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Let (V, g) be a 4-dimensional Lorentzian manifold with metric
tensor g of signature (—, +, +, +).

P:5—V o = dH(\A).
Thus, the tangent vectors (seen on V) are:

o
oA

—

eqA = @/(8)\A) <~ ei =

First fundamental form:

is positive-definite. So, S is assumed to be SPACELIKE.

Then, Vz € S
T,V =T,S & TS5+

called tangent and normal parts.




. L =C -
In particular, we have Vg, € =I'jgéc — Kap

«O>» «F»r «

Er» « E>»

DA



Notation: extrinsic curvature

. 5 —C —
In particular, we have Vg, € =I'jgéc — Kap

K is called the shape tensor or second fundamental form vector of
Sin V.




Notation: extrinsic curvature

. 5 —C —
In particular, we have Vg, € =I'jgéc — Kap

K is called the shape tensor or second fundamental form vector of
Sin V.

OBS: K is orthogonal to S. K : X(S) x X(5) — X(5)*
where X(S) (X(S)71) is the set of vector fields tangent
(perpendicular) to S.




Notation: extrinsic curvature

. 5 —C —
In particular, we have Vg, € =I'jgéc — Kap

K is called the shape tensor or second fundamental form vector of
Sin V.

OBS: K is orthogonal to S. K : X(S) x X(5) — X(5)*
where X(S) (X(S)71) is the set of vector fields tangent
(perpendicular) to S.

The second fundamental form of S in (V,g)

relative to any 7 € X(9)* is:

KAB(ﬁ) = n/in;B .

These are 2-covariant symmetric tensor fields on S. E




Mean curvature vector. Null expansions

For a spacelike surface there are two independent normal vector
fields, we can choose them to be future-pointing and null,
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Mean curvature vector. Null expansions

For a spacelike surface there are two independent normal vector
fields, we can choose them to be future-pointing and null,
k* € %(S)"; adding k. k" = —1, there remains the freedom

kit =0 E Em—— k™ =02k
[?AB = —KAB(E_) E+ — KAB(E+) E_
The mean curvature vector:

X(S) > H=1"PKsp=—0"kT—0" k~

0% = yABK 4 (kE) are called the future null expansions




Future-trapped surfaces: H is future on §

The main cases are;

H Expansions Type of surface

zero 6T =60~ =0 | stationary or minimal
null and future | 07 = 0,60~ < 0 | marginally f-trapped
null and future | 07 < 0,6~ = 0 | marginally f-trapped
timelike future | 67 < 0,0~ < 0 | f-trapped







Example: the Schwarzschild solution in
Eddington-Finkelstein advanced coordinates

Schwarzchild (in units with G =c=1)
2M
ds® = — <1 — ) dv? + 2dvdr + r*dQ°
T

M is a constant: the total mass. Here v is advanced (null) time.
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Eddington-Finkelstein advanced coordinates

Schwarzchild (in units with G =c=1)
2M
ds® = — <1 — ) dv? + 2dvdr + r*dQ°
r
M is a constant: the total mass. Here v is advanced (null) time.

It is easily checked that the round spheres defined by constant
values of v and r are trapped if and only if » < 2M. And they are
"traditional" if r > 2M.

The Event Horizon
EH: r—2M =0




The Penrose, or conformal, diagram

r = 0 singularity it




The event horizon (EH) in general

In asymptotically flat situations —with _¢#* and i®—, one can
define the region from where _#* cannot be reached by any causal
means.




The event horizon (EH) in general

In asymptotically flat situations —with _¢#* and i®—, one can
define the region from where _#* cannot be reached by any causal
means.

The Event Horizon EH

The boundary of the past of 7.
By definition, this is always a null hypersurface.




Dynamical situations: Evolving Black Holes (BH)

@ Does the Event Horizon play the same role as before in
general, asymptotically flat, dynamical situations?




Dynamical situations: Evolving Black Holes (BH)

@ Does the Event Horizon play the same role as before in
general, asymptotically flat, dynamical situations?

@ If not, what does?




Dynamical situations: Evolving Black Holes (BH)

@ Does the Event Horizon play the same role as before in
general, asymptotically flat, dynamical situations?

@ If not, what does?

@ for instance, where does the Hawking radiation comes from?







@ What is the surface, or the boundary, of an evolving black
hole?
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@ What is the surface, or the boundary, of an evolving black
hole?

@ Problem with the Event Horizon (EH): teleology.
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MTT and dynamical horizons

Marginally trapped tubes, MTT

Recall: an MTT is a hypersurface foliated by closed marginally
f-trapped surfaces.

If they are spacelike, they are called dynamical horizons.

In spherical symmetry, there are privileged spherically symmetric
MTTs. These are foliated by marginally f-trapped round spheres,
and invariantly defined by

g~ Ydr,dr) =0

where 7 is the area coordinate.
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Some basic questions on BHs

What is the surface, or the boundary, of an evolving black
hole?

@ Problem with the Event Horizon (EH): teleology.

@ Dynamical or Future Outer Trapping Horizons? (Spacelike
hypersurfaces foliated by closed marginally trapped surfaces;
example: the apparent 3-horizon AH). They are not unique!

@ Can closed trapped surfaces penetrate outside all dynamical
horizons?

@ Can closed trapped surfaces actually penetrate into flat
regions?
@ Where can there be closed trapped surfaces?

@ In summary, where is the red region now?







is defined as the set of points x in spacetime such that z lies on a
closed future-trapped surface.
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The future-trapped region 7 and its boundary 4

The future-trapped region 7

is defined as the set of points x in spacetime such that z lies on a
closed future-trapped surface.

The boundary %4
We denote by % the boundary of the future trapped region .7:

B=0T




The future trapped region 7 is an open set. I
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The future trapped region 7 is an open set.

7 is not necessarily connected.
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without boundary. Moreover N 7 = ().

AB being the boundary of an open set, it is itself a closed set
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The boundary %

Property (% closed)

A being the boundary of an open set, it is itself a closed set
without boundary. Moreover N T = ().

Property (% divides the spacetime in two separate regions)

B is also the boundary of the untrapped region defined by the set
of points © ¢ 7, that is, such that x does not lie on any f-trapped
surface.




The boundary %

Property (% closed)

A being the boundary of an open set, it is itself a closed set
without boundary. Moreover N T = ().

Property (% divides the spacetime in two separate regions)

B is also the boundary of the untrapped region defined by the set
of points © ¢ 7, that is, such that x does not lie on any f-trapped
surface.

We remark that 4 is not necessarily connected.







@ % is a genuine spacetime object, independent of any foliations
or initial Cauchy data sets.
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The boundary %

@ A is a genuine spacetime object, independent of any foliations
or initial Cauchy data sets.

@ Therefore, 4 is different in nature from the boundary of
f-trapped surfaces contained in given slices.

@ The location of % provides important physical information due
to the fundamental relevance of closed trapped surfaces in the
development of black holes and singularities.

@ More importantly, it provides a precise limit as to where
dynamical horizons or marginally trapped tubes can develop.

@ In a way, Z is the true genesis of everything that is distinctive

of black holes: quasi-local horizons and f-trapped closed
surfaces.




In arbitrary spherically symmetric spacetimes, 7 and % have
spherical symmetry.
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The boundary Z in spherical symmetry

Result (% has spherical symmetry)

In arbitrary spherically symmetric spacetimes, 7 and 9 have
spherical symmetry.
Result

In arbitrary spherically symmetric spacetimes, % (if not empty) is a
spherically symmetric hypersurface without boundary.




In advanced coordinates
9

ds? = —e?8 (1 — M) dv? + 2P dvdr + r?dQ?
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Spherically symmetric spacetimes

In advanced coordinates

2
ds? = —¢28 (1 — m(’u,’r)) dv? + 2P dvdr + r2d03
r

@ The apparent 3-horizon is a MTT defined by
AH : r—2m(r,v) =0.
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Spherically symmetric spacetimes

In advanced coordinates

2
ds? = —e? (1 — m(’u,’r)) dv® + 2¢°dvdr + r2d0?
r
@ The apparent 3-horizon is a MTT defined by

AH : r—2m(r,v) =0.

AH can be timelike, null or spacelike depending on the sign of
om om
1 =922
ov < 67“)

@ Future-pointing radial null geodesic vector fields

AH




In arbitrary spherically symmetric spacetimes, 9 never coincides

with any spherically symmetric MTT if G, k*k” # 0 on the MTT.
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2% is not a spherically symmetric MTT or
dynamical horizon

Result (£ is not a spherically symmetric MTT)

In arbitrary spherically symmetric spacetimes, 9 never coincides
with any spherically symmetric MTT if G, k*k" # 0 on the MTT.

The result and a sketch of its proof were communicated to us by
R.M. Wald, who informed us that they arose in conversations with
G. Galloway.




o Take the MTT and set ki~ = £ and k+ = k, so that he null
expansions on the round spheres in MTT are

2
0_=—e_ﬂ;<0, ot =0.
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Proof

@ Take the MTT and set k= = £ and kT = IZ so that he null
expansions on the round spheres in MTT are

9—:—6—53<0, 6+ =0.

@ Perturb any marginally f-trapped 2-sphere ¢ € MTT along a
direction f7i orthogonal to ¢, where f is a function on ¢ and

- n,nt-

h=—0+-L—F k,nt = 1.
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Proof

@ Take the MTT and set k= = £ and kT = IZ so that he null
expansions on the round spheres in MTT are

9—:—6—52<0, 6+ =0.

@ Perturb any marginally f-trapped 2-sphere ¢ € MTT along a
direction f7i orthogonal to ¢, where f is a function on ¢ and

N - n,nt-
h=—0+-L—F

k,nt = 1.

S
(Observe that the causal character of 7 is unrestricted.)

@ The variation of the vanishing expansion 6+ = 0 reduces to

n,n’
2

1
St = —Acf+ f < — G ktt” —

= ka”ky>

S

Here A is the Laplacian on .




@ Now, choose f = ag + anyPn(cosf), (ap,any = const.)
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Now, choose f = ag + ayPn(cosf), (ap,an = const.)

Using A P, = —l(l:;”Pl, the variation becomes
1 n,ne
5fﬁ0+ = qag <7“2 — Gk — p2 Gm,k:“k:”>
S

p
npn

— Gk — 5 ka“k‘”> Py (cosB).

S

1+ N(N+1)
+an 2

The red summand can be made to vanish by choosing

2 1+ N(N+1)
= — Gk
Gﬂukuku|g < Gu >

(Here is where one needs that G, k*k"|_# 0).

p
n,n
P r2
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@ Now, choose f = ag + ayPn(cosb), (ap,an = const.)

Using A P, = —l(l:;”Pl, the variation becomes
1
50" = ag (72 — G — G,“,k“k”>
S
1+N(N+1 o
+an <+(2+) - Gw/k?’“/ﬂy - 77p277 uvhv k‘y> Pi\s'(COS 9)
r
S

@ The red summand can be made to vanish by choosing
2 (1 + N(N+1)
GukrkY |
(Here is where one needs that G, k*k"|_# 0).
@ With this choice ¢70" = OM Hence, the deformed

surface is f-trapped — for small enough ag > 0.

p_
n,n"” =
p 2

- G,u,k;ﬂz”>
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Now, choose f = ag + ayPn(cosf), (ap,an = const.)

Using A P, = —l(l:;”Pl, the variation becomes
1
50" = ag <T2 — G — G,“,k“k">
S
1+N(N+1 o
+an <+(z+) - Gw/k?’“/ﬂy - 77p277 uvhv k‘y> Pi\s'(COS 9)
r
S

The red summand can be made to vanish by choosing

2 1+ N(N +1)
G ki kY|

(Here is where one needs that G, k*k"|_# 0).

With this choice 670" = OM Hence, the deformed
surface is f-trapped — for small enough ag > 0.

As f =ap+ anPn(cosf), setting ay < —ap < 0 implies that
f is negative around 6 = 0 and positive where Py < 0. Thus,

the deformed surface is f-trapped and penetrates both sides e
the MTT.

P —
n,n"” =
P 7,,2

- G,Wk:“ﬂ”>

<
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2m()
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d32:—(1—

zmT(”)) dv? + 2dvdr + r?dQ?
2 dm e
GIL” - ﬁ%glljw ﬂud([;/“ = —dv, = —0, (E'uélt = 0)
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Guw

2 dm

d32:—(1_

2m()

T ) dv? + 2dvdr + r?dQ?

- ﬁwgl‘gy,

m(v) =0 Yov <0

Eud([;/“ — —dv7

(g < Fr <=

Z: —87» (,gﬂéll, _ 0)

mv) < M < oo Yo >0

«E>»
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ds® = — (1 - zmT(”)) dv? + 2dvdr + r?dQ?

2 dm

Guw = 5Ll ludat = —dv, 0= -8, (0", =0)
m(v) =0 Yov <0; m(v) <M <oo Yvo>0
dm
—_— >
dv — 0

AH: r—2m(v) =0
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Previous results

@ Ben-Dov (PRD 75 (2007) 064007) proved that the event
horizon is the boundary for outer f-trapped closed surfaces in
the Vaidya spacetimes. This is a general conjecture due to
Eardley

@ He also proved that the event horizon cannot be the boundary
of closed f-trapped surfaces in that case.

@ Numerical investigations (E. Schnetter and B. Krishnan (PRD
73 (2006) 021502(R)), however, were incapable of finding
closed f-trapped surfaces to the past of the apparent 3-horizon
AH.

@ We have been able to construct, analitically and explicitly,
examples of closed f-trapped surfaces in the (self-similar)
Vaidya spacetime.




Consider the following simple mass function

0
m(v) =

v <0

w 0<v<M/u
M v>p

«0O>» «F»r «=>»

« =

DA



Closed trapped surfaces penetrating the flat
region

Consider the following simple mass function

0 v<0
m)=¢ p 0<v < M/u
M v>p

Thus, this is flat for v < 0, it ends in a Schwarzschild region with
mass M (v > M/u), and it is self-similar in the intermediate
Vaidya region for 0 < v < M /p.




7;+

r = 0 singularity

Schwarzschild






o Flat region: a topological disk given by the hyperboloids
0=m/2

v="tog+r—\Vr?+k?2
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The surface is composed of:

@ Flat region: a topological disk given by the hyperboloids

0=m/2; v="tog+r—\Vr?+k?2
@ Vaidya region: a topological cylinder defined by § = 7/2 and

Vv —bur +ar? = Cexp arctan 21)——177“
2 /a — b? 2ry/a — b2 /4

with a > b?/4 and C =constant. (dv/dr — oo at v = br).
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The surface is composed of:

@ Flat region: a topological disk given by the hyperboloids

0=m/2; v=tog+1r—\r2+k?

@ Vaidya region: a topological cylinder defined by § = 7/2 and

Vv —bur +ar? = Cexp arctan QU—_br
2 /a — b? 2ry/a — b2 /4

with a > b?/4 and C =constant. (dv/dr — oo at v = br).
@ Schwarzschild region: another disk composed of two parts
e a cylinder with 0 = 7/2; r=vyM
e a final “capping" disk defined by

(0 T 2 v 27 9
—§+5) +<W—cl) =5

with constants ¢; and §.







The surface is future-trapped if
Qto<k, k>0

Q@ 0<a<b
_ 1. 1
91>7_b,u azu
T 2 1 1
Q0<6<T 2 (2-1)>4

Restriction on the mass growth

But these conditions imply in turn a restriction on the mass
function:

= >1b>1 < 0.68514
= 4 4y vs=




r = 0 singularity







They do enter into the flat region if the mass function rises fast
enough

«O0>» 4F>» «=)r « =)

DA



Consequences

Closed trapped surfaces may intersect the flat region

They do enter into the flat region if the mass function rises fast
enough

Closed trapped surfaces are highly non-local too

They can have portions in a flat region of spacetime whose whole
past is also flat in clairvoyance of energy that will cross them
elsewhere to make their compactness feasible.
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(fg’g);w = V& + V&,
Projecting to the surface S (Vw,, wa = wy|gely)

(£§Q|S)w/ eie% = vAEB + vBEA + 2§p|SKZB
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Fundamental general results

(fgg)w/ = V& + V&,

Projecting to the surface S (Vw,, wa = wy|ge’y)
(£e9ls)w efiels = Valp + VeEs + 26uls Kl

Contracting now with v42 we arrive at

Main formula

1 = —C
iP“ (”559‘5);“/ =V¢é +§pHp




Fundamental general results

(£gg)u1/ = V& + V&,

Projecting to the surface S (Vw,, wa = wy|ge’y)
(£e9ls)w efiels = Valp + VeEs + 26uls Kl

Contracting now with v42 we arrive at

Main formula

1 = —C
iP“ (”559‘5);“/ =V¢é +§pHp

v _ _AB u v
P“ =N/ €A€B

is the orthogonal projector of S.




e & future-pointing on # C V
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e & future-pointing on # C V

@ S a closed surface contained in # with P* (£ 5g| & 2 0
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Lemma

° 5 future-pointing on % C 'V
@ S a closed surface contained in % with P“”(££~g]5)w, > 0.
Then, S cannot be closed and f-trapped
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Proof.

Integrating the main formula on S, the divergence term integrates
to zero so that
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j{prp = % PW(ﬂggg‘S);w >0
S 2 /s




Lemma

° gfuture—point/'ng on % CV
@ S a closed surface contained in % with le(fggls)w, > 0.
Then, S cannot be closed and f-trapped

Proof.

Integrating the main formula on S, the divergence term integrates
to zero so that

1
j{prp = % PW(ﬂggg‘S);w >0
S 2 /s

— H cannot be timelike future pointing all over S
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° = gis orthogonal to the hypersurfaces 7 =const. (called the
level hypersurfaces.)
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Hypersurface-orthogonal 5

{‘[vagp} =0 <— fu = —F@lﬂ'
for some local functions F > 0 and 7.

o — gis orthogonal to the hypersurfaces 7 =const. (called the
level hypersurfaces.)

Theorem (No minimum of 7)

o ¢ future-pointing and hypersurface-orthogonal on % C V

@ then, any (marginally) f-trapped surface S cannot have a local
minimum of T at any q € % where

P(£ey]s)u] 2 0







@ Let ¢ € SNZ be a point where S has a local extreme of 7.




Proof.
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o Noting that £4 = —F97/0\ with F = F|g:
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7 = 7(M): local parametric expression of 7 on S.
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@ Let g € SNZ be a point where S has a local extreme of 7.
o Noting that £4 = —F97/0\ with F = F|g:

oT

EA"’:W =0

q

7 = 7(AM): local parametric expression of 7 on S.

@ An elementary calculation leads then to:

= A = _ 0T
V4€ ‘q = ”YABVA (_Fa)\B>

_ .g O°F
ONAONB q

q
@ Introducing this in the main formula
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Proof.
@ Let g € SNZ be a point where S has a local extreme of 7.
o Noting that £4 = —F97/0\ with F = F|g:

oT

EA"’:W =0

q

7 = 7(M): local parametric expression of 7 on S.

@ An elementary calculation leads then to:

= A = _ 0T
V4€ ‘q = ”YABVA (_Fﬁ)\B>

_ .g O°F
ONAONB q

q
@ Introducing this in the main formula

5 07

- A
R VY

1 14
q = —§P“ (£gg),w

q

e 9%7/0N10NB|, cannot be positive (semi)-definite. [ ]
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Important instances of the applicability of the
previous results

Conformal Killing vectors

("E{g),ul/ = ng,uu

P‘“’(£§—g]5),w = 41)|g, so the condition reads simply ¢|g > 0.
Proper Killing vectors (1 = 0) and Homothetic vectors (i) =const.)
are obviously included.
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Important instances of the applicability of the
previous results

Conformal Killing vectors

("E{g)/w = 21/).9,111/

P‘“’(oEgg]g)W = 41)|g, so the condition reads simply ¢|g > 0.
Proper Killing vectors (1 = 0) and Homothetic vectors (i) =const.)
are obviously included.

Kerr-Schild vector fields
(B. Coll, S.R. Hildebrandt and JMMS, GRG 33 649 (2001))

(£29)uw = 20l (L&) = bl
¢, is a fixed null one-form field (¢,¢* = 0).

Puy(£gg‘5)uu = QhZAZA, SO h‘s > 0.
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Robertson-Walker spacetimes

Robertson-Walker
ds® = —dt* + d*(t) 3gy,

where 3¢, is the standard metric on a maximally symmetric
3-dimensional space with normalized sectional curvature k = +1,0
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Robertson-Walker spacetimes

Robertson-Walker
ds® = —dt* + d*(t) 3gy,

where 3¢, is the standard metric on a maximally symmetric
3-dimensional space with normalized sectional curvature k = +1,0

a(t) is the scale factor.

Conformal Killing vector for Robertson-Walker

The above line-element possesses a timelike conformal Killing
vector:

with ¢ = @ = da/dt.
Furthermore, & is obviously hypersurface-orthogonal

Eudat = —a(t)dt.
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hypersurface t = t with a|; < 0, if they exist.




Thus, direct application of previous results gives

Result

No closed f-trapped surface can be contained in the region a > 0 of
a Robertson-Walker spacetime.

Result

No closed f-trapped surface can have a local minimum of t at the
region with @ > 0. Thus, the minimum of t must be attained at a
hypersurface t = t with a|; < 0, if they exist.

Result

Consequently, f-trapped closed surfaces are absent in generic
expanding Robertson-Walker models. They can only be present in
models with contracting phases.
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@ It is well-known that there are closed trapped spheres at any
t =constant slice with @ # 0 and 4% + k > 0 (this is simply the
positivity of the energy density).
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Trapped round spheres in Robertson-Walker

@ It is well-known that there are closed trapped spheres at any
t =constant slice with @ # 0 and 4% + k > 0 (this is simply the
positivity of the energy density).

@ As the slices are homogeneous, there are closed trapped
spheres through any point of the the slices with @ # 0 and
a?+k > 0.

@ These are, of course, past-trapped if a > 0 and f-trapped if
a < 0.

@ The remaining case of 3-sphere slices (k = 1) with ¢ =0 is
such that all round 2-spheres in the slice are untrapped except
for the equatorial one which is a minimal surface.
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The boundary % for Robertson-Walker metrics

Result

On a general Robertson-Walker spacetime with 4> + k > 0
@ Ifa > 0 everywhere, then 7 = () and thus % = ().
e If a4 <0 everywhere, then 7 =V and thus % = ().

@ In the case that a changes sign, the boundary 9 is necessarily
contained in the region with a = 0: 8 C {a = 0}.

Thus 4 is constituted by preferred slices with @ = 0, which have a
vanishing second fundamental form and therefore are maximal and
totally geodesic.

However, not all such hypersurfaces will be part of the boundary in
general (e.g., de Sitter, which has Z = () and .7 =)




The closed (k = 1) Fridman dust model

~ = 2m, big crunch

south pole
north pole

a>0

~v =0, big bang
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Application to Vaidya: the hypersurface X

Kerr-Schild vector field for Vaidya

The Vaidya spacetime possesses a proper Kerr-Schild vector field
relative to the null direction ¢/ = —0,:

&= 0l




Application to Vaidya: the hypersurface X

Kerr-Schild vector field for Vaidya

The Vaidya spacetime possesses a proper Kerr-Schild vector field
relative to the null direction ¢/ = —0,:

&= 0l

It is immediate to get

dm
(££“g)uy = 2%@“6” y (£“€)M = 0
so that A = dm/dv > 0 is one of the requirements of previous

theorems.




—

Other requirements on ¢

@ To check the other requirements, note that 5is hypersurface
orthogonal, with the level function 7 defined by

2
¢ dat = —Fdr = dr — <1 _ m(”)> dv

r




—

Other requirements on ¢

@ To check the other requirements, note that 5is hypersurface
orthogonal, with the level function 7 defined by

2
¢ dat = —Fdr = dr — <1 _ m(”)> dv

r
and that

£u6M = — (1 o 2mr(v>> 7 0, = -1

so that gis future pointing on the region #Z = %y U AH, with

Ho . r>2m(v).




—

Other requirements on ¢

@ To check the other requirements, note that 5is hypersurface
orthogonal, with the level function 7 defined by

2
¢ dat = —Fdr = dr — <1 _ m(”)> dv

r

and that

g = - (1- 7).

0,80 = —1

so that gis future pointing on the region #Z = %y U AH, with
Ho . r>2m(v).

Besides, £ is timelike on %y and null at the AH: r = 2m(v).
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Put v = infycam 7|;. Define
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Put 7 = inf,cam 7|5. Define

Y={r=1s}.

horizon EH.

Let us note that 75 is also the least upper bound of 7 on the event
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Put 7 = inf,cam 7|5. Define

Y={r=1s}.
horizon EH.

Let us note that 7x is also the least upper bound of 7 on the event

The hypersurfaces 7 = 7. are spacelike everywhere (and

approaching %) if 7. < 7x;, while they are partly spacelike and
partly timelike, becoming null at AH, if 7. > 7.
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The hypersurface X

DY
Put 7¢ = inf,cap 7|,. Define

ZE{T:TE}.

Let us note that 7x; is also the least upper bound of 7 on the event
horizon EH.

v

The hypersurfaces 7 = 7. are spacelike everywhere (and
approaching %) if 7. < 7x;, while they are partly spacelike and
partly timelike, becoming null at AH, if 7. > 7.

A characterization of {7 = 7x} is as the /ast hypersurface
orthogonal to gwhich is non-timelike everywhere.
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Put 7¢ = inf,cap 7|,. Define
X = {T = 7’2} o

Let us note that 7x; is also the least upper bound of 7 on the event
horizon EH.
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orthogonal to gwhich is non-timelike everywhere.

The location of & depends on whether % (0) > 1/8 or not. In the
former case, X does penetrate the flat region. It may not be so in
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The hypersurface X

by

Put 7¢ = inf,cap 7|,. Define
X = {7’ = TE} o

Let us note that 7x; is also the least upper bound of 7 on the event
horizon EH.

The hypersurfaces 7 = 7. are spacelike everywhere (and
approaching %) if 7. < 7x;, while they are partly spacelike and
partly timelike, becoming null at AH, if 7. > 7.
A characterization of {7 = 7x} is as the /ast hypersurface
orthogonal to gwhich is non-timelike everywhere.
The location of & depends on whether % (0) > 1/8 or not. In the
former case, X does penetrate the flat region. It may not be so in
the other cases. (For the self-similar Vaidya case previously
considered, ¥ penetrates the flat region if and only if x> 1/8).
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Schwarzschild

r = 0 singularity
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r = 0 singularity
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In the imploding Vaidya spacetime

@ No closed f-trapped surface can enter the region J~ (%)
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Theorem (X is a past limit for closed f-trapped surfaces)
In the imploding Vaidya spacetime
@ No closed f-trapped surface can enter the region J~ (%)
(r < 71%).

@ The minimum 7., of T on a closed f~trapped S is always
attained within It (AH) (r < 2m(v))
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Proposition

P cannot have a positive minimum value of v, and furthermore
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Where is the boundary 4 in Vaidya spacetimes?

Set
T = inf T
x€EH ’m

where 7 =const. are the level hypersurfaces of €.

Proposition

P cannot have a positive minimum value of v, and furthermore

T = inf 7|, =T1%.
IE@’

Corollary (# merges with ¥ and AH)
B C{r>2m@)}nJH (D),

and it must merge with, or approach asymptotically, 3., AH and EH
in such a way that (Z\EH)NAH =10

Furthermore, 98 cannot be non-spacelike everywhere; And it is
spacelike close to its merging with ¥ and EH.




Proposition (7 decreasing on %)

PB\EH can never be tangent to a T =const. hypersurface, so that T
is a monotonically decreasing function of r on %\ EH.




Proposition (7 decreasing on %)

PB\EH can never be tangent to a T =const. hypersurface, so that T
is a monotonically decreasing function of r on %\ EH.
In particular,

BN (S\EH) = §
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or future trapping horizon.

(B\EH) cannot be a marginal trapped tube, let alone a dynamical
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2% is not a dynamical horizon!

Corollary

(#B\EH) cannot be a marginal trapped tube, let alone a dynamical
or future trapping horizon.

Notice that the only closed marginally f-trapped surfaces that can
be contained in & are those which are actually on its part NEH
that coincides with the event horizon, if any.
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Conclusions and outlook

@ Closed trapped surfaces do penetrate some flat portions of
spacetime.

@ Closed trapped surfaces have a non-local property:
clairvoyance

@ The boundary % seems to be a fundamental spacetime object,
specially in asymptotically flat black-hole spacetimes.

e #\EH does not include any portion of a marginally trapped
tube. Actually, it does not contain any closed marginally
f-trapped surface.

@ We have restricted the location of % severely, and we are
working on its intrinsic characterization.

@ Of course, the aim is to eventually give up spherical symmetry.
In this sense

e The techniques we have used to define 7 and to use it are
completely general.

e The Main Formula, the general theorems on minima, etc. are
also general.
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