
Riemannian Geometry

Homework 5

Due on October 20

1. (a) Let M be an oriented n-dimensional manifold and c : I → M a differentiable curve.
A smooth vector field along c is a differentiable map V : I → TM such that
V (t) ∈ Tc(t)M for all t ∈ I. Show that if V1, . . . , Vn : I →M are smooth vector fields
along c such that {V1(t), . . . , Vn(t)} is a basis of Tc(t)M for all t ∈ I then all these
bases have the same orientation.

(b) We can see the Möbius band as the 2-dimensional submanifold of R3 given by the
image of the immersion g : (−1, 1)× R→ R3 defined by

g(t, ϕ) =
((

1 + t cos
(ϕ

2

))
cosϕ,

(
1 + t cos

(ϕ
2

))
sinϕ, t sin

(ϕ
2

))
.

Show that the Möbius band is not orientable.

2. Let {e1, e2, e3} be the canonical basis of R3 and let {T1, T2, T3} be the dual basis. Define
the vector isomorphisms i1 : R3 → Λ1(R3) and i2 : R3 → Λ2(R3) through

i1(v
1e1 + v2e2 + v3e3) = v1T1 + v2T2 + v3T3

and
i2(v

1e1 + v2e2 + v3e3) = v1T2 ∧ T3 + v2T3 ∧ T1 + v3T1 ∧ T2.

Show that:

(a) i1(v) ∧ i1(w) = i2(v × w);

(b) i1(v) ∧ i2(w) = i2(v) ∧ i1(w) = 〈v, w〉T1 ∧ T2 ∧ T3;

(c) i1(u) ∧ i1(v) ∧ i1(w) = det(u, v, w)T1 ∧ T2 ∧ T3.

3. (Optional) Show that a smooth manifold M is orientable if and only if there exists an atlas
A = {(Uα, ϕα)} for which all the overlap maps ϕ−1

β ◦ ϕα are orientation-preserving.

4. (Optional) Let V be an n-dimensional vector space and T1, . . . , Tk ∈ V ∗. Show that:

(a) (T1 ∧ · · · ∧ Tk)(v1, . . . , vk) = det [Ti(vj)];

(b) T1, . . . , Tk are linearly independent if and only if T1 ∧ · · · ∧ Tk 6= 0.

5. (Optional) Let M be a non-orientable n-dimensional manifold. For each point p ∈ M we
consider the set Op of the (two) equivalence classes of bases of TpM . Let M be the set

M = {(p,Op) | p ∈M,Op ∈ Op}.

Given a parameterization (U,ϕ) of M consider the maps ϕ : U →M defined by

ϕ(x1, . . . , xn) =

(
ϕ(x1, . . . , xn),

[(
∂

∂x1

)
ϕ(x)

, . . . ,

(
∂

∂xn

)
ϕ(x)

])
,
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where x = (x1, . . . , xn) ∈ U and
[(

∂
∂x1

)
ϕ(x)

, . . . ,
(

∂
∂xn

)
ϕ(x)

]
represents the equivalence

class of the basis
{(

∂
∂x1

)
ϕ(x)

, . . . ,
(

∂
∂xn

)
ϕ(x)

}
of Tϕ(x)M .

(a) Show that these maps determine the structure of an orientable differentiable manifold
of dimension n on M .

(b) Consider the map π : M →M defined by π(p,Op) = p. Show that π is differentiable
and surjective. Moreover, show that, for each p ∈ M , there exists a neighborhood V
of p with π−1(V ) = W1 ∪W2, where W1 e W2 are two disjoint open subsets of M ,
such that π restricted to Wi (i = 1, 2) is a diffeomorphism onto V .

(c) Show that M is connected (M is therefore called the orientable double covering of
M).

(d) Let σ : M → M be the map defined by σ(p,Op) = (p,−Op), where −Op represents
the orientation of TpM opposite to Op. Show that σ is a diffeomorphism which reverses
orientations satisfying π ◦ σ = π and σ ◦ σ = id.

(e) Show that any simply connected manifold is orientable.
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