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1 Abstract

In this project we study three variable mass systems - a rocket, an isotropic radiator and an accreting body.
In the first system, we derive a general relativistic version of the rocket equation as done in [1]. For the
isotropic radiator, we show that the power emitted by the radiator measured at infinity obeys a remarkably
simple relation to the power measured in the radiator’s locally inertial frame, generalizing a result derived
in [2]. For the accreting body model, we present a qualitative and quantitative study of its behavior, proving
that for the de Sitter metric (with scale factor a(t) = ¢') the total accreted mass is finite, contrary to what
happens in Minkowski spacetime.

2 Introduction

Systems of variable mass are discussed (in the context of Newtonian mechanics) in many undergraduate
mechanics textbooks, such as [3] and [4]. Although there are quite a few papers (for example, [5] and [6])
studying variable mass systems in Special Relativity, there seems to be a lack of literature addressing the
problem in the context of General Relativity. In this project we study three diferent examples of variable
mass systems.

We start by providing a simple proof of the rocket equation in General Relativity, following [1]. We then
study an isotropic radiator, giving a closed form expression for the power measured by an observer at
infinity, proving that it does not depend on the presence of external forces, and that, in the absence of
forces, the radiator remains on a geodesic. Astrophysically, this could be relevant for binary systems
evolving near supermassive black holes in active galactic nuclei [2]. In that particular case, our general
formula recovers the one in [2]. Finally, we study a system where a celestial body is accreting dust and
study its trajectory in the Minkowski and De Sitter spacetimes. We will consider that our spacetime is a
smooth (3 + 1)—dimensional manifold endowed with a Lorentzian metric g and the Levi-Civita connection
V. We will use Einstein’s summation convention, the signature (—, +, +, +) and geometrized units (¢ =
G = 1). Finally, we will be working in the approximation that the particle’s mass does not affect the metric.

3 Derivation of rocket equation in General Relativity

As an approximation, we take the rocket to be modelled as a point-like particle such that its trajectory
is given by a smooth future-directed timelike curve ¢ : I = [r9, 1] € R — M, which we assume to be
parameterized by the proper time 7. The rocket ejects particles to accelerate, implying that its mass is
not a constant function but a smooth function m : [y, 1] — R™ satisfying n < 0, where 7 denotes the
derivative of m with respect to the proper time. As one last assumption, consider that no forces besides
the thrust force act on the rocket. We know that as the rocket accelerates its 4-momentum will not be
conserved (since it is losing mass) and thus

Vi(mé) + J =0, (1)

where J is some vector field. Equation (1) implies that J represents the instantaneous rate (with respect
to 7) at which energy-momentum is carried away by the exhaust. This interpretation and the fact that the
speed at which particles are exhausted is less or equal to 1 constrains J to be a timelike or null, future-
directed vector field. This is a physical assumption, which is justified in the next paragraph. Now notice
that
J = =i = Vet = =i (¢4 Vi) = =i 6+ V), (2)
m

where V = 2tV ¢ is spacelike since it is ortogonal to a timelike vector: the curve is parameterized by

m

proper time, so (¢,¢) = —1 = (V¢¢,¢) = 0. In this context assuming i < 0 is reasonable because if



(7o) = 0 for some 7y € I then, at least in that instant, J must vannish because otherwise it would become
spacelike; in turn, 4-momentum is conserved and this variable mass formalism is not necessary. It is also
required J being timelike or null means that (J, J) < 0 < m?(¢, ¢) + m*(V,V) <0 < (V,V) < 1. Thus
0 < |V| < 1, allowing us to interpret |V| as the exhaust velocity measured by the rocket, which we will
approximate as constant (|V| = v). Note that if J were not timelike or null, we would get that the exhaust
velocity is superluminal. Note that the second and last equality in (2) imply that

d 1
mVee =mV = m|V.e| = —m|V] = d—log(m(ﬂ) = —;|Véc’|.
T

The minus sign comes from the fact that we are considering i < 0. Integrating with respect to proper time

yields the rocket equation:
mi = mo eXp (—11} / |VCC| dT) R (3)

where m; = m(t;), for i = 1,2. It is worth comparing this result to the Newtonian version of a rocket under
the effect of a gravitational field § = § (Z(¢)):

Mo = 1 eXp (11] /t:l 17— g (#(t)) | dt) : (4)

where we see that the gravitational field appears explicitly as opposed to equation (3) where the gravita-
tional terms are "hidden" in the connection V.

4 The isotropic radiator

The isotropic radiator consists of an object that emits photons isotropically (see Fig.1). Once again we take
the object to be a point-like particle travelling along a smooth future-directed timelike curve ¢ : [r, 1] C
R — M, parameterized by proper time. There are at least two relevant questions to be asked:

i) What is the emitted power as measured at infinity?

ii) Does the radiator follow a geodesic?

Figure 1: This drawing illustrates the radiator’s spatial trajectory. The red arrows represent the 3-velocities
of the emitted particles, while the blue arrow represents the radiator’s 3-velocity.

The key equation in this problem is

E = —WOU» (5)

where p and u denote the 4-momentum and the 4-velocity of the particle, respectively, £ is the covariant
derivative and W, is minus the rate at which the energy of the particle changes with respect to the proper
time, that is, the emitted power measured in the radiator’s rest frame. Before answering the relevant
questions we will provide a simple derivation of equation (5) and show the proper way to define energy in
this context.



Derivation of the equation of motion

We can, w.l.o.g., choose a locally inertial frame (l.i.f.) such that u# = (1,0,0,0) for a given proper time
7 = 7 (and consequently p = (m,0,0,0)). This yields

dp dm (duo du' du? du?’) _dm dm
|-

E(T*) = E(T*)(LQO’O) +m(T*) dr dr dr ) dr E(T*)(LO’QO) = E(T*)U(T*% (6)

because the isotropic radiation cannot accelerate the particle in any direction as seen in the L.i.f.! Because

we expect 4 < 0 we define W, := — %42 Then we get
d
() = ~Wo(r)u(r.), 7)

in the locally inertial frame. Since 7. is arbitrary, applying the Einstein Equivalence Principle principle we
obtain equation (5).

(Killing) energy and defining energy at infinity

In this problem we will consider the metric to be stationary, meaning that K := % is a Killing vector?.
We will also take the metric to be asymptotically flat. We know that the energy of an emitted photon, as

measured in the radiator’s frame, is given by
Eloc = _<ﬁa u)a (8)

where p is 4-momentum of the photon. To see that this makes sense, we can just compute it in a L.i.f.
where it yields 50, as expected. To compare the energy at infinity to when it is first emitted we need a
quantity that is conserved (along the photon’s worldline). To that effect, we define the (Killing) energy to
be

E .= —<p7K>. 9)
We shall first prove that the photon’s (Killing) energy, E, is conserved along its null geodesic and then give
a physical interpretation of this energy definition. We'll start by noting that:

d . Dp _ DK , .
—=——((p,K)=—( == K ) — —— ), for the aff A . 1
N N (P, K) <d)\’ > <p, N >, or the affine parameter A associated to p (10)

Since the photon is a freely propagating massless particle, % =0 = <%, K> = 0. For the other term,
note that

. DK o o
<p, CM> = OV Ko = PPV K,. (11)

Since p*p” is symmetric, only the symmetric part of V3K, which we denote as V3K, will contribute.
Recalling that K is a Killing vector field, we have V 3K,y = 0, and so
dE
— =0 12
=0, (12)
allowing us to conclude that the energy of an emitted photon is conserved as it travels to infinity. We can
now interpret the meaning of the definition (9). Note that, in general, (K, K) # —1. However, since the
metric is asymptotically flat we know that as we approach infinity (K, K') approaches —1. If we consider

"In fact the radiator does not have to be isotropic, it suffices that at each instant it emmits photons with the same energy in
opposite directions.
2Recall that since K is a Killing vector it satisfies V(3Ka) = 0, where V(3 K ) denotes the symmetric part of Vg Ka.



a stationary observer at infinity, i.e. one whose worldline is an integral curve of K, then we must® have
Uoo = % = K. This means that £ = —(p, K) = —(p, us). This result allows us to interpret E as the total
energy of a photon (see page 139 of [7]). For the rest of these derivations, whenever we speak of energy,
we mean the Killing energy.

Power at infinity

After an emission event, conservation of 4-momentum implies

dE _ dEotal

dr dr ’ (13)

where Ei... is the energy all the photons that have been emitted up to the instant where the equality is
being evaluated. Note that, despite each individual E being conserved, there is a measured power at
infinity because the number of photons keeps increasing with each emission. The fact that the energy
of each photon is conserved ensures that the computation we are going to do corresponds to the actual
power measured at infinity.

The power measured by a stationary observer at infinity, with time coordinate ¢, is

dr d 1 d 1 /Dp 1/ DK
co — T, ;. L= —Q(57 P =0 73K -0 sy T /> 14
W dt dTE ud dr v, K) u9 <d7’ >Jr u? <p dr > (14)

The second term on the r.h.s. is zero by the same argument as the one shown before equation (12).Then,
we have W, = 4 <%,K>. Using equation (5) we get:

T

1 ()

WOO = 7*WO <U,K> = 7@

= Wo. (15)

This is the relationship between the rate at which energy changes as measured in the radiator’s frame and
the rate at which energy changes as measured by a stationary observer. This result had been obtained
(in a particular case) in equation (S.93) of [2].

In the Minkowski spacetime, for instance, we have ©° = —uy meaning that W, = Wj. This result is rather
surprising as it shows that the redshift and beaming associated with the emission by a moving isotropic
radiator have no net effect. If the metric is diagonal then uy = goou® = Woo = —gooWo. In particular, for
the Schwarzschild spacetime we get

2M
Woo:<1—>W0. (16)
T
Proof that radiator follows a geodesic
Using the Leibniz rule we can see that
Dp 3 dm
—= = = (u- Wl = —— Wl 17
gy = U Vg(mu) = (u-m)u+mV,u dTqumV u (17)
Using equation (5), we are able to write
mVu = (—WO — dm> u =0, (18)
dr
where we used the fact that W, = — 4. 0O

3Because uo is a unit vector that points in the same direction as K. Note that |K| := /|(K, K)|.



Adding an external force
If the radiator is subject to an external force F', equation (5) becomes:

D
L Woust F (19)
dr

To determine the power emitted by the source, as measured by an observer at infinity, we see that we
must compensate for the power that comes from the force, i.e,

dE dE
(G (@),) 0

where (4F) . is the power transmitted to the particle by the external force F. To derive an expression for
this power, it is easier to (temporarily) set W, = 0 which corresponds to no emission by the radiator. In

that case, 22 = F, and

dE dE dE dr 1 d 1 /Dp
— ] =— =——=-——(pKy=——{(— K 21
(dt)F dt ard ) u°<dT’ > 1)
Wop=0
where the term <p7 %> vanishes for the same reasons as in equation (14). We then have
dE 1
— | =—-— (F,K). 22
(%) ——wwm 2)
So we see that, in the general W, # 0 case, the power at infinity is
deE 1
o =——— —(F,K). 2
W, i a (B (23)
From equation (23), it follows that
1 /Dp 1 1 1 ug

that is, precisely the same result as before. It is remarkable that all the effects influencing the emitted
radiation, such as beaming, Doppler shifts, and anisotropic emission, ultimately combine to yield such a
simple expression.

Similarly, in the presence of an external force, equation (17) becomes

dm

mV,u = — <Wo + dT) u+ F. (25)
We can decompose F' as the sum of a component F* along « with a component f orthogonal to u, i.e.
F = F'u+ f. (26)
Plugging this in (25) yields

dm

mVu = — (Wo +
dr

- F“) u+ f. (27)

Since the curve is parameterized by proper time we know that the 4-acceleration is orthogonal to the
4-velocity, implying that ?TT = —Wy + F*. Thus,

mVyu = f. (28)



We conclude that the radiator only follows a geodesic if f =0, i.e., F = F"u.

5 The accreting body

The accreting body is a toy model for an object that absorbs particles (without radiating) as it is travelling
along its worldline. Consider that the body has cross-sectional area .S, that the particles’ behave as a dust
with 4-velocity U and that their density is given by some smooth scalar field p. A possible application of this
model is to approximate the behaviour of a black hole absorbing particles as it travels accross interstellar
space.

Minkowski derivation

We start by noting that U and the body’s 4-momentum p are contained on a plane and are the only two
directions in the problem, so the geometry of this problem is purely two-dimensional. Due to this we can,
without loss of generality, chose axes such that U is the time axis and the other is some vector orthogonal
to it that we will call E; (see Fig.2).

Figure 2: Choice of frame for this problem.

The volume swept by the body in a proper time interval At is approximately V = %ATS = u*A7S, where
u® = (u, Ey). Considering that the particles are absorbed by the body, the change in momentum of the
body is given by p(t + A1) = p(1) + pV U = p(7) + pu*ATS U. Dividing by A7 and taking the limit as
AT — 0 gives the equation of motion
dp = pSu”U. (29)
dr
Seeing as we seek to generalize equation (29) to curved space, the need to write this in a manifestly
covariant manner is clear. To that effect, we can note that the 4-vector

Vi=u+ (u,U)U (30)

is such that (U, V) = 0. Note as well that [V| := [(V,V)|z = Vw,u) +2(u, (u, U)U) + (u,U)2(U,U) =
(u,U)2% — 1, since (u,u) = (U, U) = —1. Normalizing the vector,

El:L: u+ (u, U)U (31)

Vi {u, U>2—1'

We can use equation (31) to write «” in a coordinate independent manner as

= (u, By = <u“+<“U>U> — /U2 1. (32)

(u,U)2 -1

Note that since u, U are future-directed timelike unit vectors, we have —(u,U) > 1 = (u,U)? > 1 which
ensures that v* is always well defined (as we would expect).



Plugging (32) back into equation (29) we obtain the equation of motion
Z—p = pSv/{(u, U2 =1UT. (33)
-

Accretion in curved space

The natural generalization of equation (33) to curved space is

D
d—p = pS\/(w, UV —1U. (34)
-
It is worth noting that since w is unit, <u, %> = iy u) + (u, B4 = —9m This implies that the u
component of equation (34) is

I SV U~ 10, U). (35)

We shall now study this equation of motion for the Minkowski metric and the de Sitter metric with a(¢) = e'.
In both cases we will consider U = %.

Case 1 - Minkowski and Newtonian limit

We will supress the dimensions that are not relevant to the problem, so that we can write u* = (1,0). Itis
useful to introduce the rapidity ¢, defined by the equation v := tanh ¢ where v is magnitude of the body’s
3-velocity. Note that u® = 9 = » = cosh ¢, and, since (u,u) = —1, we conclude that u® = sinh ¢. Note
that equation (35) can be written in the following form,

dm

—— = pSsinh ¢ cosh ¢, (36)
dr
where we used the fact that (U, u) = — cosh ¢. Now we can tackle equation (29) by writing it component-
wise,*
p° = pSu”®
(37)
p*=0

We conclude that p, is a conserved quantity, which we already expected from the translational symmetry
of our problem (with the assumption U = %). It will be useful to write p* = 0 <= mu”® = C, C' € R. Using
the rapidity this equation becomes

msinh ¢ = C. (38)

It is worth noting that this allows use to consider m = m(¢) = ﬁ The other equation then becomes
d 0 d . . ;. .
d—(mu ) = pSu” — d—(m cosh @) = pS'sinh ¢. <= i cosh ¢ + m¢ sinh ¢ = pSsinh ¢. (39)
T T
Plugging in equations (36) and (38) we get

. _ﬁ . .3
o= e sinh®(¢). (40)

We will now consider initial conditions for this problem (m(0), $(0)) = (mo, ¢o) With mg, 9 > 0. Since
m(7) > 0 for all 7 in the solution’s domain, equation (38) gives us m(7)sinh(¢(7)) = C = mgsinh(¢g) >
0 = ¢(r) > 0 for all 7 in the solution’s domain. Since C, ¢ > 0, equation (40) implies ¢ < 0, so we know

4We are using the dot to denote the derivative with respect to the body’s proper time.



that ¢ is decreasing. From equation (40), ¢ > 0 and ¢ < 0 one can prove® that lim, 1o ¢(7) = 0. Using
equation (38) this allows us to conclude that lim, , 4 oo m(7) = lim; 4 o0 m = +oo. Altough one can
solve equation (40) and get a cumbersome expression for ¢(7), for our purposes that is not very useful.

For small ¢, i.e., the Newtonian limit we have that ¢ ~ v and equation (40) yields

C 1 Vo
UNT) =@ e g5—F—7— = —U(T) = —F/———, 41
O =\ 55D =" = (41)
mo
where we related the initial conditions® to the integration constants by C' = vymy and D = —2‘%5:’}—00 A

good sanity check is that p — +00, S — 400, 7 — +00, and vy — 0 all yield v — 0, as one would expect.
Plugging equation (41) into equation (38) gives us

2pSvg
-

m(1) = /2pSCVT — D <= m(7) =moy/1+ (42)

mo
An interesting feature of this result is that the accreting mass in Minkowski will never stop, it will move
indefinitely, accreting infinite mass. When the approximation ¢ < 1 is not valid, we can solve (40) numeri-
cally to get a better grasp on how the system evolves (Fig. 3). Thinking in terms of the black hole model,
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(a) Mass ratio as a function of the proper time. (b) »” ratio as a function of the proper time.

Figure 3: Numerical solutions of equations (38) and (40) for different choices of pS. Dashed lines represent
the ¢ < 1 explicit solutions. Initial conditions were mg =1 and ¢y = 1.5.

T’;—SO is the fraction of the black hole’s (starting) mass which is gained by per unit length. The choice of
parameters was such that % was a low number since that is what we physically expect.

Case 2 - de Sitter universe
We shall now study what happens in the de Sitter universe, modeled by the metric
ds* = —dt* + €*' (da® + dy® + d2?). (43)

In order to properly understand this metric we must first understand the geodesics. We shall consider
that the particle is following a timelike trajectory and that it is parameterized by proper time. Considering
the lagrangian L = g, i"3" = —{? + ¢* (3'32 + 9%+ 22); the Euler-Lagrange equations yield the following

5| have discovered a truly marvelous proof of this, which this PIC1 page limit is too small to contain. See appendix A.
SNote that, in the regime ¢ < 1, ¢o ~ vo.



geodesic equations:

forgi: L (thdsi) =0<+= 2" = C;e " where C; € R. (44)
dr
for ¢: t+e* (9‘52 + 9% + 22) =0<=1t+C% % =0, where C? = C? + C3 + C2. (45)

We can multiply equation (45) by ¢ and integrate to get i> — C%e=2* = A. Since the particle is being
parameterized by proper time, we must have —L = {2 — C%?e 2 = 1,whence A =1 — {2 =14 C?e 2.
It is easy to check that ¢(7) = log (C sinh(7 — 7-0)) with 7y € R is the solution to the differential equation.
Simple calculations yield

t(r) = log (C sinh(7 — 7‘0)), (46)
z'(1) = D; — % coth(r — 7p). (47)

Unlike in Minkowski spacetime, in this metric freely falling particles tend to a halt, i.e., lim, _, , o, #*(7) = 0.
Note that for our problem we can consider fixed y, z which corresponds to C; = C3 = 0. Let us now
consider the accreting body, that is, equation (34). To solve it we choose the orthonormal basis {EO =

2. By = e_t%}. In this frame U* = (1,0) and u* = (cosh ¢,sinh ¢) where ¢ is the rapidity. We can
then project equation (34) along u* and along n* = (sinh ¢, cosh ¢), since (n,u) = 0. To determine the
projection along n we see that (n, 22) = m (—no (%)0 +nt (%)1) = m(¢ + sinh(¢)). From here, we
note that (u,U) = —cosh¢ and (n,U) = —sinh¢. It can be shown (see appendix B) that for the initial
conditions (m(0), »(0)) = (mo, ¢o), mo,do € RT we get the following ODE system:

C(ITT = pS'sinh ¢ cosh ¢

with initial conditions (m(0), $(0)) = (mo, ¢o); mo,do € RT.  (48)
% — —sinh¢ — 22 sinh? ¢

m

It is possible to show (see appendix C) that system (48) implies that

Moo := lim m(T) =me4/1+ M (49)
T—+00 mo

This is an exact formula, and it shows that the total mass that was gained by accretion, Am := m, —my, IS
a finite quantity, unlike the Minkowski case. This is because in De Sitter the rapidity decreases at a much
faster rate due to the expansion of spacetime. To get a better understanding of the solutions of system
(48) we can solve them numerically, as was done for the plots of Fig.4.

The various pS plots for u* are practically indistinguishable because of our choice of low values for pS.

6 Conclusion

We have studied the three variable mass systems, from a qualitative and quantitative standpoint. It is worth
highlighting equation (24) for its remarkable simplicity and generality. We also proved that the accreting
body’s mass increase after infinite time is infinite in the Minkowski spacetime and finite in the de Sitter
spacetime (with a(t) = e?). To improve the use of the accreting body as a black hole model, future work
could involve considering that the accreting body’s surface area is not constant (S  0) and that the dust
density changes over time (p # 0), which is what one would physically expect in De Sitter spacetime.
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(a) Mass ratio as a function of the proper time. (b) »* ratio as a function of the proper time.
Figure 4: Numerical solutions of system (48) for different choices of pS. Dashed lines in (a) represent =

for each pS choice. Initial conditions were my = 1 and ¢o = 1.5. Note that the scale on the x axis differs
from the one used in Minkowski time due to the fact that a(t) = e’ implies ¢ is dimensionless.
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Appendix A - Simple proof that rapidity goes to zero as 7 — +oo
(Minkowski spacetime)

Since ¢ is smooth, decreasing and bounded below by 0, we know that there exists a non-negative limit.
Suppose that limitis L > 0, i.e.,
lim ¢(r) =L >0.

T—+00

Since ¢(7) > L and sinh is an increasing, injective function:
sinh®(¢(7)) > sinh®(L) > 0.
Because p, S, C > 0, this implies that
3y = =25 sinh (9(r)) < ~25 b (1) < 0.

By the monotonicity of integrals,
o(7) < do — % sinh®(L).

Because p, S and C are all positive quantities we know that there are 7 values such that ¢ < 0, contradict-
ing ¢ > 0. Thus
lim ¢(t) =0.

T—+00

Appendix B - Derivation of ODE system (de Sitter spacetime)

If we follow through with the calculations shown before system (48) we get the following system:

dm — pS|sinh ¢| cosh ¢

9% — —sinh ¢ — 2% |sinh ¢|sinh ¢

It is clear that /i > 0, as one would expect. The equilibrium points of this system correspond to (1, q&i) =
(0,0) < (m, ) = (mo,0) with mg € RT. As a consequence of the Picard-Lindel6f theorem, which is
applicable to this system of ODEs, we know that given initial conditions (mg, ¢¢) with mg,¢9 > 0 then
¢(7) > 0 for all 7 defined in the solution’s domain. This happens because in order for a solution with
¢o > 0to have ¢(7) < 0 for some 7 then it needs to cross ¢ = 0, which cannot happen since we already
know that there exists the constant solution for the system with initial conditions my € R™ and ¢, = 0.
This allows us to conclude, w.l.0.g., that ¢y > 0 and so the absolute values are not necessary, yielding the
system (48).

Note that for these initial conditions ¢ < 0 and ¢ > 0. By a similar argument to the one given in appendix
A, one finds that
lim ¢(7) =0.

T—+00

11



Appendix C - Derivation of an expression for m., (de Sitter space-
time)
A consequence of system (48) is that

dm pS cosh ¢
do 1+ 5 sinh¢

Using Wolfram Mathematica the ODE yields two branches:

my = —pSsinh ¢ + \/(,05)2 sinh? ¢ + C,

where C is some constant that will be fixed by the initial conditions. It is more convenient to write the
solution implicitly as
m? + 2mpSsinh ¢ = C, for some constant C.

Since m, p, S, ¢ > 0, the equation above implies m is bounded. Because C is constant, the equation also
shows that the left hand side is a conserved quantity of this system. Hence

mzo + 2MoopS sinh ¢, = mg + 2mgpS sinh ¢q

We know that m has an upper bound and ¢, := lim,_, . ¢(7) = 0 (see appendix B), thus the second
term on the left hand side vanishes. Solving the equation above yields equation (49).
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