
Differential Geometry of Curves and Surfaces

Homework 5

Due on October 10

1. Consider the following differential forms:

α = xdx+ ydy ∈ Ω1(R2);

β = − y

x2 + y2
dx+

x

x2 + y2
dy ∈ Ω1(R2 \ {0});

ω = exzdx+ x cos zdy + y2dz ∈ Ω1(R3);

η = xdx ∧ dy − zdx ∧ dz + xyzdy ∧ dz ∈ Ω2(R3).

Consider also the following smooth functions:

f : R→ R2 defined as f(t) = (t, t2);

g : (0,+∞)× (0, 2π)→ R2 defined as g(r, θ) = (r cos θ, r sen θ);

h : R2 → R3 defined as h(u, v) = (u, v, uv).

Compute:

(a) α ∧ β, ω ∧ η, η ∧ η;

(b) dα, dβ, dω, dη;

(c) f∗α,g∗α,g∗β,h∗η.

2. Because
(
3
1

)
=

(
3
2

)
= 3, it is possible to identify R3 both with Λ1

(
R3

)
and with Λ2

(
R3

)
:

given v ∈ R3, we define
ωv = v1dx+ v2dy + v3dz

and
Ωv = v1dy ∧ dz + v2dz ∧ dx+ v3dx ∧ dy.

Show that if v,w ∈ R3 are arbitrary vectors, φ : R3 → R is a scalar field and F : R3 → R3

is a vector field then:

(a) ωv ∧ ωw = Ωv×w;

(b) ωv ∧ Ωw = (v ·w) dx ∧ dy ∧ dz.

(c) dφ = ωgradφ;

(d) dωF = ΩcurlF;

(e) dΩF = (divF) dx ∧ dy ∧ dz;

(Remark: in particular, d(dφ)=0⇔ curl(gradφ)=0 and d(dωF)=0⇔ div(curlF)=0).


