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The trapped surface fauna: Definitions

Let (V, g) be a 4-dimensional Lorentzian manifold with metric
tensor g of signature (−,+,+,+).

Φ : S −→ V xµ = Φµ(λA).

Thus, the tangent vectors (seen on V) are:

~eA ≡ Φ′(∂λA)⇐⇒ eµA =
∂Φµ

∂λA

First fundamental form:

γAB(λ) = g|S(~eA, ~eB) = gµν(Φ)eµAe
ν
B

is positive-definite. So, S is assumed to be SPACELIKE.

Then, ∀x ∈ S
TxV = TxS ⊕ TxS⊥

called tangent and normal parts.
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Notation: extrinsic curvature

In particular, we have ∇~eA
~eB = ΓCAB~eC − ~KAB

~K is called the shape tensor or second fundamental form vector of
S in V.

OBS: ~K is orthogonal to S. ~K : X(S)× X(S) −→ X(S)⊥

where X(S) (X(S)⊥) is the set of vector fields tangent
(perpendicular) to S.

The second fundamental form of S in (V, g)

relative to any ~n ∈ X(S)⊥ is:

KAB(~n) ≡ nµKµ
AB .

These are 2-covariant symmetric tensor fields on S.
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Mean curvature vector. Null expansions

For a spacelike surface there are two independent normal vector
fields, we can choose them to be future-pointing and null,
~k± ∈ X(S)⊥; adding k+µk

µ
− = −1, there remains the freedom

~k+ −→ ~k′+ = σ2~k, ~k− −→ ~k′− = σ−2~k−

~KAB = −KAB(~k−) ~k+ −KAB(~k+) ~k−

The mean curvature vector:

X(S)⊥ 3 ~H ≡ γAB ~KAB = −θ−~k+ − θ+ ~k−

θ± ≡ γABKAB(~k±) are called the future null expansions
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Future-trapped surfaces: ~H is future on S

The main cases are:

~H Expansions Type of surface
zero θ+ = θ− = 0 stationary or minimal

null and future θ+ = 0, θ− < 0 marginally f-trapped
null and future θ+ < 0, θ− = 0 marginally f-trapped
timelike future θ+ < 0, θ− < 0 f-trapped



Example: the Schwarzschild solution in
Eddington-Finkelstein advanced coordinates

Schwarzchild (in units with G = c = 1)

ds2 = −
(

1− 2M
r

)
dv2 + 2dvdr + r2dΩ2

M is a constant: the total mass. Here v is advanced (null) time.

It is easily checked that the round spheres defined by constant
values of v and r are trapped if and only if r < 2M . And they are
"traditional" if r > 2M .

The Event Horizon
EH: r − 2M = 0
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The Penrose, or conformal, diagram

r
=

2M

r = 0 singularity

J +

i0

J −

v = −∞

i+

i−



The event horizon (EH) in general

In asymptotically flat situations —with J ± and i0—, one can
define the region from where J + cannot be reached by any causal
means.

The Event Horizon EH
The boundary of the past of J +.
By definition, this is always a null hypersurface.
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Dynamical situations: Evolving Black Holes (BH)

Does the Event Horizon play the same role as before in
general, asymptotically flat, dynamical situations?

If not, what does?
for instance, where does the Hawking radiation comes from?
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hole?
Problem with the Event Horizon (EH): teleology.
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A dynamical situation
r

=
0

i+

J +

i0

J −

σ

σ

v =
0

EH

EH

flat

flat



MTT and dynamical horizons

Marginally trapped tubes, MTT
Recall: an MTT is a hypersurface foliated by closed marginally
f-trapped surfaces.

If they are spacelike, they are called dynamical horizons.
In spherical symmetry, there are privileged spherically symmetric
MTTs. These are foliated by marginally f-trapped round spheres,
and invariantly defined by

g−1(dr, dr) = 0

where r is the area coordinate.
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Some basic questions on BHs

What is the surface, or the boundary, of an evolving black
hole?
Problem with the Event Horizon (EH): teleology.
Dynamical or Future Outer Trapping Horizons? They are not
unique!
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What is the surface, or the boundary, of an evolving black
hole?
Problem with the Event Horizon (EH): teleology.
Dynamical or Future Outer Trapping Horizons? (Spacelike
hypersurfaces foliated by closed marginally trapped surfaces;
example: the apparent 3-horizon AH). They are not unique!
Can closed trapped surfaces penetrate outside all dynamical
horizons?

Can closed trapped surfaces actually penetrate into flat
regions?
Where can there be closed trapped surfaces?
In summary, where is the red region now?
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The future-trapped region T and its boundary B

The future-trapped region T

is defined as the set of points x in spacetime such that x lies on a
closed future-trapped surface.

The boundary B

We denote by B the boundary of the future trapped region T :

B ≡ ∂T
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The boundary B

Property (B closed)

B being the boundary of an open set, it is itself a closed set
without boundary. Moreover B ∩T = ∅.

Property (B divides the spacetime in two separate regions)

B is also the boundary of the untrapped region defined by the set
of points x /∈ T , that is, such that x does not lie on any f-trapped
surface.

We remark that B is not necessarily connected.



The boundary B

Property (B closed)

B being the boundary of an open set, it is itself a closed set
without boundary. Moreover B ∩T = ∅.

Property (B divides the spacetime in two separate regions)

B is also the boundary of the untrapped region defined by the set
of points x /∈ T , that is, such that x does not lie on any f-trapped
surface.

We remark that B is not necessarily connected.



The boundary B

Property (B closed)

B being the boundary of an open set, it is itself a closed set
without boundary. Moreover B ∩T = ∅.

Property (B divides the spacetime in two separate regions)

B is also the boundary of the untrapped region defined by the set
of points x /∈ T , that is, such that x does not lie on any f-trapped
surface.

We remark that B is not necessarily connected.



The boundary B

B is a genuine spacetime object, independent of any foliations
or initial Cauchy data sets.
Therefore, B is different in nature from the boundary of
f-trapped surfaces contained in given slices.
The location of B provides important physical information due
to the fundamental relevance of closed trapped surfaces in the
development of black holes and singularities.
More importantly, it provides a precise limit as to where
dynamical horizons or marginally trapped tubes can develop.
In a way, B is the true genesis of everything that is distinctive
of black holes: quasi-local horizons and f-trapped closed
surfaces.
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The boundary B in spherical symmetry

Result (B has spherical symmetry)

In arbitrary spherically symmetric spacetimes, T and B have
spherical symmetry.
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In arbitrary spherically symmetric spacetimes, B (if not empty) is a
spherically symmetric hypersurface without boundary.



The boundary B in spherical symmetry

Result (B has spherical symmetry)

In arbitrary spherically symmetric spacetimes, T and B have
spherical symmetry.

Result

In arbitrary spherically symmetric spacetimes, B (if not empty) is a
spherically symmetric hypersurface without boundary.



Spherically symmetric spacetimes

In advanced coordinates

ds2 = −e2β

(
1− 2m(v, r)

r

)
dv2 + 2eβdvdr + r2dΩ2

The apparent 3-horizon is a MTT defined by

AH : r − 2m(r, v) = 0 .

AH can be timelike, null or spacelike depending on the sign of

∂m

∂v

(
1− 2

∂m

∂r

)∣∣∣∣
AH

Future-pointing radial null geodesic vector fields

~̀= −e−β∂r, ~k = ∂v +
1
2

(
1− 2m

r

)
eβ∂r
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B is not a spherically symmetric MTT or
dynamical horizon

Result (B is not a spherically symmetric MTT)

In arbitrary spherically symmetric spacetimes, B never coincides
with any spherically symmetric MTT if Gµνkµkν 6≡ 0 on the MTT.

The result and a sketch of its proof were communicated to us by
R.M. Wald, who informed us that they arose in conversations with
G. Galloway.
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Proof

Take the MTT and set ~k− = ~̀ and ~k+ = ~k, so that he null
expansions on the round spheres in MTT are

θ− = −e−β 2
r
< 0, θ+ = 0 .

Perturb any marginally f-trapped 2-sphere ς ∈ MTT along a
direction f~n orthogonal to ς, where f is a function on ς and

~n = − ~̀+
nµn

µ

2
~k

∣∣∣∣
ς

kµn
µ = 1.

(Observe that the causal character of ~n is unrestricted.)
The variation of the vanishing expansion θ+ = 0 reduces to

δf~nθ
+ = −∆ςf + f

(
1
r2
−Gµνkµ`ν −

nρn
ρ

2
Gµνk

µkν
)∣∣∣∣

ς

Here ∆ς is the Laplacian on ς.
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Here ∆ς is the Laplacian on ς.



Now, choose f = a0 + aNPN (cos θ), (a0, aN = const.)
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(Here is where one needs that Gµνkµkν |ς 6= 0).

With this choice δf~nθ+ = −a0
N(N+1)

r2ς
. Hence, the deformed

surface is f-trapped — for small enough a0 > 0.
As f = a0 + aNPN (cos θ), setting aN < −a0 < 0 implies that
f is negative around θ = 0 and positive where PN ≤ 0. Thus,
the deformed surface is f-trapped and penetrates both sides of
the MTT.
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Trapped surfaces penetrate flat portions!
Example: imploding Vaidya spacetime

Vaidya

ds2 = −
(

1− 2m(v)
r

)
dv2 + 2dvdr + r2dΩ2

Gµν =
2
r2

dm

dv
`µ`ν , `µdx

µ = −dv, ~̀= −∂r (`µ`µ = 0)

m(v) = 0 ∀v < 0; m(v) ≤M <∞ ∀v > 0

dm

dv
≥ 0

The apparent 3-horizon: encloses the future-trapped spheres
AH: r − 2m(v) = 0
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Previous results

Ben-Dov (PRD 75 (2007) 064007) proved that the event
horizon is the boundary for outer f-trapped closed surfaces in
the Vaidya spacetimes. This is a general conjecture due to
Eardley
He also proved that the event horizon cannot be the boundary
of closed f-trapped surfaces in that case.
Numerical investigations (E. Schnetter and B. Krishnan (PRD
73 (2006) 021502(R)), however, were incapable of finding
closed f-trapped surfaces to the past of the apparent 3-horizon
AH.
We have been able to construct, analitically and explicitly,
examples of closed f-trapped surfaces in the (self-similar)
Vaidya spacetime.
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Closed trapped surfaces penetrating the flat
region

Consider the following simple mass function

m(v) =


0 v < 0
µv 0 ≤ v ≤M/µ
M v > µ

Thus, this is flat for v < 0, it ends in a Schwarzschild region with
mass M (v > M/µ), and it is self-similar in the intermediate
Vaidya region for 0 < v < M/µ.
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The surface is composed of:

Flat region: a topological disk given by the hyperboloids

θ = π/2; v = t0 + r −
√
r2 + k2

Vaidya region: a topological cylinder defined by θ = π/2 and√
v2 − bvr + ar2 = C exp

{
b

2
√
a− b2/4

arctan

(
2v − br

2r
√
a− b2/4

)}
with a > b2/4 and C =constant. (dv/dr →∞ at v = br).
Schwarzschild region: another disk composed of two parts

a cylinder with θ = π/2; r = γM
a final “capping" disk defined by(

θ − π

2
+ δ
)2

+
(

v

γM
− c1

)2

= δ2

with constants c1 and δ.
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The surface is future-trapped if
1 t0 < k, k > 0
2 0 < a < b

3 1 > γ = 1
bµ ; a ≥ 1

µ

4 0 < δ ≤ π
2

√
2

γ−1

(
1
γ − 1

)
> 1

δ

Restriction on the mass growth
But these conditions imply in turn a restriction on the mass
function:

µ =
1
γb

>
1
γ

b

4a
>

1
4γ

γ < 0.68514
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Consequences

Closed trapped surfaces may intersect the flat region
They do enter into the flat region if the mass function rises fast
enough

Closed trapped surfaces are highly non-local too
They can have portions in a flat region of spacetime whose whole
past is also flat in clairvoyance of energy that will cross them
elsewhere to make their compactness feasible.
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Fundamental general results

(£~ξ
g)µν = ∇µξν +∇νξµ

Projecting to the surface S (∀wµ, w̄A ≡ wµ|SeµA)

(£~ξ
g|S)µν e

µ
Ae

ν
B = ∇AξB +∇BξA + 2ξµ|SKµ

AB

Contracting now with γAB we arrive at

Main formula

1
2
Pµν(£~ξ

g|S)µν = ∇CξC + ξρH
ρ

Pµν ≡ γABeµAeνB
is the orthogonal projector of S.
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Lemma
~ξ future-pointing on R ⊂ V

S a closed surface contained in R with Pµν(£~ξ
g|S)µν ≥ 0.

Then, S cannot be closed and f-trapped

Proof.
Integrating the main formula on S, the divergence term integrates
to zero so that ∮

S
ξρH

ρ =
1
2

∮
S
Pµν(£~ξ

g|S)µν ≥ 0

=⇒ ~H cannot be timelike future pointing all over S
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Hypersurface-orthogonal ~ξ

ξ[µ∇νξρ] = 0 ⇐⇒ ξµ = −F∂µτ
for some local functions F > 0 and τ .

=⇒ ~ξ is orthogonal to the hypersurfaces τ =const. (called the
level hypersurfaces.)

Theorem (No minimum of τ)

~ξ future-pointing and hypersurface-orthogonal on R ⊂ V
then, any (marginally) f-trapped surface S cannot have a local
minimum of τ at any q ∈ R where

Pµν(£~ξ
g|S)µν

∣∣∣
q
≥ 0
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Proof.

Let q ∈ S ∩R be a point where S has a local extreme of τ .
Noting that ξ̄A = −F̄ ∂τ̄/∂λA with F̄ ≡ F |S :

ξ̄A|q =
∂τ̄

∂λA
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τ = τ̄(λA): local parametric expression of τ on S.
An elementary calculation leads then to:
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∂2τ̄ /∂λA∂λB|q cannot be positive (semi)-definite.
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Important instances of the applicability of the
previous results

Conformal Killing vectors

(£~ξ
g)µν = 2ψgµν

Pµν(£~ξ
g|S)µν = 4ψ|S , so the condition reads simply ψ|S ≥ 0.

Proper Killing vectors (ψ = 0) and Homothetic vectors (ψ =const.)
are obviously included.

Kerr-Schild vector fields
(B. Coll, S.R. Hildebrandt and JMMS, GRG 33 649 (2001))

(£~ξ
g)µν = 2h`µ`ν , (£~ξ

`)µ = b`µ

`µ is a fixed null one-form field (`µ`µ = 0).

Pµν(£~ξ
g|S)µν = 2h ¯̀

A
¯̀A, so h|S ≥ 0.
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Robertson-Walker spacetimes

Robertson-Walker

ds2 = −dt2 + a2(t) 3gk

where 3gk is the standard metric on a maximally symmetric
3-dimensional space with normalized sectional curvature k = ±1, 0

a(t) is the scale factor.

Conformal Killing vector for Robertson-Walker
The above line-element possesses a timelike conformal Killing
vector:

~ξ = a(t)∂t

with ψ = ȧ ≡ da/dt.
Furthermore, ~ξ is obviously hypersurface-orthogonal

ξµdx
µ = −a(t)dt .
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Thus, direct application of previous results gives

Result
No closed f-trapped surface can be contained in the region ȧ ≥ 0 of
a Robertson-Walker spacetime.

Result
No closed f-trapped surface can have a local minimum of t at the
region with ȧ ≥ 0. Thus, the minimum of t must be attained at a
hypersurface t = t̃ with ȧ|t̃ < 0, if they exist.

Result
Consequently, f-trapped closed surfaces are absent in generic
expanding Robertson-Walker models. They can only be present in
models with contracting phases.
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Result
Consequently, f-trapped closed surfaces are absent in generic
expanding Robertson-Walker models. They can only be present in
models with contracting phases.



Thus, direct application of previous results gives

Result
No closed f-trapped surface can be contained in the region ȧ ≥ 0 of
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Trapped round spheres in Robertson-Walker

It is well-known that there are closed trapped spheres at any
t =constant slice with ȧ 6= 0 and ȧ2 + k > 0 (this is simply the
positivity of the energy density).

As the slices are homogeneous, there are closed trapped
spheres through any point of the the slices with ȧ 6= 0 and
ȧ2 + k > 0.
These are, of course, past-trapped if ȧ > 0 and f-trapped if
ȧ < 0.
The remaining case of 3-sphere slices (k = 1) with ȧ = 0 is
such that all round 2-spheres in the slice are untrapped except
for the equatorial one which is a minimal surface.
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ȧ2 + k > 0.
These are, of course, past-trapped if ȧ > 0 and f-trapped if
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The boundary B for Robertson-Walker metrics

Result

On a general Robertson-Walker spacetime with ȧ2 + k > 0

If ȧ ≥ 0 everywhere, then T = ∅ and thus B = ∅.
If ȧ ≤ 0 everywhere, then T = V and thus B = ∅.
In the case that ȧ changes sign, the boundary B is necessarily
contained in the region with ȧ = 0: B ⊂ {ȧ = 0}.

Thus B is constituted by preferred slices with ȧ = 0, which have a
vanishing second fundamental form and therefore are maximal and

totally geodesic.

However, not all such hypersurfaces will be part of the boundary in
general (e.g., de Sitter, which has B = ∅ and T = V)
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The closed (k = 1) Fridman dust model

γ = 2π, big crunch

γ = 0, big bang
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Application to Vaidya: the hypersurface Σ

Kerr-Schild vector field for Vaidya
The Vaidya spacetime possesses a proper Kerr-Schild vector field
relative to the null direction ~̀= −∂r:

~ξ = ∂v.

It is immediate to get

(£~ξ
g)µν = 2

dm

dv
`µ`ν , (£~ξ

`)µ = 0

so that h = dm/dv ≥ 0 is one of the requirements of previous
theorems.



Application to Vaidya: the hypersurface Σ

Kerr-Schild vector field for Vaidya

The Vaidya spacetime possesses a proper Kerr-Schild vector field
relative to the null direction ~̀= −∂r:

~ξ = ∂v.

It is immediate to get

(£~ξ
g)µν = 2

dm

dv
`µ`ν , (£~ξ

`)µ = 0

so that h = dm/dv ≥ 0 is one of the requirements of previous
theorems.



Application to Vaidya: the hypersurface Σ

Kerr-Schild vector field for Vaidya
The Vaidya spacetime possesses a proper Kerr-Schild vector field
relative to the null direction ~̀= −∂r:

~ξ = ∂v.

It is immediate to get

(£~ξ
g)µν = 2

dm

dv
`µ`ν , (£~ξ

`)µ = 0

so that h = dm/dv ≥ 0 is one of the requirements of previous
theorems.



Application to Vaidya: the hypersurface Σ

Kerr-Schild vector field for Vaidya
The Vaidya spacetime possesses a proper Kerr-Schild vector field
relative to the null direction ~̀= −∂r:

~ξ = ∂v.

It is immediate to get

(£~ξ
g)µν = 2

dm

dv
`µ`ν , (£~ξ

`)µ = 0

so that h = dm/dv ≥ 0 is one of the requirements of previous
theorems.



Other requirements on ~ξ

To check the other requirements, note that ~ξ is hypersurface
orthogonal, with the level function τ defined by

ξµdx
µ = −Fdτ = dr −

(
1− 2m(v)

r

)
dv

and that

ξµξ
µ = −

(
1− 2m(v)

r

)
, `µξ

µ = −1

so that ~ξ is future pointing on the region R = R0 ∪ AH, with

R0 : r > 2m(v) .

Besides, ~ξ is timelike on R0 and null at the AH: r = 2m(v).
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R0 : r > 2m(v) .

Besides, ~ξ is timelike on R0 and null at the AH: r = 2m(v).



The hypersurface Σ

Σ
Put τΣ ≡ infx∈AH τ |x.

Define

Σ ≡ {τ = τΣ} .

Let us note that τΣ is also the least upper bound of τ on the event
horizon EH.

The hypersurfaces τ = τc are spacelike everywhere (and
approaching i0) if τc < τΣ, while they are partly spacelike and

partly timelike, becoming null at AH, if τc > τΣ.
A characterization of {τ = τΣ} is as the last hypersurface

orthogonal to ~ξ which is non-timelike everywhere.
The location of Σ depends on whether dm

dv (0) > 1/8 or not. In the
former case, Σ does penetrate the flat region. It may not be so in

the other cases. (For the self-similar Vaidya case previously
considered, Σ penetrates the flat region if and only if µ > 1/8).
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Theorem (Σ is a past limit for closed f-trapped surfaces)

In the imploding Vaidya spacetime
No closed f-trapped surface can enter the region J−(Σ)
(τ ≤ τΣ).
The minimum τm of τ on a closed f-trapped S is always
attained within I+(AH) (r < 2m(v))
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Where is the boundary B in Vaidya spacetimes?

Set
τB ≡ inf

x∈B
τ |x

where τ =const. are the level hypersurfaces of ~ξ.

Proposition
B cannot have a positive minimum value of r, and furthermore

τB = inf
x∈B

τ |x = τΣ .

Corollary (B merges with Σ and AH)

B ⊂ {r ≥ 2m(v)} ∩ J+(Σ),

and it must merge with, or approach asymptotically, Σ, AH and EH
in such a way that (B\EH) ∩ AH = ∅
Furthermore, B cannot be non-spacelike everywhere; And it is
spacelike close to its merging with Σ and EH.
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Proposition (τ decreasing on B)

B\EH can never be tangent to a τ =const. hypersurface, so that τ
is a monotonically decreasing function of r on B\EH.

In particular,
B ∩ (Σ\EH) = ∅
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B is not a dynamical horizon!

Corollary
(B\EH) cannot be a marginal trapped tube, let alone a dynamical
or future trapping horizon.

Notice that the only closed marginally f-trapped surfaces that can
be contained in B are those which are actually on its part B∩EH
that coincides with the event horizon, if any.
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Conclusions and outlook

Closed trapped surfaces do penetrate some flat portions of
spacetime.
Closed trapped surfaces have a non-local property:
clairvoyance
The boundary B seems to be a fundamental spacetime object,
specially in asymptotically flat black-hole spacetimes.
B\EH does not include any portion of a marginally trapped
tube. Actually, it does not contain any closed marginally
f-trapped surface.
We have restricted the location of B severely, and we are
working on its intrinsic characterization.
Of course, the aim is to eventually give up spherical symmetry.
In this sense

The techniques we have used to define τ and to use it are
completely general.
The Main Formula, the general theorems on minima, etc. are
also general.
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