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1. The anti-de Sitter solution of Eintein’s field equations is given in spherical coordinates
(t, r, θ, ϕ) by the Lorentzian metric

g = − cosh2 r dt2 + dr2 + sinh2 r
(
dθ2 + sin2 θdϕ2

)
.

(a) Obtain the geodesic Lagrangian and find three constants of motion.(2/20)

(b) Show that geodesics whose initial velocity is tangent to the hypersurface θ = π
2(2/20)

remain on this hypersurface.

(c) Show that the circular geodesics on the hypersurface θ = π
2 are given by(2/20) 

ẗ = 0;

ϕ̈ = 0;
dϕ

dt
= ±1.

(d) Compute the period of a circular orbit as measured by:

(i) A stationary clock;(1/20)

(ii) The orbiting clock.(1/20)

(e) Show that a clock dropped radially will return to the initial position, and compute
the period of this motion as measured by:

(i) A stationary clock;(1/20)

(ii) The free-falling clock.(1/20)

(Hint: Write the metric of the submanifold of constant (θ, ϕ) using the new coor-
dinate z = sinh r.)

2. Let (M, 〈·, ·〉) be a Riemannian manifold. Recall that a vector field X ∈ X(M) is called(2/20)
a Killing vector field if

Xp =
d

dt |t=0

ψt(p),

where ψt : M → M is a 1-parameter family of isometries. Show that if c : I ⊂ R→ M
is the motion of a free particle on M subject to the perfect reaction force determined by
the non-holonomic constraint Σ, and X is compatible with Σ (that is, Xp ∈ Σp for all
p ∈M), then the quantity

J(t) =
〈
ċ(t), Xc(t)

〉
is constant along the motion.



3. Let (M,ω) be a symplectic manifold, H ∈ C∞(M) a completely integrable Hamiltonian,
F1, . . . , Fn ∈ C∞(M) first integrals in involution, independent on some dense open set,
and (x1, . . . , xn, p1, . . . , pn) Darboux coordinates in a neighborhood of some invariant
torus such that (x1, . . . , xn, F1, . . . , Fn) are also local coordinates (hence (x1, . . . , xn)
are coordinates on Tn, which we take to be Rn/Zn). Show that:

(a) The matrix with components(2/20)
∂pi
∂xj

(x, F )

(i, j = 1, . . . , n) is symmetric, and therefore the system of first order partial differ-
ential equations

∂S

∂xi
= pi(x, F )

(i = 1, . . . , n) is integrable in Rn for each fixed(F1, . . . , Fn).

(Hint: Start by proving that ω vanishes when restricted to the tangent space of an
invariant torus.)

(b) The functions(2/20)

yi =
∂S

∂Fi

(i = 1, . . . , n) complete the functions F1, . . . , Fn into a system of Darboux coordi-
nates, that is,

ω =

n∑
i=1

dFi ∧ dyi.

(c) If γi is an integral curve of ∂
∂xi

on Tn then(2/20) ∮
γi

dyj =
∂

∂Fj

∮
γi

θ,

where

θ =
n∑
i=1

pidx
i.

(d) The functions(2/20)

Ji =

∮
γi

θ

are also first integrals and involution, and with this choice of first integrals the
coordinates (y1, . . . , yn) are standard coordinates on Tn.

(Remark: The coordinates (y1, . . . , yn, J1, . . . , Jn) are called action-angle coor-
dinates. Note that by using the procedure outlined above one can solve Hamilton’s
equations “by quadratures”, that is, by simply calculating definite and indefinite in-
tegrals, namely by computing first (J1, . . . , Jn) and then S(x, J). This is the origin
of the designation “completely integrable”.)


