
Riemannian Geometry

Extra Homework 2

Optional, but must be handed in before the make up test for credit

1. The surface (or horizon) of a rotating black hole is a sphere S2 with the metric given in
the usual spherical coordinates (θ, ϕ) by

g = (r2 + a2 cos2 θ) dθ ⊗ dθ + 4M2r2 sen2 θ

r2 + a2 cos2 θ
dϕ⊗ dϕ,

where M ≥ 0 is the black hole’s mass, 0 ≤ a ≤ M is the black hole’s specific angular
momentum and r =M +

√
M2 − a2.

(a) Show that the horizon’s area is A = 4π(r2 + a2).

(b) According to the Hawking Theorem, the horizon’s area cannot decrease. Show that:

i. If a increases then M must also increase;

ii. If M decreases then a must also decrease;

iii. M cannot decrease below the irreducible mass Mirr, given by

Mirr
2 =

1

2

(
M2 +M

√
M2 − a2

)
.

(c) Show that the horizon’s Gauss curvature is given by

K =
r2 + a2

(r2 + a2 cos2 θ)3
(
r2 − 3a2 cos2 θ

)
.

(d) Conclude that for sufficiently large a it is not possible to isometrically embedd the
horizon in R3 as a revolution surface.

2. According to the General Theory of Relativity, a spherically symmetric body of mass M ≥ 0
deforms space around it, so that the metric of any symmetry plane is, outside the body,

g = u4 (dx⊗ dx+ dy ⊗ dy) ,

where

u = 1 +
M

2r
and r =

√
x2 + y2.

(a) Show that the geodesic equations of this metric, parameterized by the arclength, areẍ
ÿ

+
4u̇

u

ẋ
ẏ

 =
2

u5

∂u
∂x

∂u
∂y

 .

(b) Show that the Gauss curvature of this metric is

K = − M

r3u6
.

(c) Conclude that somewhere inside the spherical body the the symmetry plane must have
positive Gauss curvature.
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