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Higher dimensions, vacuum
Myers-Perry, Emparan-Reall

• Myers-Perry (1986):
(n + 1)-dimensional generalisation of the
Kerr metric — connected horizon with
topology Sn−1

• Emparan-Reall
(2002): a five
dimensional black hole
with S2 × S1 topology
of the horizon (“black
ring”)
(see also
Pomeransky-Senkov?
hep-th/0612005)
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Black Saturn?
Five dimensions, vacuum — Elvang-Figueras

• Elvang-Figueras (2007): a five dimensional
black hole with (S2 × S1) ∪ S3 topology of the
horizon?
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Di-rings? Bicycling rings?
Five dimensions, vacuum, two toroidal components?

• Jarah Evslin, Chethan Krishnan (arXiv:0706.1231)

• Hideo Iguchi, Takashi Mishima (arXiv:hep-th/0701043v2)

No evidence that the solutions are singularity-free
(compare Neugebauer-Kramer; Weinstein)
Henriette Elvang, Maria Rodrigues “bicycling rings”
(arXiv:0712.2425v3)
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Emparan-Reall: the metric
Five dimensions, vacuum, toroidal Killing horizon

g = −
F (x)

F (z)

(

dt +

√

ν

ξF

ξ1 − z
A

dψ
)2

+
F (z)

A2(x − z)2

[

−F (x)

(

dz2

G(z)
+

G(z)

F (z)
dψ2

)

+F (z)

(

dx2

G(x)
+

G(x)

F (x)
dϕ2

)]

,

where A > 0, ν > 0 et ξF are constants, and

F (ξ) = 1 − ξ
ξF
,

G(ξ) = νξ3 − ξ2 + 1 = ν(ξ − ξ1)(ξ − ξ2)(ξ − ξ3) ,

are polynomials, with ν chosen so that ξ1 < 0 < ξ2 < ξ3).
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Emparan-Reall: the metric
Five dimensions, vacuum, toroidal Killing horizon

The study of the rotation axes at x = ξ1 and x = ξ2 leads to the
determination of ξF as:

ξF =
ξ1ξ2 − ξ2

3

ξ1 + ξ2 − 2ξ3
∈ (ξ2, ξ3) . (1)

Emparan and Reall show
• asymptotic flatness
• existence of a toroidal Killing horizon
• event horizon?
• maximal extensions?
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The event horizon has R × T
3 topology

PTC, Cortier, arXiv:0807.2309 [gr-qc]

• Consider the matrix of scalar products of Killing vectors
{Xi} = {∂t , ∂ϕ, ∂ψ}, i = 1,2,3:

hij = g(Xi ,Xj) .

• if det hij < 0, some Killing vector has to be timelike
• The event horizon H is a null, achronal hypersurface
invariant under isometries, so no Killing vector can be timelike
on H

• So on an event horizon det hij cannot be negative
• But this determinant is negative for z < ξ1 or z > x3

F (x)G(x)F (z)G(z)

A4(x − z)4 .

• {z = ξ3} is an event horizon: ξF < z < ξ3 must be within a black
hole because z is a time function there, and thus decreases on future
directed timelike curves until a singularity z = ξF is reached.
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An extension, together with a global coordinate system
Chrusciel, Cortier, arXiv:0807.2309 [gr-qc]

dv = dt +
bdz

(z − ξ3)(z − ξ2)
,

dw = dt −
bdz

(z − ξ3)(z − ξ2)
,

v̂ = exp(cv) , ŵ = − exp(−cw) ,

2cb
(ξ3 − ξ2)

= 1 , b2 =
σ2(ξ3 − ξ1)

2(ξ3 − ξF )

νA2ξ2
F

.

analytic Lorentzian metric on the set

Ω̂ :=

{

ŵ , v̂ | −
ξ3 − ξ1

ξ2 − ξ1
≤ v̂ ŵ <

ξ3 − ξF

ξF − ξ2

}

× S1
ψ̂
× S2

(x,ϕ) ,
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Maximality? Uniqueness of extensions?
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Maximality? Uniqueness of extensions?
Kobayashi-Nomizu

Theorem (Kobayashi-Nomizu)

Simply connected, geodesically complete, analytic extensions
of semi-Riemannian manifolds are unique.
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Maximality? Uniqueness of extensions?
Kobayashi-Nomizu

Theorem (Kobayashi-Nomizu)

Simply connected, geodesically complete, analytic extensions
of semi-Riemannian manifolds are unique.

not very useful ...
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Maximality? Uniqueness of extensions?

Definition

A Ck obstruction scalar is a smooth polynomial defined by the
geometry which transforms by composition under pull-back of
the metric
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Maximality? Uniqueness of extensions?

Definition

A Ck obstruction scalar is a smooth polynomial defined by the
geometry which transforms by composition under pull-back of
the metric

Examples:
• RαβγδRαβγδ is a C2 obstruction scalar
• if X is a Killing vector, then g(X ,X ) is a C2 obstruction scalar
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Maximality? Uniqueness of extensions?
PTC, Cortier, arXiv:0807.2309 [gr-qc]

Definition

A pseudo-Riemannian manifold is called s-complete if for every
maximally extended geodesic γ that is not complete there
exists an obstruction scalar that is unbounded on γ.
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PTC, Cortier, arXiv:0807.2309 [gr-qc]

Definition

A pseudo-Riemannian manifold is called s-complete if for every
maximally extended geodesic γ that is not complete there
exists an obstruction scalar that is unbounded on γ.

Theorem (PTC, Cortier)

1 The extension of the ER space-time just presented is
s-complete,
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Maximality? Uniqueness of extensions?
PTC, Cortier, arXiv:0807.2309 [gr-qc]

Definition

A pseudo-Riemannian manifold is called s-complete if for every
maximally extended geodesic γ that is not complete there
exists an obstruction scalar that is unbounded on γ.

Theorem (PTC, Cortier)

1 The extension of the ER space-time just presented is
s-complete,

2 Simply connected analytic s-complete extensions are
maximal and unique

Corollary (unseen?): The Kruskal-Szekeres extension is the
unique s-complete maximal analytic simply connected
extension of the {r > 2m} Schwarzschild metric
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Maximality? Uniqueness of extensions?
PTC, Cortier, arXiv:0807.2309 [gr-qc]

Definition

A pseudo-Riemannian manifold is called s-complete if for every
maximally extended geodesic γ that is not complete there
exists an obstruction scalar that is unbounded on γ.

Theorem (PTC, Cortier)

1 The extension of the ER space-time just presented is
s-complete,

2 Simply connected analytic s-complete extensions are
maximal and unique

Corollary (unseen?): The Kruskal-Szekeres extension is the
unique s-complete maximal analytic simply connected
extension of the {r > 2m} Schwarzschild metric
Conditions are sharp
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Pomeransky-Senkov

the Pomeransky-Senkov metrics are supposed to provide a
family of black rings with two rotation parameters;
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Pomeransky-Senkov; Black Saturns

the Pomeransky-Senkov metrics are supposed to provide a
family of black rings with two rotation parameters;

while the Black Saturns are supposed to contain two
distinct black hole regions;
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in both cases the metric coefficients are high order (PS: up
to 13) rational functions of coordinates and
parameters (PS)
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the Pomeransky-Senkov metrics are supposed to provide a
family of black rings with two rotation parameters;

while the Black Saturns are supposed to contain two
distinct black hole regions;

in both cases the metric coefficients are high order (PS: up
to 13) (BS: up to 56) rational functions of coordinates and
parameters (PS) or (BS) of algebraic functions of the
coordinates and parameters

(
√

√

ρ2 + (z − ai)2 − (z − ai));

Piotr T. Chru ściel On higher dimensional black holes



Pomeransky-Senkov; Black Saturns

the Pomeransky-Senkov metrics are supposed to provide a
family of black rings with two rotation parameters;

while the Black Saturns are supposed to contain two
distinct black hole regions;

in both cases the metric coefficients are high order (PS: up
to 13) (BS: up to 56) rational functions of coordinates and
parameters (PS) or (BS) of algebraic functions of the
coordinates and parameters

(
√

√

ρ2 + (z − ai)2 − (z − ai));

the original papers ignore the “subtle issue”
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Pomeransky-Senkov; Black Saturns

the Pomeransky-Senkov metrics are supposed to provide a
family of black rings with two rotation parameters;

while the Black Saturns are supposed to contain two
distinct black hole regions;

in both cases the metric coefficients are high order (PS: up
to 13) (BS: up to 56) rational functions of coordinates and
parameters (PS) or (BS) of algebraic functions of the
coordinates and parameters

(
√

√

ρ2 + (z − ai)2 − (z − ai));

the original papers ignore the “subtle issue” whether or not
the denominators have zeros...

as well as the possibility of causality violations outside of
the black hole region (PS; BS: mentioned but not
answered)
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Pomeransky-Senkov; Black Saturns
work in progress with J. Cortier, A. Garcia-Parrado (PS), and with M. Eckstein and S.
Szybka (BS)

Theorem

Let g be a Pomeransky-Senkov (PS) metric or a Black Saturn
(BS) metric:

1 The denominators have no zeros in the range of
parameters given by the authors
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Pomeransky-Senkov; Black Saturns
work in progress with J. Cortier, A. Garcia-Parrado (PS), and with M. Eckstein and S.
Szybka (BS)

Theorem

Let g be a Pomeransky-Senkov (PS) metric or a Black Saturn
(BS) metric:

1 The denominators have no zeros in the range of
parameters given by the authors

2 Numerical proof(?) (PS) or analytic (BS) proof that there
are no obvious strong causality violations in the d.o.c.
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Pomeransky-Senkov; Black Saturns
work in progress with J. Cortier, A. Garcia-Parrado (PS),

Theorem

Let g be a Pomeransky-Senkov (PS) metric
:

1 The denominators have no zeros in the range of
parameters given by the authors

2 Numerical proof(?) (PS) that there
are no obvious strong causality violations in the d.o.c.

3 (PS) The exterior Killing horizon is an event horizon, and
therefore has the expected topology
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Pomeransky-Senkov; Black Saturns
work in progress with J. Cortier, A. Garcia-Parrado (PS),

Theorem

Let g be a Pomeransky-Senkov (PS) metric
:

1 The denominators have no zeros in the range of
parameters given by the authors

2 Numerical proof(?) (PS) that there
are no obvious strong causality violations in the d.o.c.

3 (PS) The exterior Killing horizon is an event horizon, and
therefore has the expected topology

4 (PS) Construction of candidate maximal analytic
extensions
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The nondegenerate, connected classification in
dimension 4 + 1 with three commuting Killing vectors?
Hollands, Yazadjiev (arXiv:0707.2775)

Stationary, vacuum,
4 + 1 dimensional
non-degenerate,

I+-regular black hole exteriors
with three commuting Killing vectors

are (?) classified by
angular momenta of the horizon

and the geometry of the quotient of the d.o.c.
by the isometry group
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Dimension 4 + 1: Structure of the proof:
Hollands Yazadjiev

(arXiv:0707.2775);

• Hollands Ishibashi Wald: second Killing vector Y near the
horizon;
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Dimension 4 + 1: Structure of the proof:
Hollands Yazadjiev

(arXiv:0707.2775);

• Hollands Ishibashi Wald: second Killing vector Y near the
horizon; not enough Killing vectors!
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Dimension 4 + 1: Structure of the proof:
Carter; Hollands Yazadjiev
(arXiv:0707.2775); PTC, Lopes Costa

• Carter-type argument (PTC, Lopes Costa): R × U(1) × U(1)
isometry allows a global reduction of the equations to a two
dimensional problem
on an I+-regular
domain of outer
communications:
d.o.c:=
I+(Mext) ∩ I−(Mext)

������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������

Mext∂Σ

Σ

d.o.c.

I+

I−

i0 i0E +

Piotr T. Chru ściel On higher dimensional black holes



Dimension 4 + 1: Structure of the proof:
Carter; Hollands Yazadjiev
(arXiv:0707.2775); PTC, Lopes Costa

• Carter-type argument (PTC, Lopes Costa): R × U(1) × U(1)
isometry allows a global reduction of the equations to a two
dimensional problem
on an I+-regular
domain of outer
communications:
d.o.c:=
I+(Mext) ∩ I−(Mext)
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• Robinson’s identity

Piotr T. Chru ściel On higher dimensional black holes



Dimension 4 + 1: Structure of the proof:
Carter; Mazur; Breitenlohner Gibbons Maison; Ida Shiromizu; Hollands Yazadjiev
(arXiv:0707.2775); PTC, Lopes Costa

• Carter-type argument (PTC, Lopes Costa): R × U(1) × U(1)
isometry allows a global reduction of the equations to a two
dimensional problem
on an I+-regular
domain of outer
communications:
d.o.c:=
I+(Mext) ∩ I−(Mext)

������������
������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������
������������

Mext∂Σ

Σ

d.o.c.

I+

I−

i0 i0E +

• Mazur; Breitenlohner Gibbons Maison;
Shiromizu Ida; Hollands, Yazadjiev: a divergence identity for the
associated harmonic map implies (?) uniqueness of solutions
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• Mazur; Breitenlohner Gibbons Maison;
Shiromizu Ida; Hollands, Yazadjiev: a divergence identity for the
associated harmonic map implies (?) uniqueness of solutions
open problem: boundary conditions at the intersection of the
axis with the horizon?
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Dimension 4 + 1: the quotient manifold
R

5 divided by three commuting Killing vectors

Toy model: R
5 divided by a time translation and two

rotations in two orthogonal planes
R

5 = R × R
4, dividing out by time translations leaves R

4

R
4 = R

2 × R
2, with independent rotations in each R

2

The quotient of R
2 by a rotation is [0,∞):

(x , y) = (ρ cosϕ, ρ sinϕ) ,

and the quotient space can be parameterised by ρ
So the quotient space of R

4 by two rotations is
[0,∞) × [0,∞), which is a quadrant in R

2, same for the
quotient of R

5 by two rotations and a time translation
it is convenient to view this as a half-plane with the origin
removed; the origin corresponds to the intersection of the
axes of rotation, where both Killing vectors vanish; each
interval on the boundary corresponds to an axis of rotation,
where precisely one Killing vector vanishes
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Dimension 4 + 1: the quotient manifold
Orlik Raymond;

This generalises as follows (Orlik Raymond 1970; first
discussed in the physics literature by Harmark 2004); choose a
basis with two periodic Killing vectors:

Simple connectedness theorem =⇒ no discrete isotropies
(good news...)

the quotient space is the half-plane from which a finite
number of points on the boundary have been removed;

each of the removed points represents either the
intersection point of two axes, or the intersection point of a
horizon and an axis

Each connected component of the event horizon is itself
invariant under the group, factoring out R one obtains a
three dimensional compact manifold with a U(1) × U(1)
action
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Piotr T. Chru ściel On higher dimensional black holes



Dimension 4 + 1: the quotient of the horizon
Orlik Raymond;

Such manifolds have been classified again by Orlik and
Raymond, the list is

S3 , S1 × S2 , T
3 , L(1,q) (“lens spaces”) .
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Dimension 4 + 1: the quotient of the horizon
Orlik Raymond; PTC Wald

Such manifolds have been classified again by Orlik and
Raymond, the list is

S3 , S1 × S2 , T
3 , L(1,q) (“lens spaces”) .

T
3 is excluded e.g. by simple connectedness of the d.o.c.

Piotr T. Chru ściel On higher dimensional black holes



Dimension 4 + 1: the quotient of the horizon
Orlik Raymond; PTC Wald

Such manifolds have been classified again by Orlik and
Raymond, the list is
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In all allowed cases, on each horizon, there are exactly two
fixed points of the group action
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Orlik Raymond; PTC Wald

Such manifolds have been classified again by Orlik and
Raymond, the list is

S3 , S1 × S2 , L(1,q) (“lens spaces”) .

In all allowed cases, on each horizon, there are exactly two
fixed points of the group action (same Killing vector for
S1 × S2, distinct Killing vectors for S3)
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Dimension 4 + 1: the quotient of the horizon
Orlik Raymond; PTC Wald Harmark; Hollands Yazadjiev

Such manifolds have been classified again by Orlik and
Raymond, the list is

S3 , S1 × S2 , L(1,q) (“lens spaces”) .

exactly two
fixed points (same Killing vector for
S1 × S2, distinct Killing vectors for S3)
with each intersection point associate a GL(2,Z) matrix,
(±SL(2,Z) for axes) saying which is the Killing vector
which vanishes on the next axis,
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Dimension 4 + 1: the quotient of the horizon
Orlik Raymond; PTC Wald Harmark; Hollands Yazadjiev

Such manifolds have been classified again by Orlik and
Raymond, the list is

S3 , S1 × S2 , L(1,q) (“lens spaces”) .

exactly two
fixed points (same Killing vector for
S1 × S2, distinct Killing vectors for S3)
with each intersection point associate a GL(2,Z) matrix,
(±SL(2,Z) for axes) saying which is the Killing vector
which vanishes on the next axis, and how the other one
wraps around the next axis; e.g., in the flat R

5 case
(

0 1
1 0

)
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Dimension 4 + 1: the geometry of the quotient
manifold
Orlik Raymond; Galloway Schoen; Harmark; Hollands Yazadjiev

Summarising, solutions classified ? by:

n points on the boundary of the half-plane where axes
meet, and 2N initial and end points of event horizons
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does one need more data at some punctures?

Piotr T. Chru ściel On higher dimensional black holes



Dimension 4 + 1: the geometry of the quotient
manifold
Orlik Raymond; Galloway Schoen; Harmark; Hollands Yazadjiev

Summarising, solutions classified ? by:

n points on the boundary of the half-plane where axes
meet, and 2N initial and end points of event horizons

a ± SL(2,Z) matrix for each axis intersection point,

a GL(2,Z) matrix for each horizon intersection point,

two angular momenta for each horizon.

does one need more data at some punctures?

can one describe those sets that lead to solutions without
conical singularities?
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Nonembedded degenerate prehorizons?
This would solve the static problem:

Question:

Let M be a three sphere with a finite (at least two)
number of balls removed
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distinct from a boundary component, if f has zeros on ∂M
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Nonembedded degenerate prehorizons?
This would solve the static problem:

Question:

Let M be a three sphere with a finite (at least two)
number of balls removed
Let Λ be a lamination of M

which coincides with the zero level set
of a smooth non-trivial, non-analytic, function f ,

such that f has vanishing gradient on Λ,
and is constant on ∂M

Is it true that Λ necessarily has a compact leaf
distinct from a boundary component, if f has zeros on ∂M
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