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1. Let c: [a,b] — R3 be a regular space curve with nonvanishing curvature parameterized
by the arclength, with unit tangent vector e;(s) = ¢/(s). Let {e1(s),ey(s),e,(s)} be a
smooth positive orthonormal frame along c(s).

(2/20) (a) Show that
e (s) 0 ruls) ruls)] [er(s)
e, (s)| = | —ruls) 0 0(s) | |eu(s)
e (s) —ky(s) —0(s) 0O ey(s)
for certain smooth functions r,(s), Ky (s) and O(s). Conclude that the curvature is

w(s) = V/3(s) + 53 (s).
(2/20) (b) Prove that the torsion is given by
7(s) = /(s) +0(s),
where a(s) is the smooth function defined by

cos a(s) = ku($)/k(s), sin a(s) = ky(s)/k(s) .

2. Consider the surface S parameterized by g : R? — S given by
g(u,v) = (ucos (0(v)),usin (6(v)),v) ,

where 6 : R — R is a smooth function.

(2/20) (a) Determine the first fundamental form and the unit normal vector associated to the
parameterization g.

(2/20) (b) Compute the Gauss curvature and the mean curvature of S using the classical for-
mulas.

(2/20) (c) Confirm your result for the Gauss curvature using Cartan’s structure equations.

(2/20) (d) Confirm your result for the mean curvature using the method of moving frames.

(2/20) (e) Give an example of a nontrivial geodesics of S.

(2/20) (f) Check explicitly the validity of Ricci’s Theorem in the case when S is a minimal

surface with negative Gauss curvature.



(2/20)

(2/20)

3.

4.

Recall that the hyperbolic plane is the Riemannian surface corresponding to the first
fundamental form )
ds® = ? (dx2 + dyQ)

on the upper half-plane H = R x RT. Prove that the area of any simply connected
domain D C H is
A= 1da:,
oD Y
where 0D is given the induced orientation, and use this fact to show that the area of any
geodesic triangle whose sides are circles centered on the x-axis has area A < 27.

Show that the geodesic curvature of any regular simple curve that divides S? into two
subsets with the same area vanishes at least in two points.



