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Aims:

o Different type of boundaries for spacetimes —and their problems
e History and recent (final!) definition of the causal boundary
¢ Relation with the conformal boundary

J.L. Flores, J.Herrera, MSQn the final definition of the causal boundary and its
relation with the conformal boundayyn preparation.

MS, Nonlinear Anal. 09, arXiv:0812.0243v1
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1.- Boundaries for spacetimes

1.1- Boundaries in Differential Geometry

Depending on the type of properties one would like to study, different “bound-
aries” may be attached to a space:

e Boundary associated to@auchy completion

e Busemann boundaygontaining the asymptotic directions in a Hadamard
manifold.

e “Point at infinity” which compactifies the complex plane...
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1.2- Geroch’s g-boundary, Schmidt’s b-boundary

Involve classes of curves and are non-conformally invariant:

e Mathematically elegant and systematic constructions such that:
(i) every incomplete geodesic in the original spacetime terminates at a point
(if) geodesically continuous

e Drawback: a generic examp(M,g) by Geroch, Liang and Wald (JMP’82)
shows that minimal conditions (i), (ii) yield a rather undesirable topology
Example:

M = (R*\{r}) xR?, g=Q(-,-)p 2+ (-,-) g2, for appropriateQ > 0. Un-
desirable property:

boundary point r not T; related to some points inM.

Alternatives: conformal and causal boundaries —not so elegant mathematically
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2.- Penrose conformal boundary

2.1- Generalities
e Importance because of some particular cases

— Lorentz-MinkowskiL" in Einstein statidR x S"~1 —applications for
asymptotic flatness, black holesc.

— AdS-CFT correspondeneeven though the limitations of the bound-
ary led to the causal one for plane waves (Berenstein-Nastase '02,
Marolf-Ross '02,'03, Flores-MS '08)

e General Defn. (?)find (if possible) an open conformal embedding

M — Mg of your spacetiméM in a (“aphysical”) spacetim&ly with (say,
compact) closuré(M) and take as bounda@g/(i(M)) C M.
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e Drawbacks: non-generahd (except if plus restrictive)on-intrinsic.

e Someimprovements but no general solutiaith further notions:
Ashtekar & Hanseintrinsic conditions for asymp. flatness (JMP’78)
Scott & Szekereabstract boundargJGP’94),

Garda-Parrado & Senovillisocausal extensiof€QG’03).
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2.2- The conformal boundary fauna
Model:

4d P> <« > 1N B R



Notice that the boundary isot smooth ai* and, what is more, recaif:

if we admiti®, must we admit this?

i i

Recall: implicitly one isusing the induced topology
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If we drop i, the completion is not compact

Are we sure that the conformal boundary is “complete”?
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Even if the completion is compact:

is the conformal boundary truly conformally invariant?

o THIT—=] ¢
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Even in the smooth (and compact) case,

must we admit non-open chronological futures in the completion?

gy

{}.

w<<p ?

Recall: implicitly one is assuming that the induced chronology is a consistent
chronology, is this true?
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Necessity of criteria to admit the conformal boundary as admissible:

e as a point set,
e topologically and

e chronologically
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3- Intuition for the c-boundary

Causal boundaryM of a spacetiméM :

e Purposeattach a boundary endpoiRte dM to any inextensibléuture or
past directedimelike curvey

e Basic ideathe boundary point would be representedry: | ~(y) or P =
(7).

e Essential structureconformal structur¢Causality).
e No direct information on true singularities but on

— limit causal dependence,
— points at infinity or
— conformally invariant singularities
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e Intuitive picture: dM would be the disjoint union of
1. Future infinity 0, M, reached by future-directed timelike curves but
no past-directed ones,
2. Past infinity 0_M, dualto the former, and

3. Timelike boundarygyM, whosepoints are reached by both, future and
past directed curves

doM may represent

— naked singularities,
— the boundary of a removed region in a bigger spacetime

— in general, losses of global hyperbolicity*((p) N J~(q) is not
compact)

Ideal scenario for differential equations:

— Initial conditions as some sort of limit o.M
— Boundary conditions o@gM
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BUT recall, again one has fwovide satisfactory definitions for

1. dM as a point set
2. M=MUOJM as a topological set

3. M as a “chronological set” endowed (at least) with a binary relation
which extends the chronological ore on M.
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4.- The old problems of the c-boundary

4.1- Starting causal boundaries: GKP construction (Proc. London '72)

General construction starting (in principle) at a strongly causal spacédme
intrinsic, systematic and unique

(a) Construction: nice part.
e M: set of all the IP'{indecomposable past sets). Sudh eay be:

— proper. PIP,P=1"(p) forsomep €M (M identificable to the set of
PIP’s, as the spacetime is past distinguishing) or

— terminat TIP, P = |~ [y| for some inextendible future-directed time-
like curve

The set of all TIPs is théuture boundaryéM .
e AnalogouslyM, IF, PIF, TIF M.

e PrecompletiorM?: M with preboundary pointéM UoM
M? = (MUM)/ ~ wherel*(p) ~ 1~ (p),Yp e M.
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TIP

(terminal)

\\ Indecomposable

past sets (IPs)

Decomposa-
ble past sets

(proper)
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(b) Construction: not so nice part

e Topologize M with a generalization of Alexandrov topologpub-base
Fint, FeXt, Pint, pext.

Fnt — {PeM:PNF +#0}, for eachF e M.

Fet— (pe M:P= |~ [w] = IT[w] ¢ F}, for eachF € M.
e Causal completion:

M = M#/Ry

whereRy is the minimum identification gbreboundary point$o obtain a
Hausdorff space

— one such identification (and, then, the intersection of all them) gxist
M is stably causabut no in a general strongly causal spacetime (Szabados,
CQG'88).
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(c) Problems

The relation of equivalenc®y was introduced because obvious identifications
must be carried out to recover the natural boundragxamples such & x R C
L2 (x> 0) (x=0)

P P, F rust be
identified

PR NN ROR
P —

4d P> <« > 1N B R



But GKP construction does not recover well the boundary of
R?x R c L3 (y>0)!l

F.F are not
GKP identified

P=1"[p],F =1"[y] “finish” at the same point witly = 0 but are not identified!!
(Kuang, Liang, JMP’87).
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More problems:

e Taub spacetime is static, but its “GKP singularity” is only a point, not a line
(Kuang, Li, Liang, PRD’86).

e For ", the topology of the (causal part of the) Penrose conformal bound-
ary does not agree GKP topology (Harris CQG’00).

e Restriction to stably causal spacetimes...
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4.3- First modifications: Budic & Sachs (JMP’74), Racz (PRD’87)

How to ammend these problems?:

1. Racz GKP topology is unappropriate

maintain the identificationbut redefine the topologyF'™, Fe are de-
fined only whenF is a PIF, and make it generate also IFs (and analogously
for P)

2. Budic & Sachs GKP identifications are unappropriges they arendirect
and impose a priori Hausdorfness)

maintain GKP topology biitlentify P € M,F € M in M? if P ~gsF i.e.:

P=|F(=IntNyeg | (X)) andF =T P
Of coursel ~(p) ~gs! 7 (p) forall pe M.

+ Other ingredients introduced, with expected good properties for causally
continuous spacetimes
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“Counterexampleby Kuang & Liang (JMP’88, PRD’92):

Causally continuous spacetind=1.3\J(p,q) p=(—1,0.0),q=(1,0,0):
{ai} # qin M for Budic & Sachs construction
{ri} / r in M for Racz topology

4= {1.0.0) sese & o

Rermove
fram®
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4.4- Szabados reformulation (CQG '88,'89)
Refine Budic & Sachs identificatidn M*:

F isincluded and is maximal in TP

P~sF < - ) L
P isincluded and is maximal in | F

(plus a second identification).
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| F=PLUP,; thusR «gsF fori=1,2 butP, ~gF ~sP (Szabados imposes
that the three sets represent a single boundary point)

Nevertheless, the topology is again inducadd GKP”
...and this wills not be good:
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Kuang & Liang (PRD '92). Szabados construction does not recover well the
topology for the completion oR? x Rt ¢ L3 (y > 0)!!

P.F are 5 identified P=F=Q
but q - does not converges 0

Now, P=1"[p] ~sF =17[y] yield the same boundary poif... but{gn} /4 Q!
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4.5.- Kuang and Liang dramatic claim

We are inclined to believe that the whole project of constructing a
singular boundary has to be given up (PRD’92).
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5.-Reconstructing the boundary I:
Harris’ universal construction (CQG '00)

Consider only the (non-problematic) future thl\?I,éM:

(M, <) andM (with an extension o of the original <) areparticular cases
of chronological spaces

(a) Category of chronological space@NOTE THIS!)
e (X,<): X set,x transitive and anti-reflexiveuch that:

— No isolated points: eack satisfiesx < y or y < x for somey
— Existence of &hronologically denseaumerable subse®:
X<ydde 7 x<d<ky.

e Natural extension of spacetime definition§. ex: IPs, future-timelike
curves replaced by futughronological chainsx; < - < xp < ...

e (X,<) (past-)regulari—(x) is IP for all x € X (as in spacetimes).

e Natural functor in this category: maps preserving the chronology
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(b) Chronological completion ofX, <) :

Claim. Up to some technicalities regarding the definitionaf (“past determi-
nation”) GKP construction is the minimal (universal, categorically unique) way
of “future-completing” a past-regular, past-distinguishing chronological. set

In particular, this happens for strongly causal spacetimes, yielding a support for
the “nice part” of GKP construction (preboundary points and extended causal
relations toM?).
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(c) New type of topology(NOTE THIS!)
No GKP (Alexandrov) topology but mit operator L :

o Definition: for any sequence = {xn}n C X:

~ VLK X=Y <K< Xn
Xxel(o) & -
(@) { I7(X) S P(e M) = 3zeP:z2«£ X,

(for largen)
e Flores reformulation:
. |~ LI{1~
xel(o) & 7(X> .C { (Xn)} : .
|~ (x)is a maximal IP irLS{l ~ (xy) }
e L allows to define closed subsets and, thus, a topologyl erwith a num-

ber of nice properties.
But only categorical properties for particular subcategories (remarkably,

when the boundary is spacelike)
4d P> <« > 1N B R



In ]Lz\{x < 0} each point of the removed semi-axis yields a past boundary point.
Now: (a)l~(y) andP liein ﬁ({yn}n) (i.e.ye M andP € JM are notT; related),
(b) if 17(2) is open inM, the sequencéP}, C M would not converge té.

4d P> <« > 1N B R



(d) Extra bonus:

Tools for computing the boundary (TIPs, TIFs) for produgct R) x S space-
times(and then static standard, Robertson-Walker...) —refined in Harris & Flores

CQG'07.
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Reconstructing the boundary Il:
Marolf-Ross’ “recipe” (CQG’03)

New viewpoint on:

e CompletionM: set ofpairs (P.F), (NOTE THIS!) Pe M,F € F st.
P~sF

(Eachp € M identified to(1~(p),17(p)) soM C M).

e Chronological relation< :

(P.F)<(P,F’) <= F NP # 0 (introduced by Szabados, but now free of
inconsistenciesNOTE THIS!) )
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(P F)==<P' F)

Remarkablyno spurious relations introduced < =< on M.
(No Harris problems on past-determination; consistency for Szabados)
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e Topology: two reasonable (and technical) optiorthe less coarse pre-
ferred.

Closed subsetd:"(S) := Clgg(SUL: (S)) with e L (S) & P C I1[]
(plus analogous -).

EssentiallyL " (S) is a limit operator which means

imP = Qe s QCHE)
" M\Q C LI(M\Ry)

then, given{xn} C M:

_ P=Ilimpl~(Xn)
(17 (%), 17 (xn)) — (P.F) ‘:*{ F = limp 1 * (X))
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Some nice propertieseven though ndz, this situation is “controlled”
BUT: no definitive argument for the choice of the topology

|dertify
"’/ -~ ql'l L B N =

p i

B Remove

Less coarse topologyign} 4 Q,P
Coarsest topology{qn} — Q,P
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Reconstructing the boundary IlI: Flores revision (CMP’07)

e Ingredients

1. Harris

— Framework of chronological setX, <)

— Decomposition operator: déle) = UPy, P, indecomposable
[dec(F) = UFy, Fy indecomposable].

— Limit operator for sequencds (non-necessarily unique limit)
[and analogous ]

2. Szabados (Budic & Sachs) relation (lmat a priori):

F isincluded and is maximal in TP

P~sF < . . -
P isincluded and is maximal in | F
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3. Marolf & Ross

— Pairs past/future(P,F) C Xp x Xt (Xp: past setsXs :future sets)
— Chronological relatiofP,F)< (P',F') <= FNP # 0
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e Approach

1. New viewpoint
Consider any chronological set:

— For any chainn = {x,} [future X, < Xn+1], notion of endpoint
(P,F) (previous to any consideration of limit):
P=1"(n), ded= =L(n)

— For completionsX of X:
Defn: X € X C Xp x X¢ which is complete each chain has a
endpoint
(Th: completion is a&hronological seandcompleté.

One has many completions, each cmé <) a (complete) chrono-
logical space
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2. Topologyfor any chronological spac®&OTE THIS!) :

definea naturakchronological topologyextension of Harris’ ideas-
ing also the future pajt

— L “limit” operator on sequences = {X,} C Y:

ded ~(x) C L(o)
xel{o) = { ded* (x) (o)

— this defines the closed sets.
Essentially, the topology is the natural choice so that

— The endpoint of a chaim is a limit point of the sequence

— (For strongly causal spacetimes:) the topologyXoagrees the
restriction ofX.
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e Results

1. Forany completior()z,<2): first natural properties

(@) The completion is a (weakly) distinguishing chronological set

(b) i:X < X is a chronological map, with image chronologically
dense

(c) no new (spurious) relation introduced &y in i(X)
(d) The completion is a complete chronological set!
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2. Notion of chronologicalcompletions(NOTE THIS!) (the minimal
ones —essentially, removing a pointXfdestroys completeness)

They exist! and, for strongly causal spacetimes

() the boundary is closed

(b) the limits and endpoints of chains agree

(c) X is Ty [not fulfilled by Marolf-Ross topologies]

(d) Non-Hausdorff related points lie idX [not fulfilled by Harris]
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3. Forstrongly causakpacetimesS-relation emergesi.e.,it is not im-
posed NOTE THIS!)
Theorem Let M be a strongly causal spacetime. A completdC
Mp x M¢ is minimal if and only if its boundaryM satisfies the fol-
lowing properties:

(i) Every TIP and TIF inM is the component of some pair &M .

(i) If (RF)edM andP+#0+#F,thenP isaTIPF isa TIFand
P~sF.

(i) If (PF)€dM andF =0 (resp.P =0) thenP (resp.F)is a
(non-empty) terminal indecomposable set and is not S-related to
any other set.

(iv) If (PF1),(PR) € dM andF, #F (resp., (P, F), (P, F) € M
and P, # P,) then K (resp. B), i = 1,2, does not appear in
another pair oM.

4. About Marolf & Ross completion (MR)It is not minimal, even if
there exist a unique minimal completion
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6.- Our final choice (Flores, Herrera, MS, in progress)
Admissible notions for the completions:

e Admissible as point setscompletions considered asuirs (1P, IF) (as in
Marolf-Ross), undennder Szabados relati¢as justified by Flores).

~ Marolf-Ross completiojwhich includes all these pairsseigled out as
the maximum onéin fact, the unique univocally determined as the minimal
ones are not unique).

e Extended chronological relationthose< which includes:
the ones in the spacetime< y = x<y and

the ones which define the boundarge P = x< (P F),ye F = (PF)<y

~» Marolf-Ross/Szabados chronolo@y, F )< (P',F’) < F NP # 0 issin-
gled out as (i) the minimum extensioand also as (ii) the unique which is
admissible(in the sense does not introduce spurious relationd)for any
topology withM dense and open chronological futures and paste,F ).
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¢ Admissible topologiesthe coarsest such that (P,F) are open(this is
also a way to understand Alexandrov topology!).

~~ All of them coincide around points witR # 0 # F and Flores/Harris
topology based o, L is singled outas the uniquel; such that the com-
patibility properties under limit sets also hold whBror F are empty.

Moreover: additional new properties of good behavior of the topology (ANII,
determination of local compactness etc.)
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7.- Coming back to the conformal boundary

e General notion.Conformal envelopment:iM — Mg in a (‘aphysical”)
strongly causal spacetimdy. Conformal completioof M (w.r.t. i) is the
closureM; := i(M) C Mg, and theconformal boundanthe complement
M =i(M)\i(M).

e Relevant partFocus in theaccessible boundarg*M (andaccessible com-
pletion M;*): points reachable as endpoints of timelike curveMin

1. If M; is an embedded manifold wite! boundary: all the points
accessible)*"M = dM.

2. Do not care on the existence of points such as spacelike inffhity
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e Chronological completenessAny inextensible(future or pastitimelike
curve inM have an endpoirih the conformal boundary.

1. Fulfilled if M;" is compact

2. Fulfilled bythe (non-compact) standard conformal complefion—
R x S"1 with i® removed
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e Proposition. If giM* is chr. complete, well defined natural projections
£:0M—9*M, P=I1"(y)—limy

M —9*M, F=I17(y)—Ilimy

e Causal and (accessible) conformal completions identifikble M; if:

T OM — 9*M, ﬂ((PaF)):{ gEFF))) :; :ig

satisfies:
1. ltiswell-defined, i.e.:(PF)edMandP#0#4F = 7(P)=x(F)

2. mis bijective
3. Its extension to the completiors: M — M. is both, a homemor-
phism and a chronological isomorphism.
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o Sufficient conditions to ensufd = M;

1. CompletionM; is a closed (perhaps non-compact) embedded mani-
fold with C' boundary

2. Either global hyperbolicity or some technical condition of accessi-
bility —type: TIPs and TIFs are generated by timelike curves
extensible as timelikat the boundary point € &M (under refine-
ment).

[Difficulty: a smooth timelike curve may be continuously but non-
smoothly extendible to the boundary and then must be understood
in the aphysical spacetime as a continuous causal curve. It is not
enough for these curves to be almost everywhere smooth and future
or past timelike but also to belt. The proximity of the boundary
may interfere with its past/future.]

in particular, the typical null conformal boundary of asymptotically
flat spacetimes agrees the causal orfas well as the boundaries in typical
exact solutions -Schwarzschild, de Sitter, Robertson-Walker...)
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