Riemannian Geometry

Homework 8

Due on November 10

. Let (M, g) be a Riemannian manifold. We say that a differentiable curve v : [a, 8] = M
is obtained from the curve ¢ : [a,b] — M by reparameterization if there exists a smooth
bijection f : [«, 8] — [a,b] (the reparameterization) such that v = ¢ o f. Show that if 7 is
obtained from ¢ by reparameterization then I(y) = (c).

. Let (M, g) be a Riemannian manifold and f € C°°(M). Show that if a € R is a regular
value of f then grad(f) is orthogonal to the submanifold f~!(a).

. Let V be an affine connection on a smooth manifold M. Show that if X,Y € X(M)
coincide with X, Y € X(M) in some open set W C M then VxY = VY on IW.

. (Optional)

(a) Let (M, g) be a Riemannian manifold and let G be a discrete Lie group acting freely
and properly on M by isometries. Show that M /G has a natural Riemannian structure
(called the quotient structure).

(b) How would you define the standard metric on the standard n-torus 7" = R" /Z"?
(c) How would you define the standard metric on the real projective n-space RP" =
S™ [ 77

. (Optional) Recall that given a Lie group G and = € G, the left translation by x is the
diffeomorphism L, : G — G given by L,(y) = xy for all y € G. A Riemannian metric g on
G is said to be left-invariant if L, is an isometry for all x € GG. Show that:

(a) g(-,-) = (-,-) is left-invariant if and only if
<U7 w>$ = <<dLac*1)m v, (dLac*1>:p w>6

for all x € G and v,w € T,G, where e € G is the identity and (-,-). is an inner
product on the Lie algebra g = T.G;

(b) the standard metric on S3 = SU(2) is left-invariant;

(c) the metric induced on O(n) by the Euclidean metric of My, = R™ is left-invariant.

. (Optional) Using partitions of unity, prove that any differentiable manifold admits a Rie-
mannian metric.

. (Optional) Let V be an affine connection on M. If w € QY(M) and X € X(M), we define
the covariant derivative of w along X, Vxw € Q'(M), by

Vxw@) =X (w(Y)) —w(VxY)
for all Y € X(M).



(a) Show that this formula defines indeed a 1-form, i.e., show that (Vxw(Y))(p) is a
linear function of Y),.

(b) Show that
(i) Vixqgyvw = fVxw + gVyuw;
(i) Vx(w+n) =Vxw+ Vxn
(i) Vx(fw) = (X - o+ FVxw
forall X, Y € X(M), f,g € C®°(M) and w,n € Q'(M).
(c) Let x : W — R™ be local coordinates on an open set W C M, and take

n
w = E w;idx’.
i=1

Show that
n n ) ‘
Vxw= Z X w; — Z F?Z-ijk dx®,
i=1 4 k=1

where I‘fj are the Christoffel symbols associated to the coordinates x,
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