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Abstract

This essay explores the representation theory of sl(2,C), with an emphasis on the Clebsch-Gordan decomposition. The
structure of s((2,C) is introduced, highlighting the role of highest weight vectors and irreducible representations. The
Clebsch-Gordan formula is derived, offering a method for decomposing tensor products of representations. The relevance of
these concepts to quantum mechanics is presented, particularly in the context of Spin—% particle coupling, showcasing their

importance in both mathematics and physics.

1 Representations of s[(2)

5[(2) is the Lie algebra of traceless 2x2 complex matrices.

1.1 Representation theory of s[(2) and the
highest weight vector

A convenient basis for sly(C) is

R

with the following relations,

[h,.’L‘] =2z, [hvy} = —2y, [x,y] =h

Let V be a representation of s[(2,C). Since C is algebraically
closed, an element in V must have some eigenvector v with
eigenvalue A € C = h-(z-v) = [hz]-v+x-h-v
=2r-v+z-Iv=A+2)(x-v)

We can see that zv will also be an eigenvector for h with
eigenvalue A + 2. Analogously for zy,
he(y-v) =[hyl-v+y-h-v==2y-v+y-lv=(A-2)(y v);

Starting with an eigenvector v and considering the span of
the set v, zv,...,z"v, ..., given that V is finite dimensional,
there is a maximum integer k such that v, zv, ..., 2*v is lin-
early independent.

Eigenvectors with different eigenvalues are linearly indepen-
dent = 2**!.v =0 . The vectors zFv will be important
for the definitions to follow.

Definition 1.1 Let V be a representation of s[(2,C). An
element v € V is said to be a highest weight vector if
v is an eigenvector for h and zv = 0. The weight of an
eigenvector for h in a representation of sl(2,C) is the cor-
responding eigenvalue. The eigenspaces for h will be called
weight spaces.

Proposition 1.1 Let vg € V be a highest weight vector with
weight A. Define for ¢ > —1

v =5y Vo
7.

where v_1 = 0. Then

Y-v; = (Z + l)vi+1,

(#4) h acts diagonally: h-v; = (A — 24)v;,

X -v; = ()\—Z—l— ].)Ui,l.

(1) y raises the index:

(7i1) x lowers the index:

The previous proposition suggests the highest weight A must
be a non-negative integer. The same way there is a highest
weight vector, there must also be a lowest weight vector. If
we take [ > 1, we will have v; = 0; Using (iii) of Proposition
1.1 we obtain A = — 1. The representation of s[(2) defined
by the equations in Proposition 1.1 is denoted by

V(1) = {(vo, ..., v1)

The action of the basis elements of s[(2,C) on V(I) is given
by

O

I 0
The representations V(I) are irreducible, since, given any
non-zero vector v in V(I), we can write zFv as being the
highest weight vector, for an appropriate k. If we act on
xFv with gy, which lowers indices, since yvp = (k + 1)vg1,
for k =0,1,...,1 — 1, we see that the action of sl(2,C) on v
generates the entire V' (1).

By the argument explained above, if V' is an irreducible rep-
resentation of (2, C) it will contain a highest weight vector;
Being irreducible means that it must equal the representa-
tion spanned by the highest weight vector, which proves the
following:

Theorem 1.1 The irreducible representations of s[(2, C) are
the representations V' (¢) for each non-negative integer £. An



arbitrary finite-dimensional representation of sl(2,C) is iso-
morphic to a unique representation of the form

V(ni) @V(ng) @--- & V(ng),

hence isomorphism classes of representations of s[(2,C) are
parametrized by tuples of non-negative integers.

2 The Clebsch-Gordan
decomposition

2.1 Small Example

In order to apply the concepts presented in the previous sec-
tion, we will start with the following example. It is safe to
say that V(0) is the trivial one-dimensional representation
and V(1) is clearly the defining representation of s[(2,C),
C2.

As a starting point, consider we want to decompose the ten-
sor product V(3) ® V(7) into the sum of irreducible repre-
sentations: V(4) ® V(6) @ V(8) & V(10).

If we associate the basis ug, u1, ug, ug with V(3) and vy, ..., vy
with V(7), then M = V(3) ® V(7) has a basis u; ® v; with
i=0,..,3,j=0,..T.

Now, recalling properties (i), (i¢) and (ii7) from Proposition
1.1,

h-(ui®vj):(h-ui)®vj +’U,i®(h"l}j)
21002 ) @ 0y

Mio—2(i+j) = span{u; ® v, }

In My, = - (ug ® vg) = 0, S0 ug ® vy is a maximum weight
vector with weight 10. Similarly for Mg, Mg and M.

So, V(4) @ V(6) & V(8) @ V(10) C M. But, since dim
V(i) =141, dim M = 4% 8 = 32 and dim V(4) 4+ dim
V(6) + dim V(8) + dim V(10) = 5+ 7+ 9+ 11 = 32. This
means M =V (4) ® V(6) ® V(8) ® V(10).

2.2 General Formula

We now want to generalize the previous example for M =
V(m) ® V(n). We suppose m < n. The basis for V(m) is
u;,i=0,...,m and v;,j =0, ...,n for V(n).

Just as for the example, we apply h to (u; ® v;) which leads
to(m+n—2(i+7))u; ®v;
S0, My n—2(i+j) = span{u; @ v;}

Fork=1i¢+4+3j=0,...,m, suppose w = Zf:o)‘iui ® Vg_i €
My 4n—2k is a highest weight vector. Then

k

zow=) (Xi(@- u) ®vp—i +u; @ (- vp—i))

i=0
k

k
= Z Ai(m72+1)’uz_1 ®’Uk-_1'+z Al(n7k+z+1)uz®vk_z_1
i=0 =0

k
=1

Therefore

We conclude that

(n—Ek+i)! (m—1)!
A= (=1 - A
(=1) (n—k)! m! 0
Let AO = 1,4 then‘ w = Zf:o )\,-ui X Vi—; =
Zfzo(—l)i (?;f:)ﬁ)l . (mn:f)! u; @Ui_; is a highest weight vector

with weight m +n — 2k.
So

é’é V(m+n—2k) CV(m)®V(n).
k=0

Comparing the dimension of the two sides,

dim (éV(m—kn—%)) zzm:(m—&-n—%—&-l)

k=0 k=0
=(m+1(m+n+1)—m(m+1)
=(m+1)(n+1)=dimV(m)® V(n)
Therefore,

V(m)®@V(n) = é"a V(m+n —2k).
k=0

So we have,
Vim)@Vn)2Vin-m)eVin-m+2)&..eV(m+n)

which is the Clebsch-Gordan Formula.

3 Application to quantum
mechanics

3.1 Coupling of Two Spin-1/2 Particles

Consider two particles, each with spin s=1/2. We want to
determine the possible total spin states of the combined sys-
tem.

Each particle can be in one of two spin states: spin up
(I1)) or spin down (|})). We want to figure out what spin
combination the combined two-particle state can have. Let
m=mn=2s=1.

Applying the Clebsch-Gordan formula, we get:
V) eV(1)=V(0)aeV(2)

In terms of spin, s, this means the total spin of the system
can be either 0 or 1.



In general, if the two particles have spins 4+ and § we can =

apply the Clebsch-Gordan formula and obtain all possible Ai - k—n—i
values for the total spin: Aicr m—i+1
=
Vim)@V(n)2Vin-m)deVn—-m+2)®..eV(m+n) .
A':(—l)i(n_k+z)!- 1 \
which means that the possible values for the total spin are ’ m—k)! (m—-i+l)(m—i+2)---m 0
SR ”;m, as expected from basic Quantum Mechanics.

=k (m—i)
A = (—1) .
4 Appendix (n—k&)! o

Ao

4.1 General form of )\,

)\i(m—i—l—l)—l—)\i_l(n—k—i—i)zo
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