
◦
ac̃c] +

◦
ncXb∇

◦ a
[
◦
sb∇◦

ac̃c] +Op−1(R−3) . (2.45)

The vector ∂α is a Killing vector with respect to the upper case background metric Bab, so we

can write,

LXBab = 2
◦
∇(a[Bb)cX

c] = 0 . (2.46)

Naturally, we have that,

(∂T )a = −(B−1)ab
◦
∇bT ,

(∂i)
a = (B−1)ab

◦
∇bXi , (2.47)

which, together with (2.46), gives
◦
∇aXb = 0 . (2.48)

Note that this result implies ∇
◦ a
Xb = Op−1(R−2), because the difference between the back-

ground metrics has a fall-off (2.26), and this allows us to push X through the covariant

derivative in (2.45) while only getting higher order additional terms. From (2.26) and (2.40),

we can easily see that,

◦
α = 1 +Op(R

−1) , (2.49)

and hence that,

∇
◦ α
◦
nβ = Op−1(R−2) , (2.50)

Now, using (2.48) and (2.50) in the integrand (2.45), we find,
◦
U ab

c
◦
na
◦
sbX

c = U
◦
ab
cn◦a

s
◦b
Xc +∇

◦ a
[
◦
nbX

b◦sc∇
◦
ac̃c] +∇

◦ a
[
◦
ncXb◦sb∇◦

ac̃c] +Op−1(R−3) . (2.51)

In the first term on the right-hand side we have replaced ◦na with n
◦a

because, to leading order,

they are equal (2.49). Moreover, we have replaced ◦sa with s
◦a

because the antisymmetry of the

first two indices of
◦
U ab

c guarantees that whichever component of ◦sa that is not orthogonal

to n
◦a

vanishes. The last two terms are total divergences on the sphere and thus integrate to

zero. Finally, we get the result,

H(X,S) = H(X,S0) . (2.52)
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2. Conformally flat slices of asymptotically flat spacetimes

Let us now use this in order to find how the ADM momentum transforms under (2.17):

PADM
α : = H(∂α,S0) = H(∂α,S)

= Λα
αH(∂α,S) =: Λα

αPADM
α , (2.53)

where in the second equality we used (2.52) and in the third we used the fact that Λα
α are

constants while the rest of the terms in the Jacobian are of order O(R−1), so that they cannot

contribute to the integral. This is the result that we wanted (2.25) and we state it concisely

in the following theorem:

Theorem 1. Let (M, g) be an asymptotically flat spacetime and a solution of Einstein’s equa-

tions with stress-energy tensor components decaying as O0(R−4). Then, any permissible coor-

dinate change transforms the ADM 4-momentum as

PADM
α = Λα

αPADM
α , (2.54)

where Λα
α is a Lorentz matrix.

Discussion: The definition of asymptotic flatness at spatial infinity given above makes no

assumption about the linear momentum, and nor should such a definition in general. By the

result on the ADM 4-momentum above (2.53) however, assuming that the spacetime extends

long enough near spatial infinity, we can transform to an asymptotic rest-frame, or just rest-

frame for short, which we define as a slice in which the linear momentum vanishes. If we

wish, we can then refine the definition of asymptotic flatness within this preferred slice. In

view of the boost theorem [77], we expect that given suitable initial data, with appropriate

care, our requirements on the asymptotics, to be stated momentarily, can be propagated long

enough in time to apply our results. We required that Einstein’s equations are satisfied due to

the fact that PADM was defined according to the corresponding action. That said, we expect

that different actions would yield similar results, but with different definitions of the canonical

stress tensor (2.33).

2.2 Conformal Flatness of Boosted Slices

In this section, the Cotton-York tensor of the lower case spatial metric is computed as-

suming the upper case slice to have zero ADM linear momentum and the coordinate change

to be given by (2.17). For that a stronger definition of asymptotic flatness is needed, namely,

assumptions have to be made on the first order terms in R−1 of the metric components. It

turns out that a crucial component of the Cotton-York tensor is given by the boost vector

itself. In the presence of linear momentum this component gives the leading obstruction to

conformal flatness in the lower case foliation. Throughout this section we shall be concerned

with coordinate transformations of the form,

Xα = Λααx
α + cα(θ, φ) +O4(R−1) , (2.55)
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2. Conformally flat slices of asymptotically flat spacetimes

where we can take the error term in terms of the upper case radial coordinate because of the

equivalence of orders implied by (2.13).

2.2.1 Strong asymptotic flatness

We call a globally hyperbolic asymptotically flat spacetime with p = 3 strongly asymp-

totically flat of order O3(R−2) at spatial infinity if there exist coordinates Xµ = (T,X, Y, Z)

defining a rest-frame in which, in a neighborhood of spatial infinity, the spatial metric takes

the form,

(N)γij = ψ4
(
δij + hij

)
, (2.56)

where hij = O3(R−2), and we fix the ambiguity in this decomposition by taking ψ = 1 + m
2R ,

whilst the lapse and shift satisfy,

A = 1− m

R
+O3(R−2) , Bi = O3(R−2) . (2.57)

To highlight the differences between the notion of strong asymptotic flatness and its weaker

version given in section 2.1.2, the former can be written in a more concise way:

gαβ = ηαβ +
2m

R
δαβ +O3(R−2) . (2.58)

Ultimately this amounts to requiring that the spacetime is asymptotically flat with p = 3 and

the coefficient of the R−1 term is 2mδαβ . We are not aware of a general theorem guaranteeing

that such fall-off will be propagated from initial data, but this definition is satisfied by the

Kerr-Newman metric, and by the Schwarzschild metric with vanishing error terms, and so

is not absolutely prohibitive. It is similar in spirit but not identical to the notion of strong

asymptotic flatness employed in [83], but we expect that we could adjust our definition to

match the conventions therein.

2.2.2 Definition of conformal flatness

It is well known that in three dimensions conformal flatness is characterized by the van-

ishing of the Cotton, or equivalently Cotton-York, tensor [5, 6]. Working in the lower case

foliation, the Cotton tensor and the Cotton-York tensor associated with γij are given by,

Cabc := Dc

(
Rab − 1

4Rγab
)
−Db

(
Rac − 1

4Rγac
)

Cab := −1

2
εacdCecdγ

eb = εcd(aDcR
b)
d , (2.59)

respectively, where the last equality makes use of the fact that Cab is a symmetric tensor.

Here, εbcd := naε
abcd and εabcd is the Levi-Civita totally antisymmetric tensor with indices

raised with the metric gab. The definitions for the upper case foliation are analogous. An

important point to make here is that if a metric is conformally flat, then there is a coordinate

system Xα in which we can write that locally,

(N)γij = Ω4δij . (2.60)
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2. Conformally flat slices of asymptotically flat spacetimes

We then say that (N)γab is explicitly conformally flat in coordinates Xα. Taking the spacetime

to be strongly asymptotically flat of order O3(R−2), our primary assumption, the upper case

Cotton-York tensor is easily seen to be at worst,

(N)Cij = O(R−5) . (2.61)

We call such a non-vanishing Cotton-York tensor an upper case obstruction to conformal

flatness. Any such obstruction must be, in some sense, generated by the traceless part of hij .

2.2.3 Conformal flatness and the boost metric

Let us consider a spacetime which is strongly asymptotically flat of order O3(R−2). We

want to show the result that the boost metric components (2.6) have the same type of fall-

off near spatial infinity as the upper case spatial metric components in an appropriate set of

spatial coordinates. This observation will be helpful when computing the lower case Cotton-

York tensor. The lower case metric can be written as,

γij =gαβJ
α
iJ
β
j

=(N)γijφ
i
iφ
j
j −W 2vivj +A−2BiB

iW 2vivj −A−1Biφ
i
(iWvj) , (2.62)

where, in the second equality, we have used (2.5). Then the boost metric is exactly,

gij = (N)γijφ
i
iφ
j
j +A−2BiB

iW 2vivj −A−1Biφ
i
(iWvj) . (2.63)

Strong asymptotic flatness on our metric gab gives,

gij = (N)γijφ
i
iφ
j
j +O3(R−2) , (2.64)

which does not depend on JT i, so there must be a set of spatial coordinates xî that allows us

to write

gîĵ = ψ4(δîĵ + hîĵ) , (2.65)

with hîĵ = O3(R−2). Notice that having made no assumption on the form of the boost, gij
inherits the asymptotic form of the upper case metric (2.56). In fact, these coordinates are

easily seen to be given by xî = Xi, so that the full composite transformation is given by

t̂ = t = W̄ (T + v̄iδ
i
iX

i) + Ct(Θ,Φ) +O4(R−1) ,

xî = Xi , (2.66)

which renders the spatial part of the Jacobian φiî = δiî. Note that this coordinate transfor-

mation does not give a Lorentz transformation at leading order, and hence must be treated

carefully when evaluating asymptotic charges. Although the slice is boosted, the time deriva-

tive associated with these coordinates still coincides with ∂T , which means that the solution

still appears time independent at order O(R−1) in the transformed tensor basis.
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It is interesting to note also that in the static case, taking the upper case coordinates to

have vanishing shift, the error term in (2.64) vanishes and gab is conformally flat whenever

the upper case spatial metric is. Moreover, Einstein’s equations were not used to reach this

result, meaning that it is fair to say that the following fact is purely geometrical: in a static

spacetime with a foliation with vanishing shift in which the spatial metric is conformally flat,

the boost metric relative to that foliation is conformally flat with the same conformal factor.

More generally, since the boost metric is conformally related to δîĵ + hîĵ , we can say that

the obstruction to conformal flatness in the boost Cotton-York tensor is at worst O(R−5).

Naturally, we recover the precise obstruction of the upper case Cotton-York tensor continuously

as v → 0. In other words in strongly asymptotically flat spacetimes of order O3(R−2), boost

metrics have the same obstruction to conformal flatness as the spatial metric in the preferred

rest-frame. On this basis one would therefore expect that the spatial metric in such a boosted

slice would pick up an obstruction to conformal flatness at lower order in R−1. This we examine

in the following.

2.2.4 The lower case Cotton-York tensor

From (2.53) we can see that if we assume the upper case slice to have zero ADM linear

momentum, then any slice that we get by changing coordinates according to (2.55) has non-

vanishing linear momentum if and only if v̄i 6= 0. In the last section we saw that the boost

metric of Schwarzschild spacetime is conformally flat. Then, looking at (2.6), we expect that γij
is not. In this section we compute the lower case Cotton-York tensor using (2.62) to show

that our expectations are correct for a large class of spacetimes. We begin by assuming that

our spacetime is strongly asymptotically flat of order O3(R−2). While it is possible to do this

computation directly, it proves more efficient to use the conformal invariance of the Cotton

tensor and compute it for a metric that is conformal to the lower case spatial metric. For that,

let us expand Wvi under (2.55),

Wvi = A(W̄ v̄i − ∂icT ) +O3(R−2) , (2.67)

and plug it in to (2.62) to get,

γ̃ij : = ψ−4γij

= δij +
4m

R
W̄ 2v̄iv̄j + 2W̄ 2v̄(i∂j)c

T + 2φi(i∂j)c
i +O3(R−2) , (2.68)

where the second equality is obtained from equations (2.18) and (2.67) and φii := δijφ
j
i. The

Levi-Civita connection associated with γ̃ij is,

Γ̃i
k
j =

2m

R2
W̄ (v̄iv̄js

k + v̄iv̄
ksj − v̄j v̄ksi) + W̄ v̄k∂i∂jc

T + φi
k∂i∂jc

i +O2(R−3) , (2.69)

where φii := δijφij and si defined as,

si := L∂iR , L−2 := (g−1)ij∂iR∂jR .
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Here we raise and lower the indices on si and v̄i with γij . In order to compute the Ricci tensor

of the conformal metric, we will need to take one derivative of si. From (2.12), we get,

∂isj =
1

R
(gij − sisj) +O2(R−2) , (2.70)

and hence,

R̃ij =∂kΓ̃i
k
j − ∂jΓ̃ikk + Γ̃i

l
jΓ̃k

k
l − Γ̃i

l
kΓ̃j

k
l

=− 2m

R3
W̄ 2(12v̄[isk]v̄[jsl]δ

kl − v̄iv̄j − v̄kv̄kδij) +O1(R−4) . (2.71)

Note that, to leading order, the Ricci tensor of the conformal metric does not depend on

supertranslations. We can finally compute the Cotton-York tensor of the conformal metric

using (2.59),

C̃ij =
30W̄ 2m

R4
skv̄lε

kl(i

{
1

5
v̄j) + v̄j)[v̄ms

m]2 − sj)v̄msm
}

+O0(R−5) , (2.72)

In order to obtain the lower case Cotton-York tensor from the conformal one, we use the

conformal invariance of the Cotton tensor and verify that, to leading order, the Cotton-York

tensors must agree,

Cijk = C̃ijk ⇔ Cij = C̃ij +O(R−5) . (2.73)

Notice that v̄i and si cannot be parallel because, in Cartesian coordinates, v̄i is constant. To

leading order, all the five independent components of Cij (symmetric and trace-free) vanish

if and only if v̄ = 0 or m = 0, except Cijsisj which is zero regardless of the values of the

constants. This implies that, if we assume our metric to have a ‘rest-frame’ (PADM
i = 0) that

is close to conformal flatness in the asymptotic sense of (2.56)-(2.57), no slice with v̄i 6= 0 can

be conformally flat. It is interesting to note that this fact is purely geometrical, in the sense

that it does not assume GR to hold. It is only when we talk about linear momentum that this

ceases to be true, because its definition and transformation law (2.25) rely on GR. However

we do expect that similar results can be obtained for different theories. For clarity we state

this result in the following theorem:

Theorem 2. Let (M, g) be a strongly asymptotically flat spacetime of order O3(R−2) at spatial

infinity and a solution of Einstein’s equations with non-trivial m and stress-energy tensor

components decaying as O0(R−4). Then, there is no permissible slice with non-zero ADM

linear momentum which is conformally flat.

2.2.5 The Kerr case

It is straightforward to see that the Kerr spacetime satisfies the hypotheses of both The-

orems 1 and 2. Therefore there can be no conformally flat boosted slice of Kerr. In fact it is

already known [18, 19, 84] that there is no such slice with vanishing linear momentum in Kerr

either. Presently, as a corollary of Theorem 2, we recover the latter result in the special case
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2. Conformally flat slices of asymptotically flat spacetimes

that the slice is axially symmetric. Details of the calculations of this section can be found in

the Mathematica notebook [85].

We start with Boyer-Lindquist coordinates and adjust the radial coordinate RBL as,

RBL = ψ2R , (2.74)

with ψ defined as before. Constructing Cartesian coordinates in the standard way from (T,R,Θ,Φ)

brings the metric into the form (2.56) employed in Theorem 2. Computing the Cotton-York

tensor, one readily finds an obstruction to conformal flatness of order O(R−7) at large radius.

Therefore our aim would be to adjust the slice so that this obstruction is somehow absorbed.

We consider only axisymmetric slices, and so make the ansatz,

t = W̄ (T + v̄iδ
i
iX

i) + Ct(0) +R−1Ct(1) , (2.75)

with Ct(0) and C
t
(1) functions of Θ to be determined. Working with axisymmetric slices means

that we end up with only a simple ODE analysis to perform. Generalizing this would instead

require treating a PDE problem. Adding higher order terms to this ansatz will not affect the

calculations to the order at which we work. Presently we do not alter the spatial coordinates,

since doing so will only complicate the computation, and can not help to impose conformal

flatness on the adjusted spatial slice, which is determined solely by the choice of t. By The-

orem 2 we must furthermore choose v̄i to be zero, otherwise there will be an obstruction to

conformal flatness of order O(R−4) on the adjusted slice. Computing the Cotton tensor of the

lower case spatial metric in powers of R−1 reveals that there is an obstruction to conformal

flatness at order O(R−5) unless,

Ct(0) = c1 + c2 cos2 Θ , (2.76)

with c1 and c2 arbitrary real constants. There is furthermore an obstruction of order O(R−6)

unless c2 = 0; in other words the supertranslation term must belong to the Poincaré class.

Using these conditions and computing one order further we find that there is no choice of Ct(1)

that removes the O(R−7) obstruction. In particular, we must have,

sin Θ ∂2
ΘC

t
(1) + 3 cos Θ ∂ΘC

t
(1) = 0 , (2.77)

but even when this condition is satisfied there remains an obstruction at the same order. Thus

the Kerr spacetime admits no axially symmetric conformally flat spatial slice.

2.3 Propagation of asymptotic flatness from initial data

It has been shown that requiring initial data for vacuum GR to be asymptotically flat,

for some definition of the term, gives a time development that preserves the asymptotic fall

off [77]. As our definition of asymptotic flatness is a set of conditions on the whole of a boost

region, it is interesting to check whether this definition is a consequence of the initial data
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2. Conformally flat slices of asymptotically flat spacetimes

requirements of [77]. If that is true, then we need only to impose conditions on an initial slice

that are sufficient to guarantee that they are preserved in a boost region. Let U be any open

set in R3 and let σ be the function,

σ(R) = (1 +R2)1/2 . (2.78)

The weighted Sobolev space Hk
δ (U), with s ∈ N and δ ∈ R, is the class of all functions u on

U with values in some finite dimensional vector space V , defined by the norm:

||u||Hk
δ (U) :=

k∑
j=0

||σδ+jDju||L2(U) . (2.79)

The first statement of the boost theorem, as stated in [77], is the following: Let (N)γ be a

Riemannian metric and (N)K a 2-covariant symmetric tensor field on Σt. If,

(N)γ − e ∈ Hk
δ+ 1

2

(Σt) , (N)K ∈ Hk−1
δ+ 3

2

(Σt) , (2.80)

where k > 4, δ > −2 and e is the 3-dimensional flat metric, then there exists a metric g solution

of Einstein’s equations in a boost-type domain Ω, such that g−η ∈ Hk
δ (Ω) and ((N)γ, (N)K) are

respectively the first and second fundamental forms of g associated with Σt. On Ω we now

define the function:

τ(t, R) :=
t

σ(R)
, (2.81)

whose level surfaces define a foliation,

Ω =
⋃
τ∈Iθ

Στ , Iθ = (−θ, θ) . (2.82)

Then Lemma 2.4 in [77] states that, for each τ ∈ Iθ, the following inclusion holds and is

continuous:

Hk
δ (Ω) ⊂ Hk−1

δ+ 1
2

(Στ ,Ω) , (2.83)

where the space Hk
δ (Στ ,Ω) is defined by the norm,

||u||2Hk,δ(Στ ,Ω) :=
k∑
j=0

||Dj
tu|Στ ||Hk−j

δ+j (Rn)
. (2.84)

(2.83) then gives that, for each j 6 k,

Dj
t (g − η)|Στ ∈ Hk−1−j

δ+ 1
2

+j
(Rn) , (2.85)

where Dt is a time derivative. By definition of the weighted Sobolev norm we know that if we

take a spatial derivative D̄, we get,

D̄iDj
t (g − η)|Στ ∈ Hk−1−i−j

δ+ 1
2

+i+j
(Rn) , (2.86)
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where i + j is the number of derivatives taken in all directions. We introduce the weighted

Sobolev norms defined by,

||u||
Wk,∞
δ (U)

:=

k∑
j=0

ess supU (|σδ+jD̄ju|) , (2.87)

||u||2
Wk,∞
δ (Στ ,Ω)

:=

k∑
j=0

||Dj
tu|Στ ||Wk−j,∞

δ+j (Rn)
, (2.88)

where (2.88) can be written in a more convenient way as,

||u||2
Wk,∞
δ (Στ ,Ω)

=

k∑
j=0

k−j∑
i=0

ess supRn(|σδ+i+jD̄iDj
tu|Στ |)

=

k∑
j=0

k−j∑
i=0

||D̄iDj
tu|Στ ||W 0,∞

δ+i+j(Rn)
. (2.89)

In [78], equation (1.9) shows the Sobolev embedding result that we need,

Hk
δ+ 3

2

(Rn) ⊂W 0,∞
δ (Rn) , (2.90)

for any k > 2. Note that this result seems different from the one in [78] because our definitions

for the weighted Sobolev norms are more in line with [77], where δ is defined differently.

From (2.86) and (2.90) we find,

D̄iDj
t (g − η)|Στ ∈W 0,∞

δ−1+i+j(R
n) , (2.91)

with k > i + j + 3. Then, if we want that p derivatives in any directions improve the fall off

of the metric, we must choose k > p+ 3. This, together with (2.89) implies that,

g − η ∈W p,∞
δ−1 (Στ ,Ω) , (2.92)

which in turn implies our definition of asymptotic flatness,

gαβ = ηαβ +Op(R
−1) , (2.93)

with p > 1, given that we choose δ = 2. Note that the possible choices of k and δ that give

the desired asymptotic conditions trivially satisfy the requirements of the boost theorem. It

is thus shown that our definition of asymptotic flatness holds if we require our initial data to

have the asymptotic behavior of the boost theorem.
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3. High order expansions of the good-bad-ugly model near null infinity

This chapter is based on work that was published in the scientific journal Classical and

Quantum Gravity [2]. The main results herein are that the good-bad-ugly system, consisting

of a system of coupled inhomogeneous wave equations, admit solutions which can be written as

polyhomogeneous expansions near null infinity. We begin by showing this for a flat spacetime

and work our way to generalize it up to asymptotically flat metrics with sources that are

allowed to be any combination of non-principle terms that do not contribute to leading order.

These generalizations are chosen in order to approximate the model to the EFE in a certain

gauge and we explore that connection in the next chapter.

3.1 Geometric Set up

Representation of the metric: Latin indices will be used as abstract tensor indices while

Greek indices will be used to denote spacetime coordinate indices. We assume the existence

of a Lorentzian metric gab with Levi-Civita connection ∇ and introduce the coordinate sys-

tem Xα = (T,Xi), which we require to be asymptotically Cartesian in a sense clarified below.

We raise and lower indices with the spacetime metric gab exclusively. Let ∂α and dXα be the

corresponding vector and covector bases. The covariant derivative associated to Xα is ∇̃ and

its Christoffel symbols are defined by,

Γ[∇̃]a
b
c = (∇̃a∂bα)(dXα)c . (3.1)

Additionally we define shell coordinates Xα′ = (T ′, Xi′) = (T,R, θA), where the radial coordi-

nate R is related to Xi in the usual manner as R2 = (X1)2 +(X2)2 +(X3)2. Let ∂α′ and dXα′

be the corresponding vector and covector bases. Shell coordinates have an associated covariant

derivative
•
∇ with Christoffel symbols,

Γ[
•
∇]b

a
c = (

•
∇b∂aα′)(dXα′)c . (3.2)

The transition tensor between the two covariant derivatives is defined by,

Γ[∇̃,
•
∇]a

b
cv
c = ∇̃avb −

•
∇avb , (3.3)

where va is an arbitrary vector field. We define outgoing and incoming null vectors according

to,

ψa = ∂aT + CR+∂aR ,
ψa = ∂aT + CR−∂aR , (3.4)

where CR+ and CR− are fixed by the requirement that ψa and ψa are null vectors with respect

to the metric gab. We furthermore define two null covectors by,

σa = e−ϕψa , σa = e−ϕψ
a
, (3.5)
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3. High order expansions of the good-bad-ugly model near null infinity

where ϕ is fixed by requiring that

σa∂
a
R = −σa∂aR = 1 , (3.6)

so we can write,

σa = −CR+∇aT +∇aR+ C+
A∇aθA ,

σa = CR−∇aT −∇aR+ C−A∇aθA . (3.7)

We choose to write the inverse spacetime metric as,

gab = −2τ−1e−ϕ ψ(aψb) + /g
ab , (3.8)

where the null vectors satisfy,

σaψ
a = σaψ

a = 0 ,

σaψ
a = σaψ

a = −τ , (3.9)

with τ := CR+ − CR− . In (3.8), the normalization of the first term is carefully chosen so that,

/g
abσb = /g

abσb = 0 , (3.10)

and /gba therefore serves as a projection operator orthogonal to these two covectors. Note

that /gab is not the inverse induced metric on level sets of T and R, as it is not orthogonal

to ∇aT or ∇aR, but rather to σa and σa. At first sight this seems unsatisfactory geometrically,

but since we will be heavily using the method of characteristics it turns out to be much more

convenient to have a simple representation of the vectors ψa and ψa than the covectors σa
and σa. Our convention for /gab follows from this fact. The metric can be written naturally as,

gab = −2τ−1eϕ σ(aσb) + /gab . (3.11)

This way we have ten independent metric functions, namely,

CR± , C±A , ϕ , /gab . (3.12)

This representation of the metric is general but convenient for our needs because for GR in

GHG, as shown in [34], the expansion onto the components of null-vectors naturally separates

into fields with the asymptotic properties of the g, b or u fields discussed below. The model we

study presently shares the same principal part as GR in GHG and so this representation is very

useful also here. Intuitively the meaning of the variables CR± are clear— they are the incoming

and outgoing radial light speeds, with C±A akin to the shift in the standard 3+1 decomposition.

The variable ϕ characterizes the determinant of the metric in the T -R plane. Finally /gab is

simply the piece of the inverse metric orthogonal to the two null-vectors ψa and ψa. Tensors

projected with /ga
b will be denoted adding a slash to the kernel letter /T ab ≡ /ga

c/gb
dTcd. The

covariant derivative associated to /gab will be denoted as /D, so that,

/Dbv
a := /gc

a
/gb
d∇dvc , (3.13)
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3. High order expansions of the good-bad-ugly model near null infinity

where the vector satisfies va = /gb
avb. We take the obvious extension for higher rank tensors.

Similarly, we define the covariant derivative /̃D as,

/̃Dbv
a := /gc

a
/gb
d∇̃dvc . (3.14)

We define the vector field T a := ∂aT and denote the covariant derivative in the direction

of T a as ∇T . Analogous notation will be used for directional derivatives along other vector

fields. Because we will have to deal with terms proportional to R−n(logR)m, the use of the

term ‘order’ might be confusing, as for the same power of R−1 different values of m give

rise to different decays. To clarify that, throughout this chapter, ‘order n’ will denote terms

proportional to R−n.

The good-bad-ugly system: We introduce the following model,

�̃g = 0 ,

�̃b = (∇T g)2 ,

�̃u = 2
R∇Tu , (3.15)

where g, b and u stand for good, bad and ugly fields, respectively, �̃ is called the reduced wave

operator and it is defined by gab∇̃a∇̃b. Because we will only be concerned with the large R

regime, we are not concerned with regularity at the origin. Therefore, for simplicity, we have

adjusted the final equation of the model given in [61] so that the source term appears with a

simple coefficient 2/R. The metric gab can be taken to depend on the evolved fields themselves

in a manner we will expand upon below. The leading order of the particular case where the

metric gab is the Minkowski metric was studied in detail in [61]. The main reason for the

interest in this particular model lies in the fact that its non-linearities are known to mimic

those present in the EFE in GHG. This can be seen in [63], and it is also shown in great

detail in the next chapter. In this chapter we begin by finding polyhomogeneous asymptotic

solutions of the good-bad-ugly system with a flat metric, then we apply the same method to

find similar asymptotic solutions to a direct generalization of the model with an asymptotically

flat metric. Finally, we find that our method works for an even broader generalization which

captures the asymptotic behaviour of the EFE themselves. Its application to GR will be

presented in the next chapter. This will allow us to find where terms with factors of logR

may appear and thus builds towards the regularization of the EFE in GHG, which we present

in Chapter 5. In addition, we expect that this method is also applicable to Maxwell’s and

Yang-Mills’s equations, as these can also be written as non-linear wave equations in Lorenz

gauge.

3.2 Assumptions

We need to place certain assumptions on the evolved fields and metric functions that will

allow us to formally equate terms of the same order in (3.15) and retrieve simpler equations
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3. High order expansions of the good-bad-ugly model near null infinity

that are satisfied, order-by-order, by g, b and u close to null infinity.

Evolved fields: We define a null tetrad {ψ,ψ,X1, X2}, where X1 and X2 are orthogo-

nal to ψa and ψa and normalized with respect to gab, namely, gabXa
Aψ

b = gabX
a
Aψ

b = 0

and gabX
a
AX

b
B = δAB, with A = 1, 2. Let ωg,b be any field in {g, b} or any first derivative

thereof. Based on insight from [64] we will assume first derivatives of ω to have the following

behavior near null infinity,

ωg,b = o+(R−n)⇒


∇ψωg,b = o+(R−n−1)

∇ψωg,b = o+(R−n)

∇XAωg,b = o+(R−n−1)

, (3.16)

with A ∈ {1, 2}. Here, f = o+(h) as R→∞ is defined as the condition,

∃ε > 0 : lim
R→∞

f

hR−ε
= 0 . (3.17)

Note that this condition is a more restrictive version of f = o(h), which can be informally

stated as f falls-off faster than h1+ε as R goes to infinity. In particular, o+(h) = o(hR−ε).

The reason why we make this slightly stronger assumption will become apparent once we start

integrating error terms in the next section. Derivatives along ψa and XA are called good

derivatives, while the ones along ψa are called bad derivatives. This naming convention is

motivated by the fact that, for fields satisfying equations like ours, the former improve the

fall-off of the argument, whereas the latter do not. Let ωu be the field u or any first derivative

thereof. We know from [61] that, in the case that �̃ is built from the Minkowski metric,

derivatives of u have different asymptotics from the other fields, so we assume,

ωu = o+(R−n)⇒


∇ψωu = o+(R−n−1)

∇ψωu = o+(R−n−1)

∇XAωu = o+(R−n−1)

. (3.18)

We make this set of assumptions using for example o+(R−n) instead of the more restric-

tive O(R−n−1), because previous work has shown that similar equations have asymptotic

solutions proportional to, for instance, R−1 logR, and naively using big O notation would not

permit such solutions [61]. Furthermore, we are interested in physically relevant solutions,

so we cannot allow fields which do not decay near null infinity. Therefore, we restrict our

attention to a space of initial data in which there is decay near null infinity, i.e.,

g = o+(1), b = o+(1), u = o+(1) . (3.19)

Let S be a Cauchy surface defined by T = T0, where T0 is a constant. To allow for a nonzero

ADM mass and linear momentum, the initial data is chosen to decay at spacelike infinity (as

opposed to null infinity) in the following manner,

φ|S =

∞∑
n=1

mφ,n

Rn
,

∇Tφ|S = OS(R−2) , (3.20)
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3. High order expansions of the good-bad-ugly model near null infinity

where mφ,n are scalar functions that are independent of T and R. Though this is not the

most general choice which permits nontrivial ADM mass and linear momentum, it is general

enough for a very large class of spacetimes of interest.

Metric functions: As derivatives of our metric functions will, in general, be present in the

field equations, we must have a way to collect them in powers of R−1. Therefore we require

that the metric functions may be written as,

CR± = ±1 + γ±1 ,

C±A = Rγ±2 ,

ϕ = γ3 ,

/g
ab = /η

ab +R−2γ4
ab , (3.21)

where /ηab is the inverse metric on the round 2-sphere of radius R and the γ’s are analytic

functions of only the evolved fields in a neighborhood of null infinity, γ = γ(g, b, u). Rigorously,

by in a neighborhood of null infinity we mean in a region given by a sufficiently large affine

parameter along any outgoing null curve. Moreover, we are interested in studying spacetimes

with metrics that asymptote to the Minkowski metric as we approach I +, i.e. asymptotically

flat metrics. This implies that the γ functions must go to zero as we approach null infinity,

that is,

γ(g, b, u)|I + = 0 . (3.22)

3.3 Flat metric

In this section we will study the asymptotics of the good-bad-ugly system (3.15) with a flat

metric gab = ηab near null infinity, where ηab is the inverse Minkowski metric. Based on our

assumptions on the decay of the fields and their derivatives (3.16) and (3.18), we will equate

terms of the same order to find simpler equations that will reveal the asymptotics of g, b and u.

Moreover, this section will serve as a toy model for the next, where we analyze the system for

a general asymptotically flat metric. Requiring that the metric be flat implies,

CR± = ±1 ,

ϕ = C±A = 0 ,

/g
ab = /η

ab , (3.23)

meaning that all metric components are given, the only unknowns being the evolved fields

themselves. The inverse Minkowski metric can then be written in terms of null vectors in the

following way,

ηab = −ψ(aψb) + /η
ab , (3.24)
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S

I +

c

c∗

ψ
∂T

Figure 3.1: A schematic of our geometric setup. The method begins by integrating out along c, an
integral curve of the outgoing null-vector ψa and then up along integral curves of ∂aT .

where ψa and ψa reduce to,

ψa = ∂aT + ∂aR ,

ψa = ∂aT − ∂aR . (3.25)

The method we want to implement relies on integrating the equations we get along different

vector fields. These integrations are made simpler if we work under a Bondi-like approach,

rewriting the incoming null vector ψa as a function of the timelike vector ∂aT and the outgoing

null vector ψa. Solving the first equation in (3.25) for ∂aR and substituting into the second

gives,

ψa = 2∂aT − ψa . (3.26)

Let φ be any field in {g, b, u}. We can expand the wave operator in the following way,

�̃φ =

(
−2∇ψ∇T −

2

R
∇T +

2

R
∇ψ +∇2

ψ +��∆

)
φ , (3.27)

where,

��∆φ := /̃D
a
/̃Daφ . (3.28)

We treat each equation in (3.15) separately, and starting with the first.

3.3.1 The Good field

Motivation for statement to be proved by induction: We begin by rescaling g as,

G1 := gR , (3.29)
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and plugging that into (3.27) to get the equation,

−2∇ψ∇TG1 +∇2
ψG1 +��∆G1 = 0 . (3.30)

It is known from [64] that g and its derivatives satisfy (3.16), so there is a hierarchy among the

different terms in (3.30) which allows us to neglect some of them and end up with a simpler

equation that determines G1 to leading order. This is just Hörmander’s first order asymptotic

system for the wave equation. We know that the second and third terms in (3.30) are of

higher order than the first one because they contain two good derivatives, so the first term

must vanish by itself to leading order,

∇ψ∇TG1 = o+(R−1) . (3.31)

We want to integrate this expression along integral curves of ψa and then ∂aT . Since integrating

error terms is not completely straightforward, we dedicate a paragraph after the present one

to proving that error terms remain suitably small under integration. For now we will only pay

attention to the leading contributions. Let c(s) be an integral curve of the vector field ψa that

passes through the point c∗ ∈ S at a fiduciary value of s = s∗ and integrate equation (3.31)

along that curve to get,

∇TG1 ' ġ1(c∗) , (3.32)

where ġ1(c∗) = ∇T g1|c(s∗). We use ' to represent equality at large radius up to error terms

that decay faster than those displayed in the expression. For example, we can write f ' R−1

as short-hand for f = R−1 + o+(R−1). As we have not specified the curve along which the

integration was performed, (3.32) is valid for any c and so we can write (ψ∗ denoting the

dependence on the initial data at c∗),

∇TG1 ' ġ1(ψ∗) , (3.33)

where ġ1(ψ∗) is fixed along any particular integral curve of ψa. The exact same method

will be used in the rest of this chapter whenever integrating along integral curves of ψa.

Integrating (3.33) in T we get,

G1 '
∫ T

T0

ġ1(ψ∗)dT ′ +mg,1 , (3.34)

where mg,1 is a scalar function that is independent of T and we choose it to be independent

of R as well. In fact, our choice of initial data (3.20) requires that all of the mφ,1 functions

throughout the rest of this chapter are independent of R. Moreover, because we impose (3.20),

that choice implies that ġ1(ψ∗) fall-off like OS(R−1) because,

∇T g '
ġ1(ψ∗)

R
. (3.35)

Let us now analyze the leading error terms. We define the function G2 as,

G2

R
:= G1 −G1(ψ∗) = o+(1) , (3.36)
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where,

G1(ψ∗) :=

∫ T

T0

ġ1(ψ∗)dT ′ +mg,1 , (3.37)

and assume that it also satisfies (3.16). Then from (3.30) we get,

2∇ψ
(

1

R
∇TG2

)
+∇2

ψ

G2

R
+��∆

(
G1 +

G2

R

)
= 0 . (3.38)

Here it pays off to introduce the operator,

¯
��∆ := R2

��∆ , (3.39)

which makes the order in R−1 explicit, as ��∆ amounts to two good derivatives. Once again,

collecting the lowest order terms we get, asymptotically,

2∇ψ
(

1

R
∇TG2

)
+

1

R2
¯
��∆G1 = o+(R−2) . (3.40)

which gives,

G2 ' −
1

2

∫ T

T0

¯
��∆G1dT

′ +R

∫ T

T0

ġ2(ψ∗)dT ′ +mg,2 . (3.41)

In order to integrate along an integral curve of ψa we parameterize c using the radial coordi-

nate R so that we get, ∫
c

1

Rn
dR = − 1

(n− 1)Rn−1
, (3.42)

along any c. Note that the second term on the right-hand side of (3.41) grows like R, which

would contradict (3.36). However, if we were to write ∇T g with what we know already at first

order and (3.41) as it is, we would get,

∇T g =
∇TG1

R
+
∇TG2

R2

' 1

R
(ġ1 + ġ2) +

1

2
¯
��∆G1 , (3.43)

which implies that ġ2 can be absorbed into ġ1. Therefore we can choose solutions with ġ2 = 0

without any loss of generality, so that,

G2 ' G2(ψ∗) , (3.44)

where,

G2(ψ∗) :=
1

2

∫ T

T0

¯
��∆G1dT

′ +mg,2 . (3.45)

Equations (3.34) and (3.44) suggest that the field g may be written as,

g =

∞∑
n=1

Gn(ψ∗)

Rn
, (3.46)

and we prove that result shortly. However it is worth pausing here for a moment to take a

closer look at how the error terms behave under integration.
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3. High order expansions of the good-bad-ugly model near null infinity

Integration of error terms: What we aim to show here is that if f = o+(R−n) then,∫
fdR = o+(R−n+1) , (3.47)

for all n ∈ N. In other words, we want to show,

lim
R→∞

Rn−1+ε

∫
fdR = 0 . (3.48)

Because ε > 0, and assuming f to be differentiable, we can apply L’Hôpital’s rule to the

left-hand side of equation (3.48) in order to get,

(−n+ 1− ε)−1 lim
R→∞

Rn+εf . (3.49)

By definition we have that f = o+(R−n) = o(R−n−ε), which implies directly that (3.49) is

zero. Therefore, (3.47) must be true. All error terms in this chapter are of the form o+(R−n),

therefore this result will be used in every integration thereof. Note that if we had made the less

restrictive assumption that f = o(R−n+1) instead of f = o+(R−n+1), for the case where n = 1

we would have had to show that,

lim
R→∞

∫
fdR = 0 . (3.50)

This would not be possible using the same method and we would not be able to ensure that

error terms remain small.

Induction proof: We have seen that,

g =
G1(ψ∗)

R
+
G2

R2
, (3.51)

with G2 = o+(R), so in order to prove our result (3.46), we only need to show that if the

hypothesis that g can be written as,

g =
n−1∑
m=1

Gm(ψ∗)

Rm
+
Gn
Rn

, (3.52)

with Gn = o+(R) is true, then g can be written as,

g =

n∑
m=1

Gm(ψ∗)

Rm
+
Gn+1

Rn+1
, (3.53)

with Gn+1 = o+(R). We assume that each term in (3.52) satisfies (3.16), so we have a way to

collect terms of the same order. Then we plug (3.52) in (3.15) and formally equate terms of

order R−n−1 to find the PDE,

2Rn∇ψ
(

1

Rn−1
∇TGn

)
'
[
(n− 1)(n− 2) + ¯

��∆
]
Gn−1 . (3.54)

Integrating equation (3.54) we find,

Gn '−
1

2

[
n− 2 +

¯
��∆

n− 1

]∫ T

T0

Gn−1dT
′ +Rn−1

∫ T

T0

ġn(ψ∗)dT ′ +mg,n . (3.55)
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3. High order expansions of the good-bad-ugly model near null infinity

It can be seen from (3.55) that, to leading order, Gn does not satisfy (3.52) for a general ġn.

However, ġn comes with a factor of Rn−1 so, exactly like in (3.43), the behavior of those terms

is captured by ġ1. We can then choose solutions with initial data such that ġn = 0 ,∀n > 1

without loss of generality. Putting aside for a moment the fact that (3.55) violates (3.52), we

could write the T derivative of g to leading order as,

∇T g '
1

R
(ġ1 + ...+ ġn) +

1

2
¯
��∆G1 . (3.56)

Notice that all the ġn appear with the same prefactor. So the freedom that the integrations

along ψ at each order give us in choosing initial data can in fact be expressed in the choice of

one scalar function. This is expected because the fact that we have n differential equations to

solve for the different orders in the field g is somewhat artificial, in the sense that they arise

from a method to solve a single differential equation. It is therefore natural that once we add

all the terms, we are left with only one free function. The same approach will be taken for

the fields b and u whenever an integration along integral curves of ψa is done. This gives the

result,

Gn '−
1

2

[
n− 2 +

¯
��∆

n− 1

]∫ T

T0

Gn−1dT
′ +mg,n . (3.57)

Clearly, (3.52) implies (3.53), so we conclude that g can be written as (3.46). Moreover, up to

mg,n, we have a recursion relation that allows us to compute Gn from Gn−1 for any n > 1,

Gn =− 1

2

[
n− 2 +

¯
��∆

n− 1

]∫ T

T0

Gn−1dT
′ +mg,n . (3.58)

3.3.2 The Bad field

Motivation for statement to be proved by induction: The case of b requires a different

statement. Following the same kind of procedure as in the g case, we begin by rescaling b in

the following way,

B1 := bR , (3.59)

and plugging it into (3.27). The b equation in (3.15) can then be written as,

−2∇ψ∇TB1 +∇2
ψB1 +��∆B1 = R(∇T g)2 , (3.60)

where g is now given. The bad field satisfies (3.16), so collecting terms of the lowest non-trivial

order gives the following,

∇ψ∇TB1 ' −
1

2R
(∇TG1)2 . (3.61)

We can integrate (3.61) to get,

B1 ' −
1

2
logR

∫ T

T0

(∇TG1)2dT ′ +

∫ T

T0

ḃ1(ψ∗)dT ′ +mb,1 , (3.62)

39



3. High order expansions of the good-bad-ugly model near null infinity

where ḃ1(ψ∗) is a scalar function. The behavior of b to leading order differs from that of g

as it has a term that grows with logR. This result is in accordance with [61]. We define the

function B2 as,

B2

R
:= B1 −B1 = o+(1) , (3.63)

where,

B1 := B1,0(ψ∗) +B1,1(ψ∗) logR ,

B1,0(ψ∗) :=

∫ T

T0

ḃ1(ψ∗)dT ′ +mb,1 ,

B1,1(ψ∗) := −1

2

∫ T

T0

(∇TG1)2dT ′ , (3.64)

and assume that it also satisfies (3.16). The subscripts n and k in Bn,k stand for the power

of R−1 and the power of logR associated with Bn,k, respectively, and the same notation will

be used throughout this chapter except in the case of g for a flat metric, where it is obvious

that the associated field vanishes when k is non-zero. While this notation seems needlessly

cumbersome at this point, it will prove useful in the next section, where we find various

combinations of powers of R−1 and logR. Replacing (3.63) in (3.60) and equating lowest

order terms gives,

2∇ψ
(

1

R
∇TB2

)
+

1

R2
B1,1 −��∆B1 ' −

2

R2
∇TG1∇TG2 ,

which we can integrate to get,

B2 '
1

2
(1− ¯

��∆)

∫ T

T0

B1,1dT
′ − 1

2
¯
��∆

∫ T

T0

B1dT
′ +mb,2 +

∫ T

T0

∇TG1∇TG2dT
′ , (3.65)

meaning we can write that,

B2 ' B2,0(ψ∗) +B2,1(ψ∗) logR . (3.66)

Equations (3.62) and (3.66) suggest that the field b may be written in the form,

b =
∞∑
n=1

Bn
Rn

, (3.67)

with Bn = Bn,0(ψ∗) +Bn,1(ψ∗) logR and we prove this result in the following.

Induction proof: We have computed the bad field to first order,

b =
B1

R
+
B2

R2
, (3.68)

with B2 = o+(R), so in order to prove our result (3.67), we must show that if our hypothesis

that b can be written as,

b =
n−1∑
m=1

Bm
Rm

+
Bn
Rn

, (3.69)
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with Bn = o+(R) is true, then b can be written as,

b =
n∑

m=1

Bm
Rm

+
Bn+1

Rn+1
, (3.70)

with Bn+1 = o+(R). We assume all terms in the sum in (3.69), as well as Bn, satisfy (3.16)

and we plug (3.69) into (3.15) to get,

2Rn∇ψ
(

1

Rn−1
∇TBn

)
' −(2n− 3)Bn−1,1 +

[
(n− 1)(n− 2) + ¯

��∆
]
Bn−1 − Cn , (3.71)

where Cn is defined as,

Cn :=

i+j=n+1∑
i,j=1

∇TGi∇TGj . (3.72)

Here,
∑i+j=n+1

i,j=1 is meant as the sum over terms with any combination of i and j as long

as i, j ≥ 1 and i+ j = n+ 1. This can be integrated to get,

Bn '
1

2

[
1−

¯
��∆

(n− 1)2

]∫ T

T0

Bn−1,1dT
′ +mb,n (3.73)

− 1

2

[
n− 2 +

˜
��∆

n− 1

]∫ T

T0

Bn−1dT
′ +

1

2(n− 1)

∫ T

T0

CndT
′ ,

as we wanted. As with ġn above, we choose the functions ḃn = 0 ,∀n > 1, effectively absorbing

them into ḃ1 in order to avoid a contradiction with assumptions (3.69). Finally we get a

recursion relation for Bn,

Bn =
1

2

[
1−

¯
��∆

(n− 1)2

]∫ T

T0

Bn−1,1dT
′ +mb,n (3.74)

− 1

2

[
n− 2 +

¯
��∆

n− 1

]∫ T

T0

Bn−1dT
′ +

1

2(n− 1)

∫ T

T0

CndT
′ .

This shows that our statement (3.67) is true, with,

Bn,0 =
1

2

[
1−

¯
��∆

(n− 1)2

]∫ T

T0

Bn−1,1dT
′ +mb,n (3.75)

− 1

2

[
n− 2 +

¯
��∆

n− 1

]∫ T

T0

Bn−1,0dT
′ +

1

2(n− 1)

∫ T

T0

CndT
′ ,

and,

Bn,1 = −1

2

[
n− 2 +

¯
��∆

n− 1

]∫ T

T0

Bn−1,1dT
′ . (3.76)

A closer look at (3.74) reveals that the only logR term comes from Bn−1, and hence it is

inherited by all orders from B1.
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3. High order expansions of the good-bad-ugly model near null infinity

3.3.3 The Ugly field

Motivation for statement to be proved by induction: Once again we rescale the field

u by R as,

U1 = uR , (3.77)

and plug it into (3.27). The u equation in (3.15) can then be written as,

− 2

R
∇ψ (R∇TU1) +∇2

ψU1 +��∆U1 = 0 . (3.78)

The ugly field has a somewhat different behavior from the other two. As can be seen in [61],

both good and bad derivatives improve the fall-off of u, as opposed to the cases of g and b,

where only good derivatives improve. This means that all terms in (3.78) contribute to leading

order and one would have to solve the whole equation at once. For this reason, we will focus

on solutions that can be decomposed as,

U1 = mu,1 +
U2

R
, (3.79)

where mu,1 is independent of T and R and U2 = o+(R). Plugging this into (3.78) we get,

− 2

R
∇ψ∇TU2 +

(
∇2
ψ +��∆

)(
mu,1 +

U2

R

)
= 0 . (3.80)

If we assume U2 to satisfy (3.16),

2∇ψ∇TU2 '
1

R
¯
��∆mu,1 ⇒ (3.81)

U2 '
∫ T

T0

[
logR ¯

��∆mu,1 + u̇2(ψ∗)
]
dT ′ +mu,2 .

Equation (3.81) suggests that the ugly field can be written as,

u =
mu,1

R
+

∞∑
n=2

Un
Rn

, (3.82)

with Un = Un,0(ψ∗) + Un,1(ψ∗) logR and we show this result in the following.

Induction proof: As was seen above, the first order term of the ugly field behaves differently

from the rest, in that all of its derivatives improve. For this reason we begin the induction

proof in the second order term, which has been computed in (3.79) and (3.81). To prove (3.82)

we have to show that if our hypothesis that,

u =
mu,1

R
+

n−1∑
m=2

Um
Rm

+
Un
Rn

, (3.83)

with Un = o+(R) is true, then,

u =
mu,1

R
+

n∑
m=2

Um
Rm

+
Un+1

Rn+1
, (3.84)
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with Un+1 = o+(R). We assume that all orders in (3.83) and Un satisfy (3.16) and we substitute

that in (3.15) to get,

2Rn−1∇ψ
(

1

Rn−2
∇TUn

)
= −(2n− 3)Un−1,1 +

[
(n− 1)(n− 2) + ¯

��∆
]
Un−1 , (3.85)

which we can integrate to get, ∀n > 2,

Un '
1

2

[
1−

¯
��∆

(n− 1)2

]∫ T

T0

Un−1,1dT
′ +mu,n −

1

2

[
n− 2 +

¯
��∆

n− 1

]∫ T

T0

Un−1dT
′ . (3.86)

As in the g and b cases, we consider the initial data arising from the ψa integration u̇n to be

zero for all n > 2. This concludes the proof by induction and we get a final recursion relation

for Un in terms of Un−1,

Un =
1

2

[
1−

¯
��∆

(n− 1)2

]∫ T

T0

Un−1,1dT
′ +mu,n −

1

2

[
n− 2 +

¯
��∆

n− 1

]∫ T

T0

Un−1dT
′ . (3.87)

Our results are summarized by the following:

Theorem 3. Let Xα = (T,Xi) be an asymptotically Cartesian coordinate system with an

associated covariant derivative ∇̃. The good-bad-ugly system defined as,

�̃g = 0 ,

�̃b = (∇T g)2 ,

�̃u = 2
R∇Tu , (3.88)

where �̃ := ηab∇̃a∇̃b and η is the Minkowski metric, admits formal polyhomogeneous asymp-

totic solutions near null infinity of the type,

g =

∞∑
n=1

Gn(ψ∗)

Rn
,

b =
∞∑
n=1

Bn
Rn

,

u =
mu,1

R
+

∞∑
n=2

Un
Rn

, (3.89)

where Bn = Bn,0(ψ∗) + Bn,1(ψ∗) logR and Un = Un,0(ψ∗) + Un,1(ψ∗) logR and with initial

data on S of the type, 
g|S =

∑∞
n=1

mg,n
Rn

b|S =
∑∞

n=1
mb,n
Rn

u|S =
∑∞

n=1
mu,n
Rn

,


∇T g|S = OS(R−2)

∇T b|S = OS(R−2)

∇Tu|S = OS(R−2)

, (3.90)

where mφ,n are scalar functions that are independent of T and R. This is valid outside a

compact ball centered at R = 0. Additionally, the functions Gn are given by (3.37) and (3.58),

Bn are given by (3.64) and (3.74) and Un by (3.79) and (3.87).
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3. High order expansions of the good-bad-ugly model near null infinity

We pause here for a moment to analyse the leading asymptotic behavior of the evolved

fields (3.89). The good field is good because it decays as R−1 to leading order, whereas the bad

one acquires its name by comparison to the former, in the sense that it decays more slowly

than R−1, namely as R−1 logR. The ugly field is, in a way, better than the other two. It

decays as R−1 just like the good field, but its derivative along ψa decays at least one order

faster.

Remark 1. Looking at equation (3.87) we see that the only way for Un to have a term

with logR in it is if Un−1 does too. As this is valid for any n > 2, the orders of Un higher

than U2 can only have a logR term if U2 does as well. In other words, if we require��∆mu,1 = 0,

the field u will have no logR terms at any order. In fact, with that requirement, it can easily

be seen that Un satisfies a statement analogous to that of the field g, namely,

u =
∞∑
n=1

Un(ψ∗)

Rn
. (3.91)

Remark 2. The good-bad-ugly system (3.15) admits a static solution that is obtained with the

following initial data in S,

Rg = mg,1 ,

Rb = mb,1 ,

Ru = mu,1 , (3.92)

where the functionsmφ,1 satisfy the condition��∆mφ,1 = 0. In that case, looking at the recursion

relations (3.58), (3.74) and (3.87), we see that the series is truncated at n = 1 and hence all

the higher order terms vanish.

3.4 Asymptotically flat metrics

In this section we follow the same procedure as in the prequel, but this time employing a

more general metric whose functions are allowed to depend analytically on the fields g, b and u.

Since we want to maintain the generality of those functions, the final recursion relation for the

good-bad-ugly system will have to be written as a function of g, b and u. Nevertheless, we will

see that an induction proof analogous to that of the flat metric case can be made for a general

asymptotically flat metric under the assumptions given in section 3.2. An asymptotically flat

metric that is simply given, rather than occurring as a function of our unknown fields, could

be treated similarly.

Expansion of the reduced wave operator: Let φ be any field in {g, b, u} and use (3.8)

to expand the left-hand side of (3.15),

�̃φ =

[
−2e−ϕ

τ
∇ψ∇ψ +

2e−ϕ

τ
(∇̃ψψ)a∇a −

1

τ
/̃D
a
σa∇ψ −

1

τ
/̃D
a
σa∇ψ +��∆

]
φ . (3.93)
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We want to write expression (3.93) in terms of derivatives of metric functions and φ along the

vector fields ψa and ∂aT . For clarity, let us treat each term individually and put everything

together in the end. Using (3.4), the first term on the right-hand side turns into,

∇ψ∇ψφ = ∇ψ
(
τ

CR+
∇Tφ+

CR−
CR+
∇ψφ

)
. (3.94)

From the second term on the right-hand side we get,

(∇̃ψψ)a∇aφ = (
•
∇ψψ)a∇aφ =

1

CR+
∇ψCR−(∇ψφ−∇Tφ) ,

where the first equality comes from the fact that Γ[∇̃,
•
∇]ψ

a
ψ = 0. The third term can be

expanded as,

/̃D
a
σa∇ψφ = /g

ab(
•
∇aσb − Γ[∇̃,

•
∇]a

σ
b)∇ψφ (3.95)

= /g
ab(−∇bT∇aCR +∇bθA∇aC+

A − Γ[∇̃,
•
∇]a

σ
b)∇ψφ

=

(
−CA
τ
/D
ACR+ + /D

AC+
A − /gabΓ[∇̃,

•
∇]a

σ
b

)
∇ψφ ,

where CA := C+
A+C−A and ∇ψφ should be written in terms of ∇Tφ and ∇ψφ with (3.4), whereas

the fourth term reads,

/̃D
a
σa∇ψφ =

(CA
τ
/D
ACR− + /D

AC−A − /gabΓ[∇̃,
•
∇]a

σ
b

)
∇ψφ .

Putting all of this together in (3.93) gives,

CR+�̃φ =− 2e−ϕ∇ψ∇Tφ+∇Tφ(/g
abΓ[∇̃,

•
∇]a

σ
b +XT )

+∇ψφXψ −
2e−ϕCR−

τ
∇2
ψφ+ CR+��∆φ , (3.96)

where XT and Xψ are,

τXT :=CA /DACR+ − τ /D
AC+

A −
2e−ϕCR−
CR+

∇ψCR+ , (3.97)

τXψ :=
CA
τ

(
CR− /D

ACR+ − CR+ /D
ACR−

)
− CR− /D

AC+
A − CR+ /D

AC−A + CR−/gabΓ[∇̃,
•
∇]a

σ
b

+ CR+/gabΓ[∇̃,
•
∇]a

σ
b +

2e−ϕCR−
CR+

∇ψCR+ .

Motivation for statement to be proved by induction: As the γ functions (see (3.21))

are analytic functions of the evolved fields at null infinity, we can Taylor expand them around g =

b = u = 0, because the fields are assumed to have decay near null infinity. That gives,

γ(g, b, u) =
∞∑
i=0

∞∑
j=0

∞∑
k=0

gibjuk

i!j!k!

(
∂i+j+kγ

∂gi∂bj∂uk

) ∣∣∣
I +

=
∂γ

∂g

∣∣∣
I +

g +
∂γ

∂b

∣∣∣
I +

b+
∂γ

∂u

∣∣∣
I +

u+ ... , (3.98)
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where the second equality uses the fact that γ|I + = 0, because the metric is asymptotically

flat. Equation (3.98) then implies that γ = o+(1) and,

ωγ = o+(R−n)⇒
{
∇ψωγ = o+(R−n−1)

∇XAωγ = o+(R−n−1)
, (3.99)

where ωγ is any γ function or any first derivative of it. Note that we intentionally left out

any bad derivatives because in order to know the asymptotic behavior of those we would have

to specify the dependence of γ on g, b and u. Remarkably, one can easily check that the

expanded form of the reduced wave operator (3.96) does not include any bad derivatives of

metric functions. Let us rescale g, b as (3.29) and (3.59), respectively, and consider solutions

where u can be written as (3.79). With (3.99) one can count the order of each term in (3.96)

and see that only the first two terms contribute to leading order. These are exactly the same

terms that contribute to leading order in the flat metric case, which means that none of the

extra terms that arise from allowing the spacetime to have curvature can possibly contribute

to first order. We get the equations,

∇ψ∇TG1 ' 0 ,

∇ψ∇TB1 ' −
2

R
(∇TG)2 ,

2∇ψ∇TU2 '
1

R
¯
��∆mu,1 . (3.100)

Therefore we have,

G1 ' G1,0(ψ∗)

B1 ' B1,0(ψ∗) +B1,1(ψ∗) logR (3.101)

U2 '
∫ T

T0

[
logR ¯

��∆mu,1 + u̇2(ψ∗)
]
dT ′ +mu,2(T0) .

In (3.101) we kept U2 as a function of mu,1 because there is a remark to be made about it at

the end of this section. As the metric functions are free to depend upon the evolved fields, the

second order equations (third order in the case of u) may be coupled to first order terms. This

means that G1 − G1,0, for instance, could have a term proportional to logR that is coming

from B1. On the other hand, non-linearities could give rise to terms proportional to higher

powers of logR. This seems to suggest that g, b and u are polyhomogeneous functions where

each term can have up to Nφ
n powers of logR, where Nφ

n is a finite number which depends on

which field φ it refers to and on the power of R−1 in the expansion, n. Formally, we therefore
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3. High order expansions of the good-bad-ugly model near null infinity

conjecture,

g =
G1,0(ψ∗)

R
+

∞∑
n=2

Ng
n∑

k=0

(logR)kGn,k(ψ
∗)

Rn

b =
B1

R
+

∞∑
n=2

Nb
n∑

k=0

(logR)kBn,k(ψ
∗)

Rn
(3.102)

u =
mu,1

R
+
∞∑
n=2

Nu
n∑

k=0

(logR)kUn,k(ψ
∗)

Rn
.

We proceed by induction as in the the previous cases. From (3.101) we can already know that

to first order in g and u, logR terms are not allowed, and the conjecture (3.102) incorporates

this property by construction. Truncating at n = 1, we have seen

g =
G1,0(ψ∗)

R
+
G2

R2
,

b =
B1,0(ψ∗) +B1,1(ψ∗) logR

R
+
B2

R2
, (3.103)

u =
mu,1

R
+
U2,0(ψ∗) + U2,1(ψ∗) logR

R2
+
U3

R3
,

with G2 = o+(R), B2 = o+(R) and U3 = o+(R), so in order to show (3.102), we have to show

that if we can write the evolved fields as,

g =
G1,0(ψ∗)

R
+

n−1∑
m=2

Ng
n−1∑
k=0

(logR)kGm,k(ψ
∗)

Rm
+
Gn
Rn

b =
B1

R
+

n−1∑
m=2

Nb
n−1∑
k=0

(logR)kBm,k(ψ
∗)

Rm
+
Bn
Rn

(3.104)

u =
mu,1

R
+

n−1∑
m=2

Nu
n−1∑
k=0

(logR)kUm,k(ψ
∗)

Rm
+
Un
Rn

,

where Gn = o+(R), Bn = o+(R) and Un = o+(R) (induction hypothesis), then we can also

write them as,

g =
G1,0(ψ∗)

R
+

n∑
m=2

Ng
n∑

k=0

(logR)kGm,k(ψ
∗)

Rm
+
Gn+1

Rn+1

b =
B1

R
+

n∑
m=2

Nb
n∑

k=0

(logR)kBm,k(ψ
∗)

Rm
+
Bn+1

Rn+1
(3.105)

u =
mu,1

R
+

n∑
m=2

Nu
n∑

k=0

(logR)kUm,k(ψ
∗)

Rm
+
Un+1

Rn+1
,

where Gn+1 = o+(R), Bn+1 = o+(R) and Un+1 = o+(R). To do this, we must first find what

the metric functions, and hence the γ functions, behave like if we assume (3.104).
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3. High order expansions of the good-bad-ugly model near null infinity

Behavior of γ functions: Let φ1 and φ2 be any of the fields in {g, b, u}. According to our

assumption (3.104), φi with i ∈ {1, 2} can be written as,

φi =

n−1∑
m=1

N
φi
n−1∑
k=0

(logR)kΦm,k(ψ
∗)

Rm
+

Φ

Rn
, (3.106)

for suitable scalar functions Φm,k(ψ
∗) and Φ = o+(R). It is then straightforward to check that

the product of any two evolved fields can also be written as,

φ1φ2 =

n−1∑
m=1

N
φ1φ2
n−1∑
k=0

(logR)kΦ̄m,k(ψ
∗)

Rm
+

Φ̄

Rn
, (3.107)

once again for suitable functions Φ̄m,k(ψ
∗) and Φ̄ = o+(R), which is formally the same

as (3.106). This means that no matter how many times we multiply any powers of the evolved

fields, it is always possible to write the resulting product as (3.107). If we plug (3.104)

into (3.98) we get in each term a product of powers of the fields g, b and u, so we can write

any γ function as,

γ =

n−1∑
m=1

Nγ
n−1∑
k=0

(logR)kΓm,k(ψ
∗)

Rm
+

Γ

Rn
, (3.108)

with Γ = o+(R).

Induction proof: We plug (3.104) and (3.108) into (3.96) and collect terms proportional

to R−n−1. In the g equation, for instance, we see that the only terms in (3.96) that may

contain Gn are the first two, while none of the remaining terms may contain Bn or Un. Putting
all terms with Gn, Bn and Un on the left-hand side and all the rest on the right-hand side we

get the system,

Rn∇ψ
(

1

Rn−1
∇TGn

)
' Ωg

n−1 ,

Rn∇ψ
(

1

Rn−1
∇TBn

)
+∇TGn∇TG1 ' Ωb

n−1 ,

Rn−1∇ψ
(

1

Rn−2
∇TUn

)
' Ωu

n−1 , (3.109)

where Ωφ
n−1 are scalar functions with the property that Ωu

n−1 is independent of Gn, Bn and Un,
Ωg
n−1 is independent of Gn and Bn, and Ωb

n−1 is independent of Bn. Also, Ωφ
0 := 0. We can

split the functions Ωφ
n−1 in the following way,

Ωg
n−1 =

NΩg
n∑
p=0

(logR)pΩg
n−1,p(ψ

∗) ,

Ωb
n−1 =

NΩb
n∑

p=0

(logR)pΩb
n−1,p(ψ

∗) ,

Ωu
n−1 =

NΩu
n∑
p=0

(logR)pΩu
n−1,p(ψ

∗) . (3.110)
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3. High order expansions of the good-bad-ugly model near null infinity

It is worth noting that the specific form of the Ωφ
n−1,p functions has no influence on the proof of

our statement, as long as it is possible to write (3.110). In fact (3.110) holds for a more general

class of models than just (3.15), as will be discussed in the next section. Equation (3.110)

allows us to integrate (3.109) in order to get the asymptotic behavior of Gn, Bn and Un in

terms of {Gm,k, Bm,k, Um,k,mu,1}. Let us begin with the first equation,

Rn∇ψ
(

1

Rn−1
∇TGn

)
'

NΩg
n∑
p=0

(logR)pΩg
n−1,p(ψ

∗) .

We make use of the following integral, ∀q 6= 1,∫
(logR)p

Rq
dR = − (logR)p

(q − 1)Rq−1
+

p

q − 1

∫
(logR)p−1

Rq
dR

=

p∑
i=0

− (logR)i

(q − 1)p−i+1Rq−1

p!

i!
, (3.111)

to get,

Gn '
NΩg
n∑
p=0

p∑
i=0

− (logR)i

(n− 1)p−i+1

p!

i!

∫ T

T0

Ωg
n−1,pdT

′ +mg,n(T0)

=

NΩg
n∑
i=0

(logR)i
NΩg
n∑
p=i

− 1

(n− 1)p−i+1

p!

i!

∫ T

T0

Ωg
n−1,pdT

′ +mg,n(T0)

=

NΩg
n∑
i=0

(logR)iGn,i(ψ
∗) , (3.112)

for some scalar functions Gn,i(ψ∗) and for all n > 1. As in the flat case, we choose ġn = 0

for n > 1, and the same applies for b (for n > 1) and u (for n > 2). In other words, if g can

be written as (3.104), then it can also be written as (3.105). Therefore, we have,

g =

∞∑
n=1

Ng
n∑

k=0

(logR)kGn,k(ψ
∗)

Rn
, (3.113)

as desired. The b equation likewise gives,

Rn∇ψ
(

1

Rn−1
∇TBn

)
'−∇TGn∇TG1,0 +

NΩb
n∑

p=0

(logR)pΩb
n−1,p(ψ

∗) ,

which we can integrate in order to get,

Bn '
NΩb
n∑
i=0

(logR)i
NΩb
n∑
p=i

− 1

(n− 1)p−i+1

p!

i!

∫ T

T0

Ωb
n−1,pdT

′+

+

Ng
n∑

i=0

(logR)i
Ng
n∑

p=i

− 1

(n− 1)p−i+1

p!

i!

∫ T

T0

n−1∑
k=0

∇TGn,k∇TG1,0dT
′ +mb,n(T0)

=
n∑
i=0

(logR)iBn,i(ψ
∗) , (3.114)
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3. High order expansions of the good-bad-ugly model near null infinity

for all n > 1. Thus, by induction, we get,

b =

∞∑
n=1

Nb
n∑

k=0

(logR)kBn,k(ψ
∗)

Rn
. (3.115)

Finally, the u equation reads,

Rn−1∇ψ
(

1

Rn−2
∇TUn

)
'

NΩu
n∑
p=0

(logR)pΩu
n−1,p(ψ

∗) ,

and integrating it along integral curves of ψa and ∂aT gives,

Un '
NΩu
n∑
i=0

(logR)i
NΩu
n∑
p=i

− 1

(n− 2)p−i+1

p!

i!

∫ T

T0

ΩU
n−1,pdT

′ +mu,n(T0)

=

NΩu
n∑
i=0

(logR)iUn,i(ψ
∗) , (3.116)

for all n > 2. By induction,

u =
mu,1

R
+

∞∑
n=2

Nu
n∑

k=0

(logR)kUn,k(ψ
∗)

Rn
. (3.117)

This concludes the proof. These results can be packaged in the following theorem.

Theorem 4. Let Xα = (T,Xi) be an asymptotically Cartesian coordinate system with an

associated covariant derivative ∇̃. The good-bad-ugly system defined as,
�̃g = 0

�̃b = (∇T g)2

�̃u = 2
R∇Tu

, (3.118)

where �̃ := gab∇̃a∇̃b and g is an asymptotically flat metric, admits a polyhomogeneous expan-

sion near null infinity of the type,

g =
G1,0(ψ∗)

R
+
∞∑
n=2

Ng
n∑

k=0

(logR)kGn,k(ψ
∗)

Rn

b =
B1

R
+

∞∑
n=2

Nb
n∑

k=0

(logR)kBn,k(ψ
∗)

Rn
(3.119)

u =
mu,1

R
+

∞∑
n=2

Nu
n∑

k=0

(logR)kUn,k(ψ
∗)

Rn
,

with initial data on S of the type,
g|S =

∑∞
n=1

mg,n
Rn

b|S =
∑∞

n=1
mb,n
Rn

u|S =
∑∞

n=1
mu,n
Rn

,


∇T g|S = OS(R−2)

∇T b|S = OS(R−2)

∇Tu|S = OS(R−2)

, (3.120)

where mφ,n are scalar functions that are independent of T and R. This is valid outside a

compact ball centered at R = 0.
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3. High order expansions of the good-bad-ugly model near null infinity

Remark 3. As can be seen from (3.101), a sufficient condition to make the logR term in U2

vanish, is that,

��∆mu,1 = o+(R−2) , (3.121)

which is almost the same requirement as in the flat case, except that the operator��∆ is now built

from the general metric and not the flat one. Nevertheless, with a general metric we cannot

expect the logR terms to vanish at all orders, because order n = 3 in u may already be coupled

to the b equation and might therefore inherit up to one power of logR, depending on the form

of the metric functions.

Remark 4. Once again one can see that the good-bad-ugly system admits a static solution

given by,

Rg = mg,1 ,

Rb = mb,1 ,

Ru = mu,1 , (3.122)

as long as the requirement��∆mφ,1 = 0 is fulfilled. If all further initial data are set to zero, then

the series truncates at n = 1 and all orders vanish except the first one. Note that this static

solution differs from (3.92) because here the operator��∆ is not necessarily the Laplace operator

on the 2-sphere of radius R, but an analogous operator constructed from /gab that coincides with

the former to leading order.

Remark 5. Throughout this section we kept the dependence of the metric functions on the

evolved fields general. However, assuming some structure on that dependence, one can bound

the power of logR, Nφ
n , at each order n. In fact, if we assume that some of the metric functions

do not have a logR to leading order, then it is possible show that the power of logR never

exceeds the power of R−1 in any given term. We leave a deeper analysis to future work.

3.5 Stratified null forms

We can generalize this proof to encompass models more complicated than the standard

good-bad-ugly system. In fact there is a large class of terms that, added to the right-hand side

of (3.15) require no significant changes in the induction proof. These terms are a generalization

of the classical null forms, see [86, 87], that know about the different types of field. Let us

define stratified null forms as terms that involve products of up to one derivative of the evolved

fields and fall-off faster than R−2 close to null infinity. For example, a term which has one

good derivative, one bad derivative and no explicit dependence on coordinates, say,

∇ψg∇ψb , (3.123)
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3. High order expansions of the good-bad-ugly model near null infinity

is necessarily o+(R−2), and is therefore a stratified null form. Another type of term that fulfills

this requirement is one which is quadratic in bad derivatives, but has one power of R−1, say,

1

R
∇ψg∇ψb . (3.124)

Finally, a term where any derivative hits an ugly field and a bad derivative hits any field, say,

∇au∇ψb , (3.125)

is also a stratified null form, because any derivative hitting an ugly field, necessarily improves

its decay. We will need this definition because it distinguishes the terms that significantly

change our proof from those that do not. Let us replace our earlier system with

�̃g = Ng ,
�̃b = (∇T g)2 +Nb ,
�̃u = 2

R∇Tu+Nu , (3.126)

where Nφ are arbitrary linear combinations of stratified null forms. As stratified null forms

are at least of order o+(R−2), regardless of any of these terms we add to the right-hand side

of the good-bad-ugly system, the first order equations (3.101) remain the same, as they are the

result of collecting terms proportional to R−2. So we get,

∇ψ∇TG1 ' 0 ,

2R∇ψ∇TB1 ' −(∇TG1)2 ,

R∇ψ∇TU2 ' Ωu
1 , (3.127)

where we had to introduce the scalar function Ωu
1 instead of ¯

��∆mu,1 on the right-hand side of the

third equation, because the definition of stratified null forms does not exclude the possibility

of it contributing to second order. Stratified null forms will, in general, contribute to order

n = 2, however those contributions will not contain derivatives of G2, B2 or U2 in the u case,

they will not contain derivatives of G2 or B2 in the g case and they will not contain derivatives

of B2 in the b case. An analogous statement is true for all n. At each step we collect terms

of order R−n−1 to find equations for Gn, Bn or Un and contributions of stratified null forms to

that order will not contain derivatives of Gn, Bn or Un in the u case, of Gn or Bn in the g case

and of Bn in the b case. This means that we can write (cf. (3.109)),

Rn∇ψ
(

1

Rn−1
∇TGn

)
' Ω′gn−1 ,

Rn∇ψ
(

1

Rn−1
∇TBn

)
+∇TGn∇TG1 ' Ω′bn−1 ,

Rn−1∇ψ
(

1

Rn−2
∇TUn

)
' Ω′un−1 , (3.128)

where Ω′φn−1 are scalar functions with the property that Ω′un−1 is independent of Gn, Bn and Un,
Ω′gn−1 is independent of Gn and Bn, and Ω′bn−1 is independent of Bn. Naturally, (3.110) is
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3. High order expansions of the good-bad-ugly model near null infinity

still valid and hence g, b and u can be written as polyhomogeneous functions (3.112), (3.114)

and (3.116). Although we can expect the final recursion relations of the g, b and u fields

to change in general, the induction proof remains unchanged. Therefore, regardless of the

addition of any stratified null forms to the good-bad-ugly system, we have the following result,

g =
G1,0(ψ∗)

R
+

∞∑
n=2

Ng
n∑

k=0

(logR)kGn,k(ψ
∗)

Rn

b =
B1

R
+

∞∑
n=2

Nb
n∑

k=0

(logR)kBn,k(ψ
∗)

Rn

u =
mu,1

R
+
∞∑
n=2

Nu
n∑

k=0

(logR)kUn,k(ψ
∗)

Rn
. (3.129)

This implies that we can generalize Theorem 4 in order to incorporate stratified null forms.

Theorem 5. Let Xα = (T,Xi) be an asymptotically Cartesian coordinate system with an

associated covariant derivative ∇̃. The good-bad-ugly system defined as,

�̃g = Ng ,
�̃b = (∇T g)2 +Nb ,
�̃u = 2

R∇Tu+Nu , (3.130)

where Nφ are arbitrary linear combinations of stratified null forms, �̃ := gab∇̃a∇̃b and gab is
an asymptotically flat metric, admits a polyhomogeneous expansion near null infinity of the

type,

g =
G1,0(ψ∗)

R
+
∞∑
n=2

Ng
n∑

k=0

(logR)kGn,k(ψ
∗)

Rn

b =
B1

R
+
∞∑
n=2

Nb
n∑

k=0

(logR)kBn,k(ψ
∗)

Rn

u =
mu,1

R
+

∞∑
n=2

Nu
n∑

k=0

(logR)kUn,k(ψ
∗)

Rn
, (3.131)

with initial data on S of the type,
g|S =

∑∞
n=1

mg,n
Rn

b|S =
∑∞

n=1
mb,n
Rn

u|S =
∑∞

n=1
mu,n
Rn

,


∇T g|S = OS(R−2)

∇T b|S = OS(R−2)

∇Tu|S = OS(R−2)

, (3.132)

where mφ,n are scalar functions that are independent of T and R. This is valid outside a

compact ball centered at R = 0.
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4. Peeling in generalized harmonic gauge

This chapter is based on work that was recently submitted to the scientific journal Classical

and Quantum Gravity [3]. We generalize the results in Chapter 3 so we can conclude that

the EFE in GHG admit solutions that can be written as polyhomogeneous expansions near

null infinity. Then we integrate the equations order by order in R−1 to get the coefficients of

the terms proportional to logR and compute the leading terms of the Weyl scalars, thereby

showing that peeling is violated for a large class of gauge choices. Finally we pick the gauge and

constraint addition to each equation carefully in order to demonstrate that the obstructions

to peeling that we found are mere artifacts of the coordinates. This means that peeling can

be recovered through gauge choice and constraint addition for a large class of initial data.

4.1 Geometric Set up

Representation of the metric: Abstract tensor indices are represented by Latin letters

and coordinate indices are represented by Greek letters from the beginning of the alphabet. We

assume a Lorentzian metric gab with Levi-Civita connection ∇; indices are raised and lowered

with the spacetime metric gab and its inverse. We introduce an asymptotically Cartesian

coordinate system Xα = (T,Xi), with the respective vector and covector bases ∂α and dXα.

The sense in which Xα = (T,Xi) is asymptotically Cartesian will be clarified later. It is

useful to define the vector field T a := ∂aT , with the associated directional derivative denoted

∇T = T a∇a. Directional derivatives along other vector fields will be defined similarly. The

flat covariant derivative associated to Xα is denoted ∇̃ and has the defining property that

∇̃a∂bα = 0. We also introduce shell coordinates Xα′ = (T ′, Xi′) = (T,R, θA), with radial

coordinate given by R2 = (X1)2 + (X2)2 + (X3)2 and the respective vector and covector bases

∂α′ and dXα′ . The flat covariant derivative associated to the shell coordinates has the defining

property that
•
∇b∂aα′ = 0. The flat covariant derivatives ∇̃ and

•
∇ reduce to partial derivatives

when working in the associated coordinate bases. These definitions are based on the notation

used in xAct [88] to represent partial derivatives using abstract index notation. Given the two

flat covariant derivatives ∇̃ and
•
∇, we define the Christoffel transition tensor

Γ[∇̃,
•
∇]a

b
cv
c = ∇̃avb −

•
∇avb , (4.1)

va being an arbitrary vector field. Similarly,

Γ[∇,
•
∇]a

b
cv
c = ∇avb −

•
∇avb , (4.2)

which will be represented with the shorthand
•
Γa

b
c := Γ[∇,

•
∇]a

b
c. It follows that

Γ[∇, ∇̃]b
a
c = Γ[∇,

•
∇]b

a
c − Γ[∇̃,

•
∇]b

a
c. (4.3)

For clarity, we show these coordinates and their covariant derivatives in the following table:

coordinates cov. der.
Xα = (T,Xi) ∇̃
Xα′ = (T ′, Xi′)

•
∇
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4. Peeling in generalized harmonic gauge

The reason why we choose to underline the indices when they are in these two coordinate

systems is that by the end of Chapter 5 we radially compactify these coordinates to find a

final coordinate system (not underlined) in which we write the symmetric hyperbolic version

of the EFE in GHG. This is in line with the notation used in the dual foliation formulation

of GR [30]. We define outgoing and incoming null vectors on the spacetime (ψa and ψa,

respectively) in the shell coordinate basis by

ψa = ∂aT + CR+∂aR ,
ψa = ∂aT + CR−∂aR , (4.4)

where CR+ and CR− are radial coordinate light-speeds, the values for which are determined by

the condition that ψa and ψa are null with respect to gab. It is useful to define the following

covectors,

σa = e−ϕψa , σa = e−ϕψ
a
, (4.5)

with ϕ specified by the condition σa∂aR = −σa∂aR = 1. The covectors may be decomposed in

the following way:

σa = −CR+∇aT +∇aR+ C+
A∇aθA ,

σa = CR−∇aT −∇aR+ C−A∇aθA . (4.6)

It is straightforward to show that the null vectors satisfy the relations

σaψ
a = σaψ

a = 0 ,

σaψ
a = σaψ

a = −τ , (4.7)

with τ := CR+ − CR− .
We perform the following decomposition of the inverse spacetime metric,

gab = −2τ−1e−ϕ ψ(aψb) + /g
ab , (4.8)

with the normalization of first term chosen so that /gabσb = /gabσb = 0. We emphasize that

while /ga
b serves as a projection operator orthogonal to σa and σb, /gab is not the inverse induced

metric on level sets of T and R, as ∇aT or ∇aR are not in the kernel of /gab. We obtain the

following decomposition for the metric,

gab = −2τ−1eϕ σ(aσb) + /gab . (4.9)

Let S be a Cauchy surface defined by a constant value of the coordinate T . It will be convenient

to make a conformal rescaling of this induced metric on S. We define

qab = e−εR−2
/gab, (q−1)ab = eεR2

/g
ab (4.10)

with

ε = (ln |/g| − ln |
•
/g|)/2 (4.11)
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4. Peeling in generalized harmonic gauge

where |
•
/g| denotes the determinant of the metric of S2 of radius R embedded in Minkowski

spacetime in shell coordinates. For future reference we also define •ε ≡ 1
2 ln |

•
/g|. Notice that, as

a consequence of the latter, the determinant of q is that of the metric of the unit S2 in shell

coordinates, so it is a fixed function of the coordinates θA. Although this construction is general

for any coordinatization of S2, for conciseness, in the rest of the chapter, we use standard

spherical polar coordinates θ1 = θ and θ2 = φ so that the line element on S2 reads dΩ2 =

dθ2 + sin2 θdφ2. We have used the notation (q−1)ab to emphasize that the metric /g and not q

is used to raise and lower indices on tensors on S. For instance qab = /gac/gbdqcd 6= (q−1)ab.

Finally, it is worth introducing a special parameterization of the angular part of (q−1)ab in

shell coordinates, in order to find wave equations for each of its two independent metric

functions. These independent components encode the two degrees of freedom of gravitational

waves usually denoted in the linear theory as h+ and h×.

(q−1)AB =

[
e−h+ coshh×

sinhh×
sin θ

sinhh×
sin θ

eh+ coshh×
sin θ2

]
. (4.12)

Thus the ten independent variables we use to represent the metric are,

ϕ , CR± , C±A , ε , h+ , h× . (4.13)

Tensors T ′cd projected with /ga
b are /T ab ≡ /ga

c/gb
dT ′cd. The projected covariant derivative is

denoted /D, and is given explicitly below for vectors satisfying va = /gb
avb,

/Dbv
a := /gc

a
/gb
d∇dvc . (4.14)

The generalization for higher rank tensors is straightforward. We define the projected covariant

derivative /̃D similarly, with ∇d replaced with ∇̃d.
A brief remark on terminology—since we deal with polyhomogeneous expansions, which

include terms of the form R−n(logR)m, it is appropriate to clarify what is meant by the term

‘order’ in this chapter. Throughout, ‘order n’ will refer to terms proportional to R−n.

Decomposition of the connection: Using the Koszul formula,

•
Γa

b
c =

1

2
/g
bd(
•
∇a/gdb +

•
∇b/gad −

•
∇d/gab) , (4.15)

we can find expressions for each component of
•
Γa

b
c. Here we present a rearranged version of

these relations, writing derivatives of metric functions in terms of components of the connection

and not the other way around. The reason for us to do this is that writing the EFE in terms
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4. Peeling in generalized harmonic gauge

of
•
Γa

b
c makes them significantly more readable. We find that,

∇aCR+ = −
•
Γa

σ
ψ , ∇aCR− =

•
Γa

σ
ψ ,

∇aC+
A = 2/gbA

•
Γa

(bσ) − C
+
A + C−A
τ

•
Γa

σ
ψ ,

∇aC−A = 2/gbA

•
Γa

(bσ) − C
+
A + C−A
τ

•
Γa

σ
ψ ,

∇aϕ =
•
Γa

b
c(δ

c
b − /gb

c) , ∇a(ε+
•
ε) = /gc

b
•
Γb
c
a ,

∇a/gAB = −2/gb
A
/gc
B
•
Γ

(bc)

a . (4.16)

Note that these covariant derivatives are interchangeable with
•
∇ and ∇̃ even when they act

upon C±A , as A is not a tensorial index, but a label to designate one of the angular coordinates,

θ1 = θ or θ2 = φ. When writing the asymptotic system near null infinity, we will have to

use the version of these relations that gives the components of the transition tensor
•
Γa

b
c in

terms of first derivatives of metric functions. In order not to overload the reader with long

expressions, and because they contain basically the same information as (4.16), we do not

present those relations here.

D’Alembert operators: Throughout this chapter we will use three different wave operators,

each associated to a different covariant derivative. Thus we define � as,

�φ = gab∇a∇bφ , (4.17)

and we define �̃ and
•
� analogously, associated with ∇̃ and

•
∇, respectively. Note that when

�̃ acts on a scalar function, one can straightforwardly change to
•
� through,

�̃φ =
•
�φ− gbcΓ[∇̃,

•
∇]b

a
c∇aφ . (4.18)

Moreover, in [2] it was shown that the Cartesian wave operator can be expanded as,

CR+�̃φ =− 2e−ϕ∇ψ∇Tφ+∇Tφ(/g
abΓ[∇̃,

•
∇]a

σ
b +XT )

+∇ψφXψ −
2e−ϕCR−

τ
∇2
ψφ+ CR+��∆φ , (4.19)

where XT and Xψ are,

τXT :=CA /DACR+ − τ /D
AC+

A −
2e−ϕCR−
CR+

∇ψCR+ , (4.20)

τXψ :=
CA
τ

(
CR− /D

ACR+ − CR+ /D
ACR−

)
− CR− /D

AC+
A − CR+ /D

AC−A + CR−/gabΓ[∇̃,
•
∇]a

σ
b

+ CR+/gabΓ[∇̃,
•
∇]a

σ
b +

2e−ϕCR−
CR+

∇ψCR+ ,

and CA := C+
A + C−A . Most importantly, it was shown that, to leading order, this operator

behaves as,

�̃φ ' −2∇ψ∇Tφ−
2

R
∇Tφ , (4.21)
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4. Peeling in generalized harmonic gauge

4.2 Good-bad-ugly system with stratified null forms

Stratified null forms are defined as terms that involve products of up to one derivative of

the evolved fields and fall-off faster than R−2 close to null infinity. Henceforth Nφ, where φ is

the evolved field that Nφ is associated to, will denominate an arbitrary linear combination of

stratified null forms.

The good-bad-ugly system: We introduce the following model,

�̃g = Ng ,
�̃b = (∇T g)2 +Nb ,
�̃u = 2

R∇Tu+Nu , (4.22)

where g, b and u stand for good, bad and ugly fields, respectively. The leading order of the

particular case where the metric gab is the Minkowski metric and Nφ = 0 was studied in detail

in [61]. The main reason for the interest in this particular model lies in the fact that its non-

linearities are known to mimic those present in the EFE. Previous work [2] has shown that

this system admits polyhomogeneous expansions near null infinity. In this chapter we want to

build directly upon that result, by applying it to GR and finding the functional form of terms

beyond first order. Then we aim to shed light on a very special interplay between the choice

of gauge and constraint addition by showing that peeling is violated for certain choices and

satisfied in others. Additionally, this will allow us to know where terms with factors of logR

may appear and thus builds towards a regularization of the EFE in GHG in hyperboloidal

slices, which will be presented in the next chapter. Finally, we expect that this method is also

applicable to the Maxwell and Yang-Mills equations, as these can also be written as non-linear

wave equations in Lorenz gauge.

4.2.1 Assumptions

To proceed, it is appropriate to outline assumptions on the evolved fields in (4.22) that

allow us to formally equate terms of the same order and identify a hierarchy of equations

which are satisfied by the fields g, b and u order-by-order close to null infinity. We also discuss

corresponding assumptions for the metric functions.

Evolved fields: Consider a null tetrad {ψ,ψ,X1, X2}, with X1 and X2 orthogonal to ψa

and ψa and normalized so that gabXa
Aψ

b = gabX
a
Aψ

b = 0 and gabXa
AX

b
B = δAB, with A = 1, 2.

Now let ωg,b represent a good or a bad field or any of its first derivatives. Following the insight

of [64] we assume the following behavior at null infinity,

ωg,b = o+(R−n)⇒


∇ψωg,b = o+(R−n−1)

∇ψωg,b = o+(R−n)

∇XAωg,b = o+(R−n−1)

. (4.23)
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4. Peeling in generalized harmonic gauge

The notation f = o+(h) refers to the condition

∃ε > 0 : lim
R→∞

f

hR−ε
= 0 , (4.24)

which can be informally stated as the condition that f falls-off faster than h1+ε as R goes to

infinity, which is a faster falloff than f = o(h); more precisely, o+(h) = o(hR−ε). As discussed

in [2] this condition will be needed to ensure that the error terms remain small when integrated.

We employ the condition o+(R−n) instead of O(R−n−1) since it was shown previously (for in-

stance [61]) that the system (4.22) admits asymptotic solutions proportional to R−1 logR, and

the O notation naively excludes such solutions. Notice that for fields satisfying a system of

the form (4.22), certain derivatives improve the fall off of the argument, but others deriva-

tives do not; this motivates the terminology employed in the previous literature, namely that

directional derivatives corresponding to ψa and XA (those tangent to outgoing null-cones)

are termed good derivatives, and directional derivatives corresponding to ψa (transverse to

outgoing null-cones) are termed bad derivatives.

Now let ωu represent the field u or its first derivative. As discussed in [61], if �̃ is con-

structed from the Minkowski metric, the derivatives of the u fields have different asymptotic

behavior; we assume the following,

ωu = o+(R−n)⇒


∇ψωu = o+(R−n−1)

∇ψωu = o+(R−n−1)

∇XAωu = o+(R−n−1)

. (4.25)

We seek solutions which decay near null infinity, so we restrict ourselves to initial data with

that property, i.e.,

g = o+(1), b = o+(1), u = o+(1) . (4.26)

To allow for a nonzero ADM mass and linear momentum, the initial data is chosen to decay

at spacelike infinity (as opposed to null infinity) in the following manner,

φ|S =
∞∑
n=1

mφ,n

Rn
,

∇Tφ|S = OS(R−2) , (4.27)

where mφ,n are scalar functions that are independent of T and R. Though this is not the

most general choice which permits nontrivial ADM mass and linear momentum, it is general

enough for a very large class of spacetimes of interest.

Metric functions: We now turn to the metric functions. We require that the metric func-

tions are written as,

ϕ = γ1 , CR± = ±1 + γ±2 , C±A = Rγ±3 ,

ε = γ4 , h+ = γ5 , h× = γ6 , (4.28)

61



4. Peeling in generalized harmonic gauge

where the γ = γ(g, b, u) are assumed to be analytic in a neighborhood of null infinity I +.

Rigorously, by in a neighborhood of null infinity we mean in a region given by a sufficiently

large affine parameter along any outgoing null curve. Since we are interested in metrics that

asymptote to the Minkowski metric near I +, we require that

γ(g, b, u)|I + = 0 , (4.29)

or that the γ functions vanish as one approaches asymptotic infinity. In fact, we will see that

upon an appropriate choice of gauge and constraint addition, in GR the γ functions turn out

to be themselves either good, bad or ugly. The metric variables in this formulation were chosen

for this purpose.

4.2.2 Earlier work

In the previous chapter the following theorem was shown,

Theorem 6. The good-bad-ugly system defined as (4.22) where gab is an asymptotically flat

metric, admits a polyhomogeneous expansion near null infinity of the type,

g =
G1,0(ψ∗)

R
+

∞∑
n=2

Ng
n∑

k=0

(logR)kGn,k(ψ
∗)

Rn

b =
B1,0(ψ∗) + logRB1,1(ψ∗)

R
+

∞∑
n=2

Nb
n∑

k=0

(logR)kBn,k(ψ
∗)

Rn

u =
mu,1

R
+
∞∑
n=2

Nu
n∑

k=0

(logR)kUn,k(ψ
∗)

Rn
, (4.30)

where ψ∗ means that this scalar function does not vary along integral curves of ψ, Φn,k with Φ ∈
{G,B,U} are coefficients where n is their associated power of R−1 and k their associated power

of logR, and with initial data on S of the type,
g|S =

∑∞
n=1

mg,n
Rn

b|S =
∑∞

n=1
mb,n
Rn

u|S =
∑∞

n=1
mu,n
Rn

,


∇T g|S = OS(R−2)

∇T b|S = OS(R−2)

∇Tu|S = OS(R−2)

, (4.31)

where mφ,n are scalar functions that are independent of T and R. This is valid outside a

compact ball centered at R = 0.

The assumptions on initial data could be relaxed if we wished only to build formal solutions

down to a finite order in R−1. Throughout this chapter, all functions denoted by mφ,n for any

field φ and any integer n will be assumed to be independent of T and R. We will show that

in GR the metric functions (4.13) can be separated into good, bad and ugly fields, as defined

in (4.22). Moreover, we will see that there is an interplay between gauge choice and constraint

addition that interferes with the asymptotic system and gives rise to different combinations

of these fields. However there are three generalizations that we have to do to the above-

mentioned theorem in order to include GR within the gauge choices of interest. First, our
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4. Peeling in generalized harmonic gauge

good-bad-ugly system should be allowed to include arbitrary numbers of good, bad and ugly

fields. In particular, in GR, there will be 10 independent metric functions, each with its own

nonlinear wave equation. Second, the leading term on the right-hand side of the bad equation

must be allowed to be −1/2(∇T g1)2−1/2(∇T g2)2, where g1 and g2 are good fields. And third,

GR forces us to extend our conception of an ugly equation to include a slightly larger class

of equations whose asymptotic expansions behave as uglies to leading order, but differ in the

decay rate of terms beyond first order.

4.2.3 Generalization of Theorem 6

Let there be any number of evolved fields, each satisfying one of the following 3 kinds of

nonlinear wave equation,

�̃g = Ng ,

�̃b =
β

R2
+Nb ,

�̃u =
2p

R
∇Tu+Nu , (4.32)

where −2β = R2(∇T g1)2 + R2(∇T g2)2, g1 and g2 satisfy an equation of the first type, and

p is a natural number. To prove a more general version of Theorem 6 we employ a method

almost exactly the same that considered in the last chapter. For this reason we leave out the

common details and focus exclusively on the differences.

Motivation for statement to be proved by induction: Asymptotic flatness, together

with the fact that the γ functions (see (4.28)) are analytic functions of the evolved fields at

null infinity, allows us to Taylor expand them around g = b = u = 0, because the fields are

assumed to have decay near null infinity and find that γ = o+(1) and,

ωγ = o+(R−n)⇒
{
∇ψωγ = o+(R−n−1)

∇XAωγ = o+(R−n−1)
, (4.33)

where ωγ is any γ function or any first derivative of it. Let us rescale g and b as,

G1 = Rg , B1 = Rb , (4.34)

and focus on expansions of u which satisfy,

u =
mu,1

R
+
U2

R2
, (4.35)

with U2 = o+(R). Plugging (4.34) and (4.35) in (4.32) we get,

∇ψ∇TG1 ' 0 ,

∇ψ∇TB1 ' −
1

R
β ,

∇ψ(Rp−1∇TU2) ' Rp−2Ωu
1 , (4.36)
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where Ωu
1 = o+(R) cannot contain U2 or any derivatives thereof. For the first two equations

we have,

G1 ' G1,0(ψ∗)

B1 ' B1,0(ψ∗) +B1,1(ψ∗) logR . (4.37)

The third equation requires closer attention. To leading order, Ωu
1 is allowed to contain logs,

but it is not allowed to contain R−1, so we can write,

Ωu
1 =

NΩu
n∑
i=0

(logR)iΩu
1,i(ψ

∗) . (4.38)

In order to integrate the last equation in (4.36) along ψ, we have to integrate (logR)iRp−2,

which gives one of two results depending on p,∫
(logR)i

R−p+2
dR =

{∑i
j=0−

(logR)j

(−p+1)i−j+1R−p+1
i!
j! , p 6= 1

(logR)i+1

i+1 , p = 1
. (4.39)

The main difference between these two cases is that if p = 1, the maximum power of logR

goes up by one, whereas if p 6= 1 it does not. Since we are allowing our null forms to have any

finite power of logR (4.38), this does not make a big difference for the general case. However,

more structure on these null forms will allow us to find the power of logR at each order. More

on this point will be said later. For now, for either case we can write,

U2 '
NΩu

2∑
i=0

(logR)iU2,i(ψ
∗) +

1

Rp−1

∫
u̇2(ψ∗)dT , (4.40)

where the second term can be incorporated in the first for p = 1, while for p > 1 we choose

solutions with u̇2(ψ∗) = 0, which basically amounts to pushing the second term into a higher

order term in the expansion. This seems to suggest that g, b and u are polyhomogeneous

functions where each term can have up to Nφ
n powers of logR, where Nφ

n is a finite number

which depends on which field φ it refers to and on the power of R−1 in the expansion, n.

Formally, we therefore conjecture,

g =
G1,0(ψ∗)

R
+

∞∑
n=2

Ng
n∑

k=0

(logR)kGn,k(ψ
∗)

Rn
,

b =
B1,0(ψ∗) + logRB1,1(ψ∗)

R
+

∞∑
n=2

Nb
n∑

k=0

(logR)kBn,k(ψ
∗)

Rn
,

u =
mu,1

R
+
∞∑
n=2

Nu
n∑

k=0

(logR)kUn,k(ψ
∗)

Rn
. (4.41)

We proceed by induction. We already know that to first order in g and u, logR terms are

not allowed, and the conjecture (4.41) incorporates this property by construction. Truncating
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at n = 1, we have seen

g =
G1,0(ψ∗)

R
+
G2

R2
,

b =
B1,0(ψ∗) +B1,1(ψ∗) logR

R
+
B2

R2
,

u =
mu,1

R
+
U2

R2
, (4.42)

with G2 = o+(R), B2 = o+(R) and U2 = o+(R), so in order to show (4.41), we have to show

that if we can write the evolved fields as,

g =
G1,0(ψ∗)

R
+

n−1∑
m=2

Ng
n−1∑
k=0

(logR)kGm,k(ψ
∗)

Rm
+
Gn
Rn

,

b =
B1

R
+

n−1∑
m=2

Nb
n−1∑
k=0

(logR)kBm,k(ψ
∗)

Rm
+
Bn
Rn

,

u =
mu,1

R
+

n−1∑
m=2

Nu
n−1∑
k=0

(logR)kUm,k(ψ
∗)

Rm
+
Un
Rn

, (4.43)

where B1 = B1,0(ψ∗) + logRB1,1(ψ∗), Gn = o+(R), Bn = o+(R) and Un = o+(R), then we can

also write them as,

g =
G1,0(ψ∗)

R
+

n∑
m=2

Ng
n∑

k=0

(logR)kGm,k(ψ
∗)

Rm
+
Gn+1

Rn+1
,

b =
B1

R
+

n∑
m=2

Nb
n∑

k=0

(logR)kBm,k(ψ
∗)

Rm
+
Bn+1

Rn+1
,

u =
mu,1

R
+

n∑
m=2

Nu
n∑

k=0

(logR)kUm,k(ψ
∗)

Rm
+
Un+1

Rn+1
, (4.44)

where Gn+1 = o+(R), Bn+1 = o+(R) and Un+1 = o+(R). The cases of g and b go through in

exactly the same way as in [2], so we will focus our attention on u.

Induction proof: Assuming (4.43), we take the ugly equation in (4.32) and formally equate

terms proportional to R−n−1. Putting all terms with Un on the left-hand side and all the rest

on the right-hand side we get,

∇ψ(Rp+1−n∇TUn) ' Rp−nΩu
n−1 , (4.45)

where on the right-hand side Ωu
n−1 depends on the functions {Gm,k, Bm,k, Um,k,mu,1}, for m ∈

[1, n − 1] and k ∈ [0, Nφ
n ], and their derivatives. Also, Ωu

0 := 0. We can split Ωu
n−1 in the

following way,

Ωu
n−1 =

NΩu
n∑
i=0

(logR)iΩu
n−1,i(ψ

∗) . (4.46)

65



4. Peeling in generalized harmonic gauge

It is worth noting that the specific form of Ωu
n−1,i has no influence on the proof of our statement,

as long as it is possible to write (4.46). We can now integrate (4.45) in order to get the

asymptotic behavior of Un in terms of {Gm,k, Bm,k, Um,k,mu,1}. Plugging (4.46) into (4.45),

∇ψ(Rp+1−n∇TUn) ' Rp−n
NΩu
n∑
i=0

(logR)iΩu
n−1,i(ψ

∗) ,

and integrating it along integral curves of ψa and ∂aT gives, once more, two different results.

For n 6= p+ 1,

Un '
NΩu
n∑
i=0

(logR)i
NΩu
n∑
j=i

− 1

(n− 1− p)j−i+1

j!

i!

∫ T

T0

ΩU
n−1,jdT

′ +mu,n

=

NΩu
n∑
i=0

(logR)iUn,i(ψ
∗) , (4.47)

whereas for n = p+ 1,

Un '
NΩu
n∑
i=0

(logR)i+1

i+ 1

∫ T

T0

ΩU
n−1,idT

′ +mu,n

=

NΩu
n +1∑
i=0

(logR)iUn,i(ψ
∗) . (4.48)

By induction,

u =
mu,1

R
+
∞∑
n=2

Nu
n∑

k=0

(logR)kUn,k(ψ
∗)

Rn
. (4.49)

This concludes the proof. These results can be packaged in the following theorem.

Theorem 7. Let there be any number of evolved fields, each satisfying one of the following 3

wave equations,

�̃g = Ng ,

�̃b = −1

2
(∇T g1)2 − 1

2
(∇T g2)2 +Nb ,

�̃u = 2p
R∇Tu+Nu , (4.50)

where gab is an asymptotically flat metric, g1 and g2 satisfy the first equation in (4.32), and p

may be different for different functions. Fields that satisfy the equations for g, b and u admit

polyhomogeneous expansions near null infinity of the types,

g =
G1,0(ψ∗)

R
+
∞∑
n=2

Ng
n∑

k=0

(logR)kGn,k(ψ
∗)

Rn

b =
B1

R
+
∞∑
n=2

Nb
n∑

k=0

(logR)kBn,k(ψ
∗)

Rn

u =
mu,1

R
+
∞∑
n=2

Nu
n∑

k=0

(logR)kUn,k(ψ
∗)

Rn
, (4.51)
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respectively, with initial data on S of the type,
g|S =

∑∞
n=1

mg,n
Rn

b|S =
∑∞

n=1
mb,n
Rn

u|S =
∑∞

n=1
mu,n
Rn

,


∇T g|S = OS(R−2)

∇T b|S = OS(R−2)

∇Tu|S = OS(R−2)

, (4.52)

where mφ,n are scalar functions that are independent of T and R. This is valid outside a

compact ball centered at R = 0.

Remark 6. Consider a system in which all of the evolved fields satisfy either the good equation

or the ugly one. We know that the good equation cannot create logs, it can only inherit them

though coupling with the other equations. Since there is no bad field in such a system, the only

logs that may appear are the ones created by the ugly equation. Let us also assume that all the

ugly fields have the same p. In that case, for all n < p+ 1, there can be no logs in (4.46), or

in other words, NΩu
n = 0. This implies that up to order p+ 1,

Un ' Un,0(ψ∗) . (4.53)

However, when we get to order n = p + 1, because the integration generates one more power

of logR than what already existed, in our system this is the first order at which a log may

appear. For n > p + 1, integration along ψ no longer generates higher powers of logs, so

any increase in Nu
n may only come from nonlinearities. So our system admits the following

polyhomogeneous expansion,

g =
G1,0(ψ∗)

R
+

p∑
n=2

Gn,0(ψ∗)

Rn
+

∞∑
n=p+1

Ng
n∑

k=0

(logR)kGn,k(ψ
∗)

Rn

u =
mu,1

R
+

p∑
n=2

Un,0(ψ∗)

Rn
+

∞∑
n=p+1

Nu
n∑

k=0

(logR)kUn,k(ψ
∗)

Rn
. (4.54)

In other words, in a system with the properties described above, the polyhomogeneous expansions

can have no logs up to order p+ 1. This result will be critical to our analysis of peeling.

4.3 Reduced Einstein field equations

In this section we derive the field equations of GR in GHG using our preferred variables.

In this chapter we are primarily concerned with the asymptotic properties of solutions, which

we obtain by brute-force integration, with many terms turning out to be irrelevant. Therefore

we do not focus on obtaining the cleanest possible geometric derivation.

A concise way to find some of the wave equations is by computing the wave equation for

the null covector σa and commuting derivatives to get some component of the Ricci tensor.

From (4.5) we get,

�σa =−�CR+∇aT +�C+
A∇aθA − 2gbc∇bCR+∇c∇aT + 2gbc∇bC+

A∇c∇aθA − CR+gbc∇b∇c∇aT
+ gbc∇b∇c∇aR+ C+

Ag
bc∇b∇c∇aθA .
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Commuting the Levi-Civita covariant derivatives ∇ and using the Ricci identity, reveals

�σa =Raσ −�CR+∇aT +�C+
A∇aθA − 2gbc∇bCR+∇c∇aT + 2gbc∇bC+

A∇c∇aθA

− CR+∇a�T +∇a�R+ C+
A∇a�θA . (4.55)

Replacing the first derivatives of metric functions with (4.16), using the fact that,

�T = −
•
Γ
a

∇aT , (4.56)

�R = −
•
Γ
a

∇aR , (4.57)

�θA = −
•
Γ
a

∇aθA , (4.58)

and writing ∇aT in terms of the null covectors with (4.6),

τ∇aT = −σa − σa + C+
A∇aθA + C−A∇aθA , (4.59)

we get the expression,

�σa =Raσ −�CR+∇aT +�C+
A∇aθA − σb∇a

•
Γ
b

+
•
Γ
b •
Γa

σ
b

+
2

τ

•
Γψ

σ
b(
•
Γa

σb +
•
Γa

σb)− 2
•
ΓbAa

•
Γ

(σA)b

. (4.60)

We can contract this equation with ψa, ψa and /gb
a to obtain wave equations for CR+ , ϕ and C+

A ,

respectively, and we can contract the analogous equation for �σa with ψa and /gb
a to obtain

wave equations for CR− and C−A . First we introduce the reduced Ricci tensor

Rab := Rab −∇(aZb) +Wab ,

Za :=
•
Γ
a

+ F a , (4.61)

where
•
Γ
a

:= gbc
•
Γb
a
c, F a are the gauge source functions and Wab denotes a generic constraint

addition where by generic we mean any expression for which the propagation of the constraints

construction holds. It can be shown, see for instance [34], that as long asWab is a homogeneous

expression in Za, i.e. Za = 0 =⇒ Wab = 0, the constraints propagate. In other words,

if Za = 0 and ∇aZb = 0 on a spacelike hypersurface Σ ⊂M then Za = 0 in the future domain

of dependence D+(Σ). For conciseness we also introduce the tensor R̃ab defined as,

R̃ab := Rab +∇(aFb) −Wab . (4.62)

Now we contract (4.60) with ψa to obtain,

ψa�σa =e−ϕR̃ψψ −
•
�CR+ +

2

τ

•
Γψ

σ
a(
•
Γψ

σa +
•
Γψ

σa)− 4/gbc

•
Γψ

b
a

•
Γ

(σc)a

. (4.63)

Note that all derivatives of
•
Γa

b
c canceled and also that we have replaced �CR+ with

•
�CR+ . On

the other hand, a direct computation yields,

ψa�σa = −e−ϕ/gbc
•
Γψ

b
a

•
Γψ

ca . (4.64)
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We can now equate the left-hand side of equations (4.63) and (4.64), and solve for
•
�CR+ . This

gives,
•
�CR+ =e−ϕR̃ψψ +

2

τ

•
Γψ

σ
a

•
Γψ

σa − e−ϕ
•
Γψ

b
a

•
Γψb

a − 2/ga
c
•
Γψ

a
b

•
Γc
σb . (4.65)

If we contract (4.60) instead with ψa we get,

ψa�σa =e−ϕR̃ψψ − e−ϕψa∇ψ
•
Γa + e−ϕψbψd∇(d

•
Γb) −�CR+

+
2

τ

•
Γψ

σ
a

(
•
Γψ

σa +
•
Γψ

σa

)
− 2/gde

•
Γψ

d
c

(
•
Γ
σec

+
•
Γ
eσc
)

(4.66)

Computing the left-hand side without commutation gives,

ψa�σa =− e−ϕR̃ψψ + e−ϕψa∇ψ
•
Γa − e−ϕψbψd∇(d

•
Γb)

1

τ

(
•
Γψ

σ
a

•
Γψ

σa + 2
•
Γψ

σ
a

•
Γψ

σa −
•
Γψ

σ
a

•
Γψ

σa

)
−�CR+ + τ�ϕ−

•
Γ
a •
Γ
σ

ψa , (4.67)

where, in order to eliminate terms like gcd∇c
•
Γ
a

bd, we have used the following identity,

gcd∇c
•
Γ
a

bd =
•
Γ
acd •

Γcbd −Rba +∇bΓa . (4.68)

Putting the two sides together cancels all derivatives of
•
Γa

b
c. Solving for

•
�ϕ finally gives,

•
�ϕ =

2

τ
R̃ψσ −

2

τ2

[
•
Γψ

a
(ψ

•
Γψ)

σ
a +

•
Γψ

a
(ψ

•
Γψ)

σ
a

]
(4.69)

+
•
Γa

db
•
Γ
ac

e

[
2/gcb(δ

e
d − /gd

e) + /gcd(δ
e
b − /gb

e)
]
.

The contraction of (4.60) with /gb
a yields,

/gA
a�σa =e−ϕ/gA

aR̃aψ +
C+
A + C−A
τ

•
�CR+ +

•
�C+

A +
2

τ
/gA

a
•
Γψ

σ
b

(
•
Γa

σb +
•
Γa

σb

)
− 4/gA

a
/gde

•
Γa

d
b

•
Γ

(σe)b

− e−ϕ/gA
aψb∇[a

•
Γc] − e−ϕ/gaA

•
Γ
c •
Γψ

a
c . (4.70)

On the other hand, the left-hand side gives,

/gA
a�σa =− e−ϕ/gA

aR̃aψ − e−ϕ/gA
aψb∇[a

•
Γc] − e−ϕ/gaA

•
Γ
c •
Γψ

a
c +

2

τ
/gAb

•
Γψ

b
a

(
•
Γψ

σa −
•
Γψ

σa

)
+ 2e−ϕ/gAb/gc

e
•
Γa

b
e

•
Γψ

ca . (4.71)

Putting (4.70) and (4.71) together yields,

•
�C+

A =− e−ϕ/gA
aR̃aψ +

C+
A + C−A
τ

•
�CR+ +

2

τ
e−ϕ

•
ΓψA

a(
•
Γψ

σ
a −

•
Γψ

σ
a)−

2

τ

•
Γψ

σ
b(
•
ΓA

σb +
•
ΓA

σb)

+ 2e−ϕ/gf
e
•
ΓaAe

•
Γψ

fa − 4/gde

•
ΓA

d
b

•
Γ

(σe)b

. (4.72)

A completely analogous calculation using the contractions ψa�σa and /gA
a�σa allows us to

find wave equations for CR− and C−A , respectively.
•
�CR− =− e−ϕR̃ψψ −

2

τ

•
Γψ

σ
a

•
Γψ

σa + e−ϕ
•
Γψ

b
a

•
Γψb

a + 2/ga
c
•
Γψ

a
b

•
Γc
σb , (4.73)
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and,

•
�C−A =− e−ϕ/gA

aR̃aψ −
C+
A + C−A
τ

•
�CR− +

2

τ
e−ϕ

•
ΓψA

a(
•
Γψ

σ
a −

•
Γψ

σ
a)−

2

τ

•
Γψ

σ
b(
•
ΓA

σb +
•
ΓA

σb)

+ 2e−ϕ/gf
e
•
ΓaAe

•
Γψ

fa − 4/gde

•
ΓA

d
b

•
Γ

(σe)b

. (4.74)

To obtain the final 3 equations associated to the angular sector of the metric gab: ε, h+ and h×,

we recall the second Cartan structure equation, which in our notation reads,

Rabc
d = 2gef

•
Γ
d

[a|e
•
Γf |b]c − 2∇[a

•
Γ
d

b]c. (4.75)

Tracing and projecting equation (4.75) appropriately gives,

/g
abRab =

•
Γ
abd •

Γbd
c
/gac −

•
Γ
a •
Γ
b

a
c
/gbc + /g

ab∇b
•
Γa − /gab∇c

•
Γab

c. (4.76)

A calculation using (4.16) renders the following wave equation for ε,

•
�(ε+

•
ε) = − /̃R−

•
Γ
bac •

Γe
d
c

[
/gad(δ

e
b − /gb

e)− /gbd/ga
e
]
, (4.77)

To get the remaining two wave equations we trace (4.75) again, raise its indices and use (4.62)

to obtain

R̃ab = −∇c
•
Γ

(ab)c

−
•
Γ
c •
Γ

(ab)

c +
•
Γd

c(a
•
Γc
b)d . (4.78)

We need to eliminate the first term on the right-hand side and to do that we take a shell

derivative of the inverse metric,

•
∇cgab = −gadgbe

•
∇cgde = −2

•
Γ

(ab)

c , (4.79)

then we take a divergence on the downstairs index with the Levi-Civita covariant derivative

and change that derivative to a
•
∇ with the appropriate transition tensor,

−2∇c
•
Γ

(ab)c

=
•
�gab + 2

•
Γ
c •
Γ

(ab)

c − 2
•
Γ
ca

d

•
Γ (db)

c − 2
•
Γ
cb

d

•
Γ (da)

c . (4.80)

We can now replace (4.80) in (4.78) to get,

R̃ab =
1

2

•
�gab +

•
Γc
a
d

•
Γ
cbd

. (4.81)

On the other hand, a rather long calculation using (4.10) gives,

•
�/gAB =

e−ε

R2

•
�(q−1)AB − /gAB

[
•
�(ε+

•
ε)− /gθθ

1 + cos2 θ

sin2 θ
+ 2 cot θ/ge

d
/g
cθ
•
Γd

e
c

]
− 4/gf

A
/ge
B
•
Γ

(ef)

c

[
cot θ/g

cθ − /ge
d
•
Γd

ec

]
. (4.82)

Taking only the angular components of equation (4.81), we can substitute the first term on

the right-hand side with (4.82) and project the whole equation with,

/Sa
c
b
d = /ga

(c
/gb
d) − 1

2/gab/g
cd .
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Finally, for the two remaining metric functions h+ and h×, we get the concise expression,

/SA
c
B
d
•
�qAB =2R2eε/SA

c
B
d

[
R̃AB +

•
Γe

A
f

•
Γ
eBf

− 2
•
Γ

(AB)

c

(
/gf
e
•
Γe

fc − cot θ/g
cθ

)]
. (4.83)

With this we conclude the derivation of the reduced EFE, a system of non-linear wave equa-

tions, one for each of the 10 metric components, (4.65), (4.69), (4.72), (4.73), (4.74), (4.77)

and (4.83). The next step in this analysis is to see how to identify each field as good, bad or

ugly and we explore that in the next section.

4.4 Asymptotics in Cartesian Harmonic Gauge

The aim of this section is to find the functional form of the first few orders of the polyhomo-

geneous expansions for our metric variables near null infinity in GR. In other words, we want

to use the tools of the last sections to discover the maximum power of logR at each order n

for each metric function φ. To do that we begin by finding the terms that can contribute

to leading order, then we verify that each field can be classified as a good, a bad or an ugly.

Finally, we use Theorem 7 to show that these fields admit a polyhomogeneous expansion and

we integrate the wave equations to find the maximum power of logR, Nφ
n , that is allowed. To

illustrate the fact that the information about the functional form of a field φ to some order n

is contained in the set of integers Nφ
n , we consider an example: Let φ have the functional form,

Nφ
1 = 0 , Nφ

2 = 2 ,

then we can write its first 2 orders as,

φ ' Φ1,0

R
+

Φ2,0 + logRΦ2,1 + (logR)2Φ2,2

R2
,

where the functions Φn,i = Φn,i(ψ
∗).

Cartesian harmonic gauge: Observe that up to this point the gauge source functions

in R̃ab have not been specified. Let,

F a = F̊ a , (4.84)

where,

F̊ a = gbcΓ[∇̃,
•
∇]abc . (4.85)

Notice that this choice implies, using (4.3) and (4.61), that gbcΓ[∇, ∇̃]b
a
c = 0. In other words,

F a = F̊ a implies that the Cartesian coordinates Xµ are harmonic — recall that Γ[∇̃,
•
∇]a

b
c

are given functions of the coordinates. For clarity, we write down the four components of F̊ a
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explicitly,

F̊ σ =
2e−ε

R
coshh+ coshh× + C+

A F̊
A ,

F̊ σ = −2e−ε

R
coshh+ coshh× + C−A F̊A ,

F̊ θ =
e−ε cot θ

R2
eh+ coshh× −

2

R
/g
Rθ ,

F̊ φ = −2e−ε cot θ

sin θR2
sinhh× −

2

R
/g
Rφ . (4.86)

Constraint addition: We want to be able to separate all of the 10 metric functions into

goods, bads and uglies in the same way as in [2]. As it turns out it is possible to write four of

the metric functions as uglies,

�̃φ =
2

R
∇Tφ+Nφ , (4.87)

through constraint addition, where Nφ is a stratified null form and φ is a metric function. To

see this, we need to compute the constraints Za to leading order and add specific constraint

terms encoded in Wab to some of the wave equations. Asymptotically, the constraints are the

following,

Zσ = 2∇TCR+ + o+(1) ,

Zσ = −2∇T ε+ o+(1) ,

Zθ = − 1

R2
∇TC+

θ + o+(R−2) ,

Zφ = − 1

R2 sin2 θ
∇TC+

φ + o+(R−2) . (4.88)

As each of the components of Za involves a ∇T derivative of a specific metric function, we can

choose the components of Wab in order to turn CR+ , ε and C+
A into ugly fields. One choice of

components that does this, and this choice is highly non-unique, is the following,

Wψψ = −1

2
(Zσ)2 +

1

R
Zσ ,

/W = − 1

R
Zσ ,

WψA =
2

R
ZA , (4.89)

with all remaining components set to zero. Note that the indices in the last equation are not

incorrect, since A here is not a tensorial index, but a label.

First order asymptotic system: In order to classify all wave equations as good, bad or

ugly, we need to rescale C±A to account for the R factor in (4.28). Therefore we define,

RĈ±A = C±A . (4.90)
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4. Peeling in generalized harmonic gauge

Using Cartesian harmonic gauge, the constraint additions (4.89) and the wave equations (4.65),

(4.69), (4.72), (4.73), (4.74), (4.77) and (4.83), the system takes the following form,

�̃ϕ = Nϕ ,

�̃CR+ =
2

R
∇TCR+ +NCR+ ,

�̃CR− = −1

2
(∇Th+)2 − 1

2
(∇Th×)2 +NCR− ,

�̃Ĉ+
A =

2

R
∇T Ĉ+

A +NC+
A
,

�̃Ĉ−A =
4

R
∇T Ĉ−A +NC−A ,

�̃ε =
2

R
∇T ε+Nε ,

�̃h+ = Nh+ ,

�̃h× = Nh× . (4.91)

We can easily see that the fields ϕ, h+ and h× satisfy the good equation, whereas CR− satisfies

the bad one, CR+ , Ĉ+
A and ε satisfy the ugly equation with p = 1 and Ĉ−A the ugly equation

with p = 2. This already gives us the functional form of the fields to first order in R−1,

Nϕ
1 = N

CR+
1 = N

C±A
1 = N ε

1 = N
h+

1 = N
h×
1 = 0 ,

N
CR−
1 = 1 . (4.92)

Second and third order: We can now apply Theorem 7 to assert that GR in Cartesian

harmonic gauge and with constraint additions (4.89) admits a polyhomogeneous expansion

of the type (4.32). In order to find the functional form for second order, we plug (4.32)

into the wave equations and formally equate terms proportional to R−3, we put all terms

containing Φ2 on the left-hand side and all the rest we collect on the right-hand side and

name it Ωφ
1 . Here Φn :=

∑Nφ
n

k=0(logR)kΦn,k(ψ
∗), where Φn,k = {Gn,k, Bn,k, Un,k}. Note that

we are not interested in the exact dependence of Ωφ
1 on the fields, but we are interested in its

functional form. Integrating the resulting equations we find that the functional form to second

order is given by,

Nϕ
2 = N

CR+
2 = N

C+
A

2 = N ε
2 = N

h+

1 = N
h×
2 = 1 ,

N
CR−
2 = N

C−A
2 = 2 . (4.93)

Equating terms of order R−4 and following exactly the same procedure we find the functional

form to third order,

N
CR+
3 = 1 ,

Nϕ
3 = N ε

3 = N
C+
A

3 = N
h+

3 = N
h×
3 = 2 ,

N
CR−
3 = N

C−A
3 = 3 . (4.94)
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Given the increasing complexity and computational time these expansions demand, we stop

at third order, since that is already enough to show the result of the next section.

The full calculations needed to arrive at these results are given in the Mathematica note-

books [89]. They rely heavily on the xAct [88] package.

4.5 Violation of peeling

As stated above, smooth null infinity implies the satisfaction of peeling, i.e. that the com-

ponents of the Weyl curvature tensor fall off with certain negative integer powers of the radius.

We will see here that our choice of gauge (4.84), together with our constraint addition (4.89)

gives rise to a violation of peeling by introducing powers of logR in the leading order terms

of some of the components. The Weyl tensor has 10 independent components which can be

described concisely by the Weyl scalars, 5 complex numbers that result from the contraction

of the Weyl tensor with unit null vectors. Following the conventions of [90], we define the null

tetrad (with normalization lana = −mam̄
a = −1):

la =
ψa√
τ eϕ

, na =
ψa√
τ eϕ

, (4.95)

ma =
1√
2

(
ea(2) + iea(3)

)
, m̄a =

1√
2

(
ea(2) − iea(3)

)
, (4.96)

where ea(2) and ea(3) are real unit vectors orthogonal to la + na and la − na. From the Weyl

tensor Cabcd, one may construct the Weyl scalars Ψ4, Ψ3, Ψ2, Ψ1 and Ψ0, which are defined

as follows:

Ψ4 = Cabcdn
am̄bncm̄d ,

Ψ3 = Cabcdl
anbm̄cnd ,

Ψ2 = Cabcdl
ambm̄cnd ,

Ψ1 = Cabcdl
anblcmd ,

Ψ0 = Cabcdl
amblcmd . (4.97)

We say that the Weyl scalars ΨN satisfy the peeling property if, for some appropriately defined

radial parameter r, the asymptotic behavior of the Weyl scalars has the form [43]:

ΨN ∼
1

r5−N . (4.98)

It is worth mentioning that in the classical peeling result in [43] the coordinates used are (u, r, θA)

where u satisfies the eikonal equation and la = gab∇bu are tangent to a family of null geodesics.

Additionally, the freedom in rotating the m and n legs of the tetrad is fixed by demanding

that they are parallel propagated along la = ( ∂∂r )a where r is an affine parameter along the

null geodesics. Nonetheless, in other classical studies such as in [45] the areal radial coordinate

(also called luminosity parameter) r̃ has been used to perform similar asymptotic expansions
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of the curvature tensors and the metric. The relation between Newman-Penrose’s r and Bondi-

Sach’s r̃ has been derived in [91] —see also [92] for a discussion of the Bondi-Sachs set up.

However, in our case we will not use r nor r̃ but work with the radial shell coordinate R as

defined in section 4.1. This is a subtle point since, in order to fully compare an asymptotic

expansion for the Weyl tensor to that of the classical Peeling theorem of [43] one needs not

only to find the transformation between the coordinates but also between the frames. The

precise relation between our set up (coordinates and frame) and that of [43] will be analyzed

elsewhere. We compute the Weyl scalars ΨN using the polyhomogeneous expansions for each

of the metric functions in the Cartesian harmonic gauge, including terms up to order R−3 and

logarithmic terms indicated by (4.92), (4.93) and (4.94). We find that Ψ4 and Ψ3 satisfy the

peeling property (Here, the parenthetical subscripts (n, k) denoting the order of coefficients in

the polyhomogeneous expansion):

Ψ4 = −
(
h+(1,0) + ih×(1,0)

)
R

+ o(R−1) ,

Ψ3 =
1

4R2

[
−∂θḣ+(1,0) − i∂θḣ×(1,0) + ∂θε̇(1,0) − ∂θϕ̇(1,0) − C̈+

θ(1,0) − i csc(θ)

(
∂φḣ+(1,0) (4.99)

+ i∂φḣ×(1,0) + ∂φε̇(1,0) − ∂φϕ̇(1,0) − C̈+
φ(1,0)

)
− 2 cot(θ)

(
ḣ+(1,0) + iḣ×(1,0)

)]
+ o(R−2) .

To compute Ψ2, it is convenient to introduce the following contractions of the Ricci tensor,

which vanish on vacuum solutions:

H = Rab(l
a + na)(lb + nb) , (4.100)

M = Rab(l
a + na)(lb − nb) , (4.101)

Recall that Rab = Rab +∇aZb −Wab, and if the reduced vacuum EFE are imposed, via the

wave equations of section 4.3, one has that Rab = 0. Thus, requiring H = 0 and M = 0

is guaranteed by assuming that the Za constraints are satisfied. Due to the construction

for the propagation of constraints, roughly speaking one can view H and M as a subset of

the Hamiltonian and momentum constraints. We do not impose that any of the constraints

vanish but, inline with the free-evolution philosophy, given a solution to the reduced field

equations, we are free to add and subtract any amount of those constraints to the equations

when calculating quantities. Upon adding the following combination of H andM, we obtain

an expression of the form,

Ψ′2 = Ψ2 −
H+M

12

=
Ψ2(3,0)

12R3
+

logR

4R3
Ψ2(3,1) + o(R−3) , (4.102)
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4. Peeling in generalized harmonic gauge

where,

Ψ2(3,0) =− 3CR−(1,0) + 2CR−(1,1) + 3CR+(1,0) + 2h+(1,0) − 6ε̇(2,0) + 4ε̇(2,1) − ∂2
θCR+(1,0) − ∂2

θh+(1,0)

+ ∂2
θε(1,0) − 2∂2

θϕ(1,0) + 6ĊR+(2,0) + 2 cot(θ) csc(θ)∂φh×(1,0)

− cot(θ)

[
∂θCR+(1,0) + 3∂θh+(1,0) − ∂θε(1,0) + 2∂θϕ(1,0)

]
+ csc2(θ)

[
∂2
φh+(1,0) − ∂2

φCR+(1,0)

+ ∂2
φε(1,0) − 2∂2

φϕ(1,0) + 2 sin(θ)∂θ∂φh×(1,0)

]
− 3

(
h+(1,0) − ih×(1,0)

) (
ḣ+(1,0) + iḣ×(1,0)

)
,

Ψ2(3,1) =− CR−(1,1) + 2ĊR+(2,1) − 2ε̇(2,1) . (4.103)

Since the coefficient CR−(1,1) appears in Ψ2(3,1), the Weyl scalar will fall off as logR/R3. It

follows that for solutions of the asymptotic system in Cartesian harmonic coordinates, and

with this particular constraint addition (4.89), the Weyl scalar Ψ2 fails to satisfy (4.98). We

can then conclude that the vacuum EFE in GHG do not, in general, satisfy the peeling property

(even when working within our restricted class of initial data). However we shall see in the

next section that it is possible to pick the gauge choice and constraint addition carefully in

order to recover this property.

4.6 Recovering peeling

As previously said, the asymptotic behavior of solutions of GR near null infinity is affected

by a special interplay between the gauge and the constraint addition we choose to work with.

We have seen in the previous section that our first choice results in a violation of the peeling

property of the Weyl scalars, even within our special class of initial data. In this section we

will see however that it is possible, with the same type of initial data, to find a gauge and

constraint addition in which peeling is manifest. This is done by finding that there is at least

one choice which makes 2 of the metric functions behave as goods and 8 as uglies. Then, by

Remark 6, one can make the first logs appear only at arbitrarily high order, so that the Weyl

scalars cannot possibly contain logR to leading order.

Gauge choice: We choose a gauge that is Cartesian harmonic to leading order, and add a

higher order correction F̌ a,

F a = F̊ a + F̌ a . (4.104)

Before choosing F̌ a we will compute the first order asymptotic system to find the most con-

venient choice for our purposes.

Constraint addition: For the same reason that led us to keeping F̌ a free, we want to keep

some freedom in the constraint addition to choose a posteriori. We parameterize that freedom
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4. Peeling in generalized harmonic gauge

by the four natural numbers p1, p2 and pA, and we make the following constraint addition,

Wψψ = −1

2
(Zσ)2 +

p1

R
Zσ ,

/W = −p2

R
Zσ ,

WψA =
3− pA
R

ZA . (4.105)

GHG in good-bad-ugly form: Our choice of gauge, together with constraint addition (4.105),

gives the following system,

�̃ϕ = ∇T F̌ σ +Nϕ ,

�̃CR+ =
2p1

R
∇TCR+ +NCR+ ,

�̃CR− = −1

2
(∇Th+)2 − 1

2
(∇Th×)2 − 2∇T F̌ σ +NCR− ,

�̃Ĉ+
A =

2pA
R
∇T Ĉ+

A +NĈ+
A
,

�̃Ĉ−A =
4

R
∇T Ĉ−A − 2R∇T F̌A +NĈ−A ,

�̃ε =
2p2

R
∇T ε+Nε ,

�̃h+ = Nh+ ,

�̃h× = Nh× . (4.106)

A close look shows that h+ and h× satisfy good equations regardless of the freedom we still

have. So we are left with 8 equations and 8 degrees of freedom given by the scalar functions F̌ a

and the choice of constraint addition, paramaterized here by the natural numbers p1, p2 and pA,

all of which may influence the asymptotic solution space. We want to recover the peeling

property of the Weyl scalars, so our criteria in choosing our free functions will be to have as

few logs in the first few orders as possible. In fact, there is a particular choice which makes the

expansion of the metric functions log-free to arbitrarily high order. As was stated in Remark 6,

the polyhomogeneous expansion of a field which satisfies an ugly equation of the type (4.32),

provided that no logs are inherited through coupling with other equations, will have no logs

up to order p. Therefore our strategy here is to set p1 = p2 = pA = p and choose p large

enough to get rid of all logs in the ugly fields that may contribute to the leading decay in the

Weyl scalars. However we must guarantee that no logs are inherited through coupling, and we

will do that by carefully choosing F̌ a in order to turn ϕ, CR− and Ĉ−A into uglies with no logs

to order p. Therefore, we want F̌ a to satisfy the following conditions,

∇T F̌ σ '
2p

R
∇Tϕ ,

∇T F̌ σ ' −(∇Th+)2 − (∇Th×)2 − p

R
∇TCR− ,

∇T F̌A ' −
p− 2

R2
∇T Ĉ−A , (4.107)
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4. Peeling in generalized harmonic gauge

so that the system turns into,

�̃ϕ =
2p

R
∇Tϕ+Nϕ ,

�̃CR+ =
2p

R
∇TCR+ +NCR+ ,

�̃CR− =
2p

R
∇TCR− +NCR− ,

�̃Ĉ+
A =

2p

R
∇T Ĉ+

A +NĈ+
A
,

�̃Ĉ−A =
2p

R
∇T Ĉ−A +NĈ−A ,

�̃ε =
2p

R
∇T ε+Nε ,

�̃h+ = Nh+ ,

�̃h× = Nh× . (4.108)

With this we would be able to write the 10 metric functions as 2 goods and 8 uglies. Moreover,

p has not yet been chosen so by Remark 6, we are allowed to have logs only from an arbitrarily

high order onward. Note that (4.107) is only an asymptotic condition, meaning that we might

be interfering with terms that contribute to sub-leading orders. However, our goal here is to

guarantee that our equations are only either good or ugly, and that is determined solely by

the first order asymptotic system. In the following we explain how (4.107) can be achieved.

Making sure hyperbolicity is maintained: There is a subtlety in guaranteeing that the

gauge source functions satisfy (4.107). In order to write F̌ a in terms of metric functions, we

can simply integrate the first and last equations to get,

F̌ σ =
2p

R
(eϕ − 1) , F̌A =

2− p
R2
Ĉ−A . (4.109)

This simple-minded approach to the second equation fails, as it does not integrate cleanly,

and instead yields an expression for F̌ σ involving an integral of derivatives of h+ and h×. To

overcome the issue we take inspiration from the gauge driver approach of [93]. We begin by

separating F̌ σ into two pieces, an explicit one and a gauge driver F̌ σ1 , as follows:

F̌ σ =
1

R
F̌
σ
1 −

p

R
(1 + CR−) , (4.110)

so that, according to (4.107), F̌ σ1 must now satisfy,

1

R
∇T F̌ σ1 ' −(∇Th+)2 − (∇Th×)2 :=

1

R2
H . (4.111)

Since h+ and h× are goods, we can write,

H ' H1,0(ψ∗) . (4.112)

Our strategy consists of insisting that F̌ σ1 satisfies a wave equation whose solution has the

property that (4.111). Then, second derivatives of F̌ σ1 in wave equations for metric functions
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4. Peeling in generalized harmonic gauge

can be treated as a variable to be evolved instead of as functions of the metric themselves. We

impose the following gauge-driving evolution equation

�̃F̌ σ1 =
2q

R

(
∇T F̌ σ1 −

1

R
H

)
+NF̌σ1 , (4.113)

where q is a natural number deliberately left free for the moment. The reason for the specific

form of this equation will become clear later in this section, but morally one can already think

of the first term on the right-hand side as suppressing the part of the radiation field of F̌ σ1 that

would naturally appear from initial data, and the second term forcing the radiation field equal

to a desired target. We included a combination of stratified null forms NF̌σ1 because, as they

do not contribute to leading order, they can be chosen in order to make the wave equation

as simple as possible. We shall make that choice later. Rescaling our problematic function

as f1 := RF̌
σ
1 then gives,

− 2

R
∇ψ∇T f1 =

2q

R2
(∇T f1 −H) +N ′

F̌
σ
1
, (4.114)

where N ′
F̌
σ
1

is just NF̌σ1 minus the stratified null forms coming from the left-hand side. We

now add 2R−1∇ψH on both sides,

− 2

R
∇ψ (∇T f1 −H) =

2q

R2
(∇T f1 −H) +

2

R
∇ψH +N ′

F̌
σ
1
. (4.115)

As we left NF̌σ1 free, we can still choose it so that 2
R∇ψH = −N ′

F̌
σ
1
, since ∇ψH is necessarily a

stratified null form (4.112). This is not an essential step, but it makes the resulting equation

more tractable. Therefore we get the simple equation,

∇ψ (∇T f1 −H) = − q
R

(∇T f1 −H) , (4.116)

that we can integrate to find,

∇T f1 −H =
1

Rq
α(ψ∗) . (4.117)

From (4.117) we see that as long as q is a natural number, the condition (4.111) is satisfied,

and we can turn CR− into an ugly while ensuring that hyperbolicity is maintained. However, by

introducing an eleventh non-linear wave equation, we may be introducing logs in the system,

which will then appear in the EFE through coupling. In fact, the wave equation we forced F̌ σ1
to satisfy, namely (4.113) does not fit directly into our conception of good, bad or ugly. For

that reason, we have to show that F̌ σ1 itself admits a polyhomogeneous expansion in which

logs only appear at arbitrarily high order. We rescale f1 := RF̌
σ
1 and assume that f1 satisfies

the conditions (4.23), so we can write,

∇ψ (Rq∇T f1) ' qRq−1H1,0 , (4.118)

Integrating we get,

f1 ' F1,0(ψ∗) , (4.119)
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where F1,0(ψ∗) is constant along ψa. Now we assume that,

F̌
σ
1 =

F1,0(ψ∗)

R
+

n−1∑
m=2

NF
n−1∑
k=0

(logR)kFm,k(ψ
∗)

Rm
+
Fn
Rn

, (4.120)

where Fn = o+(R), and must demonstrate,

F̌
σ
1 =

F1,0(ψ∗)

R
+

n∑
m=2

NF
n∑

k=0

(logR)kFm,k(ψ
∗)

Rm
+
Fn+1

Rn+1
. (4.121)

Plugging (4.120) into (4.113) and collecting terms proportional to R−n−1 we get,

∇ψ(Rq+1−n∇TFn) ' Rq−nΩF
n−1 , (4.122)

where,

ΩF
n−1 =

NΩF
n∑
i=0

(logR)iΩF
n−1,i(ψ

∗) . (4.123)

Integrating (4.122) we find that (4.121) and so, by induction, F̌ σ1 admits a polyhomogeneous

expansion near null infinity of the type,

F̌
σ
1 =

F1,0(ψ∗)

R
+

∞∑
m=2

NF
n∑

k=0

(logR)kFm,k(ψ
∗)

Rm
. (4.124)

To this point we have allowed F̌
σ
1 to have any power of logR in terms beyond first order.

However, an argument completely analogous to Remark 6 can be made here in order to show

that there can be no logs up to order n = q as long as no logs are inherited through coupling.

With this in mind, we choose q = p and notice that we thus avoid the danger of introducing

logs in the first orders of the asymptotic expansions. By insisting that F̌ σ1 satisfies the wave

equation (4.113), we have prevented our special choice of gauge from interfering with hyper-

bolicity. Finally, we have effectively shown that a choice of gauge and constraint addition

allows us to have 2 goods and 8 uglies with no logs up to arbitrarily high order. We conclude

this section with a paragraph on how this result recovers the peeling property.

Recovering peeling: As we saw in section 4.5, the peeling property is satisfied iff,

ΨN ∼
1

R5−N , (4.125)

where N ∈ {0, 1, 2, 3, 4}. We want to use our freedom in the choice of the natural number p to

make sure that logs only appear in the polyhomogeneous expansion at an order that is high

enough that they cannot possibly appear in the leading orders of the Weyl scalars. These are

components of the Weyl tensor and hence they are non-linear combinations of the metric and

its first and second derivatives. Since no derivatives can ever decrease the order of the given

term in R−1, we need only know the functional form of the metric components to order R−5
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4. Peeling in generalized harmonic gauge

in order to determine whether the peeling property is satisfied. We need to make sure that

the metric components do not contain any logs to order n = 5, or rather,

gab =
5∑

n=1

Gab,n(ψ∗)

Rn
+
G6

R6
, (4.126)

where G6 = o+(R). Now in order to choose p, we must take into account that certain metric

components contain factors of R and R2 attached to metric functions that are themselves good,

bad or ugly, as can be seen from (4.10) and (4.28). That said, without actually computing the

dependence of the Weyl scalar on the metric functions, we can guarantee that they will not

contain any logs to leading order if we require that the metric functions do not contain any

logs to order n = 7. This is achieved by choosing p ≥ 7, in accordance with Remark 6. So, by

carefully choosing the gauge and constraint addition, we have prevented the existence of any

terms proportional to logR in the polyhomogeneous expansions of all the metric functions up

to order n = 7, thereby recovering, within our class of initial data, the peeling property of the

gravitational field in the EFE-GHG setup.

4.7 Recovering logs through a coordinate change

In the previous sections we saw that the Cartesian harmonic gauge, together with the con-

straint addition that turns 4 of the metric functions into uglies, generates terms proportional

to logR at first order in CR− and at second order in some of the other functions. These logs

in turn, give rise to a violation of peeling. Then it was shown that by changing the gauge

to a very specific one and modifying the constraint additions slightly to contain the natural

number p, we can delay the appearance of those logs to an arbitrarily high order. This ensures

that peeling is recovered if p is high enough. Here we will not be concerned with peeling,

but with how these logs are generated. So for simplicity we fix p = 1 so that the constraint

additions in either case are exactly the same, and focus on the log that appears at leading

order, i.e. the one in CR− . In that case, the EFE only differ by the choice of gauge, so we

should, in principle, be able to generate and get rid of the logs just by a particular coordinate

change. To illustrate this, we begin with a coordinate system {T,R, θA} which we assume

generates no logs to leading order. Then we change one coordinate, say R, to something dif-

ferent, {T, ρ, θA}, and check that the leading log in CR− is recovered. The relation between the

new Cρ− and the old CR− is given by,

Cρ− = CR−JρR + JρT = ∇ψρ , (4.127)

which may be obtained by comparing expressions for the covector basis σa, σa between the

two sets of coordinates. The wave equation that ρ satisfies is,

�ρ− F ρ = 0 , (4.128)

and the most straightforward way to find the asymptotics of ρ through (4.128) is by taking

advantage of the analysis we already have of the good, bad and ugly equations. However, the
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variable ρ is expected to grow like R, so it is not exactly a variable like the g, b or u. So we

choose to work with ρ/R instead and change (4.128) accordingly,

R�
ρ

R
= −2gaR∇a

ρ

R
+
ρ

R

•
Γ
R

+ F ρ . (4.129)

This can be written as,

�̃
ρ

R
=

2

R
∇T

ρ

R
+N ρ

R
, (4.130)

which implies that ρ
R is an ugly and admits a polyhomogeneous expansion of the form,

ρ

R
= 1 +

m(θA)

R
+ o+(R−1) , (4.131)

which, for convenience, we will write as,

ρ = R+m(θA) +
Φ

R
, (4.132)

by defining the quantity Φ accordingly. If we plug this in (4.128) and use constraint addition,

we get,

�
Φ

R
= F ρ − FR −��∆m = o+(R−1) , (4.133)

which implies,

− 1

R
∇ψ∇ψΦ = F ρ − FR −��∆m+ o+(R−2) . (4.134)

Upon integration along integral curves of ψa, the only way for ∇ψΦ not to have a log is if,

F ρ − FR −��∆m = o+(R−2) , (4.135)

which, in general, is not true. In fact, one of the second order terms in FR is,

1

R
F̌
σ
1 ' −

∫ T

T0

[
(∇Th+)2 + (∇Th×)2

]
dT ′ , (4.136)

precisely the term that gives rise to the log at first order in R−1 in the polyhomogeneous

expansion of CR− in the Cartesian harmonic gauge. So we see that if F ρ−��∆m, both determined

by our choice of coordinates, do not contain a term symmetric to (4.136), a log is unavoidable.

Therefore, in general,

ρ = R+m(θA) +
Φ1,0(ψ∗) + Φ1,1(ψ∗) logR

R
+ o+(R−1) ,

which, together with (4.127) gives,

Cρ− = CR− +
∇ψΦ1,0 +∇ψΦ1,1 logR

R
+ o+(R−1) , (4.137)

thus recovering a logR to first order in R−1 as we wanted.
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5. Regularizing dual-frame generalized harmonic gauge at null infinity

This chapter is based on work that was recently submitted in the scientific journal Classical

and Quantum Gravity [4]. We begin by using the method devised in Chapter 4 to prevent the

existence of logs up to high order in the metric components. Then we perform a first order

reduction of the resulting system and radially compactify the coordinates in order to pull

null infinity to a finite radius. Finally we show that the final first order system is symmetric

hyperbolic.

5.1 Framework

To have a self-contained discussion, in this section the general geometric set up to be used

is described in broad terms. Nonetheless, for a detailed exposition of the geometric framework

to be used we refer the reader to [2, 3]. Latin indices will be used as abstract tensor indices

while Greek indices will be used to denote spacetime coordinate indices. (M, gab) will denote

a 4-dimensional manifold equipped with a Lorentzian metric. On (M, gab) the coordinate

system Xα = (T,Xi) will be asymptotically Cartesian. Let ∇̃ denote a flat (and torsionless)

covariant derivative with the key property that ∇̃a∂bα = 0 where ∂α is the coordinate basis

associated to Xα (we use the obvious analogous notation with alternative coordinates). The

notion of flat covariant derivative is simply a way to write partial derivatives using abstract

index notation as it is used in xAct —see [88]. Since different coordinate systems will be

used, we make formally identical definitions for the other coordinate systems. The coordinates

given by Xα′ = (T ′, Xi′) = (T,R, θA), where R is a radial coordinate defined via R2 =

(X1)2 + (X2)2 + (X3)2 will be called shell coordinates. Shell coordinates are a generalization

of the standard spherical polar coordinates —see for instance [31], however, for some of the

calculations discussed in this chapter we have used the standard coordinatization of S2 so that

the shell coordinates are simply spherical polar. The shell vector and covector bases are ∂α′

and dXα′ , respectively, and the associated flat covariant derivative
•
∇ has the defining property

that
•
∇b∂aα′ = 0.

Since the difference between two connections is a tensor, the Christoffel transition tensor

of a given pair of covariant derivatives is fixed by the relation,

Γ[∇,
•
∇]a

b
cv
c = ∇avb −

•
∇avb , (5.1)

where va is a vector. The transition tensor Γ[∇,
•
∇]a

b
c is defined analogously.

We will use (5.1) extensively hence to have a simpler notation we define

•
Γa

b
c := Γ[∇,

•
∇]a

b
c . (5.2)

5.1.1 Representation of the metric

Introduce the following vectors

ψa = ∂aT + CR+∂aR , ψa = ∂aT + CR−∂aR , (5.3)
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where CR+ and CR− are fixed by the requirement that ψa and ψa are null vectors with respect to

the metric gab. With these conventions ψa and ψ̄a correspond to outgoing and incoming null

vectors respectively.

Additionally let

σa = e−ϕψa , σa = e−ϕψ
a
, (5.4)

where ϕ is fixed by requiring that

σa∂
a
R = −σa∂aR = 1 , (5.5)

so we can write,

σa = −CR+∇aT +∇aR+ C+
A∇aθA ,

σa = CR−∇aT −∇aR+ C−A∇aθA . (5.6)

With these elements the inverse metric is written as

gab = −2τ−1e−ϕ ψ(aψb) + /g
ab , (5.7)

where the null vectors satisfy,

σaψ
a = σaψ

a = 0 , σaψ
a = σaψ

a = −τ , (5.8)

where we define τ := CR+ − CR− . In (5.7), the normalization ensures that

/g
abσb = /g

abσb = 0 , (5.9)

where /ga
b acts as a projection operator orthogonal to these two covectors. Note that /gab is

not the inverse induced metric on the surfaces of constant T and R, as it is not orthogonal

to ∇aT or ∇aR, but rather to σa and σa. The covariant version of metric can be written

naturally as,

gab = −2τ−1eϕ σ(aσb) + /gab . (5.10)

Moreover, for the sector /gab, we introduce the following split,

qab = R̊−2
/gab , (q−1)ab = R̊2

/g
ab , (5.11)

with

R̊2 := R2eε := R2

√
|/g|/|

•
/g| (5.12)

where R̊ is known as the areal radius and |
•
/g| represents the determinant of the standard metric

of S2 of radius R. In [3] the areal radius is never used, however, it plays a central role in the

calculations of this chapter. The use of R̊ can be thought then as a further refinement of the
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geometric framework of [3]. Additionally, to simplify the notation we also define •ε := 1
2 ln |

•
/g|.

Observe that the determinant of q is that of the metric of the unit S2 in shell coordinates.

Finally, we use a particular parameterization of the angular part of (q−1)ab, which in shell

coordinates reads

(q−1)AB =

[
e−h+ coshh×

sinhh×
sin θ

sinhh×
sin θ

eh+ coshh×
sin2 θ

]
. (5.13)

Despite that no linearization is intended, in the last equation we use the symbols h× and h+

to denote the two degrees of freedom of gravitational waves.

In this chapter we will also use the components of /ga
b in mixed form, so we write the

non-zero ones here,

/gA
T =

CA
τ
, /gA

R =
C+
ACR+ + C−ACR−

τ
, /gA

B = δBA . (5.14)

The metric is thus represented by,

CR± , C±A , ϕ , R̊ , h+ , h× . (5.15)

The projected covariant derivative: We define the derivative /DA for scalar functions φ,

/DAφ := /gA
b
•
∇bφ . (5.16)

We write the inverse conformal metric as (q−1)ab to stress that, in general, to raise and lower

indices we do not use qab but /gab instead. Namely, qab = /gac/gbdqcd 6= (q−1)ab. However, for

simplicity of the expressions, the index associated with this derivative and only that index

will be raised with /gab. We wrote the lower index in (5.16) as an angular one since /ga
b∂aT 6= 0

and /ga
b∂aR 6= 0. In fact /DAφ can be written as,

/DAφ =
1

τ
(C+
A∇ψφ+ C−A∇ψφ) + ∂θAφ . (5.17)

We define the vector field T a := ∂aT and denote the covariant derivative in the direction of T a

as ∇T . Analogous notation will be used for directional derivatives along other vector fields.

Since in expressions to be derived, terms of the form R−n(logR)m will appear, we make clear

at this point that the phrase ’order n’ will mean terms proportional to R−n.

Representation of the connection: A calculation using

•
Γa

b
c =

1

2
/g
bd(
•
∇a/gdb +

•
∇b/gad −

•
∇d/gab) , (5.18)
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gives

∇aCR+ = −
•
Γa

σ
ψ , ∇aCR− =

•
Γa

σ
ψ ,

∇aC+
A = 2/gbA

•
Γa

(bσ) − C
+
A + C−A
τ

•
Γa

σ
ψ ,

∇aC−A = 2/gbA

•
Γa

(bσ) − C
+
A + C−A
τ

•
Γa

σ
ψ ,

∇aϕ =
•
Γa

b
c(δ

c
b − /gb

c) ,∇a/gAB = −2/gb
A
/gc
B
•
Γ

(bc)

a ,

∇a(ε+
•
ε) = /ga

b
•
Γb
a
c . (5.19)

These expressions will serve as shorthands to write the EFE in a more compact way. Similarly

one can write the derivatives of metric components in terms of
•
Γa

b
c. For brevity these ex-

pressions are omitted. Note that these covariant derivatives are interchangeable with
•
∇ even

when they act upon C±A , as A is not a tensorial index but rather a coordinate one.

5.1.2 The good, the bad, the ugly and the stratified null forms

The term stratified null forms (SNFs) will refer to expressions involving products of terms

containing at most one derivative of the evolved fields and having a faster decay than R−2

close to I +. As was shown in [2] and [3], this definition is important because it includes every

term that cannot possibly interfere with the first order asymptotics of a good-bad-ugly system,

which we introduce below. This allows us to categorize terms in an effective way according

to their influence on the leading order behavior at null infinity. Throughout this chapter we

will use a calligraphic Nφ to denote stratified null forms, where φ is the field whose evolution

equation contains Nφ. We introduce the good-bad-ugly model,

�g = Ng ,
�b = (∇T g)2 +Nb ,
�u = 2

R∇Tu+Nu , (5.20)

Here, � is defined as gab∇a∇b and an analogous definition holds for
•
�. Good fields are

characterized asymptotically by a leading order term with no logs whose decay improves under

derivatives along outgoing null curves and does not under derivatives along incoming ones. Bad

fields have a leading term proportional to logR and behave similarly under null derivatives.

Ugly fields in general have logs in subleading terms and their decay improves under derivatives

of any kind. In its simplest form, this system has been studied extensively as a toy model for

the EFEs because the latter can be written in such a way that its leading order non-linearities

are mimicked by those present on the right-hand sides of (5.20). In fact if we consider wave

operators in curved spacetimes and allow the existence of more than one good and one ugly,

The EFEs can be written in exactly this form. Even in flat spacetimes and with Nφ = 0, this

system is known to give rise to logarithmically divergent terms at null infinity. However it is

shown in [3] that gauge picking and constraint addition can be used to prevent the appearance
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of those logs up to an arbitrarily high order. This is what we will explore throughout this

chapter.

Ugly equation with p: It is convenient to introduce different wave operators that will

make expressions more tractable throughout this chapter. We define the shell wave operator

as,

•
�φ = gab

•
∇a∇bφ . (5.21)

The ugly equation with a natural number p, as defined in [3], can be written in the form,

•
�u =

2(p+ 1)

R
∇Tu+Nu , (5.22)

but it can also be written in an equivalent, yet more convenient way,

•
�u =

2(p+ 1)e−ϕ

τR̊
∇ψR̊∇ψu+Nu , (5.23)

by simply redefining Nu The shell wave operator can be expanded as,

•
�u =− 2e−ϕ

τ
∇ψ∇ψu+

2e−ϕ

τ
(
•
∇ψψ)a∇au+ /g

ab
•
∇a∇bu

=− 2e−ϕ

τ
∇ψ∇ψu+

2e−ϕ

τ2
∇ψCR−(∇ψu−∇ψu) +

•
���u (5.24)

where
•
���u := /gab

•
∇a∇bu. For conciseness we define the second order differential operator

•
�p

as,

•
�pu :=

•
�u− 2(p+ 1)e−ϕ

τR̊
∇ψR̊∇ψu

= − 2e−ϕ

τR̊p+1
∇ψ
[
R̊p+1∇ψu

]
+
•
���u+

2e−ϕ

τ2
∇ψCR−(∇ψu−∇ψu) . (5.25)

Putting (5.22) and (5.24) together we get that every ugly equation with a natural number p

can be written in the form,

•
�pu = Nu . (5.26)

Good equation: The general form of a good equation can be obtained straightforwardly

from the ugly one (5.22) by setting p = 0. Therefore if g is good, it satisfies the following

equation,

−2e−ϕ

τR̊
∇ψ
[
R̊∇ψg

]
+
•
���g = −2e−ϕ

τ2
∇ψCR−(∇ψg −∇ψg) +Ng ,

or more simply,

•
�0g = Ng . (5.27)
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Alternative form: Another way to write the equations is to push as many SNFs as possible

to the right-hand side and keep on the left-hand side only the terms which are either principal

or contribute to leading order. For this we need to rewrite
•
���,

•
���u =

1

τ

(CA
τ
/D
ACR+ − /D

AC+
A

)
∇ψu−

1

τ

(CA
τ
/D
ACR− + /D

AC−A
)
∇ψu+ /∆u , (5.28)

where CA := C+
A + C−A and /∆u := /D

A /DAu. All terms on the right-hand side are SNFs except

the last one, so we write (5.26) as,

1

R̊p+1
∇ψ
[
R̊p+1∇ψu

]
− τeϕ

2
/∆u = Ñu (5.29)

with the right-hand side being a set of null forms,

Ñu =− τeϕ

2
Nu +

eϕ

2

(CA
τ
/D
ACR+ − /D

AC+
A

)
∇ψu−

eϕ

2

(CA
τ
/D
ACR− + /D

AC−A
)
∇ψu

+
1

τ
∇ψCR−(∇ψu−∇ψu) . (5.30)

Naturally, the version of (5.29) for the good fields is obtained simply by setting p = 0.

5.1.3 Asymptotic flatness at null infinity

Astrophysically relevant objects are modeled in General Relativity via asymptotically flat

spacetimes. Although, from a physical perspective the notion of asymptotic flatness is clear:

it represents the requirement that the metric asymptotes to the Minkowski spacetime in far

regions of the spacetime, from a mathematical perspective there are several related but not

necessarily equivalent definitions. Our working notion of asymptotic flatness near null infinity

is that,

γ|I + = 0 , (5.31)

where we define

ϕ = γ1 , CR± = ±1 + γ±2 , C±A = R̊γ±3 ,

R̊−1 = γ4 , h+ = γ5 , h× = γ6 . (5.32)

Rigorously, by near null infinity we mean in a region given by a sufficiently large affine pa-

rameter along any outgoing null curve.

5.1.4 Initial data

Let S denote the Cauchy surface defined by T = T0, with T0 constant. In [3], we considered

initial data with the following fall-off at spatial infinity,

γ|S =

∞∑
n=1

mγ,n

R̊n
, ∇T g|S = OS(R̊−2) , (5.33)
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where mγ,n denote functions that only depend on the angular coordinates θA. Here the

subscript S is placed to stress that this decay is assumed only on the initial hypersurface and

not close to null infinity. Although this data is not the most general one, this class of initial

data is large enough to admit non-vanishing ADM mass and linear momentum. Moreover,

it includes initial data of physically relevant spacetimes. In practice for the results in this

chapter this assumption could be relaxed to,

γ|S =
mγ,1

R̊
+OS(R̊−2) , ∇T g|S = OS(R̊−2) , (5.34)

without further change.

Permissible coordinate changes: There is not one universal definition of asymptotic flat-

ness at spatial infinity, rather there is an interplay between the field equations, the physics

under consideration, and the rate at which the metric becomes flat. A weak definition thereof

is,

gαβ = ηαβ +Op(R
−1) , (5.35)

where ηαβ is the Minkowski metric, p ≥ 1 and Op(R−m) means that its partial derivatives ∂α
of order n decay as R−n−m for all n = 1, . . . , p. Note that our requirements (5.33) satisfy

this definition of asymptotic flatness. It has been shown in [1] that a coordinate transforma-

tion is permissible, meaning it preserves (5.35), if and only if it is asymptotically a Poincaré

transformation in the following sense,

Xα = Λααx
α + cα(θ, φ) +Op+1(r̃−1) , (5.36)

where Λαα is a Lorenz transformation and xα is another asymptotically Cartesian coordinate

system with a radial coordinate r̃ built in the usual way. It is interesting to see how a

permissible coordinate change affects our initial data. In many spacetimes of interest, the

functionsmγ,1 = m, wherem is a constant, e.g the Kerr metric in Boyer-Lindquist coordinates.

If we boost this metric with a generic permissible coordinate change, the new functions mγ̃,1

will pick up dependencies on the angles at leading order in R̊−1, that is, mγ̃,1 = mγ̃,1(m, θ, φ).

Note that the initial data that one gets after such a boost, still satisfies the requirements (5.35)

and hence can be used evolved numerically with the method we will present throughout this

chapter.

5.2 Gauge and constraint addition

In [3], the vacuum EFEs were derived as a set of non-linear wave equations satisfied by the

variables (5.15). We present them here as concisely as possible while still keeping the freedom
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to choose the gauge and the constraint addition in each of the equations,

•
�CR+ = e−ϕR̃ψψ + (ΓΓ)ψψ ,
•
�CR− = −e−ϕR̃ψψ + (ΓΓ)ψψ ,

•
�ϕ =

2e−ϕ

τ
R̃ψψ + (ΓΓ)ψψ ,

•
�C+

A = −e−ϕR̃ψA +
C̄A
τ

•
�CR+ + (ΓΓ)ψA ,

•
�C−A = −e−ϕR̃ψA −

C̄A
τ

•
�CR− + (ΓΓ)ψA ,

•
�(ε+

•
ε) = − /̃R+ (��ΓΓ) ,

•
�h+ = − 2

/gθθ
R̃θθ + (ΓΓ)θθ ,

•
�h× = −2/gθφ cothh×R̃θφ + (ΓΓ)θφ . (5.37)

where the different components of (ΓΓ)ab conceal the complicated non-linearities,

(ΓΓ)ψψ :=
2

τ

•
Γψ

σ
a

•
Γψ

σa − e−ϕ
•
Γψ

b
a

•
Γψb

a − 2/ga
c
•
Γψ

a
b

•
Γc
σb ,

(ΓΓ)ψψ := −2

τ

•
Γψ

σ
a

•
Γψ

σa + e−ϕ
•
Γψ

b
a

•
Γψb

a + 2/ga
c
•
Γψ

a
b

•
Γc
σb ,

(ΓΓ)ψψ :=− 2

τ2

[
•
Γψ

a
(ψ

•
Γψ)

σ
a +

•
Γψ

a
(ψ

•
Γψ)

σ
a

]
+
•
Γa

db
•
Γ
ac

e

[
2/gcb(δ

e
d − /gd

e) + /gcd(δ
e
b − /gb

e)
]
,

(ΓΓ)ψA :=
2

τ

•
Γ
σ

A
a(
•
Γψ

σ
a −

•
Γψ

σ
a)−

2

τ

•
Γψ

σ
b(
•
ΓA

σb +
•
ΓA

σb) + 2e−ϕ/gf
e
•
ΓaAe

•
Γψ

fa − 4/gde

•
ΓA

d
b

•
Γ

(σe)b

,

(ΓΓ)ψA :=
2

τ

•
Γ
σ

A
a(
•
Γψ

σ
a −

•
Γψ

σ
a)−

2

τ

•
Γψ

σ
b(
•
ΓA

σb +
•
ΓA

σb) + 2e−ϕ/gf
e
•
ΓaAe

•
Γψ

fa − 4/gde

•
ΓA

d
b

•
Γ

(σe)b

,

(��ΓΓ) := −
•
Γ
bac •

Γe
d
c

[
/gad(δ

e
b − /gb

e)− /gbd/ga
e
]
, (5.38)

(ΓΓ)θθ := −
•
�(ε+

•
ε)− /gθθ

1 + cos θ2

sin θ2
− /gab/gcd

•
Γa

b
e

•
Γc
de + 2 cot θ/g

a
b/g
cθ
•
Γa

b
c +∇ah+∇ah+

+
4

/gθθ

•
Γ
θθ

c

(
/g
a
b

•
Γa

bc − cot θgcθ
)

+
1

coshh×
(
•
� coshh× + 2∇a coshh×∇ah+)

(ΓΓ)θφ := −/gθφ cothh×

[
2
•
Γa

θ
b

•
Γ
aφb

+ /g
θφ
•
�(ε+

•
ε)− 4/g

b
c

•
Γ

(θφ)

a

•
Γb
ca + /g

θφ
/g
b
c/g
d
e

•
Γb
c
f

•
Γd

ef

−/gθφ∇ah×∇ah×
]
,

and R̃ab is an auxiliary tensor we introduce simply to make expressions shorter,

R̃ab := Rab +∇(aFb) +Wab , (5.39)

Rab being the reduced Ricci tensor defined as,

Rab := Rab −∇(aZb) −Wab , (5.40)

where F a are the gauge source functions andWab represents a a generic constraint addition, by

which we mean any expression homogeneous in the constraints. We do not expect the reader
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to be enlightened by these long expressions. However we choose to present them nonetheless

for the sake of completeness and in order to highlight the fact that the information contained

in them, together with (5.19) and the help of computer algebra, provides a fairly quick way to

write the EFEs in terms of derivatives of the 10 metric functions. We will only be working in

vacuum, so all the components of the reduced Ricci tensorRab are zero. In order to get our final

equations we only have to pick the gauge source functions F a and the constraint additionWab.

We have seen in [3] that the special interplay between gauge choice and constraint addition

can be exploited to turn the EFEs into a system of 8 ugly equations with a natural number p

and 2 good equations. These choices are highly non-unique as only the first few orders of the

solutions to these equations are concerned. Here we want to find a choice that ensures this

number of uglies and goods, while preventing the appearance of logs up to order p, and then

show the final form of the EFEs in the most convenient way.

5.2.1 Constraints

Up to gauge fixing, the constraints Za :=
•
Γ
a

+ F a are defined by the following,

•
Γ
σ

=
2e−ϕ

τ
∇ψCR+ −

2e−ϕ

R̊
∇ψR̊−

CA
τ
/D
ACR+ + /D

AC+
A ,

•
Γ
σ

= −2e−ϕ

R̊
∇ψR̊−

2e−ϕ

τ
∇ψCR− +

CA
τ
/D
ACR− + /D

AC−A , (5.41)

•
Γ
A

= R̊

(
/g
AB /D

C
qBC −

1

2
/g
BC /D

A
qBC

)
+ /D

A
ϕ− /gAB

τ

(
∇ψC+

B +∇ψC−B − CB
∇ψCR+ −∇ψCR−

τ

)
,

where the only terms that contribute to leading order are the ones proportional to bad deriva-

tives of CR+ , R̊ and C+
B , respectively. This means that we can write,

Zσ ' ∇ψCR+ ,

Zσ ' − 2

R̊
∇ψR̊ ,

ZA ' −/g
AB

2
∇ψC+

B . (5.42)

The fact that, to leading order, each constraint is essentially a bad derivative of a metric

function will allow us to use constraint addition for two separate purposes. The first is to

turn 4 out of 10 equations into uglies with a natural number p, which is done by adding

constraints in such a way that they will contribute to second order in R−1. Later in this

chapter, we will see that bad derivatives of CR+ , R̊ and C+
A give rise to formally singular terms

that create problems in numerical implementations. We will see that these terms appear at

third order in R−1 in some of the equations and that we can get rid of them by constraint

addition. For this reason, we will separate Wab into a leading and a subleading contributions,

W
(1)
ab and W (2)

ab , respectively,

Wab = W
(1)
ab +W

(2)
ab . (5.43)
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In this section, because we are only worried about establishing the leading asymptotics of

the metric fields and not the existence of formally singular terms, we will only fix W (1)
ab and

leave W (2)
ab free for the moment.

5.2.2 Gauge

We introduce the Cartesian harmonic gauge defined by F a = F̊ a with,

F̊ a = gbcΓ[∇̃,
•
∇]b

a
c , (5.44)

where Γ[∇̃,
•
∇]a

b
c are given functions of the coordinates. For conciseness we will use explicitly

standard spherical polar coordinates as shell coordinates but in the code a different choice

could be needed. For this reason, Γ[∇̃,
•
∇]b

a
c are just the Christoffel symbols of Minkowski

spacetime in polar coordinates. Explicitly,

F̊ σ =
2e−ε

R
coshh+ coshh× + C+

A F̊
A ,

F̊ σ = −2e−ε

R
coshh+ coshh× + C−A F̊A ,

F̊ θ =
cot θ

R̊2
eh+ coshh× −

2

R
/g
Rθ ,

F̊ φ = − 2 cot θ

sin θR̊2
sinhh× −

2

R
/g
Rφ . (5.45)

We choose a gauge that is Cartesian harmonic to leading order, with a higher order correc-

tion F̌ a which we specify later,

F σ =
2

R̊
coshh+ coshh× + C+

A F̊
A + F̌ σ ,

F σ = − 2

R̊
coshh+ coshh× + C−A F̊A + F̌ σ ,

F θ =
cot θ

R̊2
eh+ coshh× −

2

R̊
/g
Rθ + F̌ θ ,

F φ = − 2 cot θ

sin θR̊2
sinhh× −

2

R̊
/g
Rφ +

F̌ φ

sin2 θ
. (5.46)

Notice that we in its present form, (5.46) does not have any explicit ε or R. We can do this

because it does not require changing the fact that the gauge is Cartesian harmonic to leading

order and we choose to do it because the final expressions turn out to be simpler if these

objects are replaced by R̊.

5.2.3 Ugly equations with p

In order to turn a wave equation into an ugly, we only need to consider the leading order

contributions of the various terms. In total we have 4 constraints and 4 gauge source functions

we are free to add and choose, respectively. Each of these can be used to turn one metric

function into an ugly. In other words, this freedom allows us to write 8 out of 10 equations as

uglies. In the following we explain how to do this for each of them.
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Radial coordinate light speed CR+: The equation for CR+ can be written as,

•
�CR+ = e−ϕψa∇ψFa + e−ϕWψψ + (ΓΓ)ψψ . (5.47)

Plugging (5.46) in the first term on the right-hand side we get that,

e−ϕψa∇ψFa = − 2

R̊2
∇ψR̊−

1

τ
F σ∇ψCR+ + o+(R−2) . (5.48)

The notation f = o+(h) means

∃ε > 0 : lim
R→∞

f

hR−ε
= 0 . (5.49)

or in other words, fall off faster than f = o(h); more precisely, o+(h) = o(hR−ε). Whenever it

is unambiguous, we will use ' to denote the presence of these higher order terms because it

makes expressions shorter. Using computer algebra, it is possible to show that,

(ΓΓ)ψψ =
2e−ϕ

τ2
(∇ψCR+)2 +

2e−ϕ

R̊2
(∇ψR̊)2 + o+(R−2) . (5.50)

As was said above, the constraint Zσ is essentially a bad derivative of CR+ to leading order and

hence it can be used to make sure that (5.47) is an ugly by changing the right-hand side to

satisfy (5.23). With this in mind we choose,

W
(1)
ψψ = Zσeϕ

(
p

R̊
∇ψR̊−

1

τ
∇ψCR+

)
, (5.51)

so that the wave equation for CR+ can be written as,

•
�CR+ =

2(p+ 1)e−ϕ

τR̊
∇ψR̊∇ψCR+ +NCR+ . (5.52)

This means that CR+ is now an ugly with natural number p.

Radial coordinate light speed CR−: The equation for CR− is the following,

•
�CR− = −e−ϕψa∇ψFa − e−ϕWψψ + (ΓΓ)ψψ . (5.53)

where the first term on the right-hand side, to leading order, behaves as,

−e−ϕψa∇ψFa ' −∇ψF̌ σ +
1

R̊
∇ψCR− +

2

R̊2
, (5.54)

and the second as,

(ΓΓ)ψψ ' −
1

2
(∇ψh+)2 − 1

2
(∇ψh×)2 − 2

R̊2
. (5.55)

Because none of the constraints contains a bad derivative of CR− , we cannot use constraint

addition to turn this variable into an ugly. So we choose,

W
(1)
ψψ = 0 . (5.56)
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However, a bad derivative of F σ contributes to leading order, so we can choose the gauge in

order to get the asymptotic behavior that we are looking for. In order to get (5.23), we need

to make sure that our gauge choice satisfies the following condition,

∇ψF̌ σ '
1

2
(∇ψh+)2 +

1

2
(∇ψh×)2 − p

R̊
∇ψCR− . (5.57)

We do that by separating F̌ σ in two parts,

F̌ σ =
1

R̊
F̌
σ
1 −

p

R̊
(1 + CR−) , (5.58)

where F̌ σ1 is a function we will call gauge driver since its purpose will be to drive the asymp-

totics of one of the gauge source functions to a preassigned value at null infinity. The condi-

tion (5.57) implies that,

1

R̊
∇ψF̌ σ1 '

1

2
(∇ψh+)2 +

1

2
(∇ψh×)2 , (5.59)

which cannot be simply integrated. As other derivatives of the function F̌ σ1 will show up in

other equations, it is possible that these will interfere with the principal part of those equations

potentially spoiling hyperbolicity. The way to get around this is to treat F̌ σ1 as another

evolved variable and choosing a wave equation for it to satisfy that forces the asymptotic

condition (5.59). As this equation will not be an ugly, we dedicate to its treatment its own

subsection at the end of this section.

Determinant of the metric in the T -R plane ϕ: The equation for ϕ is,
•
�ϕ =

2e−ϕ

τ
ψ(aψb)(∇aFb +Wab) + (ΓΓ)ψψ . (5.60)

Since no constraint contains any bad derivative of ϕ, we choose,

W
(1)
ψψ = W

(1)
ψψ = 0 , (5.61)

and we must rely on gauge fixing to turn ϕ into an ugly. To leading order we have,

2e−ϕ

τ
ψ(aψb)∇aFb '

1

2
∇ψF̌ σ +

1

R̊
∇ψϕ+

2

R̊2
, (5.62)

and,

(ΓΓ)ψψ ' −
2

R̊
. (5.63)

In order to obtain (5.23), we must only guarantee that F σ satisfies,

∇ψF̌ σ '
2p

R̊
∇ψϕ , (5.64)

so we make the explicit choice,

F̌ σ =
2p

R̊
(eϕ − 1) . (5.65)

Finally, we can write,
•
�ϕ =

2(p+ 1)e−ϕ

τR̊
∇ψR̊∇ψϕ+Nϕ . (5.66)
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Angular coordinate light speeds C+
A : The variables C+

A with wave equations,
•
�C+

A = −2e−ϕ/gA
(aψb)(∇aFb +Wab) + (ΓΓ)ψA , (5.67)

need to be rescaled in order to be classified as uglies, and the same goes for C−A . That is done
by defining the new variables,

R̊Ĉ±A = C±A , (5.68)

and requiring that Ĉ±A behave as ugly fields instead. This rescaling yields,

•
�C±A ' R̊

•
�Ĉ±A −

2e−ϕ

τ
∇ψR̊∇ψĈ±A . (5.69)

Also, it can be seen that,

−2e−ϕ/gA
(aψb)∇aFb + (ΓΓ)ψA ' 2∇ψĈ+

A , (5.70)

so a choice of constraint addition we can use to turn Ĉ+
A into an ugly is,

W
(1)
ψA = 2ZA

(
p∇ψR̊− 2eϕ

)
. (5.71)

Putting all this together we find,

•
�Ĉ+

A =
2(p+ 1)e−ϕ

τR̊
∇ψR̊∇ψĈ+

A +NĈ+
A
. (5.72)

Angular coordinate light speeds C−A : The wave equation satisfied by C−A is,
•
�C−A = −2e−ϕ/gA

(aψb)(∇aFb +Wab) + (ΓΓ)ψA . (5.73)

Rescaling C−A as in (5.68) yields (5.69). Since none of the constraints contain bad derivatives

of Ĉ−A , we set,

/gA
aW

(1)
(aψ) = 0 , (5.74)

and we must now use our last 2 free gauge source functions FA. We have that,

−2e−ϕ/gA
(aψb)∇aFb ' 2∇ψĈ−A − R̊2

•
∇ψF̌A + cot θδθA(2−∇ψh+) + 2 cos θδφA∇ψh× , (5.75)

and,

(ΓΓ)ψA ' − cot θδθA(2−∇ψh+)− 2 cos θδφA∇ψh× . (5.76)

So the condition we need FA to satisfy is,

R̊2
•
∇ψF̌A ' (1− p)∇ψĈ−A , (5.77)

and one possible choice is,

F̌A =
1− p
R̊2
Ĉ−A . (5.78)

So we can write,

•
�Ĉ−A =

2(p+ 1)e−ϕ

τR̊
∇ψR̊∇ψĈ−A +NĈ−A . (5.79)
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5.2.4 Ugly equation with p = 1

Determinant of the metric in the θ-φ plane ε or inverse areal radius R̊−1: There

is only one more metric function that we can possibly hope to turn into an ugly field with

natural number p with this method. The field ε satisfies the following equation,

•
�(ε+

•
ε) = −/gab∇aFb −��W + (��ΓΓ) , (5.80)

and we want to deal with it a little differently. Instead of evolving ε, we want to evolve R̊−1.

Notice that this new variable is necessarily an ugly, since both good and bad derivatives of it

must improve, even if ε is just a good field. To see this we can expand the exponential in the

definition of R̊,

R̊−1 =
1

R
− ε1,0(ψ∗)

2R2
+ o+(R−2) , (5.81)

where ε1,0(ψ∗) is a function that does not vary along outgoing null curves. To leading order,

the quantities
•
�(ε+

•
ε) and

•
�R̊−1 are related in the following way,

•
�(ε+

•
ε) ' 2R̊

•
�R̊−1 − 4e−ϕ

τ
∇ψR̊∇ψR̊−1 . (5.82)

Also, we have that,

−/gab∇aFb ' −
2R̊

τ
F σ∇ψR̊−1 , (5.83)

and,

(��ΓΓ) = o+(R−1) . (5.84)

Setting the constraint addition ��W to be,

/W
(1)

= Zσ
2(p̄− 1)

τR̊
∇ψR̊ , (5.85)

we get that R̊−1 is an ugly with natural number p̄,

•
�R̊−1 =

2(p̄+ 1)e−ϕ

τR̊
∇ψR̊∇ψR̊−1 +NR̊−1 , (5.86)

where we introduced the natural number p̄ instead of p because we want R̊−1 to behave

differently from the other fields.

If ε is a good, then the SNFs of R̊−1 are O(R−4): This choice of constraint addition

yields a wave equation for ε of the type,

•
�ε =

2p̄e−ϕ

τR̊
∇ψR̊∇ψε+Nε . (5.87)

Plugging (5.87) in (5.82) then gives,

•
�R̊−1 =

2(p̄+ 1)e−ϕ

τR̊
∇ψR̊∇ψR̊−1 +

p̄− 1

R̊3
+ o+(R−3) , (5.88)
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or equivalently,

NR̊−1 '
p̄− 1

R̊3
. (5.89)

This means that if we choose p̄ = 1, we can ensure that the stratified null forms in the wave

equation for R̊−1 are one order better than what would normally be expected, o+(R−3) rather

than o+(R−2). According to (5.87), this choice makes ε become a good field, while R̊−1 remains

an ugly by construction, see (5.81). It is worth pausing here a moment to analyze this choice

from the point of view of the peeling property. The strategy employed in [3] to ensure that

the components of the Weyl tensor peel was to make 8 metric functions be ugly with a natural

number p that guarantees no logs are generated up to that order. Here, by choosing ε to be

a good, we are forced to have R̊−1 be an ugly with p̄ = 1, so by what we know about the

subleading asymptotics of generic ugly fields, we could expect logarithmically divergent terms

to appear from second order near null infinity. However R̊−1 is not a generic ugly. It is built

purely from ε. Now we also know that good fields cannot generate logs, they can merely inherit

them. So, despite R̊−1 being an ugly with a fixed p̄ = 1, it cannot generate logs at any order

down in the expansion. In other words, for p sufficiently large (p = 7, see [3]), the Weyl tensor

necessarily still peels (with the strict assumptions (4.27) on initial data).

5.2.5 Good equations

h+ and h×: The wave equations satisfied by h+ and h× are,

•
�h+ = − 2

/gθθ

[
(∇F )θθ +W θθ

]
+ (ΓΓ)θθ ,

•
�h× = −2/gθφ cothh×

[
(∇F )θφ +W θφ

]
+ (ΓΓ)θφ . (5.90)

We can see that,

− 2

/gθθ
(∇F )θθ + (ΓΓ)θθ =

1

R̊
∇ψh+ + o+(R−2) , (5.91)

− 2/gθφ cothh×(∇F )θφ + (ΓΓ)θφ =
1

R̊
∇ψh× + o+(R−2) ,

so, according to (5.27) we do not need to add constraints to get the behavior we are looking

for. This means that,

W (1)θθ = W (1)θφ = 0 , (5.92)

and we can write both equations as standard good equations,

•
�h+ =

2e−ϕ

τR̊
∇ψR̊∇ψh+ +Nh+ ,

•
�h× =

2e−ϕ

τR̊
∇ψR̊∇ψh× +Nh× . (5.93)
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5.2.6 Gauge driver

Gauge driver F̌
σ
1 : To make sure that hyperbolicity remains untouched while the gauge

source functions satisfy (5.57) we need to treat F̌ σ1 as an eleventh evolved variable and require

it so satisfy a wave equation that forces the asymptotic behavior (5.57). Let us then consider

the equation,

•
�F̌ σ1 =

2e−ϕ

τR̊

[
(p+ 1)∇ψR̊∇ψF̌ σ1 −

p

R̊
H
]
, (5.94)

where 2H/R̊2 := (∇ψh+)2 + (∇ψh×)2. We want to show that the wave equation (5.94)

makes F̌ σ1 satisfy (5.57), so for now we are only interested in the leading order terms. Therefore,

we can write

∇ψ∇ψf1 ' −
p

R

[
∇ψf1 −H

]
, (5.95)

where f := R̊F̌
σ
1 . Adding the stratified null form ∇ψH to either side, which we can do because

SNFs do not influence the leading order behavior by definition, we get an ODE for the leading

behavior of ∇ψF̌ σ1 −H,

∇ψ
[
∇ψf1 −H

]
' −p+ 1

R

[
∇ψf1 −H

]
. (5.96)

This can be integrated to give the asymptotics we are looking for,

∇ψf1 −H '
α(ψ∗)

Rp
, (5.97)

as long as p is a natural number. The wave equation satisfied by the gauge driver in [3] is not

exactly the same as this one, but they coincide asymptotically. Therefore, the proof that the

variable F̌ σ1 cannot introduce any logs in the system up to order p goes through in exactly the

same way and we repeat it here. Note that we have assumed that the gauge driver satisfies

the same requirements on initial data than the rest of the metric fields namely (5.33).

5.3 The Einstein field equations in second order form

Based on the discussion from the last section, we summarize the choices we have made for

the constraint additions and gauge source functions. Then we write the resulting second order

equations explicitly as concisely as possible. The choice of constraint addition encoded by the

tensor W (1)
ab is the following,

W
(1)
ψψ = Zσeϕ

(
p

R̊
∇ψR̊−

1

τ
∇ψCR+

)
,

W
(1)
ψA = 2ZA

(
p∇ψR̊− 2eϕ

)
, (5.98)

with all other components set to zero. Notice that up to this point we have not yet chosenW (2)
ab

for any of the equations and we do not have to, since by construction this choice bears no
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influence on the leading asymptotics of the metric functions. The choice of gauge is,

F σ =
2

R̊
coshh+ coshh× + C+

A F̊
A +

2p

R̊
(eϕ − 1) ,

F σ = − 2

R̊
coshh+ coshh× + C−A F̊A −

p

R̊
(1 + CR−) +

1

R̊
F̌
σ
1 ,

F θ =
cot θ

R̊2
eh+ coshh× −

2

R̊
/g
Rθ +

1− p
R̊2
Ĉ−θ ,

F φ = − 2 cot θ

sin θR̊2
sinhh× −

2

R̊
/g
Rφ +

1− p
sin2 θR̊2

Ĉ−φ . (5.99)

Einstein field equations: Here it pays off to change the variables that usually appear inside

exponentials in such a way that we can clearly separate the leading ±1 from the functions we

wish to evolve. This will allow us to rescale the variables directly by R̊, as we will have to do

later on. Let ϕ̃ denote field eϕ − 1, h̃+ denote eh+ − 1 and h̃× denote eh× − 1. Then the wave

equations for these variables change like,

•
�qϕ̃ = Ñϕ(ϕ̃+ 1)− 1

ϕ̃+ 1
∇aϕ̃∇aϕ̃ ,

•
�qh̃+ = Ñh+(h̃+ + 1)− 1

h̃+ + 1
∇ah̃+∇ah̃+ ,

•
�qh̃× = Ñh×(h̃× + 1)− 1

h̃× + 1
∇ah̃×∇ah̃× . (5.100)

Although this choice of variables changes the second order equations, it does so in such a

way that the leading order remains unaffected. Hence good equations remain good, ugly ones

remain ugly and so on. Expanding the wave operator and using (5.25) we can write all 11

field equations as,

•
�pCR+ = σa∇ψFa + e−ϕWψψ −

2(p+ 1)e−ϕ

τR̊
∇ψR̊∇ψCR+ + (ΓΓ)ψψ ,

•
�pCR− = −σa∇ψFa + (ΓΓ)ψψ −

2(p+ 1)e−ϕ

τR̊
∇ψR̊∇ψCR− ,

•
�pϕ̃ =

2e−ϕ

τ
σ(aψb)∇aFb + e−ϕ(ΓΓ)ψψ −

2(p+ 1)e−3ϕ

τR̊
∇ψR̊∇ψϕ̃− e−ϕ∇aϕ̃∇aϕ̃ ,

•
�pĈ+

A = −2e−ϕ/g
a
A
ψb∇(aFb) +

2e−ϕ

τ
∇ψR̊∇ψĈ+

A + (ΓΓ)ψA − 2e−ϕ/g
a
A
Wψa −

2pe−ϕ

τR̊2
∇ψR̊∇ψĈ+

A

− Ĉ+
A

•
�R̊− 2 /∇aĈ+

A
/∇aR̊ ,

•
�pĈ−A = −2e−ϕ/g

a
A
ψb∇(aFb) +

2e−ϕ

τ
∇ψR̊∇ψĈ−A + (ΓΓ)ψA −

2pe−ϕ

τR̊2
∇ψR̊∇ψĈ−A − Ĉ−A

•
�R̊− 2 /∇aĈ−A /∇

a
R̊ ,

•
�1R̊

−1 =
1

2R̊

[
−/gab∇aFb −��W + (��ΓΓ)− /gθθ(1 + cot θ2)

]
+

1

R̊
∇aR̊∇aR̊ ,

•
�0h+ = −2e−h+

/gθθ
(∇F )θθ + e−h+(ΓΓ)θθ − 2e−ϕ−2h+

τR̊
∇ψR̊∇ψh̃+ − e−h+∇ah̃+∇ah̃+ ,

•
�0h× = −2e−h×

/gθθ
(∇F )θφ + e−h×(ΓΓ)θφ − 2e−ϕ−2h×

τR̊
∇ψR̊∇ψh̃× − e−h×∇ah̃×∇ah̃× ,

•
�pF̌

σ
1 +

2pe−ϕ

τR̊2
H = 0 . (5.101)
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Only the left-hand sides of these equations can possibly contribute to leading order and all of

the right-hand sides are stratified null forms. This means that the leading order asymptotics

of each metric function, and therefore whether it qualifies as a good or an ugly or otherwise,

is determined solely by the operator on the left-hand side. Therefore the 11 equations can be

written in the very concise form,

•
�qφ = Nφ ,

•
�pF̌

σ
1 = −p+ 1

R̊
H , (5.102)

where φ ∈ {CR± , Ĉ±A , ϕ, R̊−1, h+, h×}, q = p for φ ∈ {CR± , Ĉ±A , ϕ}, q = 1 for φ = R̊−1 and q = 0

for φ ∈ {h+, h×}. The stratified null forms Nφ are the right-hand sides of the corresponding

equations in (5.101).

Alternative form: A less concise way to write the wave equations that is more useful for

what we aim to do in the next section makes use of (5.29),

1

R̊q+1
∇ψ
[
R̊q+1∇ψφ

]
− τeϕ

2
/∆φ = Ñφ , (5.103)

1

R̊p+1
∇ψ
[
R̊p+1∇ψF̌ σ1

]
− τeϕ

2
/∆F̌

σ
1 −

p

R̊2
H = ÑF̌σ1 .

This amounts to simply moving all the stratified null forms in
•
�qφ to the right-hand side and

redefining Ñφ so that all the principal terms and those that contribute to leading order are on

the left-hand side.

5.4 First order reduction

In order to implement the EFEs in this framework numerically it is useful to reduce them to

a system of first order differential equations. This is done by defining reduction variables, then

rescaling the evolved fields and compactifying the radial coordinate. Although the equations

in question are naturally more numerous and complicated, most of this goes along the lines of

the work done in [61].

5.4.1 Picking the variables

We begin by choosing the variables we will use in order to build our first order system.

As was said above, it pays off to avoid special functions of variables, e.g. exponentials, in

the equations because they have a leading 1 that is not explicit. We leave a more detailed

explanation of this problem for the last section of this chapter. Let φ denominate any of the

following fields,

CR± ∓ 1 , Ĉ±A , eϕ − 1 , R̊−1 , eh+ − 1 , eh× − 1, F̌
σ
1 . (5.104)

Moreover, let φ,ψ, φ,ψ and φ,A denote ∇ψφ, ∇ψφ and /DAφ, respectively.
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5.4.2 Picking the equations

The first order reduction is done by treating φ,ψ, φ,ψ and φ,A as independent variables and

the second order differential equations as first order ones for these variables. In order to relate

them to the original variables φ, we will choose one (or a combination) of the definitions as an

additional evolution equation and treat the others,

φ,ψ = ∇ψφ , φ,ψ = ∇ψφ , φ,A = /DAφ , (5.105)

as reduction constraints. After the reduction, where we had 11 independent variables, we end

up with 4 additional variables per original one so we will need 55 independent equations. The

first set of equations is naturally the wave equations (5.102), which we can now write in terms

of the reduction variables. This way we have,

1

R̊q+1
∇ψ
[
R̊q+1φψ

]
− τeϕ

2
/D
A
φA = Ñφ , (5.106)

for the uglies and goods. Finally, the equation for the derivative along ψ of the gauge driver

reads,

1

R̊p+1
∇ψ
[
R̊p+1F̌

σ
1,ψ

]
− τeϕ

2
/D
A
F̌
σ
1,A −

p

R̊2
H = ÑF̌σ1 . (5.107)

Replacing φ with the appropriate fields, this gives 11 first order differential equations for the

variables φ,ψ. The second and third sets of equations will be given by the torsion-free condi-

tion
•
∇a∇bφ =

•
∇b∇aφ contracted with the vectors ψa and ψa, and T a and /gA

a, respectively.

Let us take the first combination of vectors,

ψaψb
•
∇a∇bφ = ψaψb

•
∇b∇aφ , (5.108)

⇒∇ψ∇ψφ− (
•
∇ψψ)a∇aφ = ∇ψ∇ψφ− (

•
∇ψψ)a∇aφ ,

⇒∇ψφ,ψ −∇ψφ,ψ =
1

τ

(
CR−,ψ − CR+,ψ

)(
φ,ψ − φ,ψ

)
.

We already have an evolution equation for φ,ψ in (5.106), so we want (5.111) to be one for φ,ψ.

To do this, we expand the left-hand sides of (5.106) and (5.107) and plug them in (5.111) to

get,

∇ψφ,ψ =
τeϕ

2
/D
A
φ,A + Ñφ − (q + 1)R̊φ,ψ(R̊−1),ψ −

1

τ

(
CR+,ψ − CR−,ψ

)(
φ,ψ − φ,ψ

)
. (5.109)

We are free to add any amount of the constraints we wish to these equations and it is worth

doing so in (5.109) in order to get rid of the bad derivative of CR+ . We do this for reasons we

will explain later on when we discuss the existence of formally singular terms. We add,

eϕ

2
Zσ
(
φ,ψ − φ,ψ

)
, (5.110)

so that (5.109) becomes,

∇ψφ,ψ =
τeϕ

2
/D
A
φ,A + Ñφ + (q + 1)R̊φ,ψ(R̊−1),ψ

− 1

τ

(
CR+,ψ − CR−,ψ −

τeϕ

2
Zσ
)(

φ,ψ − φ,ψ
)
. (5.111)
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for all metric functions except the gauge driver and,

∇ψF̌ σ1,ψ =
τeϕ

2
/D
A
F̌
σ
1,A +

p

R̊2
H+ (p+ 1)R̊F̌

σ
1,ψ(R̊−1),ψ

− 1

τ

(
CR+ψ − CR−ψ −

τeϕ

2
Zσ
)(

F̌
σ
1,ψ − F̌

σ
1,ψ

)
+ Ñφ .

This gives us 11 additional equations. Following the same procedure with the second combi-

nation of vectors we get and evolution equation for φ,A,

τ∇Tφ,A − CR+ /DAφ,ψ + CR− /DAφ,ψ =φ,ψ

(CR−
τ
τ,A +

CA
τ
∇TCR− +∇TC+

A + /DACR+
)

(5.112)

+ φ,ψ

(
−C

R
+

τ
τ,A −

CA
τ
∇TCR+ +∇TC−A − /DACR−

)
,

where ∇T was used merely as shorthand for 1
τ (CR+∇ψ − CR−∇ψ). Again we are free to add any

amount of the constraints to this equation and we choose to add,

W
(3)
φ =

CR+R̊eϕ
2∂RR̊

∂R /DA(R̊φ)Zσ , (5.113)

to the left-hand side, to get,

τ∇Tφ,A +W
(3)
φ − CR+ /DAφ,ψ + CR− /DAφ,ψ =φ,ψ

(CR−
τ
τ,A +

CA
τ
∇TCR− +∇TC+

A + /DACR+
)
(5.114)

+ φ,ψ

(
−C

R
+

τ
τ,A −

CA
τ
∇TCR+ +∇TC−A − /DACR−

)
.

This is not done in order to eliminate formally singular terms, but to make the proof of

symmetric hyperbolicity of the final system of equations more straightforward. This gives us

another 22 equations and it is valid for all the metric functions. We now have one equation

for each of the reduction variables, leaving us only with the task of choosing equations that

will relate these to the original variables. We pick the equations,

φ,ψ = ∇ψφ , (5.115)

to serve that purpose and treat,

φ,ψ = ∇ψφ , φ,A = /DAφ , (5.116)

as constraints that one needs to make sure are satisfied everywhere when evolving the system

numerically.

5.4.3 Rescaling the variables

We know from previous studies on the good-bad-ugly model that the fields themselves have

decay and their derivatives may enhance that decay or keep it the same depending on if the

derivative is good or bad. Ideally, when implementing this model numerically, we would have

regular equations for variables that we expect to have regular behavior and a finite value at
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null infinity. In this section we will rescale the fields and the reduction variables with powers

of R̊ to find the best possible variables to evolve. Naturally we cannot rescale the variable R̊−1

by powers of R̊, so we will have to treat this particular variable differently. We begin by

rescaling all the other variables in the following way,

Φ := R̊φ , Φψ := R̊∇ψΦ ,

Φψ := ∇ψΦ , ΦA := /DAΦ . (5.117)

Having in mind the asymptotics of goods and uglies derived in [2], and of the gauge driver

in [3], we can expect this rescaling to give reduction variables that asymptote to finite values

or zero at null infinity in all cases. For the variable R̊−1 we introduce a different rescaling,

ρψ := −R̊
[
R̊2(R̊−1),ψ + 1

]
, ρψ := −R̊2(R̊−1),ψ + 1 , ρA := −R̊2(R̊−1),A , (5.118)

which can be written alternatively as,

∇ψR̊ = 1 +
ρψ

R̊
, ∇ψR̊ = −1 + ρψ , /DAR̊ = ρA . (5.119)

Plugging this into the equations derived in the last section, (5.106), (5.111), (5.114) and (5.115),

we find,

1

R̊q+1
∇ψ
[
R̊qΦψ

]
− τeϕ

2R̊
/D
A

ΦA = N (1)
φ ,

1

R̊2
∇ψΦψ −

τeϕ

2R̊
/D
A

ΦA +
q

R̊2
Φψ = N (2)

φ ,

τ∇TΦA +W
(3)
φ − CR+ /DAΦψ +

CR−
R̊

/DAΦψ = N (3)
φ R̊ ,

∇ψΦ− Φψ = 0 , (5.120)

where we have packed all the stratified null forms in the definitions of N (1)
φ , N (2)

φ and N (3)
φ on

the right-hand side,

N (1)
φ := Ñφ − ΦÑR̊−1 +

Φψ

R̊3
(ρψ − 1)− τeϕΦA

R̊2
ρA ,

N (2)
φ :=

1

τR̊

(
CR+,ψ − CR−,ψ −

τeϕ

2
Zσ
)(

Φψ

R̊
− Φψ

)
− q

R̊3
Φψρψ +

2Φψ

R̊3
(ρψ − 1)

− τeϕΦA

R̊2
ρA + Ñφ − ΦÑR̊−1 ,

N (3)
φ :=

1

R̊
Φψ

(
−C

R
+

τ
τ,A −

CA
τ
∇TCR+ +∇TC−A − /DACR−

)
+

1

R̊2
Φψ

(
2CR−ρA +

CR−
τ
τ,A +

CA
τ
∇TCR− +∇TC+

A + /DACR+
)
. (5.121)
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To obtain the equations for the gauge driver we only need to modify (5.120) slightly in order

to include the right-hand side of the third equation in (5.102),

1

R̊p+1
∇ψ
[
R̊pΦψ

]
− τeϕ

2R̊
/D
A

ΦA −
p

R̊2
H = N (1)

F̌
σ
1

,

1

R̊2
∇ψΦψ −

τeϕ

2R̊
/D
A

ΦA −
p

R̊2
(H− Φψ) = N (2)

F̌
σ
1

,

τ∇TΦA +W
(3)
φ − CR+ /DAΦψ +

CR−
R̊

/DAΦψ = N (3)
φ R̊ ,

∇ψΦ− Φψ = 0 , (5.122)

where the stratified null forms (5.121) still apply. Following the same procedure that resulted

in (5.120) we obtain for the inverse areal radius R̊−1,

1

R̊2
∇ψρψ −

τeϕ

2R̊2
/D
A
ρA = −ÑR̊−1 −

τeϕ

R̊3
ρAρ

A ,

1

R̊3
∇ψρψ −

τeϕ

2R̊2
/D
A
ρA = N (2)

R̊−1
,

τ∇TρA +W (3)
ρ − CR+ /DAρψ +

CR−
R̊

/DAρψ = N (3)

R̊−1
R̊2 ,

∇ψR̊−1 =
1

R̊2
(1− ρψ) , (5.123)

where the stratified null forms on the right-hand sides are defined as,

N (2)

R̊−1
:= −ÑR̊−1 −

ρψ(1− ρψ)

R̊4
− τeϕρAρ

A

R̊3
+

1

τR̊2

(
CR+ψ − CR−ψ −

τeϕ

2
Zσ
)(

2− ρψ +
ρψ

R̊

)
,

N (3)

R̊−1
:=
CR−
R̊4

ρψρA +

(
1

R̊2
+
ρψ

R̊3

)(
−C

R
+

τ
τ,A −

CA
τ
∇TCR+ +∇TC−A − /DACR−

)
−
(

1

R̊2
−
ρψ

R̊2

)(CR−
τ
τ,A +

CA
τ
∇TCR− +∇TC+

A + /DACR+
)
. (5.124)

We now have all the wave equations in first order form with all variables rescaled.

Rescaled reduction constraints: With the exception of R̊−1 all variables must satisfy the

following reduction constraints,

R̊∇ψΦ− Φψ = 0 , /DAΦ− ΦA = 0 , (5.125)

whereas R̊−1 must satisfy,

∇ψ(R̊−1) +
1

R̊2

(
1 +

ρψ

R̊

)
= 0 ,

/DA(R̊−1) +
ρA

R̊2
= 0 , (5.126)

This concludes the rescaling of the variables and we are now ready to compactify the radial

coordinate and move to hyperboloidal slices.
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5.5 Hyperboloidal Compactification

In order to write the evolution equations in their final form, we want to define a radially

compactified hyperboloidal coordinate system in much the same way as was done in [61].

However, we want to work with the areal radius R̊ as our preferred radial coordinate rather

than R. So as an intermediate step we do another coordinate change.

5.5.1 From radius to areal radius

Let us consider the coordinate system (T̊ , R̊, θ̊A) related to (T,R, θA) by,

T̊ = T, R̊ = Reε/2, θ̊A = θA , (5.127)

and let us define the outgoing and incoming null vectors ψ̊ and ψ̊ in a way analogous to ψ

and ψ,

ψ̊a = ∂a
T̊

+ CR̊+∂aR̊ , ψ̊
a

= ∂a
T̊

+ CR̊−∂aR̊ . (5.128)

We define the null covectors σ̊ and σ̊ analogously to σ and σ. Similarly we define the quan-

tities ϕ̊, τ̊ , /̊g
ab and C̊±A . We can write the vectors ∂aT and ∂aR in terms of ∂a

T̊
and ∂a

R̊
in the

following way,

∂aT = ∂a
T̊

+
1

τ

(
CR+∇ψR̊− CR−∇ψR̊

)
∂a
R̊
,

∂aR =
1

τ

(
∇ψR̊−∇ψR̊

)
∂a
R̊
, (5.129)

and from (5.129) a straightforward calculation leads to,

ψ̊a =
1

∇ψR̊−∇ψR̊

[(
CR̊+ −∇ψR̊

)
ψa +

(
∇ψR̊− CR̊+

)
ψa
]
,

ψ̊
a

=
1

∇ψR̊−∇ψR̊

[(
CR̊− −∇ψR̊

)
ψa +

(
∇ψR̊− CR̊−

)
ψa
]
. (5.130)

At this point, in order to complete the expressions that relate the null vectors that corre-

spond to either coordinate system, we need only to find an expression for the coordinate light

speeds CR̊+ and CR̊− . This is given by,

CR̊+ =
J R̊T + CR+J R̊R
J T̊ T + CR+J T̊ R

= ∇ψR̊ ,

CR̊− =
J R̊T + CR−J R̊R
J T̊ T + CR−J T̊ R

= ∇ψR̊ . (5.131)

Plugging (5.131) into (5.130) we find that,

ψ̊a = ψa , ψ̊
a

= ψa . (5.132)

In other words, the expression for our incoming and outgoing null vectors are invariant under

the coordinate change (T,R, θA)→ (T̊ , R̊, θ̊A).
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Angular derivatives /Da: With (5.132) we already know how null derivatives transform

under this coordinate change, so we are only lacking an expression that relates /Da to /̊Da,

where the latter is defined analogously to the former. We contract σ̊ with ∂R̊ in order to find

the relation between ϕ and ϕ̊,

eϕ−ϕ̊ =
τ̊

τ
. (5.133)

Under this change of coordinates the angular basis vectors transform in the following way,

∂aθA = (∂θAR̊)∂a
R̊

+ ∂a
θ̊A
, (5.134)

and we can use this to find the relation between C±A and C̊±A . By recognizing that,

C̊±A = σ̊a∂
a
θ̊A
, (5.135)

we find that,

C̊+
A = − /DAR̊+

1

τ
(C−A∇ψR̊+ 2C+

A∇ψR̊− C+
A∇ψR̊) ,

C̊−A = /DAR̊−
1

τ
(2C−A∇ψR̊+ C+

A∇ψR̊− C−A∇ψR̊) . (5.136)

We can now build the derivatives by expanding the components of /̊ga
b in mixed form,

/̊DAφ = /̊gA
T̊∂T̊φ+ /̊gA

R̊∂R̊φ+ /̊gA
B∂θ̊Bφ . (5.137)

Using (5.14) the non-trivial components of /̊ga
b can be written as,

/̊gA
T̊ =

CA
τ
, /̊gA

R̊ =
C+
A∇ψR̊+ C−A∇ψR̊

τ
. (5.138)

A straightforward calculation then leads to,

/̊DAφ = /DAφ , (5.139)

which shows that under this coordinate transformation, all derivatives stay the same.

5.5.2 Hyperboloidal Compactification

Let us consider a third coordinate system (t, r, θ̄A) which is related to the previous one by,

T̊ = t+H(R̊(r), θ̊A), R̊ = R̊(r), θ̄A = θ̊A , (5.140)

where H(R̊(r), θ̊A) and R̊(r) are called height and compression functions, respectively. Note

that this coordinate change differs from the one in [61] insofar as the height function depends

on the angular coordinates. Once again we define a set of null vectors associated to (5.140),

ξa = ∂at + Cr+∂ar , ξa = ∂at + Cr−∂ar . (5.141)
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For this set of coordinates we define σ̄, σ̄, ϕ̄, τ̄ , /̄gab and C̄±A .The relations between the first two

coordinate basis vectors can be written as,

∂at = ∂a
T̊
, ∂ar = H ′R̊′∂a

T̊
+ R̊′∂a

R̊
, (5.142)

where H ′ := ∂R̊H and R̊′ := ∂rR̊, which yields,

ξa = (1 +H ′R̊′CR̊+)∂a
T̊

+ R̊′CR̊+∂aR̊ ,
ξa = (1 +H ′R̊′CR̊−)∂a

T̊
+ R̊′CR̊−∂aR̊ . (5.143)

The last ingredient we need is the expressions that relate the coordinate light speeds. We find

this for Cr+ as the derivation of Cr− is completely analogous,

CR̊+ =
J R̊t + CR+J R̊r
J T̊ t + CR+J T̊ r

=
∇ξR̊
∇ξT̊

=
Cr+R̊′

1 + Cr+H ′R̊′
. (5.144)

Inverting (5.144) we get,

Cr± =
CR̊±

R̊′(1− CR̊±H ′)
, (5.145)

where we have also included the expression for Cr−. Substituting (5.145) into (5.143) and

using (5.128) we get,

ξa =
1

1−H ′CR̊+
ψ̊a , ξa =

1

1−H ′CR̊−
ψ̊
a
. (5.146)

Finally, using the invariance of the null vectors under the first coordinate change we find the

relation between ψa and ψa, and ξa and ξa,

ψa = Ω+ξa , ψa = Ω−ξa , (5.147)

where the scalar factors Ω± are defined as,

Ω+ := 1−H ′∇ψR̊ , Ω− := 1−H ′∇ψR̊ . (5.148)

Angular derivatives /Da: In order to finish the compactification of the coordinates we only

need to find how /̊Da transforms. In other words, we want to find a relation between /̄Da

and /Da, where the former is defined in the obvious way. The steps of the procedure are the

same, so we present only the relevant expressions in this derivation,

eϕ̊−ϕ̄ =
1

R̊′
, ∂aθ̄A = (∂θ̊AH)∂a

T̊
+ ∂a

θ̊A
, (5.149)

C̄+
A =

C̊+
A −∇ψR̊(∂θ̊AH)

R̊′Ω+
, C̄−A =

C̊−A +∇ψR̊(∂θ̊AH)

R̊′Ω−
.

A rather lengthy calculation leads to the following result,

/DAφ = /̄DAφ−H ′
[
C̊+
A∇ξφ− C̊−A∇ξφ

]
, (5.150)

where C̊±A are given in terms of our metric variables by (5.136).
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5.6 Compactified EFEs in first order form

We are now equipped to present the EFEs regularized at null infinity in first order form

and in radially compactified coordinates. The equations for the metric functions CR± ∓ 1, Ĉ±A ,
ϕ, h+ and h× are

Ω+

R̊q+1
∇ξ
[
R̊qΦψ

]
− τeϕ

2R̊
/D
A

ΦA = N (1)
φ ,

Ω−

R̊2
∇ξΦψ −

τeϕ

2R̊
/D
A

ΦA +
q

R̊2
Φψ = N (2)

φ ,

CR+Ω−∇ξΦA − CR−Ω+∇ξΦA − CR+ /DAΦψ +
CR−
R̊

/DAΦψ +W
(3)
φ = R̊N (3)

φ ,

Ω−∇ξΦ− Φψ = 0 , (5.151)

where p is set to 0 in the cases of h+ and h× and the we use /D
A merely as a shorthand for the

expression on the right-hand side of (5.150) with raised indices. The equations for F̌ σ1 are,

Ω+

R̊p+1
∇ξ
[
R̊pΦψ

]
− τeϕ

2R̊
/D
A

ΦA −
p

R̊2
H = N (1)

F̌
σ
1

,

Ω−

R̊2
∇ξΦψ −

τeϕ

2R̊
/D
A

ΦA −
p

R̊2
(H− Φψ) = N (2)

F̌
σ
1

,

CR+Ω−∇ξΦA − CR−Ω+∇ξΦA − CR+ /DAΦψ +
CR−
R̊

/DAΦψ +W
(3)
φ = R̊N (3)

φ ,

Ω−∇ξΦ− Φψ = 0 , (5.152)

and the ones for R̊−1 are,

Ω+

R̊2
∇ξρψ −

τeϕ

2R̊2
/D
A
ρA = −ÑR̊−1 −

τeϕ

R̊3
ρAρ

A ,

Ω−

R̊3
∇ξρψ −

τeϕ

2R̊2
/D
A
ρA = N (2)

R̊−1
,

CR+Ω−∇ξρA − CR−Ω+∇ξρA − CR+ /DAρψ +
CR−
R̊

/DAρψ +W (3)
ρ = R̊2N (3)

R̊−1
,

Ω−∇ξR̊−1 =
1

R̊2
(1− ρψ) , (5.153)

Compactified reduction constraints: The final form of the reduction constraints for all

variables except R̊−1 is,

R̊Ω+∇ξΦ− Φψ = 0 , /DAΦ− ΦA = 0 , (5.154)

whereas R̊−1 must satisfy,

Ω+∇ξ(R̊−1) +
1

R̊2

(
1 +

ρψ

R̊

)
= 0 ,

/DA(R̊−1) +
ρA

R̊2
= 0 , (5.155)

We now have the complete set of equations written in a radially compactified coordinate

system. Equations (5.151), (5.152) and (5.153) are the EFEs in GHG written as a system of

first order differential equations that are regular at null infinity, with reduction constraints

given by (5.154) and (5.155).
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5.6.1 Comment on the choice of reduction variables

Thus far we have written the first order equations in the third coordinate system (5.140),

which we referred to as radially compactified coordinates. We have written the derivatives

in the EFEs in terms of the compression and height functions R̊(r) and H(R̊(r), θ̊A), but we

have said nothing so far about how we want these functions to behave. Strictly speaking, we

have not done a compactification yet. To do that we assume,

R̊′(r) ' R̊n , (5.156)

where 1 < n ≤ 2. The lower bound on n is necessary to make r approach a finite value

as R̊ goes to null infinity, whereas 0 < n ≤ 2 is required for numerical stability, as discussed

in [94]. Moreover, we want Cr+ ' 1 which, together with (5.156) gives us the requirement on

the leading order behavior of H,

H ′(R̊(r), θ̊A) ' 1−
mCR+ ,1

R̊
− 1

R̊n
, (5.157)

where mCR+ ,1 is the leading order term of the field R̊(CR+ − 1) and depends only on the angular

coordinates. Our requirements on the functional dependence of H forbid the inclusion of

higher order time dependent corrections, but could include higher order corrections in mCR+ ,1.

Fortunately, provided that n < 2 the condition Cr+ ' 1 is satisfied with (5.157) anyway. In

the desirable n = 2 case we instead obtain Cr+ = O(1), provided that p ≥ 2 so that no logs

are present to order R̊−2, which is acceptable as well. For all 1 < n ≤ 2 we end up with a

formally singular term in Cr+ that is easily evaluated with L’Hôpital’s rule. To obtain instead

the sharper condition Cr+ = 1 over the full range of n we could instead solve the eikonal

equation as proposed in [31]. Plugging this in (5.147) we get that the outgoing and incoming

null vectors transform asymptotically as,

Ω+ ' 1

R̊n
, Ω− ' O(1) . (5.158)

This has a very significant influence on how far we can go in rescaling reduction variables,

because replacing ψa with ξa gives an extra n powers of R̊−1, whereas ψa does not. Take the

first equation in (5.151), for example. As the stratified null forms are o+(R−2), we can write

asymptotically,

1

R̊q+1+n
∇ξ
[
R̊qΦψ

]
= o+(R−2) ,

⇒ 1

R̊1+n
∇ξΦψ − q(R̊−1),ψΦψ = o+(R−2) ,

⇒∇ξΦψ − qR̊1+n(R̊−1),ψΦψ = o+(Rn−1) . (5.159)

According to the findings in [2], the only possibility for the error terms on the right-hand side

of the second line to decay slower than O(Rn−2) is if there are terms proportional to logR.

As we know that such terms are suppressed up to order q, if this number is sufficiently large
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we can write that,

∇ξΦψ +
qΦψ

R̊
= O(Rn−2) . (5.160)

This guarantees that when we integrate numerically along integral curves of ξa, the integral

will not act upon terms that diverge at null infinity. If we had rescaled Φψ by another power

of R̊, then we would have had to integrate an error term of the type O(Rn−1) which always

diverges. This is the reason why we cannot afford to have this particular reduction variable

approach a (non-vanishing) finite value at null infinity. It is worth pausing here for a moment

to analyze what (5.157) means.

Remark 7. Our hyperboloidal compactification is different from others done in the literature,

for example in [95] and [62], in the sense that we have allowed the height function H to depend

upon the angular coordinates (5.140). The reason for this is that H ′ depends on mCR+ ,1 and we

know from [3] that that function, the numerator at first order in R̊−1 in the polyhomogeneous

expansion of CR+, is an angular function, as it would be for a general ugly field in a curved

spacetime. If CR+ were a good, then mCR+ ,1 would be a radiation field, meaning that it would be

allowed to vary along integral curves of ψa. As a consequence, H would have to vary with T

as well as all other coordinates and this type of compactification (5.140) would not work.

5.6.2 Formally singular terms

When implementing this system numerically, it is helpful if the terms we integrate have

explicitly regular limits at null infinity, as opposed to terms which can only be written as

the quotient of divergent terms, for instance O(R)/O(R). These formally singular terms are

implicitly regular as they acquire regular values with the asymptotics we expect for each field,

but they cause problems in the implementation nonetheless. They need to be identified and

carefully processed using L’Hôpital’s rule before the numerical implementation, as was done

for example in [59]. This subsection is dedicated to identifying the terms in (5.151), (5.152)

and (5.153) that contribute to subleading order and are formally singular so they can later

be treated separately, as well as to choosing the constraint addition W
(2)
ab so that the null

forms Nφ cannot possibly have these terms.

N (i)
φ in terms of Nφ: For the sake of tidiness, a lot of terms in every equation have been

put together into groups of SNFs throughout this chapter to allow us to focus on the principal

terms and those that contribute to leading order. However, because the goal of this chapter is

ultimately to write down a set of equations that are ready to be numerically implemented, we

have to be able write all terms in all equations explicitly as products of derivatives of metric

functions. In order to help the reader navigate through these SNFs we gather those terms in
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this paragraph. The SNFs named as N (i)
φ are defined as,

N (1)
φ := Ñφ − ΦÑR̊−1 +

Φψ

R̊3
(ρψ − 1)− τeϕΦA

R̊2
ρA ,

N (2)
φ :=

1

τR̊

(
CR+,ψ − CR−,ψ −

τeϕ

2
Zσ
)(

Φψ

R̊
− Φψ

)
− q

R̊3
Φψρψ +

2Φψ

R̊3
(ρψ − 1)

− τeϕΦA

R̊2
ρA + Ñφ − ΦÑR̊−1 ,

N (3)
φ :=

1

R̊
Φψ

(
−C

R
+

τ
τ,A −

CA
τ
∇TCR+ +∇TC−A − /DACR−

)
+

1

R̊2
Φψ

(
2CR−ρA +

CR−
τ
τ,A +

CA
τ
∇TCR− +∇TC+

A + /DACR+
)
. (5.161)

for all variables except R̊−1, whereas for the latter they are,

N (2)

R̊−1
:= −ÑR̊−1 −

ρψ(1− ρψ)

R̊4
− τeϕρAρ

A

R̊3
+

1

τR̊2

(
CR+ψ − CR−ψ −

τeϕ

2
Zσ
)(

2− ρψ +
ρψ

R̊

)
,

N (3)

R̊−1
:=
CR−
R̊4

ρψρA +

(
1

R̊2
+
ρψ

R̊3

)(
−C

R
+

τ
τ,A −

CA
τ
∇TCR+ +∇TC−A − /DACR−

)
−
(

1

R̊2
−
ρψ

R̊2

)(CR−
τ
τ,A +

CA
τ
∇TCR− +∇TC+

A + /DACR+
)
. (5.162)

The SNFs named Ñφ are defined in terms of Nφ as,

Ñφ :=− τeϕ

2
Nφ +

eϕ

2

(CA
τ
/D
ACR+ − /D

AC+
A

)
∇ψφ−

eϕ

2

(CA
τ
/D
ACR− + /D

AC−A
)
∇ψφ

+
1

τ
∇ψCR−(∇ψφ−∇ψφ) . (5.163)

Finally, the SNFs Nφ for each of the variables are exactly the right-hand sides of (5.101).

Identifying formally singular terms: In order to single out which terms might cause

problems, one needs to look at each equation carefully and multiply it through by whatever

required power of R̊ is in front of the leading second order term. For example, in (5.151),

the last two equations have no R̊ in front of them, so nothing needs to be done. The second

equation needs to be multiplied through by R̊3, whereas the first one should be multiplied

by R̊1+n, as can be seen in (5.159). After that, the terms we are looking for will be those that

still have some explicit positive power of R̊ left over and contribute to subleading order. We

begin with (5.151). The first equation has a formally singular term on the left-hand side upon

expanding the ∇ξ derivative

qR̊n−1Φψ . (5.164)

On the right-hand side there are no such terms outside Nφ and we leave the analysis of Nφ to

the next paragraph. Bear in mind that upstairs A indices have an implicit /gab, which contains

an explicit R̊−2, see (5.11). The second equation in (5.151) contains no formally singular

terms on the left-hand side and none on the right-hand side outside Nφ. The third and fourth
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equations have no formally singular terms at all. Note that in the good equations, namely h+

and h×, terms like (5.164) vanish since q = 0. In (5.152) we find similar terms. In the first

equation we have,

pR̊n−1(Φψ −H) . (5.165)

Note that the reduction variable associated with a bad derivative of the gauge driver does not

necessarily have decay, since the gauge driver is not an ugly, so this term seems like it diverges.

However, we have built F̌ σ1 in such a way that (Φψ −H) decays (5.97). Therefore these terms

are only formally singular. In (5.153) there are no formally singular terms outside NR̊−1 . The

only thing left to do is then to check if any of these terms show up in the original stratified

null forms.

Formally singular terms in Nφ: With the help of computer algebra we typed the wave

equations in second order form (5.101) and substituted the gauge source functions and con-

straint additions with the choices that suppress logs up to order p, (5.99) and (5.98). Once

the EFEs were written in terms of (ΓΓ)ab functions, we replaced them with derivatives of the

metric functions using all the components of
•
Γa

b
c. Then we rescaled all the variables and their

derivatives in order to make the powers of R̊−1 explicit and most of the equations have formally

singular terms that arise from the fact that bad derivatives of ugly fields have an implicit R̊−1.

So terms that are O(R−3) but contain a bad derivative of an ugly are necessarily formally

singular. However, all these bad derivatives act upon either CR+ , R̊−1 or C+
A , precisely the fields

associated with the 4 constraints. Because the constraints are essentially bad derivatives of

these functions to leading order, we can add specific combinations of the former so the latter

do not appear at third order. This is the reason why we kept the subleading constraint addi-

tion W (2)
ab free in the equations for the 10 metric variables. The constraints we have to add to

each of the equations so that the stratified null forms Nφ contain no formally singular terms

are,

W
(2)
ψψ =

∇ψR̊
R̊

Zσ +
∇ψCR−
τ

Zσ ,

W
(2)
(ψψ) =

1

τR̊
Zσ +

∇ψϕ
τ

Zσ +
∇ψC+

A
τ

ZA ,

W
(2)
ψA = −

∇ψC−A
τ

Zσ ,

W
(2)
ψA =

∇ψC−A
τ

Zσ + R̊
[
−2/gA

θρψ + sin θ/gA
φR̊∇ψh× − /gA

θR̊∇ψh+

]
Zθ

+ sin2 θR̊

[
−2/gA

φρψ + /gA
θ R̊

sin θ
∇ψh× + /gA

φR̊∇ψh+

]
Zφ ,

W (2)θθ =
2

τR̊
Zσ −

∇ψC+
θ

τ
Zθ ,

W (2)θφ = −
∇ψC+

θ

τ
Zφ , (5.166)
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and all the unmentioned components are zero. This means that these SNFs can now be

multiplied by the R̊1+n that comes from the left-hand side of the first equation in (5.151) or

the R̊3 in the second one and still not have diverging factors. We have now used up all the

freedom we had in choosing gauge, adding constraints and picking equations and reduction

variables, so the set of equations is finally complete. Equations (5.151), (5.152) and (5.153)

are a system of 55 first order differential equations that contain a few formally singular terms

which will take finite limits on null infinity, (5.164) and (5.165).

5.7 Hyperbolicity

Let us define a vector va whose entries are each of the 55 reduction variables,

v = (Φψ,Φψ,ΦA,Φ, ..., ρψ, ρψ, ρA, ρ)T . (5.167)

In order to show hyperbolicity we only need to look at the principal part so, by defini-

tion, we can disregard all the SNFs. Moreover, although we want to show that the sys-

tem (5.151), (5.152) and (5.153) is hyperbolic, we choose to work with the system in the

second coordinate system (5.127), because it is simpler and there is a straightforward way to

show that hyperbolicity gets carried over.

Hyperbolicity in second coordinate system: We take the equations before any change

of coordinates, (5.120), (5.122) and (5.123) and see that, as the the first coordinate change

leaves the directional derivatives untouched, replacing the standard radius with the areal radius

leaves us with essentially the same equations. Splitting the null derivatives as combinations

of coordinate basis vectors we can write the principal part of our system as the following,

AT̊∂T̊v = Mp̊∂p̊v + S , (5.168)

where S denotes all the non-principal terms and Mp̊ and AT̊ can be written as block diagonal

matrices,

Mp̊ = diag(P p̊ , . . . , P p̊) ,

AT̊ = diag(Q , . . . , Q) . (5.169)

Here all entries left blank are zero and P p̊ and Q can be written as,

P p̊ =


−CR+sp̊ 0 τeϕ

2 /gp̊A 0

0 −CR−sp̊ τeϕ

2 R̊/gp̊A 0
CR+
τ /gA

p̊ −C
R
−
τR̊
/gA

p̊ αsp̊ 0

0 0 0 −CR−sp̊

 , (5.170)

and,

Q =


1 0 − τeϕ

2τ̊ /g
AB C̊B 0

0 1 − τeϕ

2τ̊ R̊/g
AB C̊B 0

−C
R
+

τ τ̊ C̊A
CR−
τ τ̊ R̊
C̊A 1 0

0 0 0 1

 , (5.171)
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where sp̊ = ∂R̊
p̊ and α := −(∂T R̊ +

R̊eϕCR+
2τ Zσ). We want to show that our equations are

symmetric hyperbolic and that requires finding a matrix D such that DMp̊ and DAT̊ are

symmetric and DAT̊ is positive definite. We try the simplest possible ansatz, a diagonal

matrix and we find that a matrix of the form,

D = diag(P̃ , . . . , P̃ ) , (5.172)

and find that,

P̃ =


2e−ϕ

τ2 CR+
−2e−ϕ

τ2R̊2
CR−

/gAB

1

 , (5.173)

fulfills these criteria. To see this, we show the products P̃P p̊ and P̃AT̊ ,

P̃P p̊ =


−2e−ϕ

τ2 (CR+)2sp̊ 0
CR+
τ /g

p̊A 0

0 2e−ϕ

τ2R̊2
(CR−)2sp̊ −C

R
−
τR̊
/gp̊A 0

CR+
τ /g

Bp̊ −C
R
−
τR̊
/gBp̊ αsp̊/gAB 0

0 0 0 −CR−sp̊

 , (5.174)

and,

P̃AT̊ =


2e−ϕ

τ2 CR+ 0 −C
R
+

τ τ̊ /g
AB C̊B 0

0 −2e−ϕ

τ2R̊2
CR−

CR−
τ τ̊ R̊

/gAB C̊B 0
CR+
τ τ̊ /g

AB C̊B CR−
τ τ̊ R̊

/gAB C̊B /gAB 0

0 0 0 1

 , (5.175)

and check that these matrices are indeed symmetric. Furthermore, using computer algebra is

is straightforward to compute the eigenvalues of the matrix (5.175) and see that it is positive-

definite. We then conclude that our system of equations in the coordinates (T̊ , R̊, θ̊A) is

symmetric hyperbolic.

Coordinate change: Changing the coordinates of (5.168) to the compactified ones (5.140)

we get,

AT̊JT̊
α∂αv = Mp̊Jp̊

α∂αv + S (5.176)

⇒X∂tv = (Mp̊Jp̊
p −AT̊JT̊

p)∂pv + S ,

where X := AT̊JT̊
t −Mp̊Jp̊

t and Jα̊α are the components of the Jacobian associated to the

change (T̊ , R̊, θ̊A)→ (t, r, θ̄A). We can then write that,

∂tv = M̄p∂pv + S̄ , (5.177)

where M̄p is given by,

M̄p = X−1(Mp̊Jp̊
p −AT̊JT̊

p) . (5.178)
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It can be seen that the Jacobian of the change of coordinates and its inverse are,

J =

 1 0 0
−H ′ 1

R̊′
0

−∂θ̊AH 0 1

 , J−1 =

 1 0 0

H ′R̊′ R̊′ 0
∂θ̊AH 0 1

 , (5.179)

respectively, so that,

M̄p = X−1Mp̊Jp̊
p . (5.180)

We claim that the matrix DX diagonalizes the new matrix M̄p and to show that we only

need to prove that DXM̄i is symmetric and that DX is positive definite. It is easy to see

that DXM̄p is indeed symmetric, so let us analyze the second condition. We have that,

DX = D
[
AT̊ + MR̊H ′ + Mθ̊A(∂θ̊AH)

]
. (5.181)

Once again using computer algebra to compute the eigenvalues of this matrix we can easily

see that they are all positive. Therefore we conclude that our system in radially compactified

coordinates, (5.151), (5.152) and (5.153) is symmetric hyperbolic.
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6. Energy estimates for the good-bad-ugly model

Up until the present chapter, our results about the EFE in GHG have been heuristic.

Therefore, an important next step that we will leave mostly for future work is to show well-

posedness results for that system of equations. As a modest first step in the stride towards that

goal, in this chapter we want to establish some basic energy estimates for the ugly equation in

flat space and with given source terms. This is done firstly for Cauchy slices by reducing the

ugly equation to a good one and making use of the Klainerman-Sobolev inequality, and then

for hyperboloids using the first order reduction defined in Chapter 5. We hope to submit the

results of the following sections for publication in the near future.

6.1 Setup

Representation of the metric: We define a flat metric ηab with Levi-Civita connection

∇. As in this chapter we will be dealing exclusively with flat spacetimes, indices will be

raised and lowered with ηab except when mentioned otherwise. We introduce a global inertial

Cartesian coordinate system Xα = (T,Xi), which we require to be asymptotically Cartesian.

Let ∂α and dXα be the corresponding vector and co-vector bases. The flat covariant derivative

associated to Xα on a flat background coincides with ∇. Additionally we define the shell

coordinates Xα′ = (T ′, Xi′) = (T,R, θA), where the radial coordinate R is related to Xi

as R2 = (X1)2 + (X2)2 + (X3)2. Let ∂α′ and dXα′ be the corresponding vector and co-vector

bases. Shell coordinates have an associated flat covariant derivative
•
∇, with the defining

property that
•
∇b∂aα′ = 0. We define outgoing and incoming null vector fields in the shell

coordinate basis as,

ψa = ∂aT + ∂aR ,

ψa = ∂aT − ∂aR , (6.1)

and we write the metric with upstairs indices as,

ηab = −ψ(aψb) + /η
ab , (6.2)

where /ηAB is exactly ηAB. We define the derivative /DA for scalar functions φ,

/DAφ := /ηA
b
•
∇bφ . (6.3)

For simplicity of the expressions, the index associated with this derivative and only that index

will be raised with /ηab. We also define the vector field T a := ∂aT and denote the covariant

derivative in the direction of T a as ∇T .

The good, the bad and the ugly: In the following we summarize the type of equations

we will be using in this chapter, the assumptions on the evolved fields and some relevant
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knowledge from previous chapters. The equations we are concerned about here are,

�g = 0 ,

�b = (∇T g)2 ,

�u =
2p

R
∇Tu , (6.4)

where � is the standard wave operator built from the flat metric ηab. Throughout Chapters

3, 4 and 5 we assumed that the solutions to these equations satisfied,

g = o+(1), b = o+(1), u = o+(1) , (6.5)

near null infinity, where the notation f = o+(h) means,

∃ε > 0 : lim
R→∞

f

hR−ε
= 0 , (6.6)

which can be informally stated as f falls-off faster than h1+ε as R goes to infinity, which is

a faster fall-off than f = o(h). Let S be a Cauchy surface defined by a constant value of the

coordinate T . We also assume that our fields satisfy,

φ|S =
∞∑
n=1

mφ,n

Rn
,

∇Tφ|S = OS(R−2) , (6.7)

where mφ,n are scalar functions that are independent of T and R. Based on this, the following

theorem was shown in Chapter 3,

Theorem 8. The good-bad-ugly system defined as (6.4) admits a polyhomogeneous expansion

near null infinity of the type,

g =

∞∑
n=1

Gn(ψ∗)

Rn
,

b =
∞∑
n=1

Bn,0(ψ∗) +Bn,1(ψ∗) logR

Rn
,

u =
mu,1

R
+
∞∑
n=2

Un,0(ψ∗) + Un,1(ψ∗) logR

Rn
, (6.8)

where ψ∗ means that this scalar function does not vary along integral curves of ψ.

In theory, for the purposes fo this chapter, the assumptions on initial data (6.7) could be

relaxed to the following,

φ|S =
mφ,1

R
+OS(R−2) , ∇Tφ|S = OS(R−2) . (6.9)

However, as we have not shown the proof of a theorem analogous to Theorem 8, we will still

use (6.7).
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6.2 Energy estimates on Cauchy slices

In this chapter we aim to show a local well-posedness result for the system defined in the

last section on Cauchy slices. We found that through a careful choice of gauge and constraint

addition we can turn the EFE in GHG into a system of uglies, goods and a gauge driver which

behaves asymptotically as a good field. With this ultimate goal in mind, a good starting

point is to find an energy estimate for an ugly equation with given source terms and a natural

number p. Let us consider the single equation,

�φ =
2p

R
∇Tφ+ F , (6.10)

where F is a given function of order O(R−3) and hence cannot influence the leading order

asymptotics of the equation near null infinity. We name the evolved field φ instead of u for

ugly because this model can easily be turned into a good equation just by setting p = 0. We

will now be working with only one equation for simplicity, but results like the ones we aim

to show are easy to generalize for systems of equations. Besides that, there are two major

simplifications in this toy model, namely the fact that � is now built from a flat metric and

the choice of working with a given F instead of a combination of stratified null forms that

could depend upon the evolved fields. In this section we want to show that there is a very

close relationship between the ugly, the bad and the good equations, which can be used to find

energy estimates for an ugly field from estimates for the much better studied good field.

The standard ugly case: We assume φ satisfies the ugly equation (6.10) with p = 1,

�φ =
2

R
∇Tφ+ F . (6.11)

This simplification is done because the relation we wish to show here is simpler for this par-

ticular case and we leave an analysis of the case where p 6= 1 for the next paragraph. If (6.11)

is true we find that,

�(R∇ψφ) =
1

R
∇ψ(R2F ) . (6.12)

Considering that F is of order O(R−3) and, assuming that in the worst case scenario, its deriva-

tive along the incoming null vector field ψa does not improve its decay, then equation (6.12) is

a bad equation for R∇ψφ that becomes good if F = 0 or if a bad derivative of F improves its

decay. For simplicity let us momentarily consider that to be the case. What (6.12) tells us is

that the variable we get by hitting φ with a bad derivative and rescaling it by R behaves as a

good field would, so it is fair to say from (6.8) that it admits a solution of the following type,

R∇ψφ =

∞∑
n=1

Θn(ψ∗)

Rn
,

where Θn(ψ∗) are scalar functions that do not vary along integral curves of ψa. This is

consistent with the general expression we have for an ugly field u,

u =
mu,1

R
+
∞∑
n=2

Un,0(ψ∗) + Un,1(ψ∗) logR

Rn
, (6.13)
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where mu,1 is a function of the angles, with Un,0 and Un,1 constant functions along ψa, in

the restrictive case where Un,1 = 0. We know that good equations do not generate logs by

themselves, they rather inherit them from coupling with uglies or bad equations and there is

no coupling in this simple case. So what, in the good equation, could possibly explain the logs

generated at second order in (6.13) in the ugly one? The answer is initial data. By imposing

the conditions (6.7) like we did in the previous chapters we effectively overlooked solutions

that contain logs. For example, the polyhomogeneous expansion,

R∇ψφ =
∞∑
n=1

Θn,0(ψ∗) + Θn,1(ψ∗) logR

Rn
, (6.14)

is a solution to the good equation which we have ruled out by requiring (6.7). This solution is

not only consistent with (6.13), it also encompasses the logarithmically divergent numerators

in the sum. Let us now consider that F 6= 0, in which case the variable R∇ψφ is a bad

field. This will just generate a term proportional to logR to leading order in R−1, as we know

from (6.8), implying a solution exactly like (6.14).

Pushing logs down in the expansion: In Chapter 4 we showed that introducing a natural

number p in the ugly model as in (6.10) suppresses the second order logarithm up to order p+1

in the formal solutions we found. It is interesting to see how this property manifests in the

equation for the rescaled bad derivative of the field. Let us consider the model (6.10) with p = 2

and, instead of finding an equation for the variable R∇ψφ, we find one for ∇TΦ := R∇Tφ,

�∇TΦ =
2

R
∇2
TΦ +R∇TF +

2

R
∇ψ∇TΦ . (6.15)

We choose to work with this variable because the commutator of ∇T with � in this particular

model is cleaner. We now place the usual assumptions that good derivatives improve the decay

of solutions near null infinity, whereas bad ones do not. So we see that the left-hand side and

the first two terms on the right-hand side contribute to leading order of the solution, but the

third one does not. The asymptotic form of (6.15) is then,

− 2

R2
∇ψ
[
R2∇T (R∇TΦ)

]
' R∇TF . (6.16)

In order to make the powers of R−1 in F explicit we define the function F̃ := R3F = O(1)

and plug it in (6.16) we find that,

R∇TΦ ' Θ(ψ∗)

R
. (6.17)

The only reason why this term does not have a log is the fact that p = 2, so we can see through

this method that increasing p effectively pushes logs down in the expansion.

Finding estimates: The most interesting use for the fact that equations for uglies can be

written as bad equations or good ones for the rescaled bad derivatives of the original fields
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is that, by turning ugly equations into goods, we can then use the energy estimates that

have already been proven for the standard wave equation on Cauchy slices without the need

of coming up with new theorems which apply only to uglies. Naturally, from the discussion

above, this is most direct in flat space and in the case where p = 1. There is a theorem we

can now apply directly, but in order to state it we need to define some derivatives:

• Translations: Cartesian coordinate vector fields ∂α;

• Spatial rotations: Ωij := ηikX
k∂j − ηjkXk∂i;

• Lorenz boosts: ΩT i := ηikX
k∂T + ηTkX

k∂i;

• Dilations S := T∂T +Xi∂i.

We order these derivatives in some arbitrary way and name them Γq, where q is a natural

number that satisfies 1 ≤ q ≤ N , where N is the total number of distinct derivatives defined.

Furthermore we define the multi-index notation as follows. Given a multi-index I = (I1, ..., IN ),

where 1 ≤ Iq ≤ N , we define,

ΓI := ΓI1ΓI1 ...ΓIN . (6.18)

The Klainerman-Sobolev inequality [96] goes as follows,

Theorem 9. Let φ1 ∈ C∞([0,∞) × R3) such that φ1(T ) ∈ S(R3) for any T ≥ 0. Then the

following estimate holds for each T ≥ 0 and Xi ∈ R3,

(1 + T +R)(1 + |T −R|)1/2|φ1(T,X)| ≤
∑
|I|≤ 5

2

||ΓIφ1(T )||L2 . (6.19)

In these conditions, if φ1 = R∇ψφ and φ is an ugly with p = F = 0, then we have an

estimate for the bad derivative of an ugly field, as we wanted. In order to get a well-posedness

result on Cauchy slices, we would still need bounds on the right-hand side of (6.19), which

would mean commuting the ΓI operators with the standard flat space wave operator in order

to find appropriate estimates in L2 for derivatives of φ1.

6.3 Radially compactified ugly

In the following subsections we provide the results and tools from Chapter 5 that will be

necessary to prove an energy estimate for the ugly equation.

6.3.1 First order reduction

In order to do a first order reduction we treat each derivative of the original field φ as a

variable in its own right and then choose a sufficient number of equations so that we have one

for each reduction variable. One of them will necessarily be (6.10), but the others are not so

obvious. In the last chapter we took the torsion-free condition ∇a∇bφ = ∇b∇aφ contracted
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with the vectors ψa and ψa, and T a and /gA
a. This gives 3 more equations, since A = θ, φ, and

we now have a total of 4 equations for the 4 derivatives of the original field. The first order

reduction is complete by choosing a so-called reduction constraint, meaning the definition of

one of the reduction variables to serve as an equation for the original variable φ. However this

equation in decoupled from the rest and so our results can be shown without the complication

of adding a fifth equation to the system. For this reason we will work only with 4 equations.

The next step is to rescale the chosen variables by as many powers of R as possible and finding

equations for the resulting variables. We found in Chapter 5 that we can rescale as follows,

Φ := R̊φ , Φψ := R̊∇ψΦ ,

Φψ := ∇ψΦ , ΦA := /DAΦ . (6.20)

This choice of equations and rescalings gives the following system,

1

Rp+1
∇ψ
[
RpΦψ

]
− 1

R
/D
A

ΦA =
cot θ

R3
Φθ −

p

R3
Φψ − F ,

1

R2
∇ψΦψ −

1

R
/D
A

ΦA +
p

R2
Φψ =

cot θ

R3
Φθ −

p+ 1

R3
Φψ − F ,

2∇TΦA − /DAΦψ −
1

R
/DAΦψ = 0 . (6.21)

According to Chapter 5, the next step is to change the coordinates to a set that makes use

of the areal radius R̊ instead of the standard radial coordinate R, but in flat space these two

radiuses coincide, so we are now ready to radially compactify the coordinates.

6.3.2 Compactification

Compactification is a method used to bring null infinity to a finite value of the radial

coordinate. On a flat background, this is done by considering the coordinate system (t, r, θ̄A)

which is related to the previous one by,

T = t+H(R(r)), R = R(r), θ̄A = θA , (6.22)

where H(R(r)) and R(r) are called height and compression functions, respectively. We define

a set of vector fields associated to (6.22),

ξa = ∂at + Cr+∂ar ,
ξa = ∂at + Cr−∂ar , (6.23)

where the coordinate light speeds Cr± are fixed by requiring that the vectors ξa and ξa are null

with respect to the metric ηab. Naturally, these quantities depend upon the choice of height

and compression functions, namely,

H ′ = 1− 1

R′Cr+
, (6.24)
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where H ′ := ∂RH and R′ := ∂rR. Let us then make that choice by imposing that Cr+ = 1. We

get,

H ′ = 1− 1

R′
. (6.25)

We do not make a strict choice for the compression function, we simply require that it satisfies,

R′(r) ' Rn , (6.26)

where 1 < n ≤ 2. The lower bound on n is necessary to make r approach a finite value as R

goes to null infinity, whereas 0 < n ≤ 2 is required for numerical stability, as discussed in [94].

To find the compactified form of the equations we could now do it directly by relating the null

vectors ψa and ψa with ξa and ξa. However it pays off to do it with matrices. We therefore

define a vector va whose entries are each of the reduction variables,

v = (Φψ,Φψ,ΦA) . (6.27)

Splitting the null derivatives as combinations of coordinate basis vectors we can write our

system as follows,

∂Tv = Mp∂pv + S , (6.28)

where S denotes all the non-principal terms and Mp can be written as,

Mp =

 −sp̊ 0 /gp̊A

0 sp̊ R/gpA
1
2/gA

p 1
2R/gA

p 0

 . (6.29)

Compactifying the coordinates of (6.28) we find,

JT
ᾱ∂αv = MpJp

ᾱ∂ᾱv + S (6.30)

⇒X∂tv = (MpJp
p̄ − JT p̄)∂p̄v + S ,

where X := JT
t−MpJp

t and Jαᾱ are the components of the Jacobian associated to the change

(T,R, θA)→ (t, r, θ̄A). We can then write that,

∂tv = M̄p̄∂p̄v + S̄ , (6.31)

where M̄p̄ is given by,

M̄p̄ = X−1MpJp
p̄ . (6.32)

since the Jacobian of the change of coordinates and its inverse are,

J−1 =

 1 0 0
H ′R′ R′ 0

0 0 1

 , J =

 1 0 0
−H ′ 1

R′ 0
0 0 1

 . (6.33)
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6.3.3 Symmetrizer

At this point we need to find a positive-definite matrix D such that DMp is symmetric.

We know from Chapter 5 that a choice like,1
2

1
2R2

/gAB

 , (6.34)

works, but for our purposes it is convenient to multiply this matrix with R−2, which we can

easily see works as well,

D =
1

R2

1
2

1
2R2

/gAB

 . (6.35)

Now changing coordinates to the radially compactified set we can find an equivalent to D from

D itself. Namely,

DX = D
(

1 + MR̊H ′
)
. (6.36)

This will be an important step towards finding the energy estimates in this chapter.

6.4 Estimates for uglies on hyperboloids

Let us consider the spacetime region R as shown in Figure 6.1, bounded by an initial

hyperboloidal slice Σ0, a hyperboloidal slice at later time Σt, the boundary of a world-tube

ΣR and null infinity I +. We define the energy norm on a hyperboloidal slice Σt as,

E2(t) =

∫
Σt

vTDvdV , (6.37)

where dV is written in terms of the spatial coordinates as,

dV = R′R2drdΩ = R′R2 sin θ̄drdθ̄dφ̄ . (6.38)

According to (6.37), the energy for an ugly equation is then,

E2(t) =

∫
Σt

(
1

2R′R2
Φ2
ψ +

2R′ − 1

2R′R4
Φ2
ψ +

1

R4
Φθ̄ +

1

sin θ̄R4
Φθ̄

)
dV . (6.39)

We temporarily truncate the hyperboloid at r = r1 as shown on Figure 6.1 in order to compute

the time derivative of the energy and later we take the limit r1 → rI , where rI is the value

that r takes as R → ∞. For now we let this boundary approach the center at the speed of

light, meaning that,

dr1

dt
= Cr− = − 1

2R′ − 1
. (6.40)

Naturally, in this setting, the energy varies with t as well as with r1, so we can write that

E(t) = E(t, r1(t)). Differentiating E2(t, r1) with respect to t we get,

d

dt
E2(t, r1) = ∂tE

2(t, r1) + ∂r1E
2(t, r1)

dr1

dt

∣∣∣∣
r=r1

. (6.41)
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Figure 6.1: A schematic of our geometric setup. We truncate the hyperboloidal slices at r = r1 and
then take the limit r1 → rI .

The first term on the right-hand side can be computed by taking the t partial derivative

of (6.39) and replacing ∂tΦψ, ∂tΦψ and ∂tΦA with the right-hand sides of the field equations.

Integrating by parts gives,

∂tE
2(t, r1) =

∫
1

2

(
Φ2
ψ

R2
− Φ2

ψ

)∣∣∣∣r=r1
r=r0

dΩ +

∫
R

1

R4 sin θ̄
∂A

[
sin θ̄/g

ABΦB

(
Φψ +

Φψ

R

)]
dV

−
∫
R

p

R3

(
Φψ +

Φψ

R

)2

dV −
∫
R

F

R

(
Φψ +

Φψ

R

)
dV . (6.42)

The second term on the right-hand side is the integral of a total divergence on a 2-sphere and,

because there is no boundary, it vanishes entirely. We are then left with,

∂tE
2(t, r1) =

∫
1

2

(
Φ2
ψ

R2
− Φ2

ψ

)∣∣∣∣r=r1
r=r0

dΩ−
∫
R

p

R3

(
Φψ +

Φψ

R

)2

dV −
∫
R

F

R

(
Φψ +

Φψ

R

)
dV .

(6.43)

We now turn our attention to the second term on the right-hand side of (6.41),

∂r1E
2(t, r1) = lim

δr1→0

1

δr1

(∫ r1+δr1

r0

−
∫ r1

r0

)∫
vTDvR′R2dΩ . (6.44)

By the Leibniz’s integral rule we get that,

∂r1E
2(t, r1) =

∫
vTDvR′R2

∣∣
r=r1

dΩ (6.45)

=

∫ (Φ2
ψ

2
+

2R′ − 1

2R2
Φ2
ψ +

Φ2
θ

R2−n +
Φ2
φ

R2−n sin θ̄2

)∣∣∣∣
r=r1

dΩ .
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Putting this together with (6.40) and (6.43) in (6.41) and taking the limit r1 → rI ,

d

dt
E2(t) =−

∫
Σt

p

R3

(
Φψ +

Φψ

R

)2

dV −
∫

Σt

F

R

(
Φψ +

Φψ

R

)
dV

−
∫

1

2

(
Φ2
ψ +

Φ2
θ

R2
+

Φ2
φ

R2 sin θ̄2

)∣∣∣∣
r=rI

dΩ +

∫
1

2

(
Φ2
ψ −

Φ2
ψ

R2

)∣∣∣∣
r=r0

dΩ . (6.46)

Note that the third integral on the right-hand side contains terms that are proportional to R−2

as R goes to infinity. Based on the knowledge about the decay near null infinity of the solutions

we found in previous chapters, we would set these terms to zero immediately. However, the

point of this chapter is exactly to retrieve that behaviour from energy estimates rather than

from heuristic arguments. So we keep these terms for now. Integrating (6.46) with respect to

t we find that,

E2(t)− E2(0) =−
∫
R

p

R3

(
Φψ +

Φψ

R

)2

dV dt−
∫
R

F

R

(
Φψ +

Φψ

R

)
dV dt

−
∫

I +

1

2

(
Φ2
ψ +

Φ2
θ

R2
+

Φ2
φ

R2 sin θ̄2

)
dΩdt+

∫
ΣR

1

2

(
Φ2
ψ −

Φ2
ψ

R2

)
dΩdt . (6.47)

Our aim is to establish upper bounds for the energy E2(t), so we analyse each of the terms on

the right-hand side. The first and third integrals are strictly negative, and so can be pulled

to the left-hand side or even dropped. In fact we shall keep all those terms except those

proportional to R−2. The last term of the last integral is also strictly negative and so can be

pulled to the left-hand side. We are left with the second integral. We use the Cauchy-Schwarz

inequality to find,

−
∫
R

F

R

(
Φψ +

Φψ

R

)
dV dt 6

∫
R

(
R2F 2 +

Φψ

2R4
+

Φ2
ψ

2R6

)
dV dt

6
∫
R
R2F 2dV dt+ C

∫
E2(t)dt , (6.48)

where C is a positive constant. Plugging (6.48) into (6.47) and using Gronwall’s inequality we

finally get,

E2(t) +

∫
R

p

R3

(
Φψ +

Φψ

R

)2

dV dt+
1

2

∫
I +

Φ2
ψdΩdt+

1

2

∫
ΣR

Φ2
ψ

R2
dΩdt

6

(
E2(0) +

1

2

∫
ΣR

Φ2
ψdΩdt+

∫
R
R2F 2dV dt

)
eCt . (6.49)

On the left-hand side we have only the energy squared and strictly positive terms, whereas

on the right-hand side we have E2(0), which is solely determined by initial data on Σ0, an

integral of Φ2
ψ on ΣR, which must come from assigning boundary data, and an integral of a

given function R2F 2 across the entire region R. Note that this estimate reduces to one for the

standard wave equation only by setting p = F = 0. Equation (6.49) is then an upper bound

on the energy of solutions to the radially compactified first order form of the ugly equation

in flat space. As stated above, this is only a first step towards a well-posedness result. In
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order to achieve that we would need to find estimates for the derivatives of our original field

φ, which would imply commuting those derivatives with the wave operator, similarly to what

was done earlier in this chapter.
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We dedicate the final chapter of this thesis to wrapping up all of the results herein and we

examine the potential for new research that it may provide. For clarity, this is done chapter

by chapter.

Chapter 2 - Conformally flat slices of asymptotically flat space-
times

Working with asymptotically flat spacetimes and using the DF formalism we have made

a number of interesting findings. Starting from a set of coordinates in which the metric has

good asymptotic behavior and performing a boost that preserves this fall-off of the metric

near spatial infinity, we first found that the ADM 4-momentum is governed solely by the

leading Lorentz transformation of the boost even in the presence of supertranslation terms,

generalizing the result beyond the Poincaré group.

We then restricted our notion of asymptotic flatness in order to study conformal flatness

of boosted frames. The special property of our class is that there exist rest-frames, slices

with vanishing linear momentum, in which the spatial metric is close to conformal flatness.

Working with spatial slices that can be boosted with respect to such a rest-frame we showed

that the boost metric inherits properties from its unprojected counterpart. Using this fact and

restricting our attention to boosted slices with nonvanishing linear momentum, from which it

follows that the ADM mass and asymptotic boost must be nontrivial by our first result, we

found that the Cotton tensor in the boosted slice picks up an O(R−4) term. Linear momentum

therefore serves as an obstruction to conformal flatness in these spacetimes.

Turning our attention to the Kerr spacetime we recovered a special case of the result [18,

19, 84] that axisymmetric slices in this spacetime can not be conformally flat. More generally

it is clear that even in strongly asymptotically flat spacetimes of order O3(R−2), adjustment

of slices can only annihilate an obstruction to conformal flatness if that obstruction has a very

special structure. A complete characterization of that structure is still lacking, however.

From a practical point of view, for applications in numerical relativity, our findings sug-

gest that it may be natural to adopt a conformally flat boost metric as an ingredient in the

construction of initial data. For that one could employ a method similar to the standard

conformal-transverse-traceless decomposition of the constraints. Such a construction would

then proceed in the spirit of [23, 24]. Likewise a natural suggestion for the extrinsic curvature,

which still needs to be properly formalized, would be to make it ‘essentially’ a Lie-derivative

of the 3-metric along the boost vector. In the case of a single black hole, such data would

reduce to a boosted slice of Schwarzschild. Therefore we expect that data so constructed would

contain less junk-radiation as compared with the present moving-puncture approach. These

physically motivated choices do not obviously lead to a mathematically simple formulation of

the constraints, so we postpone further discussion for future work.
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Chapter 3 - High order expansions of the good-bad-ugly model
near null infinity

In Chapter 3 we laid out a heuristic method to predict the decay of terms beyond first

order in R−1 in the good-bad-ugly system. In its most general form the model consists of a set

of coupled nonlinear wave equations in which the three different classes of fields have different

asymptotic properties near null infinity. We began with the simplest form of this system, as

introduced in [61], built from the Minkowski metric and found that near null infinity there

exist formal solutions to this model in which the bad field may have logR terms at every order

in R−1, the ugly field may have logs from second order onward, whereas the good field has

no logs at all. We showed furthermore a recursion relation that allows us to find each order

in R−1 from the previous one to arbitrary order. The method is, however, heuristic because

we have not shown that all physically relevant solutions of the good-bad-ugly system admit

expansions of this form.

This was used as a warm-up for a more general system built from a general asymptotically

flat metric. Keeping the metric functions fairly general, insisting essentially only that they

be analytic functions of the evolved fields, we showed by induction that there is a class of

asymptotic solutions near null infinity characterized by polyhomogeneous functions, the main

difference between the three types of fields being the order at which log terms are first allowed

to appear. As the metric components were intentionally left free, a full recursion relation for a

general metric was not possible. However, we anticipate no reason why this method would not

be straightforwardly applicable to any metric with these requirements in order to find such

relations. In a final generalization to the model we considered the effect of non-linearities of

a special class that we call stratified null forms. By definition these are precisely the terms

involving products of up to one derivative of the evolved fields that fall-off faster than O(R−2).

All of our results are subsumed within Theorem 6, which says that the same type of expansion

also works out in the presence of arbitrary stratified null forms.

Chapter 4 - Peeling in generalized harmonic gauge

Consider initial data that is, in some sense, asymptotically flat and that generates a space-

time with a piece of future null infinity. Introduce coordinates and a null-frame appropriately

adapted to asymptotic flatness in a neighborhood of null infinity. If the Weyl scalars decay

like ΨN = O(rN−5), with r a radial coordinate naturally constructed from the adapted co-

ordinates, then the Weyl tensor is said to peel. Whether or not the Weyl tensor peels is

intimately tied both to the specific notion of asymptotic flatness imposed on initial data, and

to the coordinates and frame employed. Described as such, the notion of peeling appears

rather pedestrian. It could be that even within a strict class of initial data one could conclude

that the Weyl tensor both peels and does not peel, depending on the choice of coordinates

and frame. A refined formulation, for which we have much sympathy, would be to say that
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the Weyl tensor peels if any set of coordinates and frame can be found in which the afore-

mentioned decay is manifest. In practice it is often the more pedestrian notion of peeling

that is of concern, since that is directly related to smoothness at null-infinity within the gauge

employed. Besides which, demonstrating that no coordinates exist in which peeling holds is a

much less concrete task than examining specific cases of interest.

A fundamental ingredient in the small-data global existence result in harmonic gauge [97]

was to understand and control terms in the metric components of the asymptotic form logR/R

near null infinity. Since such terms decay more slowly than solutions to the wave equation

and appear in the presence of any gravitational wave content, the questions arise: could the

peeling property generically be satisfied when using harmonic gauge, even with a very strict

notion of asymptotic flatness? Assuming that this is not the case, could peeling be recovered

for the same type of initial data by using a suitable generalized harmonic gauge?

The main achievement of this chapter was to address these questions by exploiting the

formal asymptotic expansions of Chapter 2. We found that there are choices of gauge and

constraint addition which give rise to a violation of the peeling property. For this it was neces-

sary to generalize the last theorem of Chapter 2 to include systems of any number of good, bad

and ugly equations with stratified null forms, as well as to generalize the notion of ‘ugly’. This

was to establish that such a system admits formal polyhomogeneous asymptotic solutions near

null infinity for a broad class of initial data. Since in general the metric components gµν with

respect to the GHG coordinate basis ∂µ does not fall into our good-bad-ugly categorization,

these methods cannot be directly and cleanly applied to the standard formulation of the EFE

in GHG (in which gµν are the variables). However, exploiting that this categorization and the

first order system discussed in [63] and [34] are based on the privileged role played by null

directions, we have introduced a reformulation of the EFE in GHG where the variables are

written in terms of the coordinate lightspeeds (encoding the non-trivial components of the

outgoing and incoming null vectors). One point to notice here is that in [63] and [34] the

null directions are those of the Minkowski spacetime while in the formulation discussed here,

the null directions are the (true) null directions in (M, g). This special set of variables has

the property that, the evolution equations in the EFE in GHG, upon a choice of gauge and

constraint addition, have the structure of a good-bad-ugly system.

This was carefully seen in section 4.4 by considering the Cartesian harmonic gauge and

then adding constraints in order to maximize the number of uglies. Analyzing the asymptotic

system via computer algebra, it was possible to use the theorem shown in section 4.2 to find

the maximum power of logR that each variable may have at each order up to 3rd in R−1.

Computing the leading order terms in the Weyl scalars, we were able to assert that, at least

within the formal expansions framework of Chapter 2 the peeling property is not, in general,

satisfied by solutions in this gauge, as these contain leading terms proportional to logR, instead

of only negative integer powers of R.

Hence, physically relevant spacetimes evolved (say numerically using the EFE in GHG),
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will not, in general, possess a smooth null infinity in that gauge. We saw, however that it is

possible to choose the gauge and constraint addition carefully to guarantee that terms propor-

tional to logR do not appear in the few first orders of the metric components, hence recovering

peeling within the same class of initial data. Interestingly, in contrast to the order-by-order

approach used for harmonic gauge in the post-Minkowskian setting [98] the generalized har-

monic strategy we apply suppresses logR terms down to a finite order all at once, and may

therefore be of use in that context.

It is furthermore interesting that the violation of peeling identified in Chapter 4 occurs

for Ψ2 and is of the form logR/R3. This formally coincides with the violation of peeling

reported in [99]. But unlike Chapter 4, the result of [99] was given in the Newman-Penrose

gauge [43]. Establishing a relation between the gauges used in Chapter 4 and other gauges

such as the Newman-Penrose gauge or the F-gauge of [100] is of deep interest but requires a

delicate analysis that will be done elsewhere. In the framework of the formal expansions of

solutions to the CEFEs discussed in [99], see also [100], the violation of peeling can be related

to a regularity condition at the level of the initial data in terms of derivatives of the Bach

tensor of the initial conformal metric evaluated at spatial infinity. The main focus of this

chapter has been on the evolution equations and the choice of gauge. However, the relation

between the class of initial data, solutions to the Hamiltonian and momentum constraints, and

the terms appearing in our asymptotic expansions, and ultimately in those responsible for the

violations of peeling, is of particular interest and deserves a full study in itself, so is left for

future work. It should be stressed that the asymptotic expansions derived here as well as those

reported in [99] are formal and the relation between the expansions and actual solutions is yet

to be established. Nonetheless, the proof of the global stability of the Minkowski spacetime

of [83] predicts a decay for the Weyl scalars which, despite not being polyhomogeneous, does

not follow the fall-off predicted in the classical peeling theorem [43], and hence shows the

failure of peeling for generic initial data. The classical peeling result in the setup of [83] can

be retrieved by restricting the initial data as shown in [101]. See also [73] for a proof of the

nonlinear stability of the Minkowski spacetime with polyhomogeneous initial data leading to

polyhomogeneous spacetime metric developments. Perhaps one interpretation of the results

here is that the violation of peeling induced by the logR/R terms in the metric are, in a sense,

pure gauge. The expectation is that within a larger class of initial data, peeling will fail in

the more refined sense, that is, in such a way that it cannot be restored by a simple change of

gauge.

Chapter 5 - Regularizing dual-frame generalized harmonic gauge
at null infinity

Continuing our research program on the inclusion of null-infinity in the computational do-

main, in Chapter 5 we studied the hyperboloidal compactification of the dual-frame generalized
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harmonic gauge formulation. Our aim was to obtain the most regular form of the equations of

motion with this formulation on the compactified domain. We have given a procedure which,

upon careful choice of gauge and constraint addition, allows us to turn the Einstein field equa-

tions in generalized harmonic gauge into a set of 11 second order differential equations, 10 of

which fall into the categories of good and ugly, whose asymptotic solutions behave respectively

like those of the wave equation or decay faster. The eleventh is a wave equation satisfied by a

gauge driver, an auxiliary function that is used to sway the asymptotics of one of the metric

functions without spoiling hyperbolicity. As shown in [2], polyhomogeneous expansions of

ugly fields may have logarithmically divergent terms in subleading orders in R−1. Our method

allows us to make sure that those terms are not generated below a specified order. Therefore,

this approach effectively provides a way to help regularize the equations at null infinity. As the

character of the metric functions is determined solely by their asymptotics and that of their

first derivatives, the choice of gauge and constraint addition that allows for this to happen is

not unique.

Treating the first derivatives of the original variables as evolved variables in their own right

we transformed the system of 11 second order wave equations into a set of first order equations.

We then made use of the torsion free conditions to find additional equations for the remaining

variables and regarded the definitions of the reduction variables as reduction constraints and

transformed to a radially compactified hyperboloidal coordinate system. Formally singular

terms were identified in most of the equations and almost all of them were then canceled

through another constraint addition at subleading order, leaving the final set of equations with

only two kinds of simple formally singular terms that can be dealt with easily using L’Hôpital’s

rule. What is more, one of these two types of singular terms serve the specific purpose of

suppressing unphysical radiation fields that are otherwise present when using harmonic-like

gauges. We concluded by showing that the final system is symmetric hyperbolic. Despite

the presence of formally singular terms, one strength of the approach from the numerical

perspective is that it is very close to standard formulations used in numerical relativity. We

have thus opened the possibility to use well-established numerical techniques to treat to the

strong field region (including for instance compact binaries) in conjunction with our proposed

setup for compactification.

In this chapter we have focused exclusively on the evolution problem and ignored com-

pletely the question of finding suitable constraint solved initial data. Nonetheless we note that

the constraint equations on hyperboloidal slices have been studied, see for example [57, 102–

104], and we expect that such data can be constructed numerically and evolved using the

formulation put forward. Another shortcoming of the derivations here is that we have viewed

the field equations primarily as a set of partial differential equations rather than geometrically.

Aesthetically it is therefore appealing to give a more geometric version of the formulation, but

that is again work for the future.
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Chapter 6 - Energy estimates for the good-bad-ugly model

We showed a deep connection between uglies, bads and goods. Namely, if a given field

satisfies an ugly equation with p = 1, then its rescaled bad derivative must satisfy a good

equation in the absence of source terms and a bad one in their presence. In other words, the

commutator of the rescaled bad derivative of an ugly is better than for the standard wave

equation, which implies better decay near null infinity. This property of ugly fields was shown

for flat space but some generalization of it is expected to carry over to wave operators built from

general asymptotically flat metrics. With source terms, as the equation for the bad derivative

of the field is a bad, one expects a log to form right at first order in R−1 in an expansion of

solutions near null infinity. This is completely consistent with our heuristic analysis of the ugly

equation because that corresponds directly to the logs we know are generated at second order in

the latter. It is interesting to see that without source terms (F = 0), from our analysis of good

equations in Chapter 3 one would not expect logs to form. This seems to be in contradiction

with what we know about ugly equations, where even in flat space there are logarithms from

second order in R−1 onward. The reason for that is that our assumptions on initial data in the

study of the wave equation effectively neglect solutions that contain logarithms, which means

that we can insert initial data already with logarithms and find solutions to the standard wave

equation with those terms. This would explain the presence of logs in the ugly equation at

second order in the absence of sources. One important consequence of these results is that they

allow us to use already existing well-posedness theorems for the standard wave equation on

Cauchy slices to retrieve information that is valid for the ugly ones, and effectively bypassing

the process of proving energy estimates for this specific type of equation. Namely we can use

the Klainerman-Sobolev inequality to show that the rescaled bad derivative of the ugly field

has extra decay with respect to the good field. These results are shown specifically for the

case p = 1, which seems to have a more clear relationship to the good equation that the more

general p 6= 1.

The second part of this chapter was dedicated to estimating the energy of an ugly equation

with any p and any given source terms F , in radially compactified coordinates on hyperboloidal

slices. This proof was made significantly shorter by making use of the tools laid out in Chapter

5 where we wrote a first order reduction of an ugly equation, compactified the radial coordinate

and showed symmetric hyperbolicity by resorting to a symmetrizer. Reducing all this to the

case where the metric is flat and the stratified null forms are given functions, computing the

energy is a fairly straightforward calculation. Then we computed its total time derivative

and integrated in order to find integrals that we could easily estimate through Gronwall’s

inequality. This allowed us to find an upper bound for the energy of an ugly.

The aim of this chapter is to be a modest first step in the stride towards a robust local

well-posedness result for the regularized compactified first order form of the EFE in GHG as

they were presented in Chapter 5. More steps are being taken as I write this in order to find
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appropriate estimates for the first derivatives of the field and we hope to publish those results,

along with the ones in this chapter very soon. In the near future, we want to generalize this to

include general asymptotically flat metrics, several good and ugly equations and source terms

which are allowed to be functions of the evolved fields themselves and their derivatives, as we

know is the case with GR in GHG.

136



Bibliography

[1] M. Duarte and D. Hilditch, “Conformally flat slices of asymptotically flat spacetimes,”

Class. Quant. Grav., vol. 37, no. 14, p. 145018, 2020.

[2] M. Duarte, J. Feng, E. Gasperín, and D. Hilditch, “High order asymptotic expansions

of a good–bad–ugly wave equation,” Classical and Quantum Gravity, vol. 38, no. 14, p.

145015, Jul. 2021.

[3] M. Duarte, J. C. Feng, E. Gasperin, and D. Hilditch, “Peeling in generalized harmonic

gauge,” 2022. [Online]. Available: https://arxiv.org/abs/2205.09405

[4] M. Duarte, E. Gasperín, J. C. Feng, and D. Hilditch, “Regularizing dual-

frame generalized harmonic gauge at null infinity,” 2022. [Online]. Available:

https://arxiv.org/abs/2206.13661

[5] J. W. York, “Gravitational degrees of freedom and the initial-value problem,” Phys. Rev.

Lett., vol. 26, pp. 1656–1658, 1971.

[6] ——, “Role of conformal three-geometry in the dynamics of gravitation,” Phys. Rev.

Lett., vol. 28, pp. 1082–1085, 1972.

[7] ——, “Conformally invariant orthogonal decomposition of symmetric tensors on rieman-

nian manifolds and the initial value problem of general relativity,” J. Math. Phys., vol. 14,

p. 456, 1973.

[8] J. A. Isenberg, “Waveless approximation theories of gravity,” Int. J. Mod. Phys. D,

vol. 17, pp. 265–273, 2008.

[9] T. W. Baumgarte, G. B. Cook, M. A. Scheel, S. L. Shapiro, and S. A. Teukolsky, “General

relativistic models of binary neutron stars in quasiequilibrium,” Phys. Rev. D, vol. 57,

no. 12, pp. 7299–7311, 1998.

[10] J. W. York, “Conformal ‘thin-sandwich’ data for the initial-value problem of general

relativity,” Phys. Rev. Lett., vol. 82, pp. 1350–1353, 1999.
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