Differential Geometry of Curves and Surfaces

Homework 5

Due on October 10

1. Consider the following differential forms:
o = zdx + ydy € QH(R?);
Y x 1/mp2
= — d dy € Q" (R 0});
p 22+ o2 x+x2+y2 y € @ (R7\ {0});
w = e¥dx + z cos zdy + y>dz € QH(R3);
n = xdx Ady — zdx A\ dz + zyzdy A dz € Q*(R3).

Consider also the following smooth functions:
f: R — R? defined as f(t) = (t,t%);
g : (0,400) x (0,27) — R? defined as g(r,6) = (r cos 6, rsen §);
h: R? — R? defined as h(u,v) = (u,v,uv).
Compute:
(@) aAB, wAn AN,
(b) da,dp,dw,dn;
(c) fa, g%, g" B, h™n.

2. Because (i’) = (g) = 3, it is possible to identify R? both with A! (R3) and with A2 (}R?’):
given v € R3, we define
wy = vhde 4+ vidy +vidz
and
Oy = vidy A dz + v2dz A dax + v3dx A dy.
Show that if v, w € R? are arbitrary vectors, ¢ : R? — R is a scalar field and F : R? — R3
is a vector field then:
Wy N\ wew = Qyxw;
wy AQw = (v-w)dz ANdy N dz.
do = Werad ¢
dwr = Qcunl F;

(Remark: in particular, d(d¢) =0 < curl(grad ¢) =0 and d(dwr)=0 < div(curl F)=0).



