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1 Curves

Ve

Definition 1.1. (Smooth) If U C R™ is an open set then a smooth map (or a differ-
entiable map) F : U — R™ is a C°° map. If D C R™ is any set then F: D — R™ is a
smooth map if there exists an open set U with D C U and a smooth map G : D — R™
such that G|p = F.

Definition 1.2. (Curve) A curve in R” is a smooth map ¢ : I — R"™ where I C R is an

interval.

-
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Definition 1.3. (Regular curve) A curve ¢ : I — R is said to be regular if ¢/(¢t) # 0
forall t € I.

.

Proposition 1.4. (Arclength) If ¢ : I — R™ is a curve and ¢y € I then the arclength

measured from g is
t

s(t) = [ | (u)]| du.

to

Notation 1.5. If ¢ is regular then s(¢) is invertible, and we write ¢(s) = c(¢(s)) (slightly
abusing the notation). Then we can use s as a new parameter for the curve, and this new

parameter satisfies ||/ (s)| = 1.



1.1 Curves in the plane

Definition 1.6. If ¢ : I — R? is a regular curve parameterized by arclength, we define
the positive orthonormal frame {e7(s),e3(s)} by taking e7(s) = ¢/(s) (tangent to the
curve) and é3(s) = Rzeéi(s), where Rz = (§ ') is a rotation by 90° in the positive

direction.

I Proposition 1.7. The vectors e; and e;" are orthogonal.

Proof. We have
-  —> —  — 1 —
€; e = 1= €; - CZ‘/ = 5(62 . 67;)/ = 0,

as required.

This implies that e; and e3’ are parallel and that e;” and e are parallel.

Definition 1.8. (Curvature) The curvature of the regular curve ¢ : I — R? parame-

terized by arclength is the smooth function k : I — R such that ¢’(s) = k(s)e3(s).

I Proposition 1.9. The curvature of ¢(s) is zero if and only if ¢(s) is a straight line.
Proof. If the curvature is zero then
d'(s) =0&c(s) =as+b,
as required.
Remark 1.10. From Taylor’s formula we have

c(s) = c(s0) + ' (s0) (s — 50) + ¢ (50) (s — 50)* + O((5 — 50)*)
= c(s0) + €1(s0)(s — s0) + %k(so)e_g’(so)(s —50) + O((s — 50)%).

Hence, if k(sg) # 0 then r(sg) = m is the radius of the circle that approximates ¢(s)

to the second order around ¢(sg) (radius of curvature).




Proposition 1.11. We have
[61,(8)] l 0 k(s)] l
es'(s) —k(s) O

Proof. By definition we already have

Furthermore,

E1(s) - 8(s) = 0= &'(s) - &B(s) + &1(s) - &3'() = 0
& k(s)(@(s) - 8(s)) + &(s) - &'(5) = 0
+ 0

& k(s) +@(s) - & (s) =

[y

Because ¢e71(s) and e3'(s) are parallel, there exists some function « such that
&2'(s) = a(s)ei(s),

and then we have

as required.

Ve

Definition 1.12. (Positive isometry) A positive isometry of R? is a map F : R? — R?
of the form F'(z) = Ax + b, where A € SO(2) is a rotation matrix, that is,

cosa —sina
A:

sina  cosa

], aeR.

Theorem 1.13. Two curves ¢ and d, parameterized by arclength, are related by a pos-
itive isometry (i.e., d(s) = Ac(s) + b) if and only if their curvatures coincide, i.e.,
ko(s) = ka(s).



Proof. (=) If d(s) = Ac(s) + b then we have, using the fact that rotation matrices commute,

d/(s) = AC(5) = d"(s) = Ac"(s) = A(ke(s)R5¢(5)) = kel5) AR5 (5)
= ke(s) Ry (A(5))
= ke(s)Rzd'(s).
On the other hand,
d"(s) = ka(s) Rz d'(s),
and therefore ko(s) = ka(s).

(<) Assume that k.(s) = kq(s). Let {e1,e3} and {JTI, E} be the positive orthonormal frames

associated to ¢ and d, respectively. Let A be the rotation matrix such that
We then have
Now define

We have

and furthermore

[g?’(s)

g3'(s)

Aa'(s)] B [ 0 kd(s)l lg?(s)]_
Ae3 (s) —kq(s) 0 | [g2(s)

Since (g7, g3) and (E, E) satisfy the same system of linear differential equations with the same

Ae?’(s)] _
A (5)

Akc(s)e_g’(s)] [ 0 Kels)
—Ak.(s)e1(s) —ke(s) 0



initial conditions, by Picard-Lindelof we must have

Fi(s) = Gi(s) = A&i(s),
Fa(s) = 33(s),

and therefore

as required.

s
Definition 1.14. Let ¢ : I — R? be a curve and let k be its curvature, obtained by
reparameterizing ¢ with arclength. We define the curvature k;, the curvature function
with respect to the parameter ¢, as

ke(t) = k(s(t))

.

Proposition 1.15. If ¢ : I — R? is a curve (not necessarily parameterized by its

arclength) written as c(t) = (x(t),y(t)), then its curvature is given by

2’ (8)y" () — ")y’ ()
(/1) + 9/ (t)2)*

Proof. Let cs denote the curve ¢ parameterized by arclength. We have

and therefore



For simplicity, let us drop the arguments. We now obtain

/ /

€ — — —
'y — 2"y = det V1= det(c, ") = det(s'er, s*kees + s"e7)
x// y//
= det(s'er, 8”2 k,e3) + det(s'er, s”'e7)
—_—
0
= 5"k, det(e7, &3)
1
= 8/3kt.
Furthermore, we know that
t
s(t) = [ ()]l du=s'(t) =)

to

and hence we have

as required.

Ve

Definition 1.16. (Closed curve) A regular curve ¢ : I — R? is said to be closed if
c(a) = ¢(b) and moreover ¢™ (a) = ™ (b) for all n € N.

-

P
Definition 1.17. (Simple closed curve) A regular curve c : I — R? is said to be a simple
closed curve if it is closed and its restriction to [a,b) is injective.

(.

e
Definition 1.18. (Convex curve) A regular curve ¢ : I — R? is said to be convex if it
is simple closed and it bounds a convex region.

g

-

Definition 1.19. (Vertex) A vertex of a closed curve is a critical point of its curvature

(i.e. a maxima, minima and inflection points).

Remark 1.20. Any closed curve can be extended to a periodic curve ¢ : R — R2.




Theorem 1.21. (4 Vertex Theorem) The curvature function of any simple closed convex

curve ¢ : [a,b] — R? has at least two mazima and two minima on [a,b).

Proof. Since k is continuous and k(a) = k(b) we know that k has at least a minimum s,, and a
maximum sy;. If s, = sps then k is constant and the proof is done; else, assume s, # sj; and

thus s, sy € [a,b). Furthermore, assume WLOG that s, = a.

By using a rigid motion we may assume that c(a) and ¢(sps) are on the z—axis. Since c is convex,

we may then assume that y(s) > 0 for s € (a, spr) and y(s) < 0 for s € (spr,b).

Now, if there are no more maxima nor minima, we know that &’(s) > 0 for s € (a,sp) and
E'(s) < 0for s € (spr,b). Furthermore, since k(a) < k(spr), we know that &'(s) must be nonzero

in some interval in (a, sps) and in some interval in (sps,b). Thus we have

b

/ab K'(s)y(s)ds > 0= [k(s)y(s)L — /ab k(s)y' (s)ds >0« /ab —k(s)y'(s)ds > 0.

—_——
0

Now let e3(s) = (u(s),v(s)). We know that
&3/(5) = —k()21(s) = v/(5) = —k(5)y'(5)

and therefore we obtain .
/ v'(s)ds > 0= v(b) —v(a) >0
a
which is a contradiction since ¢ is a closed curve.

This implies that there must be another maximum (or minimum), and since we already had a
maximum and a minimum this in turn implies that there must also be another minimum (or

maximum). O

Remark 1.22. The theorem also holds true for general simple closed curves, but the

proof is much harder.

Given a curve c : [a,b] — R? parameterized by arclength, as the vector €; has norm equal to 1

it is possible to write this function as

&i(s) = ((cos(0(s)), sin(6()))



for some function 0 : [a,b] — R. We then have

&'(s) = ( —sin(0(s)) - 0/ (s), cos(6(s)) - 9’(5)) —0/(s) - ( - sin(9(s)),cos(0(s))>.

On the other hand,

&' (5) = K(5)@(s) = k(s) (= sin(8(s)), cos(6(s)) )

k(s / s)ds = / 0'(s) ds = 0(b) — 0(a).

Because the curve is closed we know that 5= (6(b) — 6(a)) is an integer. This motivates us to

and therefore

make the following definition.
4 N\

Definition 1.23. (Rotation index) The rotation index of a closed curve ¢ : [a,b] — R?,

parameterized by its arclength, is the integer

1 /b
m = —/ k(s) ds.
2 J,

Definition 1.24. (Homotopy) A (free) homotopy by closed regular curves between
two closed regular curves cg, ¢1 : [a,b] — R? is a smooth map H : [a,b] x [0,1] — R" such
that

i) H(t,0) = coft), ¥t € [a,B];
i) H(t,1) = ci(t), Vt € [a, b];
u

117) ¢, (t) :== H(t,u) is a closed regular curve for each value of u € [0,1].

Theorem 1.25. If two closed regular plane curves are homotopic by closed regular

curves then they have the same rotation index.

Proof. For each u € [0, 1], let m(u) denote the rotation index of the curve ¢, (t) := H(t,u). We

have

) = o [ ka0 Mtg—/ ,% Wgﬁwﬁ
27'{' a 8 ) (8§2(t7u))2
10

dt.

(



Since

PYee 2 PYee 2 P 2
(Grwn) +(Grwn) =G| o

the expression we obtained for m(u) is a smooth function of u, and therefore since m(u) € Z for

all u € [0, 1] this implies that m must be constant. O

Remark 1.26. In particular, the rotation index of a convex planar curve c : [a,b] — R?

is either m =1 or m = —1: in fact, the map H : [a,b] x [0,1] — R™ defined as
t
H(tu) = —
L —u+ulle(t)]|

is a homotopy by regular curves between ¢ and a parameterization of the unit circle (where

we assumed, for simplicity, that the convex region bounded by ¢ contains the origin).

Definition 1.27. (Total curvature) The total curvature of a regular plane curve c :

[a,b] — R?, parameterized by arclength, is defined as
b b b
= / Ik(s)|ds = / 1 (s)]] ds = / 12 () ds.

Remark 1.28. The total curvature is the total distance length traveled by the vector €

along the unit circle
St={zcR?:|z|| =1}

Remark 1.29. If m and k are the rotation index and the curvature of a regular plane

curve c : [a,b] — R?, respectively, it is always true that
b

/ k(s)ds
a

Theorem 1.30. The total curvature p of a closed reqular plane curve satisfies p > 2,

|27m| =

b
< [ 1) ds =

and p = 27 if and only if the curve is conver.

Proof. First, note that the image of the continuous function &7 : [a, b] — R? must cover at least

11



half a circle: if that was not the case, we could assume that e¥(s) > 0 for all s € [a,b] but then

y'(s) =ef(s) = y/(s) >0 Vs € [a]

= /by’(s)ds >0
= y(b)

—y(a) >0,

which contradicts the curve being closed.

Suppose then that e7(s) covers exactly half a circle for s € [a, sg]. Then it must cover at least

half a circle for s € [sg, b]. Hence,

S0 b
p= / 127 (s)llds + / |7 (s)ds > 7 + 7 = 2,
a So

which proves the first assertion.

To prove the second assertion, suppose that y = 2. Since the image of e1(s) must in fact be
more than half a circle (otherwise the same argument as above leads to a contradiction), e7(s)
cannot turn back, and so we can assume WLOG that k(s) > 0 (that is, é1(s) always rotates
anticlockwise). For each point sg € [a,b] rotate the curve such that €7 (sg) is horizontal. If the
image of ¢ is on both sides of the tangent to ¢ at ¢(sp) then y(s) has at least a maximum and
a minimum different from y(sg), and so e1(s) is horizontal at 3 points in [a,b) with k(s) > 0
somewhere between any two of these points. But then the image of €7(s) must be more than a
full circle, and so p > 2w, which is a contradiction. Therefore the image of ¢ is always on one
side of any of its tangents, implying that ¢ is convex. Finally, if ¢ is convex then k(s) cannot
change sign (or else the image of ¢ would be on both sides of the tangent to ¢ at the point where

k(s) changes sign), and since m = £1 we must have p = 27. O

Theorem 1.31. (Isoperimetric inequality) If ¢ is a closed simple curve of minimal
length enclosing a fixed area A then c is a circle of radius r = \/g.

Proof. Assume that c is parameterized by arclength. As is well known from Green’s Theorem
(which is a particular case of the Stokes Theorem — see next section), the area of the region R

enclosed by the curve c is

A= /R Ldrdy = ]g ady = yds - s / (0 (5) — y(s)a(s)] ds,

where we have assumed that c(s) = (z(s),y(s)) is oriented in the positive direction (that is, has

12



rotation index m = 1) and has length . This formula can also be written as

!
A= %/0 det(c(s),c (s))ds.

Now let H : [0,1] x [0,1] be a homotopy by closed regular curves such that H(s,0) = ¢(s) (also

called a variation of ¢). Then the curves ¢,(s) = H(s,u) have length

o0H

g(& u)| ds

and enclose an area

I oH
Au) = 2/0 det ( (s,u), as(s,u)) ds,
where [(0) = and A(0) = A. We then have
s

dl L9 (0H OH\? LoH 82H
7(0):/7 Sl R N P
du o Ou \ Os Os o Os Oulds

1

"To (0H OH\ 0*H OH L, OH
—/0 [a(aau)‘az au]ds ‘AC(S)'%(S’O)“

OH ||~

1
ds

and
dA OH 1/ OH OH 0*H
du()_ /8udet( )d 5/0 [dt<8u 88>+d6t(H’8u85>}d8
! OH O0H d OH OH 0H
5/0 [det(au 85) 8dt< 8u> de(@s 8u)]d8

- /oldet (aa];[(s 0),c(s )) ds = —/Ol es(s) - %(s,o)ds,

where we used

1 2

v

det (¥, ¢'(s)) = det = (y'(s),—2'(s)) - ¥ = —e3(s) - .
2'(s) y'(s)

It can be shown that the method of Lagrange multipliers still applies to this infinite-dimensional

situation: if ¢ minimizes length among all closed curves enclosing a fixed area A then there exists

a constant A such that J
— i) + )\A(u)] )

13



for any variation H. Therefore we must have

/Ol [c”(s) @) - %—Z(s, 0)ds = 0 & /Ol [k(s) + A} & (s) - %(S,O)ds =0.

In particular, if we choose the variation H such that

2 (5,0) = [ks) + A]3(s)

(which is easily seen to be possible), we obtain
k(s)+ A =0,
and so k(s) must be constant.

Remark 1.32. Using similar techniques one can prove that if ¢ : [a,b] — R? connects
c(a) = xg e ¢(b) = x1 and has minimal length then k(s) = 0, and so ¢ parameterizes a

line segment.

Remark 1.33. It is also true that the curve with a given fixed length that encloses the

largest possible area is a circle.

Remark 1.34. The theorem is also true if part of the curve is given: the remaining part

must be an arc of a circle.

14




1.2 Curves in space

Definition 1.35. If ¢: I — R3 is a curve, parametrized by arclength, we define &3 : I —
R3 by e1(s) = c/(s).

As with plane curves, we have |le7(s)|| =1 for all s € I.

s N

Definition 1.36. (Curvature) The curvature of a curve ¢ : I — R3, parametrized by

arclength, is defined as
k(s) = [lc"(s)]| = llet’ (s)]| = .

Definition 1.37. Given a curve ¢ : I — R3, parametrized by arclength, for each s € T
such that k(s) # 0 we define
er'(s) _er'(s) |

&(s) : = S 5(s) = k(s)E(s).

TE) - k()

- J

If we now define €3 : I — R3 by

e3(s) = ei(s) x ex(s),

sometimes called the binormal vector, we obtain, at each point ¢(s) of the the curve with
k(s) # 0, an orthonormal frame {é7(s), €s(s), €3(s)} for R3. This is sometimes called a moving

orthonormal frame, something we will also define for surfaces later on.

By the exact same argument as in Proposition 1.7. we have the following.

I Proposition 1.38. The vectors ¢; and ¢;" are orthogonal.

Now, note that we have

ei(s) - ex(s) = 0= ei'(s) - ex(s) +ei(s) - €3'(s) = 0 & €i(s) - €3'(s) = —k(s).

Since é3'(s) is orthogonal to €3(s), we know that e3’(s) must be some linear combination of €7 (s)

and €3(s). Therefore, let us define the torsion 7 as the function such that

&2'(s) = —k(s)ei(s) + m(s)e3(s).

15



We can also obtain

These computations lead to the following formulas, known as the Frenet-Serret formulas.

Proposition 1.39. (Frenet-Serret Formulas) The unit vectors é7, €3, €3, the curvature

and the torsion of a curve ¢ : I — R? satisfy the following equations:

er'(s 0 k(s) 0 e1(s)
e'(s)| = | —k(s) 0 T(s)| = [ea(s)
e3'(s 0 —7(s) 0 e3(s)

Our goal now will be to study the functions k& and 7 and what they say about the curve.

I Proposition 1.40. If ¢ : I — R? has zero curvature then ¢ parametrizes a straight line.

Proof. We have
k(s)=0& '(s) =0 c(s) =sa+b

for some vectors a,b € R3.

Proposition 1.41. If ¢ : I — R? has nonzero curvature then it has zero torsion if and

only if it is a plane curve.
Proof. If the torsion vanishes then
es(s)=0eei(s)=a=e€1(s)-a=0&(s)-a=0c(s)-a=b,

where a € R? and b € R are constants, and so c(s) lies in the plane with equation a - x = b.

Conversely, if ¢(s) lies in the plane with equation a - x = b then

er(s)-a=0=>¢e1'(s)-a=0= eéxs

Jca=0=¢e'(s)-a=0
= (—k(s)e‘f(s)—i-T(s)%(s)) a=0=1(s) =0,

. . . —
since a is nonzero and proportional to e3(s).

16



Definition 1.42. (Positive isometry) A positive isometry of R? is a map F : R® — R3
of the form F(x) = Az + b, where A € SO(3) is a rotation matrix, that is, A’A = I and
det A = 1.

Theorem 1.43. Two curves c and d, parametrized by arclength, are related by a positive
isometry (i.e., d(s) = Ac(s) + b) if and only if their curvatures and torsions coincide,
i.e., ke(s) = ka(s) and 1.(s) = 74(s).

Proof. (=) If d(s) = Ac(s) + b then we have
d'(s) = Ad(s) = d"(s) = Ac"(s) = [|d"(s)|| = [|A" (s)|| = [|c" (s) | &= ke(s) = Fals)-
On the other hand, if {€7(s),e3(s),e3(s)} and {ff(s), E(s), E(s)} are the Frenet-Serret frames

for ¢(s) and d(s) then we have

o~ 1 g — L >/ A
fa(s) = mfl (s) = o) Aey'(s) = Aes(s)

and
Ja(s) = Fi(s) x Jals) = (483 (5)) x (A83(s)) = A(@(s) x B(s) ) = A& (s)
(since rotations preserve the cross product), and so

—

vufs'(s) = A&3'(s) = —Te(s)Aes3(s) = —7e(s) fa(s),

implying that 7.(s) = 74(s).
(«=) Let A be the rotation matrix such that

—

Ae_:(so) = fl(SO) (Z = 1,2,3)
for some sg. Then
gi(s) = Aei(s)

satisfy the same linear ODE system as J_”:(s) (since ke(s) = ka(s) and 7.(s) = 74(s)) and have
the same initial values at s = sg. By the Picard-Lindel6f Theorem, they must coincide. In
particular,

d(s) = Fo(s) = A&i(s) = A(s) = d(s) = Ac(s) +b,

as required. O

17



The following proposition will be needed for the proof of Theorem 2.9..

Proposition 1.44. Let ¢ : I — R? be a regular curve and let s be the arclength

oy = <

function. Then we have

and
_ @) (") x ()
T(s(t)) = Hcl(t) < C”(t)||2 :

Proof. These formulas can be checked by direct substitution, using

d(t) = s'(t)ei(s),

'(t) = s"(t)ei(s) + (s'(1))*k(s)es(s),

"(t) = (s"(8) = (5'(1))°(k(5))?) &1 (s) + (35'(t)s" (£)k(s) + (s'(1))°K'(5)) €3(s)
+(8'(1))°k(s)7(s)e3(s).

Theorem 1.45. (Frenchel) Let ¢ : [a,b] — R® be a closed regular curve, parametrized

by arclength, with curvature k(s) = ||’ (s)||. Then

b
/ k(s)ds > 2m,
a
and the equality holds if and only if ¢ is a convex plane curve.

Proof. For each unit vector
neSt={zecR®: |z =1}

let us define the curve d,, as the curve obtained from projecting the curve c on the plane through

the origin perpendicular to 77; that is, define d,(s) as
dn(s) :==c(s) — (c(s) - W)W, Vs € [a, b].

Furthermore, let pu, denote the total curvature of the curve d,,. We will prove the following

lemma.

Lemma 1.46. The total curvature of ¢ equals the average of the total curvatures of the curves

18



dn; that is,
b 1
k(s)ds = — » dVols(7).
[ ks = o [ avola(i)

Proof. Let @ € S? be a unit vector. The total curvature of d,, is

b / 1"
I, x &
i = / Hp I s

Using the vector identity
lla x BlI* = [la]|*[b]]* — (a - b)

we get
1
o [l 1212 = (i, - 2]
Ln :/ ds.

a 1711

Now,
ld* = |l = (¢~ D)7 = [|II* = 2(c" - 7@)* + (¢ - /@) =1~ (- )
and
ldy )12 = Nl = (" @) = |¢"||* = 2(c" - B)* + (" - 7)? = k(s)* — (" 7)*.
Furthermore,
d, -dl = (c’ —(d n)ﬁ) . (c" — (" ﬁ)ﬁ)
=c- = -m)m)=( - ) -m)+ (7)) 7)

I
|
~—~
Q\
y
N/
—
Q\
3y
Z <

and therefore

I P2 = (- ) = (1= (& T2 0(s)? = (7 7)) = (¢ T )2

Hence

b |k(s)2 —k(s)%(c-m)2 — (" m)?
“":/a | 1 (¢-n)? |

Let us choose €3(s) to be an arbitrary unit vector whenever it is undefined, that it, whenever

19



k(s) = 0. This choice does not change the value of the integral below, since it is clear that the

integrand is zero if k(s) = 0, and so we can write

. / k(s)[1- @ 7 - (& 7))

Note that this integral is undefined when

However, the subset of vectors 7 for which this happens has measure zero on 52, and therefore

these values of 7 may be ignored when computing the value of the integral.

Finally, since the functions é7, €3 : [a,b] — R® do not depend on 77, we assume that 7 and é3
are constant when integrating over all possible unit vectors 7; in this case, we will assume that
e1(s) = (0,0,1) and that e3(s) = (0,1,0). We then obtain

1 N 2m )(1 = cos? 0 —sin? Osin® )z
el tn, dVola(77) = / / / o2 d sinf ds dp df
2m
= / / / sm9|cos<p| sin @ ds dy db
1
- 7/ K(s) (/ Icowld<9>
4 a 0
b
:/ k(s)ds
as required. 0

Now, since every curve d,, is a plane curve, we may use Theorem to get

b
1 1
= — L(R)>-— [ 2 lo(7) = 2.
/ak(s)ds 47r/52'un dV02(71)_47r/S2 7w dVoly(7) = 27

Finally, suppose that the total curvature of ¢ is 27. Since p,, > 27 and this function is continuous
on the dense open subset of S? where it is defined, we must have y,, = 27 on this set, and so
all projected curves are convex. To show that c is a plane curve, we proceed by contradiction:
suppose that ¢([sg, s1]) is not contained in any plane. Choose s’ € (s, s1) such that c(sg), c(s’)
and c¢(s1) are not collinear, and therefore define a plane 7y. Let 7 be a plane through the origin
orthogonal to m (so that vectors orthogonal to my are perpendicular to vectors orthogonal to

7). Moving 7 slightly if necessary, the orthogonal projection d of ¢ on 7 (which takes place
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along mg) can be chosen such that d(sg), d(s’) and d(s) are distinct points on £ = o N 7. Since
d is convex (again it may be necessary to move 7 slightlaay), this implies that d(s) € ¢ for all
s € [s0,51]. But then ¢(s) € g for all s € [sg, s1], which is a contradiction. This shows that ¢

must be a plane curve, and since its total curvature is 27 it must be convex. O

Definition 1.47. (Knot) A simple closed regular curve in R? is called a knot. Two
knots are called equivalent if they are homotopic (up to reparameterization) by simple

closed regular curves. A knot is called trivial if it is equivalent to the circle.

Theorem 1.48. Let ¢ : [a,b] — R3 be a nontrivial knot, parametrized by arclength, with

curvature k(s) = ||’ (s)||. Then
b
/ k(s)ds > 4m.

Proof. We offer only a sketch of the proof. Again it suffices to show that p,, > 47 for almost all
7 € S2. Assume that ju,, < 4 for some 7 € S2. Then

{@e S :d,(s)/||d,(s)| = £€ for at least 4 values of s € [a,b)} # S*

(as otherwise d!,(s)/||d.,(s) would cover S! twice, moving through a total distance p, > 4r).
Let us then take € € S! such that d,(s)/||d},(s) = =€ at most 3 times. Assume for simplicity
that 7 = (1,0,0) and € = (1,0). Then d/,(s) can be horizontal at most 3 times. Since
dn(s) = (y(s),2(s)) and d!,(s) = (y'(s),2'(s)), we see that z(s) has at most one local minimum
zm and one local maximum zj; (which must in fact be both global). So for each z € (2, 2ar)
there are exactly 2 points in the curve such that z(s) = z. Connecting them by a line allows us
to define a homotopy between ¢ and the circle as z decreases from z; to z,,. Therefore ¢ must
be the trivial knot. O
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2 Differentiable manifolds and differential forms

2.1 Differentiable manifolds

e )

Definition 2.1. (Differentiable manifold) A set M C R"™ is said to be a differentiable
manifold of dimension m € {1,2,...,n — 1} if for all a € M there exists an open set U
with @ € U and a smooth function f: V C R™ — R"™™ such that

MNU=9(f)nU

for some ordering of the cartesian coordinates of R".

Remark 2.2. We define a differentiable manifold M C R"” of dimension 0 to be a set of

isolated points, and of dimension n to be an open set of R".

Theorem 2.3. A set M C R" is a differentiable manifold of dimension m if and only
if for all a € M there exists an open set U C R™ with a € U and a smooth function
F:U — R*™ such that

i) MNU ={zx €U : F(x) =0};

1) rank DF(a) = n — m.

Proof. (=) Assume M is a manifold of dimension m and a € M. Then there exists an open set
U C R™ and a smooth function f: V C R™ — R"™™ such that

MNU=9(f)NU ={(z,y) e R" xR ™:y= f(x)} NT.
If we define F': U — R™™"™ where for each x € R™ and y € R"™" we have
F(z,y) = f(z) —y

then
MNU={zeU:F(z)=0}

Furthermore,
DF(a) =[Df(a) —In—m]=rank DF(a)=n—m

as required.
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(«) Since rank DF(a) = n —m we can assume that

OF
det a—y(a) #0

where y corresponds to the last n — m variables of F'.

By the Implicit Function Theorem, there exists some open U € R™ with a € U and some smooth
function f: U — R™ ™ such that

F(r,y) =0&y= f(z).

Hence
MNU={ze€U:F(x)=0}={(z,y) eU:y=f(x)} =9(f/)nU

as required. O

Definition 2.4. (Tangent vector) A vector v € R™ is said to be tangent to a set M C R™
at the point @ € M if there exists a smooth curve ¢ : R — M such that ¢(0) = a and
¢(0) = v. A vector v € R™ is said to be orthogonal to M at the point a if it is orthogonal

to all vectors tangent to M at a.

Proposition 2.5. If M C R" is a differentiable manifold of dimension m then the set
T.M of all vectors tangent to M at the point a € M is a vector space of dimension m

(called the tangent space to M at the point a).

Proof. Assume without loss of generality that M is given by y = f(z) in a neighborhood of the
point a, where we use the notation in the proof of the theorem above. Any curve ¢ : R — M with
¢(0) = a is given in this neighborhood by c¢(t) = (d(t), f(d(t))), where d : R — R™ is a curve
in R™. Therefore, ¢(0) = (d(0), Df(a)d(0)), and so any vector tangent to M at the point a is
contained in the image of R™ by the injective linear map w +— (u, D f(a)u). On the other hand,
given u € R™, its image by this map is the vector tangent to the curve c(t) = (b+tu, f(b+tu)),
where we write a = (b, ¢), and so it is tangent to M at the point a. We conclude that T, M is

an m-dimensional vector subspace of R™. O

Definition 2.6. (Normal space) The normal space to an m-manifold M C R" at
the point a € M is the (n — m)-dimensional vector space T;- M obtained by taking the

orthogonal complement of T, M.
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Proposition 2.7. Let M C R”™ be an m-manifold, a € M a point in M, U > a an open
set and F': U — R™ "™ such that MNU = {z € U : F(z) = 0} with rank DF'(a) = n—m.
Then T, M = ker DF(a).

Proof. Since dim (ker DF'(a)) = m, it suffices to show that T,M C ker DF(a). For any smooth
curve ¢ : R — M satisfying ¢(0) = a, we have F'(¢(t)) = 0 whenever ¢(t) € U; differentiating at
t = 0 we obtain DF(a)¢(0) = 0. O

Definition 2.8. (Parameterization) A parameterization of an m-manifold M C R" is
a smooth injective map g : U — M (with U C R™ open) such that rank Dg(t) = m for
allt e U.

Proposition 2.9. If g : U — M is a parameterization of the m-manifold M C R™ then

TyM = span {@@), ﬂ(t)} .

oL ogm
Proof. Obvious from the fact that % (t),..., 6‘2—% (t) are linearly independent velocities of curves
on M. O

Theorem 2.10. If M C R"™ is an m-manifold and a € M then there exists an open
set V.35 a such that M NV is the image of a parameterization g : U C R™ — M.
Conversely, given a smooth map g : U C R™ — R™ such that rank Dg(t) = m for all
t € U, and given any point tg € U, there exists an open set Uy C U with ty € Uy such
that g(Uyp) is an m-manifold.

Proof. Since there exists an open set V' 3 a such that M NV is the graph of a smooth function
f:V CR™ — R" ™, we can choose the parameterization to be g(t) = (¢, f(t)). To prove
the converse, assume that the first m lines of Dg(tg) are linearly independent. Then, writing
(z,y) € R™ with x € R™ and y € R"™™, we have, from the Inverse Function Theorem, that
the equations (x,y) = g(t) can be solved to yield ¢ = h(z) in some open neighborhood Uy of
to, with h a smooth function. Therefore, g(h(z)) = (x, k(z)), and so g(Up) is the graph of the

smooth function k. O
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2.2 Differential forms

4 N\
Definition 2.11. The dual vector space to R™ is

(R")* ={a:R"™ - R: « is linear}.

The elements of (R™)* are called covectors.
. _J/

We denote the basis of R™ by {e1,...,e,}.
4 )
Definition 2.12. For each k = 1,...,n we define dz* € (R™)* such that

1, i=k
0, i#k

. J

da*(e;) =

I Proposition 2.13. The set of covectors {dx!,... dz"} is a basis for (R")*.

Proof. Let « be a covector and v be a vector in R™. Setting a; := a(e;) for i = 1,...,n it is

clear that
n n n
ot = (Yo ) = S ote) = 3ot
i1 i1 i=1
In particular, dz®(v) = v?, and so

a(v) = Z adx’(v),

implying that a can be written as a linear combination of the covectors in {dz!,..., dz"}.

To prove that these covectors are linearly independent, let ¢y, ..., ¢, be such that

(Z cidxi> (v) =0 Vv € R".
i=1

Then we have, for all j =1,...,n,

(Z cidxi> (ej) =0« Zcidxi(ej) =0<¢ =0
i=1

i=1
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as required. O

s N
Definition 2.14. A k-tensor is a multilinear map 7" : (R")* — R.

. J

4 N\

Definition 2.15. A k-tensor T is called alternating if for all vy, ..., v, € R™ and i # j,

T(v1, ..,y Uy V) = =T(01, 0,0, 000, Uy oo, V).

Definition 2.16. For all sets {i1,...,ix} C {1,...,n} we define

dr(vy) ... dz®(vg)
dz™ A .. Adzt (v, ) = det . :
do'*(vy) ... da'*(vg)
. J
Remark 2.17. These k-tensors are all alternating. Furthermore, if i1,...,4; are not all

different then

dz™ A ... Adx™(vy,...,v5) =0 Yoi,...,v, € R™

Definition 2.18. We define A*(R"™) as the set of alternating tensors in R™.

Remark 2.19. A*(R") is a vector space.

Remark 2.20. A°(R") is defined to be the set of real numbers R.

Proposition 2.21. The set of k-tensors
{d.’Eil VANAN dwik}1§i1<”_<ik§n

is a basis for the vector space A*(R™).

Proof. To prove that these k-tensors are linearly independent, let a;, . ;, for each {i1,...,ix} C
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{1,...,n} be such that

1<ii1 <. < <n

We have, for all {j1,...,jk} C{1,...,n},

Z ailmikd:vil/\.../\dzik_(ejl,...,ejk):o

1<ii<...<ig<n
dzh (e,) --- dxil(ej’*‘)
= Z ai, ...i, det : : =0
1< <...<ip<n dz's(ej,) ... dxz'(ej,)

= g, = 0

as required.

We now prove that these k-tensors generate A*(R™). For a tensor T € A¥(R™) set for each
{ir,...yig} C{1,...,n}
=T(€iy,---€i)-

(73T

Now define the k-tensor S € A*(R™) by

Z @iy i dr™ AL A dat

1<ir<...<ip<n

Because tensors are multilinear it is enough to check that for any {ji,...,jx} C {1,...,n} we

have

S(ejl7 i "ejk) =G5y gk = T(€j17 . '7ejk)'

“ Remark 2.22. The vector space A¥(R™) has dimension (})). ‘
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Definition 2.23. (Wedge product) If

o = Z Ozil__.ikdl‘il Ao A dl’lk

1<iy <...<ix<n

is an alternating k-tensor and

B = Z 511,...,i,d:1:i1 A A dzh

1<ii<...<yy<n

is an alternating [-tensor then their wedge product is the alternating (k + [)-tensor

alp:= Z ail_“ikﬁjhm,jldx“ Ao ANdT® Ad AL A da

1<ii<..<ip<n
1<51<...<5i<n

Proposition 2.24. For tensors a € A¥(R™) and 3,7 € A!(R") the wedge product
satisfies the following identities:
i) aN(B+y)=aAB+aimy;
ii) aAB=(-DMBAq;
iti) aA(BAY)=(aAB)Ay.

Proof. Left as an exercise.

Ve

Definition 2.25. (Differential forms) A differential form of degree k in R” is a
smooth function w : R™ — A¥(R™). The set of k-forms in R" is represented by QF(R").

Remark 2.26. The set Q°(R") is the set of smooth functions f : R™ — R.

Definition 2.27. Let w € QF(R") and n € Q!(R") be two differential forms. Then their
wedge product at the point x € R™ is defined as

(WAnN)(x) = (w(@)) A (n(z)).
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Definition 2.28. (Pullback) If w € Q¥(R™) is a form and f : R® — R™ is a smooth
function then the pullback of w by f is f*w € QF(R™) defined by

frw(@)(vr,...,0x) = w(f(@))(Df(z)v1,...,Df(x)vg).

Remark 2.29. If w € Q°(R™) then f*w=wo f.

Proposition 2.30. Let f : R” — R™ be a smooth function. Then the pullback satisfies
the following identities:
i) frw+m) = frw+ f, for w,n € QFR™);
ii) f*(wAn) = (f*w) A (f*n), for w € Q¥(R™) and w € QY(R™);
iii) f*(g*w) = (g o f)*w, for any smooth function g : R™ — R? and w € QF(RP).

Proof. Left as an exercise.

Vs

Definition 2.31. (Exterior derivative) If w € QF(R") is the k-form given by

w(z) = Z Wiy i (x)dz™ AL Adat, Vo e R

1<i1 <...<ip<n

then dw is the (k 4+ 1)-form given by

dw(z) = Z Z %(x)dz’ Adx™ A...Adx™, VreR™

1<ii<...<ip<n i=1

Remark 2.32. If w € Q°(R") is a function from R™ to R then

dw(z) = Z g:: (z)da’ € Q1 (R™).
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Proposition 2.33. The exterior derivative satisfies the following properties:
i) d(w+n) = dw + dn, for w,n € QF(R");
) dwAn) =dwAn+ (=1)*w A dn, for w € QF(R™) and 5 € Q(R");
iii) d(dw) = 0, for w € QF(R");
i) d(f*w) = f*(dw), for w € Q*(R™) and a smooth function f : R™ — R™;

Proof. Left as an exercise. O

( )

Definition 2.34. (Closed and exact) Let U C R™ be an open set. We say that a
differential form w € Q*(U) is

e Closed if dw = 0;

e Exact if w = dn for some Q¥ 1(U).

Remark 2.35. By property #ii) of Proposition [2.33] if a differential form is exact then

it is also closed.

Definition 2.36. (Diffeomorphism) A diffeomorphism between two open sets U,V C
R™ is a smooth bijection f : U — V such that its inverse is also smooth. If such a

function exists we say that U and V are diffeomorphic.

Proposition 2.37. Let U C R”™ be an open set such that all closed forms in U are
exact and let V' C R™ be some other open set such that there exists in V' a differential

form which is closed but not exact. Then U and V are not diffeomorphic.

Proof. Let w € QF(V) such that w is closed but not exact and assume, by contradiction, that

there exists a diffeomorphism f: U — V. Then
d(f*w) = f*(dw) = 0

which implies that f*w € QF(U) is closed. Then we know that f*w is exact, and so let € Q¥ (U)
be such that f*w = dn. We have

() Fw="dne (fof ) w=d(f)n) & w=d(f")n),

implying that w is exact, which is a contradiction. O
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Theorem 2.38. (Poincaré Lemma) If U C R™ is a star-shaped open set in R™ then

all closed differential forms in U are also ezact.
Proof. Assume without loss of generality that 0 is a center for U. If

w(z) = Z wil,,,ik(m)dxil/\.../\dmi’“,

i11<...<1p

we define IQ € Q*~1(U) as

1 n . 4
Tw(z) = Z (/0 th "l 4, (to) dt) Z(—l)l_lx“ dr™ A ... ANdzi AL A dxt

11 <...<ip =1

(where ~ means omission). We have
w=d(Iw) + I(dw),

and so if dw = 0 then w = d(Jw).
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2.3 Integration of differential forms

Theorem 2.39. Let M be an m-manifold in R™. If g : U C R™ — M and h : V C

R™ — M are parametrizations of M then
h™tog: g7 (g(U)NR(V)) = k™ (g(U) Nh(V))
s a diffeomorphism.
Proof. Tt is clear that h=! o g is a bijection because both g and h are injective. Now, since
rank Dg = m = rank Dh

we may assume WLOG that

dg" dg" ah! on!
T dsT 't Dsm

det | .. 1 | #0 and det | : . | #O.
9g™ g™ on™ oh™
or o gm 9sT Tt Bsm

Let us define G : U x R*™™ — R" by
G(t,u) == g(t) + ulemir + ... +u"" e,
and H : V x R*™™ — R" by
H(s,v):=h(s) +vlempr +... +0" ™e,.
Consider any xg € g(U) N h(V) and let ¢y and so be such that
xo = g(to) = h(so).

It is clear that

dg* dg*
| 0 B - Bim
det DG(to,0) = det | Dg(to) =det | : .| #0,
‘ I m og™ 9™
9L o ot

and so G is locally invertible around (¢p,0) with a smooth inverse. Similarly, H is locally

invertible around (sg,0) with a smooth inverse.
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This implies that the two functions H~! o G and G~! o H are smooth where defined, and since

H™'oG(t,0) = (k"' og(t),0),
Gil o H(S,O) = (gil o h(s),O),

1

we obtain that A= o g and g~! o h are both smooth, and because g~ oh = (h™1 0 g)~! we

conclude that h=! o g is a diffeomorphism, as desired. O

Remark 2.40. Because the inverse of a diffeomorphism is smooth we know that the

Jacobian matrix of a diffeomorphism can never vanish.

Definition 2.41. Let M be an m-manifold in R". Two parametrizations g : U C R™ —
M and h : V C R™ — M induce the same orientation in M if det D(h™! o g) > 0,
and induce opposite orientations if det D(h™! o g) < 0. We say M is orientable if
we can find parametrizations whose images cover M which induce the same orientation
on M. Furthermore, an orientation in M is a choice of a maximal family of such
parametrizations (which are called positive). When such a choice is made, M is said to

be oriented.

Proposition 2.42. A surface M C R? is orientable if and only if it admits a continuous

normal n : M — S2.

Proof. (<=) We cover M by parametrizations g : U C R? — M with U connected. Since the
normal n is continuous, the function f : U — R defined as

1) =nta(0) - (5510 % 550))

cannot change sign. If f is positive we keep g, and if f is negative we replace it with §(¢!,¢?) =
g(t?,tY). With these choices, we obtain parametrizations g covering M for which f is always
positive; but then the vectors %(t) X %(t) are all positive multiples of each other, meaning
that the nonzero determinants occurring in these cross products have the same sign. From this
it is easy to see that the diffeomorphisms obtained from these parametrizations have positive

determinant.

(=) Fix an orientation for M. Given zg € M, choose a positive parametrization g : U C R? —
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M such that g(tg) = xo for some ty € U, and define

g a

i (to) x 5% (to)

’n((E()) = og 99 .
‘ 5ir (to) x W(tO)H

Since dim TjDM = 1 and g is positive, n(xg) does not depend on the choice of g, and since

g : U — M is continuous at ¢y then n : M — S? is also continuous at x. O

4 N\

Definition 2.43. Let M be an oriented m-manifold in R". If g : U C R™ — M is a

positive parametrization then the integral of a differential form w € Q™(R™) on g(U) is

defined by
dg dg ) 1
wi= [ w(glt <t,...,t dt' ... dt".
L= [ wtow (e g

(N J/

There are a few things we can prove right away about the integral of forms.

Firstly, note that if we see U C R* as an k-manifold in R* and parametrize it using the identity
function id : U — U defined by id(¢) = ¢ for all t € U (which we take to be positive), then for
any k-form n € QF(U) we have

/77:/ 77:/n(t)(el,...7ek)dt1...dtk.
U id(U) U

If we let f: R¥ — R be the smooth function such that n(t) = f(t)dt' A... A dt* then

/Uf(t)dtl/\.../\dtk:/Un:/Uf(t)dtl...dtk.

Hence, the integral of forms of maximal degree just becomes the usual integral in R¥.

Secondly, using the same notation as in the definition above, we have

/g<U) “ /Uw(g(t)) (gﬁ(t)’ s ;ﬁ(ﬂ) dtt ... dtm

:/(g*w)(t)(el,...,em)dtl...dtm
U

U

where the last equality comes from g*w being an m-form in U, i.e., a form of maximal degree.
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Proposition 2.44. Let M be an oriented m-manifold in R™ and let w € Q™(R"™) be
a differential form. The integral fg(U) w is well defined, i.e., it does not depend on the

positive parametrization g of M.

Proof. We start by proving the proposition for the case m = n. Consider an open set M in R".
Furthermore, fix an open set W C M and let g : U C R™ — M be a positive parametrization
(that is, a diffeomorphism with positive Jacobian) such that g(U) = W. We have

_ 09 09N g
/Ww—/Uw(g(t)) <8t1"”’3t">dt coodt™.

If we let w = fdz' A ... Adz™, where f : R® — R is smooth, then

99 9g
_ 1 n YJ ~J 1 n
/WW—/Uf(g(t))dm A...Ndz <8t1"“’8t">dt co.dt

_ /U F(g(t)) det Dg(t)dt ... dt".

Since g is a diffeomorphism with positive Jacobian, we have

/w:/f(g(t))det|Dg(t)|dt1...dt",
w U

and by the change of variables theorem we get

/Ww :/g(U)f(x)dxl...dx" = /Vf(x)dajl...dx”,

which does not depend on g, as desired.

Now let M be an m-manifold in R”, and let g : U CR™ — M and h: V C R™ — M be positive
parametrizations such that g(U) = h(V) = W C M. Then there exists a positive diffeomorfism
k :U — V such that g = ho k. Hence

as required. O

35



Definition 2.45. If M C R™ is an oriented m-manifold and w € Q™ (R™), we define

/M“’:

where g; : U; — M are positive parametrizations whose images are disjoint and cover M

N

Ej/ﬁlz'(Ui)W7

i=1

except for the union of a finite number of manifolds of dimension smaller than m.

Remark 2.46. It can be shown that it is always possible to obtain a finite number of
parametrizations of this kind, and that the definition above does not depend on the choice

of these parametrizations.

Definition 2.47. Informally, an m-manifold with boundary is a subset M C N of an
m-manifold N C R" delimited by an (m — 1)-manifold dM C M, called the boundary
of M, such that M \ OM is again an m-manifold. We say that M is orientable if N
is orientable. If M is oriented, the induced orientation on M is defined as follows:
if g: UN{t! <0} — M is a positive parametrization of M such that h(t?,...,t™) =
g(0,t2,...,t™) is a parametrization of OM, then h is positive. Moreover, if w € Q™(R"™),

/w=/ w.
M M\OM

we define

Remark 2.48. A manifold is a particular case of a manifold with boundary, but a

manifold with boundary is not a manifold in general.

Theorem 2.49. (Stokes) If M C R™ is a compact, oriented m-manifold with boundary

and w € Q™1 (R™) then
/ dw = / w,
M oM

where OM has the induced orientation.

Proof. We assume that M can be decomposed into images of cubes by positive parametrizations.

Since the integrals along adjacent faces correspond to opposite orientations, and consequently

cancel out, we can assume without loss of generality that M is the image of a cube.
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Let g : [0,1]™ — M be a parametrization. Since

[aw=[ gl [ dge
M [0,1]™ [0,1]™

/ w:/ g w,

oM a[0,1]m

it suffices to prove the Stokes Theorem in the case when M = [0,1]™. If w € Q™ }(R™) then

and

m
w:Zwi(x)dxl/\.../\da:i/\.../\dxm,
i=1

and so .
dw = ;(—1)i_1 % det A A dx™.
Consequently,
/ dw = Zm: 1)1‘—1/ Oi 1wl A A da™
[0,1]m — [0,1)™ Ox

where we used the definition of induced orientation (note that the orientation is reversed each

time the coordinate functions are switched). O

I Corollary 2.50. If )M = & then [, dw = 0.
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3 Surfaces

[ Definition 3.1. A surface is a 2-dimensional manifold S C R3. ]

Let g : U C R? — S be a parametrization of S and fix (ug,vo) € U. For any vectors U, % €
T,

9(uo,w0)S We may write
9y dg !
v = vl 5 (w0, v0) + v* 5 (o, v0) = Dyg(uo, vo) L}Q :
— 0 Io) 1
v wli(uo’ vo) + w2£(“0avo) = Dg(ug, vo) tUUQ} .

For simplicity, let us drop the argument (ug,vo). Hence we have
dg dg dg dg
- > /109 209 109 209
(¥, 70) = <” R T R

u
2
dg
vlwl

:Hgi +au'ag(v1w2+v2wl)+’83 2.
Let v = (v!,v?) and w = (w!,w?) and recall that we may write
vl = du(v), v? = dv(v), w' = dv(w), w? = dv(w).
We define
E(ug,vo) = HSZ(UO,UO) 2, F(ug,vg) = %(uo,vo) 3 (up,vo), G(ug,v0) = Hgg(uo,vo) :
and therefore we have
@ =o)L Z;}

In particular, we have
1Z1? = E(uo,vo)du(v)du(v) + 2F (ug, vo)du(v)dv(v) + G(ug, vo)dv(v)duv(v).

Based on this, we make the following definition, where Poly(R?) is the set of homogeneous

polynomials of degree 2.
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Definition 3.2. (First Fundamental Form) Let S C R3 be a surface parametrized by
g : U — R? and define the functions E, F,G : U — R by

99 99 99  9g

E F ou  Ou ou Ov
" |99 .89 99 99
PG ov  Ou ov  Ov

We define the first fundamental form of S to be the function I : U — Poly(R?) given
by
I = Edu® + 2Fdudv + Gdv®.

We call
FE F

F G

the matrix of the metric.

Remark 3.3. When the context is clear, we will drop the (ug,vg) in I(ug,vo)(v) and

simply write I(v) for
I(v) = E(ug,vo)du?(v) + 2F (ug, vo)dudv(v) + G (ug,vo)dv?(v).

The same will be done for the second fundamental form, defined later in the text.

Remark 3.4. We have, for all v = (v!,v?),

1

E F| |v

I(v) = Edu®(v) + 2Fdudv(v) + Gdv*(v) = [vl ,02] .

’U2

Note that, again, the above relation should be interpreted as a equality between functions,
for any (ug,vg). If we wanted to write it in the most correct way, we could say that for

any (ug,vo) and any v = (v!,v?) we have

I(ug, vo)(v) = [vl 112}

E(Uo,’UO) F(u07v0)] |:U1‘|
F(UO,’U()) G(UO,U()) ’

What we saw before Definition [3.2] was the following proposition.
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Proposition 3.5. Let S C R? be a surface and g : U — R? be a parametrization of S.

If U € Ty(ug,u9)S 18 a vector written in the basis {%(um Vo), %(uo, vo)} as

—
’U:’U1

0
({Tz(um Vo) + v? 8Z (uo,v0)

then || 7|2 = I(v!, v?).

Remark 3.6. Now note that if we set g(u,v) = (g (u,v), g*(u,v), g>(u,v)) we may think

of g', g2, g% as O-forms. Hence it makes sense to write dg as the triple of 1-forms

_ 9y dg . (9g" dg' . 9g° dg* g dg°
dg := audu+ Bvdvi <8u du + B dv, By du + e dv, ey du + E® dv | .

Now, if we compute the dot product dg - dg just as we would a vector, we obtain
dg - dg = Edu® + 2Fdudv + Gdv®

and so we frequently write I = dg - dg.

Remark 3.7. If ¢(t) = g(u(t),v(t)) is a curve on a surface S then

99

() = (1) + (1) 5

and so the length of ¢ is

b b
/Hc’(t)lldtz/ T(w/'(t), o' (t)) dt.

We will now introduce the second fundamental form. In order to do that, we need the unit

normal of the surface with respect to a parametrization.

4 N\
Definition 3.8. (Unit normal) Given a surface S C R? and a parametrization g : U —

R3, we define the unit normal with respect to g by

99
ov

[t 5]

5= X

—>
n =
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Since 7 is normal to the surface we know that

@ n=0= @ -
ou T
This implies that
0% _, 0Og 0w 0%¢ _ 0Og Om
— . . = _ . _— . = 1
ouz " + Oou Ou 0, duov + ou Ov 0, (1)
0%¢ _ Og Onm 0% _, 0Og Om
. D — — 7. . = 2
vou + ov Ou 0, 2 " + Oov Ov 0, (2)
and so let us define
g g L P9 g
L=29. — = . N=29
ouz ouov " ovou a2 "

From the previous formulas we get

89.8n M= dg 871: dg On N dg On

~ou Tou 0 o dw T Ta Bu

ou Ou’ T ou v

and so we make the following definition.

P
Definition 3.9. (Second Fundamental Form) Let S C R? be a surface parametrized

by ¢ : U — R? and let @ be the unit normal with respect to g. Define the functions
L,M,N :U — R by

om

_9g oW _09g9  om
[L M‘| _ [ ou  Ou ou  Ov

_99 o7 _9g 9w |’
M N ov  Ou ov  Ov

We define the second fundamental form of S to be the function II : U — Poly(R?)

given by
II = Ldu® + 2Mdudv + Ndv?.

Definition 3.10. (Second Fundamental Form) Similarly to Remark we have

Il = Ldu? + 2Mdudo + Ndv? = — ( Zau+ Pav) - (2% au+ 2% gy
ou ov ou ou

and thus sometimes we write
Il = —dg-dmn.
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We have

N &g _,  0g om
— - n+—-—=0 and J n + 9.9 _

u? ou Ou ovou o ou

become
L+aE+BF =0 and M+ aF 4+ G = 0.

We can solve this system of equations to get @ and 8. The same can be done for %, giving us

Weingarten’s equations.
Proposition 3.11. (Weingarten’s equations) We have

@’_FM—GL@+FL—EM@
du EG—F2 9u EG-F2? v

and
O FN-GMdg A FM—EN Oy

v BEG—F? ou ' EG-F? ov’
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3.1 Curvatures

( \

Definition 3.12. Let ¢: I C R — S be a curve along S parametrized by arclength. We

write

¢"(s) = ky(s) + kn(s)

where k_g), the geodesic curvature vector, is tangent to S and k:_;, the normal curva-
ture vector, is orthogonal to S. Furthermore, define the normal curvature k,(s) as

the function such that l;;: =k,m.

Proposition 3.13. The normal curvature of a curve ¢ : I C R — S given by c¢(s) =

g(u(s),v(s)), where g is a parametrization of S, satisfies

as required. O
Note that, since we had the curve ¢ parametrized by arclength,
() =1=u(s)>+2'(s) =11, 0)=1

We now want to study the maximum and minimum values of k,, at some point g(ug,vo) € S.
It is clear that u/(s) and v'(s) can take on any values, and therefore we may simply study the

extrema of I(v!, v?) with the restriction that I(v!,v?) = 1.

We will use the method of Lagrange multipliers. Let

F'v?) == L(")? + 2Mv'v® + N(v?)? — A(E(vl)z +2Fule? 4 G(02)2>.
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We want to solve the system of equations

2 =0 2Lv' 4 2Muv? — 20Ev' — 2AFv? =0
=4
2L =0 2Mv! + 2Nv? — 20Fv! — 20Gv? =0
which we may write as
L-XE M-XF| [v'| |0
M —XF N-=\G| |v? 0

We are then looking for the values of A such that

L M E F
]—A . =0 < det(B — AA) = 0.

M N

det

This is equivalent to
=0« det(A)det(A™'B — M) =0 < det(A™'B — \XI) = 0.

det (A(A—lB - /\I))
——
#0
We have
Al — 1 G -—-F L M B 1 GL—-FM GM-FN
 EG-F?|-Fr FE||M N| EG-F?|\EM-FL EN-FM|’
The solutions k1, ks for A correspond to the eigenvalues of the matrix A~!B, and so we obtain
GL - 2FM + EN
_ -1 _
k‘1+k2—tr(A B)— EG—F2
and det(B) LN — M?
t —
kike = det(A7B) = G50 = Ba - P2

Furthermore, if (v!,v?) is a extremizer corresponding to A = k; then

1
=0 < I(v', v?) — kI(vt,v?) =0

ol
(B-kd) || =0=[v0 | (B-k4)
v v
and because I(v!,v?) = 1 we get
(v, v?) = ky
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Definition 3.14. The maximum and the minimum of Il(v!, v?) subject to the constraint
I(v!,v2) = 1 are called the principal curvatures of S at the point under considera-
tion. The directions of the corresponding unit tangent vectors are called the principal

directions of S at that point.

Definition 3.15. Let k1, ko be the principal curvatures of S at a given point. We define

the mean curvature at that point by

GL—2FM + EN
2(EG — F?)

1
H = §(k1+k2) =

and the Gauss curvature at that point by

detll LN — M?

K = kyky = - .
27 qetT ~ EG — F2

If K =0 then S is said to be flat.
If H =0 then S is said to be minimal.

.

I Proposition 3.16. If k; # ko then the principal directions are orthogonal.

Proof. Let (v',v?) and (w!, w?) be such that

1 1 wl wl
B U2 :klA v2 and B w2 :kgA w2
We have
T
1 1 1
ot o] <ot w5 = (o ]2 [7))
v v v
Using the fact that B = BT, we get
1 1 1 1\
bt wfal’] =t 2] B[] kot o] al” k<[ ) a w) |
v w w w
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and using the fact that A = AT, we get

1 1 1
v
k1 [wl wQ} A = ko [wl wz} A & (k1 — ko) [wl wQ} A =0.
v? v? v?
Assuming that ky # ko we can divide by k1 — ko and therefore we have
99 99 09  0Og| [,1
1 2| |ou " Ou Bu "D _ = o\
ot e |GG G G| || =0 T =0
ov  Ou ov  Ov
as required. O
e N

Definition 3.17. If k; = ko at some point in S then that point is called umbillic.
Furthermore, we call the point

e elliptic if K > 0;

e hyperbolic if K < 0;

e parabolic if K =0.

- J

We will now deduce a different type of formula for K. Recall the formula for the area of the

image of a parametrization.

4 N\

Definition 3.18. (Area) Let g : U — S be a parametrization for some surface S C R3
and let V. C U be a open set. The area of g(V) is given by

I,

. J

dg 0Oy
87 X % dud’U

Consider some parametrization g : U — S of S and let 7 denote the unit normal. Recall that

Weingarten’s formulas give us

on FM-GLOdg FL—-EM dg

0 EG_Fou EG-F? 0w

and
877[_FN—GM8g FM—EN@

v EG_F2 ou ' EG_F? 0v

and therefore

or 0w (FM —GL)(FM — EN)— (FL— EM)(FN — GM)dg _ dg

v (EG — F?)? " v
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which simplifies to
on 0T _IN-Mog 99 _ 00 05
ou v  EG—F20u’ Ov ~ Ou  Ov
Hence note that if for some (ug,vo) € U we have K (ug,vg) # 0 then the function n : U — 52 is

a parametrization of S?in some neighborhood of (uq, vg).

Therefore, for € > 0 let us define

dudv
//B (uo,v0) 8’0
as the area of g(B.(ug,vp)) and
// 311 8n dudy
B (’u.o ’U() 8U

as the area of 7 (B (ug,vo)).

From our previous work we have the following result.
Proposition 3.19. Let (ug,v9) € U be a point such that K (ug,vg) # 0. Then we have

A'(e)
=0 A(e)

| K (ug,v0)| = hm

Proof. We saw that

// dudv—// |KH
Be (uo,'vo) ’uo,’l)())

which yields the result. O

a" dudv,
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3.2 Minimal surfaces

Proposition 3.20. Let g be a parametrization of S. The area of g(U) is given by
AU) = // VEG — F? dudv.
U

Proof. The relation

lo > wlf = V]vw]? — (v w)?

holds for any vectors v, w € R3, and therefore

a9 g a9l 1ogl> /o9 0g\2\"
A = R — P = —_— —_— — - . =
© //U ou g | M //U (' ou| ||ov (au m))
z// V EG — F? dudwv,
U
as required. O

Now let f : U — R be a smooth function. We define deformations of g along the normal 7 by
ge(u,v) := g(u,v) + e f (u,v) 7 (u,v).

Let A(e) denote the area of g.(U). We will start by computing A(e).

We have
dg: 99 | Of . on
Oou  Ou E@un+gf8u’
aga _ 89 af., on
oo v Can T gy
and therefore
0g9: 0¢e 2
E.=2E % _ g _o5L :
% Bu efL+ O(e%)
0g9: 0¢e 2
Fo="9. % _Fp_ocfMm :
9 Do efM + O(e?)
0g: 0¢e 2
e = . =G —2fN .
G 9 Do G —2efN + O(e%)
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Hence, we have

A@) = [[ VEG T2 duas

_ // VEG — F2 —2:J(EN + GL — 2FM) + O(2) dudo.
U

With this expression for A(e), we can compute %(O) to better understand what happens to the

area of g(U) after a small deformation:

dA

0= // %( —2f(EN +GL — 2FM)) (EG — F?)~Y2 qudy
U

EN + GL — 2FM
:// _gpEN+CE VEG — F? dudv
U

2(EG — F?)

_ //U 9/ H\/EG — Fdudo.

From this we get the following proposition.

Proposition 3.21. If S has minimal area for some fixed boundary, then H =0, i.e., S

is minimal (definition 6.13.).

Proof. Let ¢ be a smooth positive function with support away from the boundary (so that the
boundary of the surface does not change). Let us take f(u,v) = ¢(u,v)H (u,v) in the above

expression. Assuming that S has minimal area implies
dA 9
€ U
This implies that H = 0 on the support of ¢; since ¢ is arbitrary, we have H = 0, as required. [

In the same spirit we prove the following proposition.

Proposition 3.22. If S has minimal area while bounding a fixed volume then H is

constant.
Proof. Let f:U — R be a smooth function. Let h : U x R — R? be the function

h(uvvvw) = g(u,v) + wf(ua v)ﬁ(u,v).
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Let A(e) be the area of the surface parametrized by the function h.(u,v) given by
he(u,v) == h(u,v,¢€).
We want to prove that if A(¢) =0 has a minimum at e = 0 for a fixed volume then H must be

constant. We know from the method of Lagrange multipliers that we must have

d% _A@-wE) =0~ %(o) - AC;—Z(O) =0

for some A € R.
We have .
V(e)-V(0) = / // det Dh(u, v, w) dudvdw,
o JJu

and therefore

d
—V(s):// det Dh(u,v,€) dudv.
de U
Furthermore,
o
Dh(u,v,0) = g—g % fl,
.
and thus
W [T (29 09\ romyaman [[ 29 2
ds(o)_//U <8uxav> (fn)dudv—//[]f'auxav dudv

= //U fVEG — F2 dudv.

Combining this formula with the formula already obtained for %(O) gives that, for any f,

dA av
g(o)—)\g(o):0:>—//[](2H+)\)f\/EG—F2dudv:0.

Again taking ¢ to be a smooth positive function with support away from the boundary and

choosing f(u,v) = ¢(u,v)(2H (u,v) + A) in the above expression we obtain

which completes the proof. U
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3.3 Method of orthonormal frames

Let g : U — R3 be a parametrization of some surface. The method of orthonormal frames gives
as an alternative way to compute curvatures. Let us start by defining an orthonormal basis for

the tangent space at a point in the surface. An easy way to do this is by simply defining

99
—> ou
el =
' lee
ou
and
99 _ (99 .7\
N ov (av € )61
2715 )
99 _ (99 .57) &7
| (av o) i
but this is just an example. We can then define €3 := €7 X e3 as the vector normal to the surface

at the point, and so e, €3, e3 form an orthonormal basis of the space R3.

Now we define a},a?,ad, a3 such that

1> 2>
— = aje1 +ajes
ou ’
dg

1> 2
—— = age1 + azes
ov

Let us interpret g : U — R? as three 0-forms in R?, and so dg will be a triple of 1-forms. We

have

0 0 — — — —
9 g+ g = (aler + ates)du + (ayer + ades)dv

9 =73, ES

= (aldu + addv)el + (aidu + didv)e;
Let us define the forms 6%, 6% € Q'(R?) as

0' = aldu + aldv,
0? = a?du + a3dv,

that is,

o1



where S is the matrix of functions

Note that
19) 1) o) o)
grg_ @+ @2 alabvaiad] [2% %) [E0F
ajaf +a3a?  (a3)?+(ad)?] |§2-9¢ 2.3 |F @
and thus

det(S)? = det(ST'S) = det(I) # 0 = det(S) # 0.

Consequently, since du and dv are a basis for (R?)*, so are the tensors 0 (u, v), 6% (u, v) for each

(u,v) € U. Now, since dg = 0'e7 + 6%¢3, we have
I=dg-dg=(6")" + (6°)%.

Interpreting again e; : U — R? as triples of O-forms in R?, we may write, for some forms
wZ € QY(U),

—>

To be precise, for each (u,v) € U the vectors e7(u,v), e3(u,v), €3(u, v) form a orthonormal basis

for R3 and so, for any w € R?, we define the form wf by
W] (u,0)(w) := d&;(u, v)(w) - & (u,v).

We will prove that these forms satisfy w{ + wé- =0 for all 4,5 € {1,2,3}. In particular, w’,g =0

for all k € {1,2,3}. If we write each €5, as (e}, €2, €3 ), we have

3
A &) =d (Z ) =3 ((debyel + ek (det) ) = (d@) - + & - (d5),

k=1 k=1

and so, since €; - €; is a constant (either 0 or 1), we get

0= d(& &) = (de]) & + & - (d5F) = w] +w,
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We proceed by studying the second fundamental form. We have

Il = —dg-dRt = —dg - dé3 = —(0' &7 + 6°83) - (w3é7 + wjes + wies)
= fﬁlwé — szg

=0'w? 4 0%w3.

Note that, for each (u,v) € U, the object w$(u,v) is a tensor in A'(R?). Therefore, since 6! (u, v)
and 62(u,v) are a basis of the 2-dimensional space A'(R?), we can write w}(u,v) in the basis
{0*(u,v),0%(u,v)}, that is, we can find functions b1, b1z, ba1, baa : R? — R such that

wf = 51191 + b1292,
w;’ = b2191 + b2292.

Now we have, using the formulas in ,

0g 0m 0g 0m dg ., dg .,
Ldu+ Mdv=—-—="> - —du— == - —dv=—=—>-dn =—->-d
u o+ Mav du 00" Bu o’ w " u
and so
Ldu + Mdv = —(aje; + ajes)(wzer + wies) = ajw’ + aiws.
Similarly,
Mdu + Ndv = ajw? + alws.
Let us define the matrix of functions
b b
g b D2
ba1 b2
We have
L M du:a% a?| |w? :ST391 :STBS’du
M N| |dv a} a3| |w3 62 dv
and so
L M L M
=S"BSe B=S"" St
M N M N
Furthermore, we have seen that
E F
STS = :
F G
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and so we obtain

_ 1, LN-M?* LN-M?
det(B) = det(S™T)(LN — M?)det(S™") = 1ei(5TS) ~ BG_F? =K,

which gives us a new way to compute the Gauss curvature K.

Moreover, we have

< - [L 1 )
tr(B) =tr [ S
M N

ls—

{ G )
(s l ?ﬂ)
lwr

-F
EG—-F2|_F E
FM — FM + EN
EG — F?
_ EN+GL—-2FM
- EG — F?

)

=2H,
which gives us a way to compute the mean curvature.

Finally, this also implies, if we let ki, k2 denote the principal curvatures, that

det(B) = k‘lkg and tI‘(B) = kl + kQ

and so ki, ko are in fact the eigenvalues of B.
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3.4 Structure equations

Let us keep using the notation of the previous subsection. We will prove the first structure

equations,

o' = 62 A w)
9% = 01 A w?

and the second structure equation,
dwy = K6' A 62
We have dg = 6'e; + 6%e5 and so
0 =d(dg) = do* Ne3 — 0" Adeg + db* N es — 6% A des
3 3
=do'er — 0' A wher +do%e — 07 Ay wher
k=1 k=1

= (d0* — 0" ANwi — 02 Awy)er + (d* — 0" Awi — 0% Aw3)es + (=0 Awi — 02 Awd)es

= (d0* — 0% Aw3)er 4 (dO? — 0 Awi)es + (01 Awi — 0% Awd)es.
This gives us

A9t — 62 Awl =0
62 — 0L Aw? =0

)

as desired.

Let us prove now the second structure equation. By using the properties of the exterior derivative

we easily see that

AWIE}) = d(w))E; — ) A de.
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Now, we have

3 3
0=dde) =d | Y wie; | =3 (dw)e -l nde)
j=1

Jj=1
3 3
I\ —>
= g d(w))e; — g w;i A wjeg
Jj=1 J.k=1
3 3
— k J k
= E d(wi)—g wi ANwy | ek
k=1 j=1
and so
3
ky _ J k
dwy) = E w] Awy.
=1
In particular,
3
d(wy) = E w%/\w]l = w3 Awi +wi Awy +ws Aws = ws Aws.
Jj=1

Hence, we get

d(w}) = —wi Aw} = —(b210" + b220?) A (110" + b120%)
= —bo1b120" A 0% — bagby16% A6
= (b11b22 — 1721b12)91 A 62
= det(B)6' A 6?
= K6' A 62,

as desired.

56



4 Intrinsic geometry of Riemannian surfaces

We will sometimes write ds? instead of 1.

Definition 4.1. (Riemannian Surface) A Riemannian Surface is a pair (U, ds?) where

U is an open subset of R? and I = ds? is a first fundamental form (or metric) defined on

U.

Proposition 4.2. Given a Riemannian surface (U, ds?), there exist two 1-forms 6!, 62

such that
ds* = (6")% + (6%)%.

Furthermore, if §1,62 are such that the above relation is verified, then 6 (p) and 62(p)

are linearly independent tensors for all p € U.

Proof. We want to find two 1-forms 6,62 such that

ds? = Edu® + 2Fdudv + Gdv* = (0)? + (6%)%.

Let
0t = atdu + aidv

0% = a2du + a3dv

We want

Edu? + 2Fdudv + Gdv? = ((ai)2 + (a§)2)du2 + 2(a}a; + a%ag)dudv + ((a§)2 +(

which corresponds to solving the system

B = (@) + (@)
F = ala} + a2a?

G = (a3)* + (a3)°

We can find explicit solutions to the above system, namely

a} =VE, a? =0, ay =
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Now let {01,602} be a solution of

and let

We know that

E F||d 6! d
Edu? + 2Fdudv + Gdv® = [dudo] =o)L = e ao]sTs |
F G| |dv 62 dv
which implies that
E
STS = = det(S) # 0
(since det(I) # 0), and therefore 0! (p) and 62(p) are linearly independent for all p € U. O

The structure equations we proved in the previous subsection give us a way to define wi and
the Gauss curvature K for general Riemannian surfaces. That is what we will be doing in this

subsection.

Proposition 4.3. Given a Riemannian surface (U,ds?) and two 1-forms 6!, 6% such
that
ds® = (6")* + (6*)?

there exists an unique 1-form wj such that

o = 62 A wh

62 = —6' Awl.

Proof. We have seen before that, given any 1-form wj, it is possible to find functions ¢y, ¢ :
U — R such that

w% = 10" + cp02.

The conditions we want wi to satisfy become

dot = 10?2 A O*
df? = —ca60' A 62
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If we let a1, 9,8 : U — R be such that
do' = aqdu A dv, d6? = axdu A dv, 0 A 0% = Bdu A dv,

then, because 01(p) and 6%(p) are linearly independent for all p € U, we know that 3 # 0 and

therefore the functions ¢y, ¢y are the unique functions such that, for each (u,v) € U,

al(uvv) QQ(U,U)
=— d - _
c1(u,v) Bu,v) an ca(u,v) Bu,0)
O
4 N\
Definition 4.4. (Connection form) Given a Riemannian surface (U, ds?) and two 1-forms
61,62 such that
d82 — (91)2 + (92)2
we define the connection form associated to {#',6?} as the unique 1-form wi such that
dot = 62 A w)
do? = —0' A wi.
- J

Proposition 4.5. Given a Riemannian surface (U, ds?), let 61, 6% be two 1-forms such
that
ds® = (6')* + (6°)?

and let w} denote the connection form associated to {6',62}.
Then, the function K : U — R such that

d(wh) = Ko' A 62
does not depend on the choice of the forms 6!, §2.
Proof. Let {0',60%} and {#', 0%} be two pairs of 1-forms such that

(91)2 4 (92)2 1= (9‘1)2 4 (9‘2)2.
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We know that there exists an invertible matrix S such that

o] -+l

and so

This implies that

1
STS = 0.
0 1

Now, let wi and @3 denote the connection forms associated to {',62} and {0, §2}, respectively,

and define
0 .= 0 , 0 := ?1 , w = 0w , W= 0 —@ .
e i w0 o0

If we let the d and A apply to these matrices, with forms as entries, as would be expected, we can
easily see that the identities we’ve been using for d and A still apply. In particular, df = w A 0

and

OAO=df =d(SO) =dSNO+SANd)=dSNO+SwANO=dSAS0+SwnS0
= (dSS™ + SwS™1) A 6.

Thus, we obtain
W= SwS™' +dSS".

Since ST'S = Id we know that, for each point 2 € U, there is neighborhood of x such that

cosp —singp cosp  sing
S = . or S = .
singp  cosy singp —cosep

for some function ¢ defined on that neighborhood. Whether we are in the first case or in the
second case depends on whether det(S) = —1 or det(S) = 1.
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Let S = [‘cl g] and let § = det(S) € {—1,1}. Note that

cosp —singp —sing —cosp cosp  sing —siny cosy
d ) = ) de and d ) = ) do,
sinp  cosy cosp —singp sing —cosyp cosp  sing

and so
—c —d
s = l ¢ ‘|dg0
a b
Now,
bl [0 —1 0 =6
SwS™ = w; ¢ @ =w; .
c d| |1 0 b d o 0
and
JSS—1 — —c - dy a cf _ —ac—bd —c—d? dy.
a b b d a’ + b2 ac+ bd
We can check that in both possible expressions for S, we have
ac+bd =0 and A+ =+d*=1,
and so
0 —1
dSs! = dp.
Hence, we have
0 -] 0 -1 0 -1
Y2 - o= SwS !+ dSS ! = sl + dg
@0 1 1 0

= 03 = dwa + de.

Finally, let K and K denote the Gauss curvatures which respect to {#',6%} and {#', 6%}, re-
spectively. We have
0! = ad' + vo? and 0% = cf' + do?

which implies
0 A O? = (ad — be)0' A 6% = 561 A 62

61



and therefore, since 62 = 1,

KO' A\ 6% = d(wl) = 6d(0wy) = 6d(dw; + dp) = dd(w3) = KO A O?

=62K0' N O?
= K0' A 6?
= K=K,

as desired.

Remark 4.6. The equation

0= SwS™ ' +dSS.
is an equation between matrices of 1-forms. It is the same as saying that for every

(u,v) € U and every (v',v?) € R? we have

@(u, v) (v, v?) = S(u, v)w(u, v)(v', v*)S ™ (u, v) + dS(u, v)(v', v*) S (u,v).

Definition 4.7. (Gaussian curvature) Given a Riemannian surface (U, ds?), let {6, 0%}

be any pair of 1-forms such that
ds® = (6')* + (6°)?,

and let wi denote the connection form associated to {6',6?}. We define the Gaussian

curvature of the surface as the function K : U — R such that

dwy = K60' A 62

Corollary 4.8. (Gauss’s Egregium Theorem) The Gauss curvature of a surface in R?

depends only on its first fundamental form.
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4.1 Tangent vectors on abstract Riemannian surfaces

In this section, when we talk about coordinates that parametrize some Riemannian surface
(U, ds?) we mean the coordinates used to parametrize the open set U. However, it is important
to keep in mind that, when we define some set U, we are using, by default, the canonical

coordinates of R2.
4 N\

Definition 4.9. (Tangent vector) Let S = (U, I) be a Riemannian surface and let (t!,#?)

be a coordinate system for the surface. We define the tangent vector at (t!,¢?) € U with

components (v!,v?) € R? to be the function ¥ : C1(U,R) — R given by the derivative
operator
v = vli + 1)2i
ott ot?
computed at the point (¢!,t?) € U.
Furthermore, for a point p in the surface, we define the tangent space of surface S at p

as the set 73,5 of all tangent vectors at p to S.

Proposition 4.10. Let (U,I) be a Riemannian surface and let (t!,¢?) be a coordinate

system for the surface. Moreover, let (t!,4?) € U be a point,

_ 0 0
U =0'— + v —

ot! ot?

be a tangent vector at (t!,¢?) and f € C1(U,R) be a function. Then

T(f) = df (¢, 1) (v',0?), V(v',v?) € R?.
Proof. We have
of of
12y 9T oy g1 O 12y g2
df(t',1%) = S5 (81, #%)dt! + S5 (e, t)dt
and so
af af 0 0
12y, 1 o2y O g1 opey 1 OF 1 oy 0 (1 O 2 9
df(t", %) (v, 0%) = 55 (5, )0 + Z5 (%) <v o T atg) (f)|<t1,,,2)
as required. 0

Remark 4.11. When we say a point p of the Riemannian surface (U, 1), we mean some

point p in the manifold U.
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Now fix some p € U and let us, as usual, write just I instead of I(p). Moreover, consider the

coordinates (vl,v?) € R? of some tangent vector at p. It is very important to note that the

value of I(v!,v?) depends on the coordinate system being used.

Let us, for example, consider the Riemannian surface (H,I) where
H={(z,y) eR?:y >0} =R xR

and
dz?  dy?
=t

Here, I was written with respect to the coordinate system (x,y), and so we should in fact write
IREXDE

Now let us consider a different coordinate system, say (u,v), such that

(u,v) = (,log(y))-

We have
dz? = du®
and
dy2 — d(ev)2 — 627jd’02,
and so

{u,v} _ d'Z,L2 €2vd’l)2 _ du2 +d’l}2.

et ey T

If we fix a point (z,y) = (0,e) € H, or equivalently the point (u,v) = (0,1), we have

2 2

e? e?

and )
]I{u,v} — d% +dv2
e

and clearly, if we take (1,1) € R,

1 1 1

Ttvl(1,1) = St # =+ 1 =1{wv}(1, 1),

However, what we will see next is that we can define what it means to apply I to a tangent

vector, and that definition will not depend on the coordinate system.
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Proposition 4.12. Let (U,I) be a Riemannian surface and let (t*,#%) and (s, s?) be
two coordinate systems. Furthermore, let 1"} and It*} be the first fundamental forms
written with respect to (t1,t2) and (s!,s?), respectively. If we have a tangent vector U
written as
1i+02 0 =U=w — +w =5
ott ot? st 0s?
then
I (01, 0?) = T (w!, w?).

Proof. Let us write It} as
2
]I{t} = Z gz]dtldtj
ij=1

By thinking of ¢’ as a function of s, s> we have

Therefore, we can write I(*) as

Ifsh = Zg”akal s"ds".
i,7,k, =1

Moreover, by the chain rule,

2 2 2

2.0 057 0 AN
2 VT 2t 6ti8sj_z;[<2v8ti>6sj]

1,7=1 Jj= =1
and so )
. 0s?
J 3
w =Y v %
i=1
Thus, we have
2 . .
ot' ot ot ot7 9sk st
1is } (w', w? wFw! = L r T Z0 O gmgn
Z Jii gk gst N D 99 5 o o
i,7,k, =1 i,7,k,l,m,n=1
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Since

iaﬁaskiajid
Osk orm — Hrm UV

k=1
we have
2 2
I w' w?) = > gidimdmv™" = > gyv'! =1 (" 0%
t,j,m,n=1 i,j=1

as required.

-
Definition 4.13. Let (U,I) be a Riemannian surface and let (t!,#?) be a coordinate
system. Let ¥ is a vector tangent to some point of the surface, written as

0 0
- 1 2
V=0 —F+0"—
o o
then we define
I(T) = It (v!, 0?).
-

By Proposition 7.11., this is well defined.

Remark 4.14. Given some tangent vector

it also makes sense to use

and other similar notations.
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4.2 Inner product and dual frames

Proposition 4.15. Let S = (U,I) be a Riemannian surface and let p be a point in the
surface. If we let .
(v,0) = 5 [I(v +w) —1(v) - ﬂ(w)]

for all v,w € T,,S, then (-, -) is an inner product on T,S.

Proof. Let us write
I = Edu® + 2Fdudv + Gdv®

and, by abuse of notation, let us use v and w both for the vectors themselves and for their

representation in the basis {a%’ 8%}.

Then
1 F E F
| 1 | _ - T T T T
(v,0) = 5 [T +w) = 10) = Iw)| = 5 | T +w") | | orw) =0T |
:1 vT Eor w4 w? Er v
2 F G F G
E F
=T w,
F G

and therefore, since the matrix [£ L] is a symmetric, positive-definite matrix, (-,-) is indeed an

inner product. O

As usual, this lets us define the length of a vector tangent to the surface. We have
loll = /(v,0) = VI(0).
Let {6',62} be a pair of forms such that
I=(0")+ (6>

where I, 0%, 0% are written in some frame {du,dv} with respect to the coordinate system (u,v).
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Let {é7,e3} be a basis for the tangent space of the surface at the point p and write
> d )
= 1é) 1%}

We say that {e7,é5} is the dual frame of {0, 6%} if

0! (p) (b}, 52) = ;.

7777

If we write
0' = aldu + addv

0% = a2du + a3dv

then the dual frame is easily found by solving the system

ab a} b%bézlo
a? a3| [b3 b3 0 1

for b},b? b1, b3. We have seen already that 6'(p) and 62(p) are independent, and so the above

system always has a solution.

It is also clear, from the definition of dual frame, that

and so )
(@.@) = 5 (16 + &) ~ 1) - 1@) ) = 0.

Hence, the dual frame is in fact an orthonormal basis for the tangent space. Therefore, if

T)» 1—> 2—>

=wve +viey and W =w'es +wes

are two tangent vectors then
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4.3 Vector fields and covariant derivatives

We will first give the more intuitive definition of vector fields along curves and their covariant
derivatives for surfaces embedded in R?, and then extend these notions to general Riemannian

surfaces.
4 N\

Definition 4.16. (Vector field) Let S € R? be a surface and ¢: I C R — S be a curve.
A vector field along c is a function V : T — R3 such that \7(1?) € ToyS forall t € 1.

Definition 4.17. (Covariant derivative) Let S € R? be a surface, let ¢: I C R — S be
a curve and let V be a vector field along c¢. The covariant derivative of V is the new

vector field along ¢ given by
DV av av oo\,
W(t) = E(t) - (dt(t) : n(t)) n(t),

where 77(t) is the unit normal to S at c(¢).
. J

The covariant derivative of the vector field V is then simply the projection of %(t) onto T, S,
for each t € I.

Because we defined the covariant derivative using the unit normal 77, this definition does not
make sense for general Riemannian surfaces. However, we will see that we can rewrite this

definition without using 77.

Let g : U C R? — S be a parametrization of S and let e7,é3 : U — R? be an orthonormal basis

for Ty (y,v)S for each point (u,v) € U. Furthermore, let us use e3 := 7.

Let u,v : I — R be the functions such that

and let VI, V2 : I — R be the functions such that
V(t) = VIB)er (ut), v(t) + VA(B)e3 (ult), v(t)).

In the following computations we will be dropping the argument ¢ in the functions » and v, to

make everything easier to read.
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If we let e = (f1, f2, f3) we have

[i<7(u’v))} — %(u,v)u/ + g (u, v)v".

%

On the other hand,

@) = d(7) = Wdu+ Wi
and so of or J
@ o)) = G o+ G o’ = | @i

@, 0)) = (@) 0) (0 v') = 3 0, 0) (VBB o, 0) + o a,0) (o ) o, 0)
Similarly,
d, _, 1 — —

— (& (u,v)) = d(&3) (u, v) (v, v") = wi(u,v) (', v")er(u, v) + wi (u,v) (v, v')e3 (u, v).

Let us now drop the arguments (u, v) as well; we already know that we are working on the plane

tangent to the surface at g(u(t), v(t)).

We have
av avl_, . d avz_, L, d,_,
— (7
iV = gtV gt et Vg @)
avt _, N av? _,
= Wel + V! (wl (', v")es + wy (u',v’)eg) + e+ V2 (wQ(u ver + ws(u v )63)

and so the covariant derivative is given by

dv avt o [dV? N
Wt = ( V2wl )) &+ (d VR >)

We found a way of expressing the covariant derivative using only objects we have already defined
for general Riemannian surfaces. All we need to do now is to show that this definition indeed

works.

Definition 4.18. (Vector field) Let (U, ds?) be a Riemannian surface and ¢: I CR — U
be a curve. A vector field along c is a function V with domain T and such that V(t)

is a tangent vector for all ¢t € I.
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Definition 4.19. (Covariant derivative) Let (U, ds?) be a Riemannian surface, 6! and 62
be two 1-forms such that ds? = (6')? + (6%)? and {e7,e3} be the dual frame to {#',6°}.
Moreover, let (u,v) : I C R — U be a curve. Given a vector field % along ¢ such that,

for two given smooth functions V!, V?: 1 — R,

V(t) = VI0)& (), v(t)) + V()& (ult), o(t),

we define the covariant derivative of V as the new vector field along c, written as %,

D‘.} dVl — dV2 Py
- = (dt + V%}%(d,@’)) e + (dt - Vlwé(ula U/)) €2.

given by

Here, wi is the connection form associated to {6!,6%}.

Proposition 4.20. The covariant derivative is well defined, i.e., it does not depend on
the choice of {#!,6°}.

Proof. Let {0',60%} and {#', 0%} be two pairs of 1-forms such that
(91)2 + (92)2 =1 = (él)? 4 (9’2)2.

Let {é7,e5} and {e1, &5} be dual frames to {0*,62} and {6, 62}, respectively, and define

6! - |6 b [> - > _[> =
0:= [921 , 0= sz] , € = {el 62} , € = [el eg] .
We know that there exists an invertible matrix S with S7.S = I such that
6 = S6.

Since we must have

o)
I
05)
>
|
o)
4
Il
~

fe=I<S19e=I<0

we see from the definition of dual frames that
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Now, let
V1

and Vi=|_
V2

We have
V=V =2V=2SV=V=235V

Moreover, we have also seen before that if we set

0 —wi _ 0 -l
W= , W=
w0 w0

@=SwS ' +dSS!.

then

Note that again
d

as(' ') = = [S(u(t), v(t))]

Furthermore, writting the expression for the covariant derivative in matrix form gives us

DV (dv .y
dt_e(dt w(u,v)V).

Finally, we have
€ (Ci[‘t/ - w(u’,v’)V) =es! %(SV) - (Sz,u(u/,v')s_1 + dS(u’,v')S_l)SV>

ds av ds
_ —=g-1 _ ro _ -1
=€S ( V+Sdt Sw(u',v" )V dts SV)

as desired.

Proposition 4.21. If ‘77 W are vector fields along a curve then

% (V. W) = <%(t), W(t)> + <V(t), %(t)> .
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Proof. Let
V=vie+ve and W=wilig+w?e

for given smooth functions V!, VZ W' W?2: T — R% We have
DV, — ~ DW vt LAV )

aw? dw?
—l—( W + W2wi (/, U)>V1+< W —Wlwy(u/, v)>V2

dt dt
= dd—vtlw1 + %WQ + dd—V[:lvl + dd—V[:QVQ
;t(v W+ V2w?)
= 4V, Ww),
as desired. O

Definition 4.22. (Parallel vector field) We say that a vector field Vis parallel along a

-
curve if 2% = 0.

Corollary 4.23. If ‘7, W are two vector fields parallel along a curve then (I_;, W> is
constant along a curve.

- -
) are constant.

In particular, ]I(‘—;), H(W) and L(V,W
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4.4 Geodesics

Let S C R? be a surface and ¢ : I — S be a curve parametrized by arclength. We have previously

written
() = kg(s) + kn(s)

— —
where kg, the geodesic curvature vector, is tangent to .S, and k,,, the normal curvature vector,

is orthogonal to S.

Note that

Fo(s) = @~ ka(s) = %(8) - ((cllC;(S) : 77) = ,ilj(S).

Therefore we make the following definition.

( \
Definition 4.24. (Geodesic) A curve on a Riemannian surface is called a geodesic if

its velocity is parallel.

Remark 4.25. The above definition might seem strange, since if ¢ : I — U is a curve
written as c(t) = (u(t),v(t)) then its velocity ¢/(t) = (v/(t),v’(t)) is a function from I to
R2, which is not really a vector field. In fact, when we say “if its velocity is parallel” we

really mean “if the vector field

0 0

U/(t)% + Ul(t)afy

is parallel along the curve”. We will be denoting this vector field by ¢’.

Ifc: I CR — U is a geodesic then

d / 2 d,, / D¢’ /
GO = . =2( S m.e0) =0,

and so ¢’ has constant length. This implies that the arclength parameter is given by

¢
s(t) = [ lle"(w)lldu = (t = to)l|<'l],
to
and so it is an affine function of ¢ (and reciprocally).
Proposition 4.26. Let S C R? be a surface. If ¢: [0,1] — S is a curve with minimal

length connecting the points ¢(0) and ¢(I), then c is a geodesic (up to reparametrization).

Proof. Suppose that ¢ is parametrized by arclength. For some ¢ > 0 let H : [0,1] X [—¢,¢] = S
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be any smooth function such that
H(s,0) = c(s), H(0,)) = ¢(0), H(l,\) = c(l).

So, for each A, H(s, A) is a curve from ¢(0) to ¢(l).

Define L(\) as the length of H(s, \), i.e

OH

L(\) = el

ds.

)

We have
"o |(oH oH "1 9oH 9*H (0H oH\ ‘/?
L’(/\):/ ot 5:/,.2.7. OH OH\ T
0 ) ds  0Os 0 2 ds O0XJs \ Os O0s
[ o
Jo Ot 0MOs

Because ¢ is the curve with minimal length we have L’(0) = 0. Furthermore, we know that

oH ||~

1

‘%stH—landso
gy [OH  O°H _/laaH oH _on 9H
0=LO) = | 55 mas™= |, |as \as @V 80 ) = 5z (5:0)- 53 (5,0) ds

s=0

Since H(0,\) = ¢(0) and H(l,\) = ¢(l), we have

s=l
OH OH [8H OH O)] _o.

(0.0 = T0.0) = 0= | 55,0 S(s,

s=0

Moreover, for any given s the function H(s,\) is also a curve in S, and so 2 (s, \) is tangent

E)Y
to S at H(s,A). In particular,
OH

B\ (S 0) S TC(S)S

and so, if l<:_7:(s) is the normal curvature vector of ¢(s),

OH o OH Dc 0H
a)\ (S O) ( (S)_kn(s))i = [R—

CH(S)

Hence,




Let g : U C R? — S be a parametrization of S and let u,v : [0,{] — R be the smooth functions
such that

Moreover, let a,b : [0,1] — R be the smooth functions such that

D¢ dg dg
g (8) = als) g (uls), v(s)) +b(s) 5~ (u(s), v(s))-

Let ¢ : [0,]] — R be any smooth function with ¢(0) = ¢(I) = 0 and ¢(s) > 0 for all s €]0,1].
We choose H to be the smooth function given by

H(s,\) = g(u(s) + Aa(s)p(s),v(s) + )\b(t)cp(s)).

It is easy to see that this function satisfies the requirements we set for the function H. We have

M (5.0) = 2 (u(s), w(s)al)o(s) + 2 (u(s), v(s)bs)els) = o(s) o (5),

and therefore )

l / l /
Dc 0H Dc
0= - ——(s,0)ds = d
[0 Grtsons = [t | G| as
which implies, since ¢(s) > 0 on (0,1), that
DE ) =0 for all s € [0, 1]
=0 for
75 (8 or all s €[0,1],
as desired. O

Let us now introduce Gauss’ equations. The vectors g—g, %, 7, at each point, form a basis for

R3, and so we can make the following definition, where we again make use of the formulas .

( )

Definition 4.27. (Gauss’ equations) Let g : U C R? — S be a parametrization of a
surface S C R3. We define the Christoffel symbols Flﬁ :U = R, for o, 8,7 € {u,v},

as the 8 smooth functions such that

CATE VO O
aéfgv = ng% + FZ’U% + Mﬁ
%9 — Tv 2 41y % 4 NB
o J

76



” Remark 4.28. It is clear that I, =TI, and I'y,, =T'7,. “

Let ¢(t) = g(u(t),v(t)) be a curve. We have

dg dg

) 199

S M T

and so 0 0? 0? 0 0? 0?
n_.n99 n29°9 10 979 99 11 979 n29°9
o= 3u+(u) 52 " Puow T 8v+vu8u8v+(v) o2’

If we use Gauss’ equations in the expression above and remove the term multiplying by 7, we

obtain an expression for the covariant derivative of ¢’:

D¢
dt

dg
ou
dg

5

— (" + T, () 4 2Tl 't + T, (v)?)
+ (v 4 Do) + 2D + T, (v)?)
This gives us the equations for finding the geodesics of the surface:

W T ()2 4 20 4 T, ()2 = 0
o T (1) + 2T G, 0! + T, (') = 0

We now want to find a way to compute the Chirstoffel symbols. We have

u v p_u 99 .99 o 99 09
_ (rv 99 v 99Y 9
= (Phugy +Thgy) 5
&g 0y

T 0w du
10 (09 0g
—2au<au'au)
10F

2 du

7



and

99 g

dg Oy
e F+1° G=r% 2.2 v =2

<uag+rv 39) dg

Wou My ) o
_ %9 9
- Ou? v
_ 0 (99 0g) _9g 0%
- Ou \Ou Ov Oou  Oudv
_oF 10 (09 99
ou  20v \Ou Ou
_OF 10FE
 Ou  20v
This gives us
I 19E
E F rgu] _ [ 198 ]
v AF _ 19E|"
By similar computations, we get
u u u | B 19E 19E 9F _ 198G
P Too | _ |EF 304 200 00 20u
Tho Tho To) |F Gl [5-3% 355 3%

Remark 4.29. The Christoffel symbols only depend on the first fundamental form, which
implies that we can define them for general Riemannian surfaces as well. In fact, it can be
shown that the above results for the geodesics of a surface are also true for Riemannian

surfaces.
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5 Gauss-Bonnet Theorem

To define integrals on manifolds we have to assume some ordering of the variables of positive pa-
rameterizations. This ordering corresponds to positive coordinate systems for our manifold.
For a general a Riemannian surface (U,I) we assume that the usual coordinate system (u,v) is
positive. In this case, we call the Riemannian surface oriented if we only accept coordinate
systems whose Jacobian with respect to (u,v) is positive. For example, the coordinate system

(v, u) would not be accepted in an oriented Riemannian surface.

4 N\
Definition 5.1. Let (U,I) be a oriented Riemannian surface. We say that {e7,e3} is a

positive orthonormal frame if

du A dv(e1,es) >0

for a positive coordinate system (u,v).

Proposition 5.2. Let (U,I) be a Riemannian surface and let 8,62 be such that
1= (6")2 + (6%)2.

Furthermore, write
0' = aldu + addv
0% = a2du + a3dv
for a positive coordinate system (u,v). The following are equivalent:
(1) The dual frame to {6, 6%} is positive;
(2) det [“i “5} > 0;

aj a3
(3) For any 2-manifold A C U with compact closure we have

/01A92>O.
A

Proof. (1) < (2). Write
& =big +hi5;
& = by, +b35;
We have

bi bl
duAdv(er,es) =det | 1 21,

bl b
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and since

-1
1 1 bl bl

det [a; a;} = det [ ; ;1 ,
ary az by b3

we have
11
— > ap as
du/\dv(el,eg)>0<:>detl 1 >0
2 2
ary a3

(2) < (3). We have

1 1
/01/\922/ /(a%a%—a%a%)dumv:/det [a; “3] du A dv.

Since 2-manifolds of U are just open sets of U, it is clear that

a1 a1
/91/\62>0f0ra11ACU<:)det ; 2l > 0.
A ay

O

Hence, it also makes sense to define a positive pair {!,62}. It is clear that if {6, 6%} is positive

then {62,601} is negative.

The Gauss Bonnet theorem states that, for domains A C U,

/ O +/ kg(s)ds = 2m.
A 0A

To understand this theorem, we first need to say what a domain is and what the function k, is.
We first introduce the function £g4; in order to to that, we need the notion of a unit normal to

a curve on an oriented Riemannian surface.
s N

Definition 5.3. Let (U,I) be an oriented Riemannian surface with a positive coordinate

system (u,v) and let {e7,ée3} be a positive orthonormal frame. For a curve ¢ : I — U,
parameterized by arclength and written as c¢(s) = (u(s), v(s)), we define its unit normal

7, with respect to {€7,e3}, as

—>

n(s) = —v'(s)e7 +u'(s)ez.

In other words, the unit normal 7 is the unique unit vector such that {c/(s), 7(s)} is a positive

orthonormal frame.
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Definition 5.4. (Geodesic curvature) Let (U,I) be an oriented Riemannian surface with
a positive coordinate system (u,v) and let {€7,é3} be a positive orthonormal frame. For
a curve ¢ : I — U, let @ be its unit normal with respect to {e7,e3}. We define the

scalar) geodesic curvature k, : I — R as the function given by
g

by(e) = (00,766 )

Definition 5.5. (Domains) A domain on R? is a compact 2-dimensional manifold with
boundary, that is, a compact set A C R? whose boundary 0A is a 1-dimensional manifold.
Informally, a domain with corners is a generalization where we allow JA to have a finite
number of vertices (that is, it can be parameterized by a sectionally smooth regular

curve).

Theorem 5.6. (Gauss-Bonnet for domains) Let A is a simply connected domain on an
oriented Riemannian surface with metric ds®> = (0%)% + (6%)2, with {0',6°} dual to a
positive orthonormal frame. If ky is the geodesic curvature on the boundary of 0A and

K is the Gauss curvature of the surface, then

/ O +/ kq(s)ds = 27
A 0A

where DA has the induced orientation.

Proof. Let {e7,é3} be the dual frame to {01, 6?}.

We have, by the Stokes Theorem,

/K@M(ﬂ:/dw;:/ wi.
A A 0A

Let ¢ : [so, 51] — OA be a parameterization with arclength of A, written as ¢(s) = (u(s), v(s)).
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Moreover, let 77(s) be the unit normal with respect to {é7,é3}. We have

k(o) = (00,765
= (u” + v wa (v, v')) (—v') + (v” — u'wy (v, v’))u’

— _u//v/ + U//u/ _ ((1}/)2 + (u’)Q)w%(u’,v’)

= /v +0"u — w0V,

Therefore,
/ wy = / wy(u',v")ds = —/ ky(s)ds —|—/ (—u"(s)v'(s) + 0" (s)u(s))ds.
OA S0 S0 So
Since u/(s)? + v'(s)? = 1, there exists a smooth function ¢ : [sg, s1] — [0, 27] such that
u'(5) = cos(p(s)) and v'(s) = sin(e(s)).
We have
—u" ()0 (s) + 0" (s)u'(5) = sin®(p(s))¢' (s) + cos® (p(s))¢' (5) = ¢'(5),

and thus, using the fact that A is homotopic to a circle (and the invariance of the rotation

index under homotopy by regular curves),
s1
/ KO0' A 62 +/ kg(s)ds = / wy +/ kqy(s)ds = / ©'(s)ds = p(s1) — ¢(s0) = 2,
A DA DA DA 50
as required. O

Remark 5.7. Recall that 6! A #? does not depend on the choice of positive orthonor-
mal frame (as would be expected from the statement of the Gauss-Bonnet Theorem for

domains). In fact, we saw that a possible choice is

F EG — F?
' =VEdu+ ——dv, 0=/ ——dv,
VE E

' ANO%2 = VEG — F2du A dv.

Hence, | A K 6' A 62 can be interpreted as the surface integral of the Gauss curvature.

so that
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A stronger version of the Gauss-Bonnet Theorem is available for domains with corners.

Theorem 5.8. (Gauss-Bonnet for domains with corners) Let A is a simply connected
domain with n > 0 corners on an oriented Riemannian surface with metric ds®> =
(01)2 + (6%)2, with {6,602} dual to a positive orthonormal frame. If k, is the geodesic

curvature on the boundary of 0A and K is the Gauss curvature of the surface, then

/ KO0' N0+ | ky(s)ds+ ) e =2
A A =1

where QA has the induced orientation and €1, ... ,e, are the angles by which the velocity

vector rotates at each corner.

Proof. Assume that the i-th corner corresponds to the value s = s; of the arclength parameter
along 0A. If we approximate 0A by a smooth curve Cy obtained by “rounding the corners” in

small intervals of the form (s; — 4, s; + d), then we see that along this curve Cjs

[M%@@:L”Zwm_fwzw%wS

$;—0 i—0 $;i—08
si+0

=ﬂ&+®—ﬂ&—®—/ W (¢ (5))ds

975
—¢e;+0

as 6 — 0. Consequently,

lim kq(s)ds :/ kg(s)ds+ > e
5—0 05 9 OA g ;

Applying the Gauss-Bonnet for domains to the domain Ds with boundary dDs = Cs, and then
taking the limit as § — 0, yields the result. O
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5.1 FEuler characteristic

Definition 5.9. (Triangulation) A triangle on a compact 2-manifold (surface) S C R™
is the image of an Euclidean triangle by a parameterization ¢ : U C R? — S. A
triangulation of S is a decomposition of .S into a finite number of triangles such that the

intersection of any two triangles is precisely a common edge, a common vertex or empty.

The following theorem will not be proved.

Theorem 5.10. Let S C R™ be a compact surface and consider some triangulation of
S with V' wvertices, E edges and F triangles. The number V — E + F does not depend

on the choice of the triangulation.

Hence, we make the following definition.

Definition 5.11. (Euler characteristic) Let S C R™ be a compact surface. The Euler
characteristic of S is the integer x(S) =V — E+ F, where V, E and F are the total

numbers of vertices, edges and triangles on any triangulation, respectively.

For embedded compact surfaces S C R™ we can prove a new version of the Gauss-Bonnet

theorem.

Theorem 5.12. (Gauss-Bonnet for compact surfaces) If S C R™ is a compact surface

and K is its Gauss curvature then

/S K = 21y(S).

Proof. O

The following propositions will also be left without a proof.

I Proposition 5.13. The Euler characteristic is invariant under homeomorphisms.
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Proposition 5.14. We consider compact surfaces up to homeomorphism. The con-
nected sum S;#5S5 of two surfaces S7; and Sy is the surface obtained by removing a

small disk on both surfaces and gluing them along the disk’s boundary. We have

X(S1#52) = x(51) + x(S2) — 2.

Proposition 5.15. Any orientable surface is homeomorphic to either the sphere S? or
a connected sum of g € N tori T2, and its Euler characteristic is 2 — 2¢g (with g = 0 for

the sphere). The integer g is known as the genus of the surface.
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6 Minimal surfaces

Recall that a surface is said to be minimal if H = 0. We will start by deducing the conditions

for the graph of a function f: U C R? — R to be a minimal surface.

Let f: U C R? — R be a smooth function and consider the function g : U — R3 given by

g(l‘,y) = ('x’ya f(x7y))

It is clear that g is a parametrization of the surface S := g(U) C R3. We have

@ = (1,0, 8f> and @ = (0,17 8f)

dr or oy dy
and so )
p) of
E Pl [1+(3) %Y
= 2
F G af of of
= Oy 1+ y)
Moreover,
99 99 _(_0f Of
oxr oy \ 0z Oy’
and so if we define
or\>  [or\’
v V () (5

Hence, we have

d%g g —
M N ByoT =9-n

g = g =

lL M]_lw-n o T
- —>
n

oy?

The condition for S to be minimal is EN — 2FM + GL = 0, which is equivalent to
B af\*\ *f . ofof o°f af\*\ 9°f
°‘(”(m>>ay2‘%xayaxa@ﬁ v () ) o

O (1N __ 1 (01 of o
oxr \wW ) W3 \9zxox2 0y dxdy
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Now note that




and so
0 (1 8f)_ 1 82f_ 1 ( f> 82f af of 82f
o \Wazr) “waz w3 \\oz) 922 T 9z 0y 0woy
1 ] of af 82f af 282]’ af of 82f
~ e +<ax> *( ) ax<ax) 922~ Oz 0y 0wy

o 2fofof &f
S o oror

> Oz 0y 0xdy
Similarly,
2 (Lo0) (L)) 2L e 2
oy \ W 3m O0y?  Ox Oy 0xdy

and so we see that

oo 2 (LOFN 9 (1Of) _
EN —2FM +GL =0 = <W8x>+0y<W8x>_

This expression will be very useful in the proofs of some theorems coming ahead in this section.

We now introduce the concept of isothermal coordinates.

e N
Definition 6.1. (Isothermal coordinates) A coordinate system (u,v) for a Riemannian

surface (U, ds?) is called isothermal if the metric is given by
ds* = E(du® 4 dv?)

for some function £ : U — R.
|\ J

[conforme]

Theorem 6.2. If S C R? is a minimal surface then there exists a isothermal coordinate

system around any point in S.

Proof. Let p be any point in S. Since S is a surface we know, by definition, that there exists an

open neighborhood of p and a function f : U C R? — R such that

SNV = Graph(f)NnV.
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Let

._ af\2 9F\2
v () ()
and define the forms a, 3 € Q(U) given by
1 af\’ 1 af of
_ L ofof, (L (0N
ﬂwaxaydx+w<1+(ay) dy.
We will prove that da = 0. We have
O\ (OrNT| _ o [1orof
oy | W ox Ox | W Oz dy
O (L (e (2N @ (Loryor 1 of &f
oy \W dy Ox \W dx ) 0y W Ox 0xdy

_OW 10 0°f a<1af>af a<1af>af 1 0f 82f

gy Woyoy oy \Way W Ou

oy Oz

oy W Ox 0xdy

which, using the equation we got for a minimal surface, simplifies to

Lop R Lop o 0w
W 0z 0x0y W Oz 0xzdy = Oy

Moreover, we have

oW 1 (0f &*f  Of 0*f
ay—w( i )

Oz dydz Dy Oy?

2
o, (Y] o raran
oy | W Or Oz | W Oz Jy

CRE ar\? o [10f0f _
do‘ay[w (”(m) )]d“d“m[waxay dondy =0

Similarly, dg = 0.

and so we obtain

Thus,

Assume U is star-shaped; if it was not, we could just consider some smaller neighborhood U’ C U

of p that is star-shaped.

By Poincaré’s lemma (2.38]) we know that there are 0-forms ¢, € Q°(U), i.e., smooth functions
p, ¥ : U — R, such that a = dp and § = dv.
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Define
u=z+ p(z,vy) and v=y+Y(z,y).

We will prove that (u,v) is a isothermal coordinate system around p.
We have

@d —I—a—dy—du—dac—i-dgo dz + «

Oz oy
B 1 of 1 0fof
= <1+ W <1+ (835) )) dxr + 7”’789676;(/(@

and similarly

O afaf 1 af\?

and therefore

v v
ox Jy

2
du  du 1—!—&,(14—(8);))
ox Oy | _
W B 2

Let J denote the determinant of the matrix in the right-hand-side above. We have
1 of af\> 1 of AN CIANEIAS
J1+W<1+<8x> +(8y) +W2 1+ e + 3y + E By
EENCANEIAY
W2 \ 0z Ay
which simplifies to

J=14+—=(1+W?)+

1 1 2
7 WAW) +2+W=(+¢W>>0

w VW

The fact that this matrix has nonzero determinant implies that (u,v) is a coordinate system

around p.
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Furthermore, the Inverse Function Theorem gives us

2
-1 1 of _10r9f
g e ] () b
ok 01 v v
ol sl 7 ay g (e (®))
2
1 (1w 6—5) —5L4f
W ~ o101 1+ W+ ﬂ)Q
x Oy T
=A
and so
de| |92 9lldul 1 |du
dy % gg dv JW™ lav|
The metric 5
af of of
ds :[dgc dy] ) SN2
ofof g4 df) dy
z dy Y
then becomes (noting that A7 = A)
14 (2t)" eror i
ds? = [du dv} Ly P e oy | Ly
JW aror g4 ﬂ)Q JW | dv
T oy Yy -
2 .
= [t av] Sy () B L[
- e of of 1+<ﬂ)2 dv
z dy Yy -
We have
or\?  aror 2 or\? of of
| 1+ (%) #E | (wewrew (¥) wotor
2 — 2
of 0 0 of 0 o
a9t 1+ (4) Wt W w2 w (5
2
of of of
B 1+W+<7) 91 0y
= 2
of 0 of
£(‘T£ 1—|—W-‘r(8fy>
=Wdet(A)A™!
and so
1 0| |du
d2:[ } W det(A .
s du dv NEXTIE et(A) s
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By the definition of A, we know that

1 1
—A) == A) = JW?
det(JW) J:>det() J

and hence we have
_w

d2
T

(du? + dv?)

QH\
+|=

as required.

Proposition 6.3. Let g : U C R2 — S be a parametrization of a surface S C R? using
isothermal coordinates. If H is the mean curvature of the surface and 7 is the unit

normal with respect to g then

Proof. We have

_EN-2FM+GL E(N+L) L+N

H =
2(EG — F?) 2E2 2F

=L+ N=2FEH

and

and therefore

as desired.
In particular, the surface S is minimal if and only if
Ag=0.
If we write g(u,v) = (z(u,v),y(u,v), 2(u,v)) then this is equivalent to
Ar=Ay=Az=0

which is the same as saying that the functions x,y, z are harmonic.

This allows us to prove the following theorem.
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I Theorem 6.4. There are no compact minimal surfaces with no boundary.

FALTA.

[REMARK]

Proposition 6.5. Let g : U C R2 — S be a parametrization of a surface S C R3 using

isothermal coordinates. Then

dg _ g _
%~Ag—6v Ag =0.
Proof. We have
99 99 _ p_ 99 99 _p_n_99 99
au'av_F_ and ou Ou _G_av o’

and therefore

0 (09 09\ _ 0 (09 09\ _ 09 9% 09 &
Au \Ou Ou) Ou\dv v Au Ou2 v Oudv’

On the other hand,

99 g _ 0 (99 g\ 0g 0%
v Oudv v \ v Ou ou  Ov?
=0
and thus b0 52 90 &2 5
9 9__99 99 %9 A, _
du w2 du szjé‘u Ag=0.

In a similar way we obtain % -Ag =0.

92



6.1 Complex analysis
We will now use tools of complex analysis to help us further study minimal surfaces.

Throughout this section we will often use the same letter for a set V' C R? and the corresponding
set
{u+iv: (u,v) € V} CC.

We may also write equalities between functions with domain R? and functions with domain C.

In all these instances it should be clear what we are doing.

Let S C R? be a surface and let g : U C R2 — S be a parametrization of S written as

g(u, v) = (m(um),y(u,v), z(u,v)).

and define the functions @1, @9, p3 : U* — C given by

) or Ox
p1(u+iv) = %(u, v) z%(u, v)
0y
@2 (’LL + ZU) - au (U, U) Zav (U,, U)
0z 0z

@3(” + Z’U) = %(U, U) - Z%(uv U)'
These functions will help us study the surface S.

Proposition 6.6.
i) The functions ¢1, 2, @3 are holomorphic if and only if «,y, z are harmonic.

ii) The coordinate system (u,v) is isothermal if and only if p? + 3 + ¢% = 0.

Proof. i) The function ¢; is holomorphic if and only if

Pz _ 9%z

ouz = Ov?

) , ©Az=0.
oz __ Oz
dxdy ~ Oyox

Similarly, o2 is holomorphic if and only if Ay = 0 and 3 is holomorphic if and only if Az = 0.
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i1) We have

and so it is clear that
o\ 2 8y2 02\ 2 oz 8y2 02\
p-o=(5) +(5) + (&) - (&) + (&) (&)
= Re(¢] + ¢35 + ¢3)

and

L (on ooy 00
—2F = 2<8u8v+3u81}+8uav

) = Im(¢F + ©3 + ¥3).

Hence,

Note that, if w = u + v, then
dwdw = d(u + iv)d(u — iv) = du® + dv?

and so, when we write the first fundamental form in terms of complex functions, we use dwdw

instead of du® + dv?.
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Theorem 6.7. If the function g parametrizes a minimal surface by isothermal coordi-
nates then

® 1,9, 3 are holomorphic;

o oi+¢3+p3=0;

e the first fundamental form is given by
1 —
I= §(|</91|2 + lpal? + lps]?) dwdw.

Conversely, if there exists a sufficiently small open set U* C C such that the functions

©1,2,03:U" = C
e are holomorphic;
o satisfy o3 + 03+ @3 =0;
o satisfy [p1|? + 2| + |@s]® > 0

then there exists a parametrization g : U — S of a minimal surface S such that

( y= 20
®1,¥P2,¥3 =~ 9 o

Proof. (=) This is just Proposition 9.6..

(<) [FALTA]

These results allow us to prove the Weierstrass-Enneper Theorem.

Theorem 6.8. Given any simply connected minimal surface, there exists a simply
connected U C C, a holomorphic function f : U — C and a meromorphic function

g : U — C such that the function § : U — R3 given by

g(w) = (Re/%f(l —g2)dw,Re/%f(l—i—gz)dw,Re/fgdw)

is a parametrization of S. Moreover, the metric is given by

1 -
=2+ |g]*)*dwdw.

Proof.

If we have a surface given by the parametrization
. 1 ) 1 )
g(w)=[Re gf(l—g )dw, Re if(l—l—g )dw,Re [ fgdw
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and we define, for each § € R, the new function fy given by
fo(w) = € f(w)
then we obtain a family of associated minimal surfaces given by the parametrizations
N 1 9 1 9
go(w) :== [ Re §f9(1 — g°)dw,Re 5]’9(1 + g7 )dw,Re [ fogdw | .
These surfaces are all isometric, i.e., have the same metric:

1 1
Ty = 3ol (1 + lg)dwd = £|fF(1+|g]*)2dwdw = 1.
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6.2 Ricci’s Theorem

Let § : U — S be a parametrization of a minimal surface S C R? and define the functions

1, 92,03 : U* = C given by

w1(u+w) = %(u,v) — i%(u,v)
wao(u+1v) = %(u, v) 2%(% v)
w3(u+1v) = %(u, v) 2%(% v)
Recall that if we let f, g be the functions
f==p1—ip—2 and g:=ﬁ

then we have ) )
i
pr=5f1=g%),  w=5f1+g"),  ¢s=Tfg.

Let us compute the normal

g _ d
L sxm
g _ d
in terms of f and g. First, we have
dg 1 _ _ _
- §(<P1 + @1, 02+ P2, 03 + P3)
dg i _ _ _
5y = 3(¥1 = Prp2 — P 3 — P5)

and so

dg 0Og i _ _ _ _ _ _
90 5 1(—2@@3 + 2023, 20391 + 231, =210 + 20 p2)

= Im(p2P3, 031, P1P5)
— Im (;fu + )79 5 faT(0~ 7).~ LF (- )T +g2>)

= (1P 1 (2004 ¢)5,201 - 7)g, ~i(1 — )1 +5)).
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We have

I (2i(1+¢)7) = 2Re (1 +9%)7) = (1 + %5 + (1 +5%)g
=@G+9)(L+]gP)
= (1+9/*) Reg.
Doing similar computations for the other terms yields

99 09 1 ., 2 2
5. % 5, = PO +1dl )(2Regy21mg,|g| 1)'
Therefore,

% . 99

2
_i 4 242 2 2 2_i 4 2\4
xS = L FIL+ g2 (41l + (gl = D?) = AP+ gf)

1

N <2Reg 2Img |g|21>
n= , , :
lgl? + 17 [g]> + 17 |g|* + 1

which gives us

99
ou

dgll _ 1 .9 242
« 92| = qra+ o

and therefore

[FALTA|

Theorem 6.9. (Ricci) Let (U,ds?) be a simply connected Riemannian surface with
negative Gauss curvature K. Then there exists a parametrization g : U — R3 of a
minimal surface such that ds* = dg - dg if and only if the Gauss curvature of (U, ds?)
with d3? := /—Kds? is zero.

Proof. (=)
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