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1 Curves

Definition 1.1. (Smooth) If U ⊂ Rn is an open set then a smooth map (or a differ-
entiable map) F : U → Rm is a C∞ map. If D ⊂ Rn is any set then F : D → Rm is a
smooth map if there exists an open set U with D ⊂ U and a smooth map G : D → Rm

such that G|D ≡ F .

Definition 1.2. (Curve) A curve in Rn is a smooth map c : I → Rn where I ⊂ R is an
interval.

Definition 1.3. (Regular curve) A curve c : I → Rn is said to be regular if c′(t) ̸= 0

for all t ∈ I.

Proposition 1.4. (Arclength) If c : I → Rn is a curve and t0 ∈ I then the arclength
measured from t0 is

s(t) :=

∫ t

t0

∥c′(u)∥ du.

Notation 1.5. If c is regular then s(t) is invertible, and we write c(s) = c(t(s)) (slightly
abusing the notation). Then we can use s as a new parameter for the curve, and this new
parameter satisfies ∥c′(s)∥ = 1.
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1.1 Curves in the plane

Definition 1.6. If c : I → R2 is a regular curve parameterized by arclength, we define
the positive orthonormal frame { #»e1(s),

#»e2(s)} by taking #»e1(s) = c′(s) (tangent to the
curve) and #»e2(s) = Rπ

2

#»e1(s), where Rπ
2
=
(
0 −1
1 0

)
is a rotation by 90◦ in the positive

direction.

Proposition 1.7. The vectors #»ei and #»ei
′ are orthogonal.

Proof. We have
#»ei · #»ei = 1 ⇒ #»ei · #»ei

′ =
1

2
( #»ei · #»ei)

′ = 0,

as required.

This implies that #»e1 and #»e2
′ are parallel and that #»e1

′ and #»e2 are parallel.

Definition 1.8. (Curvature) The curvature of the regular curve c : I → R2 parame-
terized by arclength is the smooth function k : I → R such that c′′(s) = k(s) #»e2(s).

Proposition 1.9. The curvature of c(s) is zero if and only if c(s) is a straight line.

Proof. If the curvature is zero then

c′′(s) = 0 ⇔ c(s) = as+ b,

as required.

Remark 1.10. From Taylor’s formula we have

c(s) = c(s0) + c′(s0)(s− s0) + c′′(s0)(s− s0)
2 +O((s− s0)

3)

= c(s0) +
#»e1(s0)(s− s0) +

1

2
k(s0)

#»e2(s0)(s− s0) +O((s− s0)
3).

Hence, if k(s0) ̸= 0 then r(s0) =
1

|k(s0)| is the radius of the circle that approximates c(s)
to the second order around c(s0) (radius of curvature).
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Proposition 1.11. We have[
#»e1

′(s)
#»e2

′(s)

]
=

[
0 k(s)

−k(s) 0

][
#»e1(s)
#»e2(s)

]

Proof. By definition we already have

k(s) #»e2(s) =
#»e1

′(s).

Furthermore,

#»e1(s) · #»e2(s) = 0 ⇒ #»e1
′(s) · #»e2(s) +

#»e1(s) · #»e2
′(s) = 0

⇔ k(s)( #»e2(s) · #»e2(s)) +
#»e1(s) · #»e2

′(s) = 0

⇔ k(s) + #»e1(s) · #»e2
′(s) = 0.

Because #»e1(s) and #»e2
′(s) are parallel, there exists some function α such that

#»e2
′(s) = α(s) #»e1(s),

and then we have
k(s) + α(s) = 0 ⇒ #»e2

′(s) = −k(s) #»e1(s),

as required.

Definition 1.12. (Positive isometry) A positive isometry of R2 is a map F : R2 → R2

of the form F (x) = Ax+ b, where A ∈ SO(2) is a rotation matrix, that is,

A =

[
cosα − sinα

sinα cosα

]
, α ∈ R.

Theorem 1.13. Two curves c and d, parameterized by arclength, are related by a pos-
itive isometry (i.e., d(s) = Ac(s) + b) if and only if their curvatures coincide, i.e.,
kc(s) = kd(s).
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Proof. (⇒) If d(s) = Ac(s) + b then we have, using the fact that rotation matrices commute,

d′(s) = Ac′(s) ⇒ d′′(s) = Ac′′(s) = A
(
kc(s)Rπ

2
c′(s)

)
= kc(s)ARπ

2
c′(s)

= kc(s)Rπ
2

(
Ac′(s)

)
= kc(s)Rπ

2
d′(s).

On the other hand,
d′′(s) = kd(s)Rπ

2
d′(s),

and therefore kc(s) = kd(s).

(⇐) Assume that kc(s) = kd(s). Let { #»e1,
#»e2} and { #»

f1,
#»

f2} be the positive orthonormal frames
associated to c and d, respectively. Let A be the rotation matrix such that

#»

f1(s0) = A #»e1(s0).

We then have
#»

f2(s0) = Rπ
2

#»

f1(s0) = Rπ
2
A #»e1(s0) = ARπ

2

#»e1(s0) = A #»e2(s0).

Now define

#»g1(s) = A #»e1(s),

#»g2(s) = A #»e2(s).

We have

#»g1(s0) =
#»

f1(s0),

#»g2(s0) =
#»

f2(s0),

and furthermore[
#»g1

′(s)
#»g2

′(s)

]
=

[
A #»e1

′(s)

A #»e2
′(s)

]
=

[
Akc(s)

#»e2(s)

−Akc(s) #»e1(s)

]
=

[
0 kc(s)

−kc(s) 0

][
A #»e1

′(s)

A #»e2
′(s)

]
=

[
0 kd(s)

−kd(s) 0

][
#»g1(s)
#»g2(s)

]
.

Since ( #»g1,
#»g2) and (

#»

f1,
#»

f2) satisfy the same system of linear differential equations with the same
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initial conditions, by Picard-Lindelof we must have

#»

f1(s) =
#»g1(s) = A #»e1(s),

#»

f2(s) =
#»g2(s),

and therefore
d′(s) =

#»

f1(s) = A #»e1(s) = Ac′(s) ⇒ d(s) = Ac(s) + b,

as required.

Definition 1.14. Let c : I → R2 be a curve and let k be its curvature, obtained by
reparameterizing c with arclength. We define the curvature kt, the curvature function
with respect to the parameter t, as

kt(t) = k(s(t)).

Proposition 1.15. If c : I → R2 is a curve (not necessarily parameterized by its
arclength) written as c(t) = (x(t), y(t)), then its curvature is given by

kt(t) =
x′(t)y′′(t)− x′′(t)y′(t)

(x′(t)2 + y′(t)2)
3
2

.

Proof. Let cs denote the curve c parameterized by arclength. We have

c(t) = cs(s(t)) ⇒ c′(t) = s′(t)c′s(s(t))

and therefore

c′′(t) = s′′(t)c′s(s(t)) + s′(t)2c′′s (s(t)) = s′′(t) #»e1(s(t)) + s′(t)2k(s(t)) #»e2(s(t))

= s′′(t) #»e1(s(t)) + s′(t)2kt(t)
#»e2(s(t)).
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For simplicity, let us drop the arguments. We now obtain

x′y′′ − x′′y′ = det

[
x′ y′

x′′ y′′

]
= det(c′, c′′) = det(s′ #»e1, s

′2kt
#»e2 + s′′ #»e1)

= det(s′ #»e1, s
′2kt

#»e2) + det(s′ #»e1, s
′′ #»e1)︸ ︷︷ ︸

0

= s′3kt det(
#»e1,

#»e2)︸ ︷︷ ︸
1

= s′3kt.

Furthermore, we know that

s(t) =

∫ t

t0

∥c′(u)∥ du⇒ s′(t) = ∥c′(t)∥,

and hence we have
kt =

x′y′′ − x′′y′

s′3
=
x′y′′ − x′′y′

(x′ + y′)
3
2

,

as required.

Definition 1.16. (Closed curve) A regular curve c : I → R2 is said to be closed if
c(a) = c(b) and moreover c(n)(a) = c(n)(b) for all n ∈ N.

Definition 1.17. (Simple closed curve) A regular curve c : I → R2 is said to be a simple
closed curve if it is closed and its restriction to [a, b) is injective.

Definition 1.18. (Convex curve) A regular curve c : I → R2 is said to be convex if it
is simple closed and it bounds a convex region.

Definition 1.19. (Vertex) A vertex of a closed curve is a critical point of its curvature
(i.e. a maxima, minima and inflection points).

Remark 1.20. Any closed curve can be extended to a periodic curve c : R → R2.
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Theorem 1.21. (4 Vertex Theorem) The curvature function of any simple closed convex
curve c : [a, b] → R2 has at least two maxima and two minima on [a, b).

Proof. Since k is continuous and k(a) = k(b) we know that k has at least a minimum sm and a
maximum sM . If sm = sM then k is constant and the proof is done; else, assume sm ̸= sM and
thus sm, sM ∈ [a, b). Furthermore, assume WLOG that sm = a.

By using a rigid motion we may assume that c(a) and c(sM ) are on the x–axis. Since c is convex,
we may then assume that y(s) > 0 for s ∈ (a, sM ) and y(s) < 0 for s ∈ (sM , b).

Now, if there are no more maxima nor minima, we know that k′(s) ≥ 0 for s ∈ (a, sM ) and
k′(s) ≤ 0 for s ∈ (sM , b). Furthermore, since k(a) < k(sM ), we know that k′(s) must be nonzero
in some interval in (a, sM ) and in some interval in (sM , b). Thus we have

∫ b

a

k′(s)y(s) ds > 0 ⇒
[
k(s)y(s)

]b
a︸ ︷︷ ︸

0

−
∫ b

a

k(s)y′(s) ds > 0 ⇔
∫ b

a

−k(s)y′(s) ds > 0.

Now let #»e2(s) = (u(s), v(s)). We know that

#»e2
′(s) = −k(s) #»e1(s) ⇒ v′(s) = −k(s)y′(s)

and therefore we obtain ∫ b

a

v′(s) ds > 0 ⇔ v(b)− v(a) > 0

which is a contradiction since c is a closed curve.

This implies that there must be another maximum (or minimum), and since we already had a
maximum and a minimum this in turn implies that there must also be another minimum (or
maximum).

Remark 1.22. The theorem also holds true for general simple closed curves, but the
proof is much harder.

Given a curve c : [a, b] → R2 parameterized by arclength, as the vector #»e1 has norm equal to 1
it is possible to write this function as

#»e1(s) =
(
cos(θ(s)), sin(θ(s))

)
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for some function θ : [a, b] → R. We then have

#»e1
′(s) =

(
− sin(θ(s)) · θ′(s), cos(θ(s)) · θ′(s)

)
= θ′(s) ·

(
− sin(θ(s)), cos(θ(s))

)
.

On the other hand,

#»e1
′(s) = k(s) #»e2(s) = k(s)

(
− sin(θ(s)), cos(θ(s))

)
and therefore

k(s) = θ′(s) ⇒
∫ b

a

k(s) ds =

∫ b

a

θ′(s) ds = θ(b)− θ(a).

Because the curve is closed we know that 1
2π (θ(b) − θ(a)) is an integer. This motivates us to

make the following definition.

Definition 1.23. (Rotation index) The rotation index of a closed curve c : [a, b] → R2,
parameterized by its arclength, is the integer

m =
1

2π

∫ b

a

k(s) ds.

Definition 1.24. (Homotopy) A (free) homotopy by closed regular curves between
two closed regular curves c0, c1 : [a, b] → R2 is a smooth map H : [a, b]× [0, 1] → Rn such
that
i) H(t, 0) = c0(t), ∀t ∈ [a, b];
ii) H(t, 1) = c1(t), ∀t ∈ [a, b];
iii) cu(t) := H(t, u) is a closed regular curve for each value of u ∈ [0, 1].

Theorem 1.25. If two closed regular plane curves are homotopic by closed regular
curves then they have the same rotation index.

Proof. For each u ∈ [0, 1], let m(u) denote the rotation index of the curve cu(t) := H(t, u). We
have

m(u) =
1

2π

∫ b

a

ku(t)∥c′u(t)∥dt =
1

2π

∫ b

a

x′u(t)y
′′
u(t)− x′′u(t)y

′
u(t)

(x′u(t)
2 + y′u(t)

2)
dt

=
1

2π

∫ b

a

∂H1

∂t (t, u)∂
2H2

∂t2 (t, u)− ∂H2

∂t (t, u)∂
2H1

∂t2 (t, u)(
∂H1

∂t (t, u)
)2

+
(
∂H2

∂t (t, u)
)2 dt.
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Since (
∂H1

∂t
(t, u)

)2

+

(
∂H2

∂t
(t, u)

)2

=

∥∥∥∥∂H∂t (t, u)
∥∥∥∥2 ̸= 0,

the expression we obtained for m(u) is a smooth function of u, and therefore since m(u) ∈ Z for
all u ∈ [0, 1] this implies that m must be constant.

Remark 1.26. In particular, the rotation index of a convex planar curve c : [a, b] → R2

is either m = 1 or m = −1: in fact, the map H : [a, b]× [0, 1] → Rn defined as

H(t, u) =
c(t)

1− u+ u∥c(t)∥

is a homotopy by regular curves between c and a parameterization of the unit circle (where
we assumed, for simplicity, that the convex region bounded by c contains the origin).

Definition 1.27. (Total curvature) The total curvature of a regular plane curve c :

[a, b] → R2, parameterized by arclength, is defined as

µ :=

∫ b

a

|k(s)| ds =
∫ b

a

∥c′′(s)∥ ds =
∫ b

a

∥ #»e1
′(s)∥ds.

Remark 1.28. The total curvature is the total distance length traveled by the vector #»e i

along the unit circle
S1 = {x ∈ R2 : ∥x∥ = 1}.

Remark 1.29. If m and k are the rotation index and the curvature of a regular plane
curve c : [a, b] → R2, respectively, it is always true that

|2πm| =

∣∣∣∣∣
∫ b

a

k(s) ds

∣∣∣∣∣ ≤
∫ b

a

|k(s)| ds = µ.

Theorem 1.30. The total curvature µ of a closed regular plane curve satisfies µ ≥ 2π,
and µ = 2π if and only if the curve is convex.

Proof. First, note that the image of the continuous function #»e1 : [a, b] → R2 must cover at least

11



half a circle: if that was not the case, we could assume that ey1(s) > 0 for all s ∈ [a, b] but then

y′(s) = ey1(s) ⇒ y′(s) > 0 ∀s ∈ [a, b]

⇒
∫ b

a

y′(s) ds > 0

⇒ y(b)− y(a) > 0,

which contradicts the curve being closed.

Suppose then that #»e1(s) covers exactly half a circle for s ∈ [a, s0]. Then it must cover at least
half a circle for s ∈ [s0, b]. Hence,

µ =

∫ s0

a

∥ #»e1
′(s)∥ds+

∫ b

s0

∥ #»e1
′(s)∥ds ≥ π + π = 2π,

which proves the first assertion.

To prove the second assertion, suppose that µ = 2π. Since the image of #»e1(s) must in fact be
more than half a circle (otherwise the same argument as above leads to a contradiction), #»e1(s)

cannot turn back, and so we can assume WLOG that k(s) ≥ 0 (that is, #»e1(s) always rotates
anticlockwise). For each point s0 ∈ [a, b] rotate the curve such that #»e1(s0) is horizontal. If the
image of c is on both sides of the tangent to c at c(s0) then y(s) has at least a maximum and
a minimum different from y(s0), and so #»e1(s) is horizontal at 3 points in [a, b) with k(s) > 0

somewhere between any two of these points. But then the image of #»e1(s) must be more than a
full circle, and so µ > 2π, which is a contradiction. Therefore the image of c is always on one
side of any of its tangents, implying that c is convex. Finally, if c is convex then k(s) cannot
change sign (or else the image of c would be on both sides of the tangent to c at the point where
k(s) changes sign), and since m = ±1 we must have µ = 2π.

Theorem 1.31. (Isoperimetric inequality) If c is a closed simple curve of minimal
length enclosing a fixed area A then c is a circle of radius r =

√
A
π .

Proof. Assume that c is parameterized by arclength. As is well known from Green’s Theorem
(which is a particular case of the Stokes Theorem – see next section), the area of the region R

enclosed by the curve c is

A =

∫∫
R

1dxdy =
1

2

∮
∂R

xdy − ydx =
1

2

∫ l

0

[x(s)y′(s)− y(s)x′(s)] ds,

where we have assumed that c(s) = (x(s), y(s)) is oriented in the positive direction (that is, has
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rotation index m = 1) and has length l. This formula can also be written as

A =
1

2

∫ l

0

det(c(s), c′(s))ds.

Now let H : [0, l]× [0, 1] be a homotopy by closed regular curves such that H(s, 0) = c(s) (also
called a variation of c). Then the curves cu(s) = H(s, u) have length

l(u) =

∫ l

0

∥∥∥∥∂H∂s (s, u)

∥∥∥∥ ds
and enclose an area

A(u) =
1

2

∫ l

0

det

(
H(s, u),

∂H

∂s
(s, u)

)
ds,

where l(0) = l and A(0) = A. We then have

dl

du
(0) =

∫ l

0

∂

∂u

(
∂H

∂s
· ∂H
∂s

) 1
2

ds =

∫ l

0

∂H

∂s
· ∂

2H

∂u∂s

∥∥∥∥∂H∂s
∥∥∥∥−1

︸ ︷︷ ︸
1

ds

=

∫ l

0

[
∂

∂s

(
∂H

∂s
· ∂H
∂u

)
− ∂2H

∂s2
· ∂H
∂u

]
ds = −

∫ l

0

c′′(s) · ∂H
∂u

(s, 0)ds

and

dA

du
(0) =

1

2

∫ l

0

∂

∂u
det

(
H,

∂H

∂s

)
ds =

1

2

∫ l

0

[
det

(
∂H

∂u
,
∂H

∂s

)
+ det

(
H,

∂2H

∂u∂s

)]
ds

=
1

2

∫ l

0

[
det

(
∂H

∂u
,
∂H

∂s

)
+

∂

∂s
det

(
H,

∂H

∂u

)
− det

(
∂H

∂s
,
∂H

∂u

)]
ds

=

∫ l

0

det

(
∂H

∂u
(s, 0), c′(s)

)
ds = −

∫ l

0

#»e2(s) ·
∂H

∂u
(s, 0)ds,

where we used

det(v, c′(s)) = det

[
v1 v2

x′(s) y′(s)

]
= (y′(s),−x′(s)) · v = − #»e2(s) · v.

It can be shown that the method of Lagrange multipliers still applies to this infinite-dimensional
situation: if c minimizes length among all closed curves enclosing a fixed area A then there exists
a constant λ such that

d

du

[
l(u) + λA(u)

]
= 0
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for any variation H. Therefore we must have∫ l

0

[
c′′(s) + λ #»e2(s)

]
· ∂H
∂u

(s, 0)ds = 0 ⇔
∫ l

0

[
k(s) + λ

]
#»e2(s) ·

∂H

∂u
(s, 0)ds = 0.

In particular, if we choose the variation H such that

∂H

∂u
(s, 0) =

[
k(s) + λ

]
#»e2(s)

(which is easily seen to be possible), we obtain

k(s) + λ = 0,

and so k(s) must be constant.

Remark 1.32. Using similar techniques one can prove that if c : [a, b] → R2 connects
c(a) = x0 e c(b) = x1 and has minimal length then k(s) = 0, and so c parameterizes a
line segment.

Remark 1.33. It is also true that the curve with a given fixed length that encloses the
largest possible area is a circle.

Remark 1.34. The theorem is also true if part of the curve is given: the remaining part
must be an arc of a circle.
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1.2 Curves in space

Definition 1.35. If c : I → R3 is a curve, parametrized by arclength, we define #»e1 : I →
R3 by #»e1(s) = c′(s).

As with plane curves, we have ∥ #»e1(s)∥ = 1 for all s ∈ I.

Definition 1.36. (Curvature) The curvature of a curve c : I → R3, parametrized by
arclength, is defined as

k(s) := ∥c′′(s)∥ = ∥ #»e1
′(s)∥ ≥ 0.

Definition 1.37. Given a curve c : I → R3, parametrized by arclength, for each s ∈ I

such that k(s) ̸= 0 we define

#»e2(s) :=
#»e1

′(s)

∥ #»e1′(s)∥
=

#»e1
′(s)

k(s)
⇒ #»e1

′(s) = k(s) #»e2(s).

If we now define #»e3 : I → R3 by
#»e3(s) =

#»e1(s)× #»e2(s),

sometimes called the binormal vector, we obtain, at each point c(s) of the the curve with
k(s) ̸= 0, an orthonormal frame { #»e1(s),

#»e2(s),
#»e3(s)} for R3. This is sometimes called a moving

orthonormal frame, something we will also define for surfaces later on.

By the exact same argument as in Proposition 1.7. we have the following.

Proposition 1.38. The vectors #»ei and #»ei
′ are orthogonal.

Now, note that we have

#»e1(s) · #»e2(s) = 0 ⇒ #»e1
′(s) · #»e2(s)︸ ︷︷ ︸

k(s)

+ #»e1(s) · #»e2
′(s) = 0 ⇔ #»e1(s) · #»e2

′(s) = −k(s).

Since #»e2
′(s) is orthogonal to #»e2(s), we know that #»e2

′(s) must be some linear combination of #»e1(s)

and #»e3(s). Therefore, let us define the torsion τ as the function such that

#»e2
′(s) = −k(s) #»e1(s) + τ(s) #»e3(s).
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We can also obtain

#»e3
′(s) = #»e1

′(s)× #»e2(s)︸ ︷︷ ︸
0

+ #»e1(s)× #»e2
′(s) = #»e1(s)×

(
− k(s) #»e1(s) + τ(s) #»e3(s)

)
= −τ(s) #»e2(s).

These computations lead to the following formulas, known as the Frenet-Serret formulas.

Proposition 1.39. (Frenet-Serret Formulas) The unit vectors #»e1,
#»e2,

#»e3, the curvature
and the torsion of a curve c : I → R3 satisfy the following equations:

#»e1
′(s)

#»e2
′(s)

#»e3
′(s)

 =


0 k(s) 0

−k(s) 0 τ(s)

0 −τ(s) 0

 =


#»e1(s)
#»e2(s)
#»e3(s)

 .

Our goal now will be to study the functions k and τ and what they say about the curve.

Proposition 1.40. If c : I → R3 has zero curvature then c parametrizes a straight line.

Proof. We have
k(s) = 0 ⇔ c′′(s) = 0 ⇔ c(s) = sa+ b

for some vectors a, b ∈ R3.

Proposition 1.41. If c : I → R3 has nonzero curvature then it has zero torsion if and
only if it is a plane curve.

Proof. If the torsion vanishes then

#»e3
′(s) = 0 ⇔ #»e3(s) = a⇒ #»e1(s) · a = 0 ⇔ c′(s) · a = 0 ⇔ c(s) · a = b,

where a ∈ R3 and b ∈ R are constants, and so c(s) lies in the plane with equation a · x = b.

Conversely, if c(s) lies in the plane with equation a · x = b then

#»e1(s) · a = 0 ⇒ #»e1
′(s) · a = 0 ⇒ #»e2(s) · a = 0 ⇒ #»e2

′(s) · a = 0

⇒
(
− k(s) #»e1(s) + τ(s) #»e3(s)

)
· a = 0 ⇒ τ(s) = 0,

since a is nonzero and proportional to #»e3(s).
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Definition 1.42. (Positive isometry) A positive isometry of R3 is a map F : R3 → R3

of the form F (x) = Ax+ b, where A ∈ SO(3) is a rotation matrix, that is, AtA = I and
detA = 1.

Theorem 1.43. Two curves c and d, parametrized by arclength, are related by a positive
isometry (i.e., d(s) = Ac(s) + b) if and only if their curvatures and torsions coincide,
i.e., kc(s) = kd(s) and τc(s) = τd(s).

Proof. (⇒) If d(s) = Ac(s) + b then we have

d′(s) = Ac′(s) ⇒ d′′(s) = Ac′′(s) ⇒ ∥d′′(s)∥ = ∥Ac′′(s)∥ = ∥c′′(s)∥ ⇔= kc(s) = kd(s).

On the other hand, if { #»e1(s),
#»e2(s),

#»e3(s)} and { #»

f1(s),
#»

f2(s),
#»

f3(s)} are the Frenet-Serret frames
for c(s) and d(s) then we have

#»

f2(s) =
1

kd(s)

#»

f1
′(s) =

1

kc(s)
A #»e1

′(s) = A #»e2(s)

and
#»

f3(s) =
#»

f1(s)×
#»

f2(s) =
(
A #»e1(s)

)
×
(
A #»e2(s)

)
= A

(
#»e1(s)× #»e2(s)

)
= A #»e3(s)

(since rotations preserve the cross product), and so

vvf3
′(s) = A #»e3

′(s) = −τc(s)A #»e2(s) = −τc(s)
#»

f2(s),

implying that τc(s) = τd(s).

(⇐) Let A be the rotation matrix such that

A #»ei(s0) =
#»

fi(s0) (i = 1, 2, 3)

for some s0. Then
#»gi(s) = A #»ei(s)

satisfy the same linear ODE system as
#»

fi(s) (since kc(s) = kd(s) and τc(s) = τd(s)) and have
the same initial values at s = s0. By the Picard-Lindelöf Theorem, they must coincide. In
particular,

d′(s) =
#»

f1(s) = A #»e1(s) = Ac′(s) ⇒ d(s) = Ac(s) + b,

as required.
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The following proposition will be needed for the proof of Theorem 2.9..

Proposition 1.44. Let c : I → R3 be a regular curve and let s be the arclength
function. Then we have

k(s(t)) =
∥c′(t)× c′′(t)∥

∥c′(t)∥3

and
τ(s(t)) =

c′(t) · (c′′(t)× c′′′(t))

∥c′(t)× c′′(t)∥2
.

Proof. These formulas can be checked by direct substitution, using

c′(t) = s′(t) #»e1(s),

c′′(t) = s′′(t) #»e1(s) + (s′(t))2k(s) #»e2(s),

c′′′(t) =
(
s′′′(t)− (s′(t))3(k(s))2

)
#»e1(s) +

(
3s′(t)s′′(t)k(s) + (s′(t))3k′(s)

)
#»e2(s)

+ (s′(t))3k(s)τ(s) #»e3(s).

Theorem 1.45. (Frenchel) Let c : [a, b] → R3 be a closed regular curve, parametrized
by arclength, with curvature k(s) = ∥c′′(s)∥. Then

∫ b

a

k(s) ds ≥ 2π,

and the equality holds if and only if c is a convex plane curve.

Proof. For each unit vector
#»n ∈ S2 = {x ∈ R3 : ∥x∥ = 1}

let us define the curve dn as the curve obtained from projecting the curve c on the plane through
the origin perpendicular to #»n ; that is, define dn(s) as

dn(s) := c(s)− (c(s) · #»n) #»n, ∀s ∈ [a, b].

Furthermore, let µn denote the total curvature of the curve dn. We will prove the following
lemma.

Lemma 1.46. The total curvature of c equals the average of the total curvatures of the curves
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dn; that is, ∫ b

a

k(s) ds =
1

4π

∫
S2

µn dVol2(
#»n).

Proof. Let #»n ∈ S2 be a unit vector. The total curvature of dn is

µn =

∫ b

a

∥d′n × d′′n∥
∥d′n∥3

∥d′n∥ ds.

Using the vector identity
∥a× b∥2 = ∥a∥2∥b∥2 − (a · b)2

we get

µn =

∫ b

a

[
∥d′n∥2∥d′′n∥2 − (d′n · d′′n)2

] 1
2

∥d′n∥2
ds.

Now,

∥d′n∥2 = ∥c′ − (c′ · #»n) #»n∥ = ∥c′∥2 − 2(c′ · #»n)2 + (c′ · #»n)2 = 1− (c′ · #»n)2

and

∥d′′n∥2 = ∥c′′ − (c′′ · #»n) #»n∥ = ∥c′′∥2 − 2(c′′ · #»n)2 + (c′′ · #»n)2 = k(s)2 − (c′′ · #»n)2.

Furthermore,

d′n · d′′n =
(
c′ − (c′ · #»n) #»n

)
·
(
c′′ − (c′′ · #»n) #»n

)
= c′ · c′′ − (c′ · #»n)(c′′ · #»n)− (c′ · #»n)(c′′ · #»n) + (c′ · #»n)(c′′ · #»n)

= −(c′ · #»n)(c′′ · #»n)

and therefore

∥d′n∥2∥d′′n∥2 − (d′n · d′′n)2 = (1− (c′ · #»n)2)(k(s)2 − (c′′ · #»n)2)− (c′ · #»n)2(c′′ · #»n)2

= k(s)2 − k(s)2(c′ · #»n)2 − (c′′ · #»n)2.

Hence

µn =

∫ b

a

[
k(s)2 − k(s)2(c′ · #»n)2 − (c′′ · #»n)2

] 1
2

1− (c′ · #»n)2
ds.

Let us choose #»e2(s) to be an arbitrary unit vector whenever it is undefined, that it, whenever
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k(s) = 0. This choice does not change the value of the integral below, since it is clear that the
integrand is zero if k(s) = 0, and so we can write

µn =

∫ b

a

k(s)
[
1− ( #»e1 · #»n)2 − ( #»e2 · #»n)2

] 1
2

1− ( #»e1 · #»n)2
ds.

Note that this integral is undefined when

1− ( #»e1(s) · #»n) = 0 ⇔ #»e1(s) = ± #»n.

However, the subset of vectors #»n for which this happens has measure zero on S2, and therefore
these values of #»n may be ignored when computing the value of the integral.

Finally, since the functions #»e1,
#»e2 : [a, b] → R3 do not depend on #»n , we assume that #»e1 and #»e2

are constant when integrating over all possible unit vectors #»n ; in this case, we will assume that
#»e1(s) = (0, 0, 1) and that #»e2(s) = (0, 1, 0). We then obtain

1

4π

∫
S2

µn dVol2(
#»n) =

1

4π

∫ π

0

∫ 2π

0

∫ b

a

k(s)(1− cos2 θ − sin2 θ sin2 φ)
1
2

1− cos2 θ
sin θ ds dφ dθ

=
1

4π

∫ π

0

∫ 2π

0

∫ b

a

k(s) sin θ| cosφ|
sin2 θ

sin θ ds dφ dθ

=
1

4

∫ b

a

k(s)

(∫ 2π

0

| cosφ| dφ
)
ds

=

∫ b

a

k(s) ds

as required.

Now, since every curve dn is a plane curve, we may use Theorem 1.30 to get∫ b

a

k(s) ds =
1

4π

∫
S2

µn dVol2(
#»n) ≥ 1

4π

∫
S2

2π dVol2(
#»n) = 2π.

Finally, suppose that the total curvature of c is 2π. Since µn ≥ 2π and this function is continuous
on the dense open subset of S2 where it is defined, we must have µn = 2π on this set, and so
all projected curves are convex. To show that c is a plane curve, we proceed by contradiction:
suppose that c([s0, s1]) is not contained in any plane. Choose s′ ∈ (s0, s1) such that c(s0), c(s′)
and c(s1) are not collinear, and therefore define a plane π0. Let π be a plane through the origin
orthogonal to π0 (so that vectors orthogonal to π0 are perpendicular to vectors orthogonal to
π). Moving π slightly if necessary, the orthogonal projection d of c on π (which takes place
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along π0) can be chosen such that d(s0), d(s′) and d(s1) are distinct points on ℓ = π0 ∩π. Since
d is convex (again it may be necessary to move π slightlaay), this implies that d(s) ∈ ℓ for all
s ∈ [s0, s1]. But then c(s) ∈ π0 for all s ∈ [s0, s1], which is a contradiction. This shows that c
must be a plane curve, and since its total curvature is 2π it must be convex.

Definition 1.47. (Knot) A simple closed regular curve in R3 is called a knot. Two
knots are called equivalent if they are homotopic (up to reparameterization) by simple
closed regular curves. A knot is called trivial if it is equivalent to the circle.

Theorem 1.48. Let c : [a, b] → R3 be a nontrivial knot, parametrized by arclength, with
curvature k(s) = ∥c′′(s)∥. Then

∫ b

a

k(s) ds ≥ 4π.

Proof. We offer only a sketch of the proof. Again it suffices to show that µn ≥ 4π for almost all
#»n ∈ S2. Assume that µn < 4π for some #»n ∈ S2. Then

{
#»e ∈ S1 : d′n(s)/∥d′n(s)∥ = ± #»e for at least 4 values of s ∈ [a, b)

}
̸= S1

(as otherwise d′n(s)/∥d′n(s) would cover S1 twice, moving through a total distance µn ≥ 4π).
Let us then take #»e ∈ S1 such that d′n(s)/∥d′n(s) = ± #»e at most 3 times. Assume for simplicity
that #»n = (1, 0, 0) and #»e = (1, 0). Then d′n(s) can be horizontal at most 3 times. Since
dn(s) = (y(s), z(s)) and d′n(s) = (y′(s), z′(s)), we see that z(s) has at most one local minimum
zm and one local maximum zM (which must in fact be both global). So for each z ∈ (zm, zM )

there are exactly 2 points in the curve such that z(s) = z. Connecting them by a line allows us
to define a homotopy between c and the circle as z decreases from zM to zm. Therefore c must
be the trivial knot.
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2 Differentiable manifolds and differential forms

2.1 Differentiable manifolds

Definition 2.1. (Differentiable manifold) A set M ⊂ Rn is said to be a differentiable
manifold of dimension m ∈ {1, 2, . . . , n− 1} if for all a ∈M there exists an open set U
with a ∈ U and a smooth function f : V ⊂ Rm → Rn−m such that

M ∩ U = G (f) ∩ U

for some ordering of the cartesian coordinates of Rn.

Remark 2.2. We define a differentiable manifold M ⊂ Rn of dimension 0 to be a set of
isolated points, and of dimension n to be an open set of Rn.

Theorem 2.3. A set M ⊂ Rn is a differentiable manifold of dimension m if and only
if for all a ∈ M there exists an open set U ⊂ Rn with a ∈ U and a smooth function
F : U → Rn−m such that
i) M ∩ U = {x ∈ U : F (x) = 0};
ii) rankDF (a) = n−m.

Proof. (⇒) Assume M is a manifold of dimension m and a ∈M . Then there exists an open set
U ⊂ Rn and a smooth function f : V ⊂ Rm → Rn−m such that

M ∩ U = G (f) ∩ U = {(x, y) ∈ Rm × Rn−m : y = f(x)} ∩ U.

If we define F : U → Rn−m where for each x ∈ Rm and y ∈ Rn−m we have

F (x, y) := f(x)− y

then
M ∩ U = {x ∈ U : F (x) = 0}.

Furthermore,
DF (a) = [Df(a) − In−m] ⇒ rankDF (a) = n−m

as required.
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(⇐) Since rankDF (a) = n−m we can assume that

det
∂F

∂y
(a) ̸= 0

where y corresponds to the last n−m variables of F .

By the Implicit Function Theorem, there exists some open U ∈ Rn with a ∈ U and some smooth
function f : U → Rn−m such that

F (x, y) = 0 ⇔ y = f(x).

Hence
M ∩ U = {x ∈ U : F (x) = 0} = {(x, y) ∈ U : y = f(x)} = G (f) ∩ U

as required.

Definition 2.4. (Tangent vector) A vector v ∈ Rn is said to be tangent to a setM ⊂ Rn

at the point a ∈ M if there exists a smooth curve c : R → M such that c(0) = a and
ċ(0) = v. A vector v ∈ Rn is said to be orthogonal to M at the point a if it is orthogonal
to all vectors tangent to M at a.

Proposition 2.5. If M ⊂ Rn is a differentiable manifold of dimension m then the set
TaM of all vectors tangent to M at the point a ∈ M is a vector space of dimension m

(called the tangent space to M at the point a).

Proof. Assume without loss of generality that M is given by y = f(x) in a neighborhood of the
point a, where we use the notation in the proof of the theorem above. Any curve c : R →M with
c(0) = a is given in this neighborhood by c(t) = (d(t), f(d(t))), where d : R → Rm is a curve
in Rm. Therefore, ċ(0) = (ḋ(0), Df(a)ḋ(0)), and so any vector tangent to M at the point a is
contained in the image of Rm by the injective linear map u 7→ (u,Df(a)u). On the other hand,
given u ∈ Rm, its image by this map is the vector tangent to the curve c(t) = (b+ tu, f(b+ tu)),
where we write a = (b, c), and so it is tangent to M at the point a. We conclude that TaM is
an m-dimensional vector subspace of Rn.

Definition 2.6. (Normal space) The normal space to an m-manifold M ⊂ Rn at
the point a ∈ M is the (n −m)-dimensional vector space T⊥

a M obtained by taking the
orthogonal complement of TaM .
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Proposition 2.7. Let M ⊂ Rn be an m-manifold, a ∈M a point in M , U ∋ a an open
set and F : U → Rn−m such thatM∩U = {x ∈ U : F (x) = 0} with rankDF (a) = n−m.
Then TaM = kerDF (a).

Proof. Since dim (kerDF (a)) = m, it suffices to show that TaM ⊂ kerDF (a). For any smooth
curve c : R → M satisfying c(0) = a, we have F (c(t)) = 0 whenever c(t) ∈ U ; differentiating at
t = 0 we obtain DF (a)ċ(0) = 0.

Definition 2.8. (Parameterization) A parameterization of an m-manifold M ⊂ Rn is
a smooth injective map g : U → M (with U ⊂ Rm open) such that rankDg(t) = m for
all t ∈ U .

Proposition 2.9. If g : U →M is a parameterization of the m-manifold M ⊂ Rn then

Tg(t)M = span

{
∂g

∂t1
(t), . . . ,

∂g

∂tm
(t)

}
.

Proof. Obvious from the fact that ∂g
∂t1 (t), . . . ,

∂g
∂tm (t) are linearly independent velocities of curves

on M .

Theorem 2.10. If M ⊂ Rn is an m-manifold and a ∈ M then there exists an open
set V ∋ a such that M ∩ V is the image of a parameterization g : U ⊂ Rm → M .
Conversely, given a smooth map g : U ⊂ Rm → Rn such that rankDg(t) = m for all
t ∈ U , and given any point t0 ∈ U , there exists an open set U0 ⊂ U with t0 ∈ U0 such
that g(U0) is an m-manifold.

Proof. Since there exists an open set V ∋ a such that M ∩ V is the graph of a smooth function
f : V ⊂ Rm → Rn−m, we can choose the parameterization to be g(t) = (t, f(t)). To prove
the converse, assume that the first m lines of Dg(t0) are linearly independent. Then, writing
(x, y) ∈ Rn with x ∈ Rm and y ∈ Rn−m, we have, from the Inverse Function Theorem, that
the equations (x, y) = g(t) can be solved to yield t = h(x) in some open neighborhood U0 of
t0, with h a smooth function. Therefore, g(h(x)) = (x, k(x)), and so g(U0) is the graph of the
smooth function k.
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2.2 Differential forms

Definition 2.11. The dual vector space to Rn is

(Rn)∗ = {α : Rn → R : α is linear}.

The elements of (Rn)∗ are called covectors.

We denote the basis of Rn by {e1, . . . , en}.

Definition 2.12. For each k = 1, . . . , n we define dxk ∈ (Rn)∗ such that

dxk(ei) =

1, i = k

0, i ̸= k.

Proposition 2.13. The set of covectors {dx1, . . . , dxn} is a basis for (Rn)∗.

Proof. Let α be a covector and v be a vector in Rn. Setting αi := α(ei) for i = 1, . . . , n it is
clear that

α(v) = α

(
n∑

i=1

viei

)
=

n∑
i=1

viα(ei) =

n∑
i=1

αiv
i.

In particular, dxi(v) = vi, and so

α(v) =

n∑
i=1

αidx
i(v),

implying that α can be written as a linear combination of the covectors in {dx1, . . . , dxn}.

To prove that these covectors are linearly independent, let c1, . . . , cn be such that(
n∑

i=1

cidx
i

)
(v) = 0 ∀v ∈ Rn.

Then we have, for all j = 1, . . . , n,(
n∑

i=1

cidx
i

)
(ej) = 0 ⇔

n∑
i=1

cidxi(ej) = 0 ⇔ cj = 0
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as required.

Definition 2.14. A k-tensor is a multilinear map T : (Rn)k → R.

Definition 2.15. A k-tensor T is called alternating if for all v1, . . . , vk ∈ Rn and i ̸= j,

T (v1, . . . , vi, . . . , vj , . . . , vk) = −T (v1, . . . , vj , . . . , vi, . . . , vk).

Definition 2.16. For all sets {i1, . . . , ik} ⊂ {1, . . . , n} we define

dxi1 ∧ . . . ∧ dxik(v1, . . . , vk) = det


dxi1(v1) . . . dxi1(vk)

...
. . .

...
dxik(v1) . . . dxik(vk)



Remark 2.17. These k-tensors are all alternating. Furthermore, if i1, . . . , ik are not all
different then

dxi1 ∧ . . . ∧ dxik(v1, . . . , vk) = 0 ∀v1, . . . , vk ∈ Rn.

Definition 2.18. We define Λk(Rn) as the set of alternating tensors in Rn.

Remark 2.19. Λk(Rn) is a vector space.

Remark 2.20. Λ0(Rn) is defined to be the set of real numbers R.

Proposition 2.21. The set of k-tensors

{dxi1 ∧ . . . ∧ dxik}1≤i1<...<ik≤n

is a basis for the vector space Λk(Rn).

Proof. To prove that these k-tensors are linearly independent, let ai1...ik for each {i1, . . . , ik} ⊂
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{1, . . . , n} be such that

∑
1≤i1<...<ik≤n

ai1...ikdx
i1 ∧ . . . ∧ dxik(v1, . . . , vk) = 0, ∀v1, . . . , vk ∈ Rn.

We have, for all {j1, . . . , jk} ⊂ {1, . . . , n},

∑
1≤i1<...<ik≤n

ai1...ikdx
i1 ∧ . . . ∧ dxik(ej1 , . . . , ejk) = 0

⇒
∑

1≤i1<...<ik≤n

ai1...ik det


dxi1(ej1) . . . dxi1(ejk)

...
. . .

...
dxik(ej1) . . . dxik(ejk)

 = 0

⇒ aj1...jk = 0

as required.

We now prove that these k-tensors generate Λk(Rn). For a tensor T ∈ Λk(Rn) set for each
{i1, . . . , ik} ⊂ {1, . . . , n}

ai1...ik := T (ei1 , . . . , eik).

Now define the k-tensor S ∈ Λk(Rn) by

∑
1≤i1<...<ik≤n

ai1...ikdx
i1 ∧ . . . ∧ dxik .

Because tensors are multilinear it is enough to check that for any {j1, . . . , jk} ⊂ {1, . . . , n} we
have

S(ej1 , . . . , ejk) = aj1...jk = T (ej1 , . . . , ejk).

Remark 2.22. The vector space Λk(Rn) has dimension
(
n
k

)
.
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Definition 2.23. (Wedge product) If

α =
∑

1≤i1<...<ik≤n

αi1...ikdx
i1 ∧ . . . ∧ dxik

is an alternating k-tensor and

β =
∑

1≤i1<...<il≤n

βi1,...,ildx
i1 ∧ . . . ∧ dxil

is an alternating l-tensor then their wedge product is the alternating (k + l)-tensor

α ∧ β :=
∑

1≤i1<...<ik≤n
1≤j1<...<jl≤n

αi1...ikβj1,...,jldx
i1 ∧ . . . ∧ dxik ∧ dxj1 ∧ . . . ∧ dxjl .

Proposition 2.24. For tensors α ∈ Λk(Rn) and β, γ ∈ Λl(Rn) the wedge product
satisfies the following identities:
i) α ∧ (β + γ) = α ∧ β + α ∧ γ;
ii) α ∧ β = (−1)klβ ∧ α;
iii) α ∧ (β ∧ γ) = (α ∧ β) ∧ γ.

Proof. Left as an exercise.

Definition 2.25. (Differential forms) A differential form of degree k in Rn is a
smooth function ω : Rn → Λk(Rn). The set of k-forms in Rn is represented by Ωk(Rn).

Remark 2.26. The set Ω0(Rn) is the set of smooth functions f : Rn → R.

Definition 2.27. Let ω ∈ Ωk(Rn) and η ∈ Ωl(Rn) be two differential forms. Then their
wedge product at the point x ∈ Rn is defined as

(ω ∧ η)(x) := (ω(x)) ∧ (η(x)).
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Definition 2.28. (Pullback) If ω ∈ Ωk(Rm) is a form and f : Rn → Rm is a smooth
function then the pullback of ω by f is f∗ω ∈ Ωk(Rn) defined by

f∗ω(x)(v1, . . . , vk) = ω(f(x))(Df(x)v1, . . . , Df(x)vk).

Remark 2.29. If ω ∈ Ω0(Rm) then f∗ω = ω ◦ f .

Proposition 2.30. Let f : Rn → Rm be a smooth function. Then the pullback satisfies
the following identities:
i) f∗(ω + η) = f∗ω + f∗η, for ω, η ∈ Ωk(Rm);
ii) f∗(ω ∧ η) = (f∗ω) ∧ (f∗η), for ω ∈ Ωk(Rm) and ω ∈ Ωl(Rm);
iii) f∗(g∗ω) = (g ◦ f)∗ω, for any smooth function g : Rm → Rp and ω ∈ Ωk(Rp).

Proof. Left as an exercise.

Definition 2.31. (Exterior derivative) If ω ∈ Ωk(Rn) is the k-form given by

ω(x) =
∑

1≤i1<...<ik≤n

ωi1...ik(x)dx
i1 ∧ . . . ∧ dxik , ∀x ∈ Rn

then dω is the (k + 1)-form given by

dω(x) =
∑

1≤i1<...<ik≤n

n∑
i=1

∂ωi1...ik

∂xi
(x)dxi ∧ dxi1 ∧ . . . ∧ dxik , ∀x ∈ Rn.

Remark 2.32. If ω ∈ Ω0(Rn) is a function from Rn to R then

dω(x) =

n∑
i=1

∂ω

∂xi
(x)dxi ∈ Ω1(Rn).
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Proposition 2.33. The exterior derivative satisfies the following properties:
i) d(ω + η) = dω + dη, for ω, η ∈ Ωk(Rn);
ii) d(ω ∧ η) = dω ∧ η + (−1)kω ∧ dη, for ω ∈ Ωk(Rn) and η ∈ Ωl(Rn);
iii) d(dω) = 0, for ω ∈ Ωk(Rn);
iv) d(f∗ω) = f∗(dω), for ω ∈ Ωk(Rn) and a smooth function f : Rm → Rn;

Proof. Left as an exercise.

Definition 2.34. (Closed and exact) Let U ⊂ Rn be an open set. We say that a
differential form ω ∈ Ωk(U) is

• Closed if dω = 0;
• Exact if ω = dη for some Ωk−1(U).

Remark 2.35. By property iii) of Proposition 2.33, if a differential form is exact then
it is also closed.

Definition 2.36. (Diffeomorphism) A diffeomorphism between two open sets U, V ⊂
Rn is a smooth bijection f : U → V such that its inverse is also smooth. If such a
function exists we say that U and V are diffeomorphic.

Proposition 2.37. Let U ⊂ Rn be an open set such that all closed forms in U are
exact and let V ⊂ Rn be some other open set such that there exists in V a differential
form which is closed but not exact. Then U and V are not diffeomorphic.

Proof. Let ω ∈ Ωk(V ) such that ω is closed but not exact and assume, by contradiction, that
there exists a diffeomorphism f : U → V . Then

d(f∗ω) = f∗(dω) = 0

which implies that f∗ω ∈ Ωk(U) is closed. Then we know that f∗ω is exact, and so let η ∈ Ωk(U)

be such that f∗ω = dη. We have

(f−1)∗f∗ω = (f−1)∗dη ⇔ (f ◦ f−1)∗ω = d((f−1)∗η) ⇔ ω = d((f−1)∗η),

implying that ω is exact, which is a contradiction.
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Theorem 2.38. (Poincaré Lemma) If U ⊂ Rn is a star-shaped open set in Rn then
all closed differential forms in U are also exact.

Proof. Assume without loss of generality that 0 is a center for U . If

ω(x) =
∑

i1<...<ik

ωi1...ik(x) dx
i1 ∧ . . . ∧ dxik ,

we define IΩ ∈ Ωk−1 (U) as

Iω(x) =
∑

i1<...<ik

(∫ 1

0

tk−1ωi1...ik(tx) dt

) n∑
l=1

(−1)l−1xil dxi1 ∧ . . . ∧ d̂xil ∧ . . . ∧ dxik

(where ̂ means omission). We have

ω = d(Iω) + I(dω),

and so if dω = 0 then ω = d(Iω).
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2.3 Integration of differential forms

Theorem 2.39. Let M be an m-manifold in Rn. If g : U ⊂ Rm → M and h : V ⊂
Rm →M are parametrizations of M then

h−1 ◦ g : g−1(g(U) ∩ h(V )) → h−1(g(U) ∩ h(V ))

is a diffeomorphism.

Proof. It is clear that h−1 ◦ g is a bijection because both g and h are injective. Now, since

rankDg = m = rankDh

we may assume WLOG that

det


∂g1

∂t1 . . . ∂g1

∂tm

...
. . .

...
∂gm

∂t1 . . . ∂gm

∂tm

 ̸= 0 and det


∂h1

∂s1 . . . ∂h1

∂sm

...
. . .

...
∂hm

∂s1 . . . ∂hm

∂sm

 ̸= 0.

Let us define G : U × Rn−m → Rn by

G(t, u) := g(t) + u1em+1 + . . .+ un−men

and H : V × Rn−m → Rn by

H(s, v) := h(s) + v1em+1 + . . .+ vn−men.

Consider any x0 ∈ g(U) ∩ h(V ) and let t0 and s0 be such that

x0 = g(t0) = h(s0).

It is clear that

detDG(t0, 0) = det


| 0

Dg(t0)

| In−m

 = det


∂g1

∂t1 . . . ∂g1

∂tm

...
. . .

...
∂gm

∂t1 . . . ∂gm

∂tm

 ̸= 0,

and so G is locally invertible around (t0, 0) with a smooth inverse. Similarly, H is locally
invertible around (s0, 0) with a smooth inverse.
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This implies that the two functions H−1 ◦G and G−1 ◦H are smooth where defined, and since

H−1 ◦G(t, 0) =
(
h−1 ◦ g(t), 0

)
,

G−1 ◦H(s, 0) =
(
g−1 ◦ h(s), 0

)
,

we obtain that h−1 ◦ g and g−1 ◦ h are both smooth, and because g−1 ◦ h = (h−1 ◦ g)−1 we
conclude that h−1 ◦ g is a diffeomorphism, as desired.

Remark 2.40. Because the inverse of a diffeomorphism is smooth we know that the
Jacobian matrix of a diffeomorphism can never vanish.

Definition 2.41. Let M be an m-manifold in Rn. Two parametrizations g : U ⊂ Rm →
M and h : V ⊂ Rm → M induce the same orientation in M if detD(h−1 ◦ g) > 0,
and induce opposite orientations if detD(h−1 ◦ g) < 0. We say M is orientable if
we can find parametrizations whose images cover M which induce the same orientation
on M . Furthermore, an orientation in M is a choice of a maximal family of such
parametrizations (which are called positive). When such a choice is made, M is said to
be oriented.

Proposition 2.42. A surface M ⊂ R3 is orientable if and only if it admits a continuous
normal n :M → S2.

Proof. (⇐) We cover M by parametrizations g : U ⊂ R2 → M with U connected. Since the
normal n is continuous, the function f : U → R defined as

f(t) = n(g(t)) ·
(
∂g

∂t1
(t)× ∂g

∂t2
(t)

)
cannot change sign. If f is positive we keep g, and if f is negative we replace it with g̃(t1, t2) =
g(t2, t1). With these choices, we obtain parametrizations g covering M for which f is always
positive; but then the vectors ∂g

∂t1 (t) ×
∂g
∂t2 (t) are all positive multiples of each other, meaning

that the nonzero determinants occurring in these cross products have the same sign. From this
it is easy to see that the diffeomorphisms obtained from these parametrizations have positive
determinant.

(⇒) Fix an orientation for M . Given x0 ∈M , choose a positive parametrization g : U ⊂ R2 →
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M such that g(t0) = x0 for some t0 ∈ U , and define

n(x0) =
∂g
∂t1 (t0)×

∂g
∂t2 (t0)∥∥∥ ∂g

∂t1 (t0)×
∂g
∂t2 (t0)

∥∥∥ .
Since dimT⊥

x0
M = 1 and g is positive, n(x0) does not depend on the choice of g, and since

g : U →M is continuous at t0 then n :M → S2 is also continuous at x0.

Definition 2.43. Let M be an oriented m-manifold in Rn. If g : U ⊂ Rm → M is a
positive parametrization then the integral of a differential form ω ∈ Ωm(Rn) on g(U) is
defined by ∫

g(U)

ω :=

∫
U

ω(g(t))

(
∂g

∂t1
(t), . . . ,

∂g

∂tm
(t)

)
dt1 . . . dtm.

There are a few things we can prove right away about the integral of forms.

Firstly, note that if we see U ⊂ Rk as an k-manifold in Rk and parametrize it using the identity
function id : U → U defined by id(t) = t for all t ∈ U (which we take to be positive), then for
any k-form η ∈ Ωk(U) we have∫

U

η =

∫
id(U)

η =

∫
U

η(t)(e1, . . . , ek)dt
1 . . . dtk.

If we let f : Rk → R be the smooth function such that η(t) = f(t)dt1 ∧ . . . ∧ dtk then∫
U

f(t)dt1 ∧ . . . ∧ dtk =

∫
U

η =

∫
U

f(t)dt1 . . . dtk.

Hence, the integral of forms of maximal degree just becomes the usual integral in Rk.

Secondly, using the same notation as in the definition above, we have∫
g(U)

ω =

∫
U

ω(g(t))

(
∂g

∂t1
(t), . . . ,

∂g

∂tm
(t)

)
dt1 . . . dtm

=

∫
U

(g∗ω)(t)(e1, . . . , em)dt1 . . . dtm

=

∫
U

g∗ω

where the last equality comes from g∗ω being an m-form in U , i.e., a form of maximal degree.

34



Proposition 2.44. Let M be an oriented m-manifold in Rn and let ω ∈ Ωm(Rn) be
a differential form. The integral

∫
g(U)

ω is well defined, i.e., it does not depend on the
positive parametrization g of M .

Proof. We start by proving the proposition for the case m = n. Consider an open set M in Rn.
Furthermore, fix an open set W ⊂ M and let g : U ⊂ Rn → M be a positive parametrization
(that is, a diffeomorphism with positive Jacobian) such that g(U) =W . We have∫

W

ω =

∫
U

ω(g(t))

(
∂g

∂t1
, . . . ,

∂g

∂tn

)
dt1 . . . dtn.

If we let ω = fdx1 ∧ . . . ∧ dxn, where f : Rn → R is smooth, then∫
W

ω =

∫
U

f(g(t))dx1 ∧ . . . ∧ dxn
(
∂g

∂t1
, . . . ,

∂g

∂tn

)
dt1 . . . dtn

=

∫
U

f(g(t)) detDg(t)dt1 . . . dtn.

Since g is a diffeomorphism with positive Jacobian, we have∫
W

ω =

∫
U

f(g(t)) det |Dg(t)|dt1 . . . dtn,

and by the change of variables theorem we get∫
W

ω =

∫
g(U)

f(x)dx1 . . . dxn =

∫
V

f(x)dx1 . . . dxn,

which does not depend on g, as desired.

Now let M be an m-manifold in Rn, and let g : U ⊂ Rm →M and h : V ⊂ Rm →M be positive
parametrizations such that g(U) = h(V ) =W ⊂M . Then there exists a positive diffeomorfism
k : U → V such that g = h ◦ k. Hence∫

W

ω =

∫
g(U)

ω =

∫
U

g∗ω =

∫
U

(h ◦ k)∗ω =

∫
U

k∗(h∗ω) =

∫
V

h∗ω,

as required.
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Definition 2.45. If M ⊂ Rn is an oriented m-manifold and ω ∈ Ωm (Rn), we define

∫
M

ω =

N∑
i=1

∫
gi(Ui)

ω,

where gi : Ui →M are positive parametrizations whose images are disjoint and cover M
except for the union of a finite number of manifolds of dimension smaller than m.

Remark 2.46. It can be shown that it is always possible to obtain a finite number of
parametrizations of this kind, and that the definition above does not depend on the choice
of these parametrizations.

Definition 2.47. Informally, an m-manifold with boundary is a subset M ⊂ N of an
m-manifold N ⊂ Rn delimited by an (m− 1)-manifold ∂M ⊂ M , called the boundary
of M , such that M \ ∂M is again an m-manifold. We say that M is orientable if N
is orientable. If M is oriented, the induced orientation on ∂M is defined as follows:
if g : U ∩ {t1 ≤ 0} → M is a positive parametrization of M such that h(t2, . . . , tm) =

g(0, t2, . . . , tm) is a parametrization of ∂M , then h is positive. Moreover, if ω ∈ Ωm(Rn),
we define ∫

M

ω =

∫
M\∂M

ω.

Remark 2.48. A manifold is a particular case of a manifold with boundary, but a
manifold with boundary is not a manifold in general.

Theorem 2.49. (Stokes) If M ⊂ Rn is a compact, oriented m-manifold with boundary
and ω ∈ Ωm−1 (Rn) then ∫

M

dω =

∫
∂M

ω,

where ∂M has the induced orientation.

Proof. We assume that M can be decomposed into images of cubes by positive parametrizations.
Since the integrals along adjacent faces correspond to opposite orientations, and consequently
cancel out, we can assume without loss of generality that M is the image of a cube.

36



Let g : [0, 1]m →M be a parametrization. Since∫
M

dω =

∫
[0,1]m

g∗(dω) =

∫
[0,1]m

d(g∗ω)

and ∫
∂M

ω =

∫
∂[0,1]m

g∗ω,

it suffices to prove the Stokes Theorem in the case when M = [0, 1]m. If ω ∈ Ωm−1(Rm) then

ω =

m∑
i=1

ωi(x) dx
1 ∧ . . . ∧ d̂xi ∧ . . . ∧ dxm,

and so

dω =

m∑
i=1

(−1)i−1 ∂ωi

∂xi
dx1 ∧ . . . ∧ dxm.

Consequently,

∫
[0,1]m

dω =

m∑
i=1

(−1)i−1

∫
[0,1]m

∂ωi

∂xi
dx1 ∧ . . . ∧ dxm

=

m∑
i=1

(−1)i−1

∫
[0,1]m

∂ωi

∂xi
dx1 . . . dxm

=

m∑
i=1

(−1)i−1

(∫
{xi=1}

ωi dx
1 . . . d̂xi . . . dxm −

∫
{xi=0}

ωi dx
1 . . . d̂xi . . . dxm

)

=

∫
∂[0,1]m

ω,

where we used the definition of induced orientation (note that the orientation is reversed each
time the coordinate functions are switched).

Corollary 2.50. If ∂M = ∅ then
∫
M
dω = 0.
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3 Surfaces

Definition 3.1. A surface is a 2-dimensional manifold S ⊂ R3.

Let g : U ⊂ R2 → S be a parametrization of S and fix (u0, v0) ∈ U . For any vectors #»v , #»w ∈
Tg(u0,v0)S we may write

#»v = v1
∂g

∂u
(u0, v0) + v2

∂g

∂v
(u0, v0) = Dg(u0, v0)

[
v1

v2

]
,

#»w = w1 ∂g

∂u
(u0, v0) + w2 ∂g

∂v
(u0, v0) = Dg(u0, v0)

[
w1

w2

]
.

For simplicity, let us drop the argument (u0, v0). Hence we have

⟨ #»v , #»w⟩ =
〈
v1
∂g

∂u
+ v2

∂g

∂v
, w1 ∂g

∂u
+ w2 ∂g

∂v

〉
=

∥∥∥∥∂g∂u
∥∥∥∥2 v1w1 +

∂g

∂u
· ∂g
∂v

(v1w2 + v2w1) +

∥∥∥∥∂g∂v
∥∥∥∥2 v2w2.

Let v = (v1, v2) and w = (w1, w2) and recall that we may write

v1 = du(v), v2 = dv(v), w1 = dv(w), w2 = dv(w).

We define

E(u0, v0) =

∥∥∥∥∂g∂u (u0, v0)
∥∥∥∥2 , F (u0, v0) =

∂g

∂u
(u0, v0)·

∂g

∂v
(u0, v0), G(u0, v0) =

∥∥∥∥∂g∂v (u0, v0)
∥∥∥∥2

and therefore we have

⟨ #»v , #»w⟩ =
[
v1 v2

] [E F

F G

][
w1

w2

]
.

In particular, we have

∥ #»v ∥2 = E(u0, v0)du(v)du(v) + 2F (u0, v0)du(v)dv(v) +G(u0, v0)dv(v)dv(v).

Based on this, we make the following definition, where Pol2(R2) is the set of homogeneous
polynomials of degree 2.
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Definition 3.2. (First Fundamental Form) Let S ⊂ R3 be a surface parametrized by
g : U → R3 and define the functions E,F,G : U → R by[

E F

F G

]
=

[
∂g
∂u · ∂g

∂u
∂g
∂u · ∂g

∂v
∂g
∂v · ∂g

∂u
∂g
∂v · ∂g

∂v

]
.

We define the first fundamental form of S to be the function I : U → Pol2(R2) given
by

I = Edu2 + 2Fdudv +Gdv2.

We call [
E F

F G

]
the matrix of the metric.

Remark 3.3. When the context is clear, we will drop the (u0, v0) in I(u0, v0)(v) and
simply write I(v) for

I(v) = E(u0, v0)du
2(v) + 2F (u0, v0)dudv(v) +G(u0, v0)dv

2(v).

The same will be done for the second fundamental form, defined later in the text.

Remark 3.4. We have, for all v = (v1, v2),

I(v) = Edu2(v) + 2Fdudv(v) +Gdv2(v) =
[
v1 v2

] [E F

F G

][
v1

v2

]
.

Note that, again, the above relation should be interpreted as a equality between functions,
for any (u0, v0). If we wanted to write it in the most correct way, we could say that for
any (u0, v0) and any v = (v1, v2) we have

I(u0, v0)(v) =
[
v1 v2

] [E(u0, v0) F (u0, v0)

F (u0, v0) G(u0, v0)

][
v1

v2

]
.

What we saw before Definition 3.2 was the following proposition.
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Proposition 3.5. Let S ⊂ R3 be a surface and g : U → R3 be a parametrization of S.
If #»v ∈ Tg(u0,v0)S is a vector written in the basis

{
∂g
∂u (u0, v0),

∂g
∂v (u0, v0)

}
as

#»v = v1
∂g

∂u
(u0, v0) + v2

∂g

∂v
(u0, v0)

then ∥ #»v ∥2 = I(v1, v2).

Remark 3.6. Now note that if we set g(u, v) = (g1(u, v), g2(u, v), g3(u, v)) we may think
of g1, g2, g3 as 0-forms. Hence it makes sense to write dg as the triple of 1-forms

dg :=
∂g

∂u
du+

∂g

∂v
dv =

(
∂g1

∂u
du+

∂g1

∂v
dv,

∂g2

∂u
du+

∂g2

∂v
dv,

∂g3

∂u
du+

∂g3

∂v
dv

)
.

Now, if we compute the dot product dg · dg just as we would a vector, we obtain

dg · dg = Edu2 + 2Fdudv +Gdv2

and so we frequently write I = dg · dg.

Remark 3.7. If c(t) = g(u(t), v(t)) is a curve on a surface S then

c′(t) = u′(t)
∂g

∂u
+ v′(t)

∂g

∂v

and so the length of c is ∫ b

a

∥c′(t)∥ dt =
∫ b

a

√
I(u′(t), v′(t)) dt.

We will now introduce the second fundamental form. In order to do that, we need the unit
normal of the surface with respect to a parametrization.

Definition 3.8. (Unit normal) Given a surface S ⊂ R3 and a parametrization g : U →
R3, we define the unit normal with respect to g by

#»n =
∂g
∂u × ∂g

∂v∥∥∥ ∂g
∂u × ∂g

∂v

∥∥∥ .
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Since #»n is normal to the surface we know that

∂g

∂u
· #»n = 0 =

∂g

∂v
· #»n.

This implies that

∂2g

∂u2
· #»n +

∂g

∂u
· ∂

#»n

∂u
= 0,

∂2g

∂u∂v
· #»n +

∂g

∂u
· ∂

#»n

∂v
= 0, (1)

∂2g

∂v∂u
· #»n +

∂g

∂v
· ∂

#»n

∂u
= 0,

∂2g

∂v2
· #»n +

∂g

∂v
· ∂

#»n

∂v
= 0, (2)

and so let us define

L =
∂2g

∂u2
· #»n, M =

∂2g

∂u∂v
· #»n =

∂2g

∂v∂u
· #»n, N =

∂2g

∂v2
· #»n.

From the previous formulas we get

L = −∂g
∂u

· ∂
#»n

∂u
, M = −∂g

∂u
· ∂

#»n

∂v
= −∂g

∂v
· ∂

#»n

∂u
, N = −∂g

∂v
· ∂

#»n

∂v
, (3)

and so we make the following definition.

Definition 3.9. (Second Fundamental Form) Let S ⊂ R3 be a surface parametrized
by g : U → R3 and let #»n be the unit normal with respect to g. Define the functions
L,M,N : U → R by [

L M

M N

]
=

[
− ∂g

∂u · ∂ #»n
∂u − ∂g

∂u · ∂ #»n
∂v

−∂g
∂v · ∂ #»n

∂u −∂g
∂v · ∂ #»n

∂v

]
.

We define the second fundamental form of S to be the function II : U → Pol2(R2)

given by
II = Ldu2 + 2Mdudv +Ndv2.

Definition 3.10. (Second Fundamental Form) Similarly to Remark 3.6, we have

II = Ldu2 + 2Mdudv +Ndv2 = −
(
∂g

∂u
du+

∂g

∂v
dv

)
·
(
∂ #»n

∂u
du+

∂ #»n

∂u
dv

)
and thus sometimes we write

II = −dg · d #»n.
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We have

II(v1, v2) =
[
v1 v2

] [L M

M N

][
v1

v2

]

Note now that we may write
∂ #»n

∂u
= α

∂g

∂u
+ β

∂g

∂v

and therefore the equations in (1) and (2)

∂2g

∂u2
· #»n +

∂g

∂u
· ∂

#»n

∂u
= 0 and

∂2g

∂v∂u
· #»n +

∂g

∂v
· ∂

#»n

∂u
= 0

become
L+ αE + βF = 0 and M + αF + βG = 0.

We can solve this system of equations to get α and β. The same can be done for ∂ #»n
∂v , giving us

Weingarten’s equations.

Proposition 3.11. (Weingarten’s equations) We have

∂ #»n

∂u
=
FM −GL

EG− F 2

∂g

∂u
+
FL− EM

EG− F 2

∂g

∂v

and
∂ #»n

∂v
=
FN −GM

EG− F 2

∂g

∂u
+
FM − EN

EG− F 2

∂g

∂v
.
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3.1 Curvatures

Definition 3.12. Let c : I ⊂ R → S be a curve along S parametrized by arclength. We
write

c′′(s) =
#»

kg(s) +
# »

kn(s)

where
#»

kg, the geodesic curvature vector, is tangent to S and
# »

kn, the normal curva-
ture vector, is orthogonal to S. Furthermore, define the normal curvature kn(s) as
the function such that

# »

kn = kn
#»n .

Proposition 3.13. The normal curvature of a curve c : I ⊂ R → S given by c(s) =

g(u(s), v(s)), where g is a parametrization of S, satisfies

kn(s) = II(u′(s), v′(s)).

Proof. We have
# »

kn = kn
#»n , and therefore

kn =
# »

kn · #»n = (c′′ − #»

kg) · #»n = c′′ · #»n = (c′ · #»n︸ ︷︷ ︸
=0

)′ − c′ · #»n ′

= −
(
u′
∂g

∂u
+ v′

∂g

∂v

)
·
(
u′
∂ #»n

∂u
+ v′

∂ #»n

∂v

)
= L(u′)2 + 2Mu′v′ +N(v′)2

= II(u′, v′)

as required.

Note that, since we had the curve c parametrized by arclength,

∥c′(s)∥ = 1 ⇒ u′(s)2 + v′(s)2 = 1 ⇔ I(u′, v′) = 1

We now want to study the maximum and minimum values of kn at some point g(u0, v0) ∈ S.
It is clear that u′(s) and v′(s) can take on any values, and therefore we may simply study the
extrema of II(v1, v2) with the restriction that I(v1, v2) = 1.

We will use the method of Lagrange multipliers. Let

f(v1, v2) := L(v1)2 + 2Mv1v2 +N(v2)2 − λ
(
E(v1)2 + 2Fv1v2 +G(v2)2

)
.
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We want to solve the system of equations
∂f
∂v1 = 0

∂f
∂v2 = 0

⇔

2Lv1 + 2Mv2 − 2λEv1 − 2λFv2 = 0

2Mv1 + 2Nv2 − 2λFv1 − 2λGv2 = 0

which we may write as [
L− λE M − λF

M − λF N − λG

][
v1

v2

]
=

[
0

0

]
.

We are then looking for the values of λ such that

det


[
L M

M N

]
︸ ︷︷ ︸

B

−λ

[
E F

F G

]
︸ ︷︷ ︸

A

 = 0 ⇔ det(B − λA) = 0.

This is equivalent to

det
(
A(A−1B − λI)

)
= 0 ⇔ det(A)︸ ︷︷ ︸

̸=0

det(A−1B − λI) = 0 ⇔ det(A−1B − λI) = 0.

We have

A−1B =
1

EG− F 2

[
G −F
−F E

][
L M

M N

]
=

1

EG− F 2

[
GL− FM GM − FN

EM − FL EN − FM

]
.

The solutions k1, k2 for λ correspond to the eigenvalues of the matrix A−1B, and so we obtain

k1 + k2 = tr(A−1B) =
GL− 2FM + EN

EG− F 2

and
k1k2 = det(A−1B) =

det(B)

det(A)
=
LN −M2

EG− F 2
.

Furthermore, if (v1, v2) is a extremizer corresponding to λ = k1 then

(B − k1A)

[
v1

v2

]
= 0 ⇒

[
v1 v2

]
(B − k1A)

[
v1

v2

]
= 0 ⇔ II(v1, v2)− k1I(v1, v2) = 0

and because I(v1, v2) = 1 we get
II(v1, v2) = k1.
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Definition 3.14. The maximum and the minimum of II(v1, v2) subject to the constraint
I(v1, v2) = 1 are called the principal curvatures of S at the point under considera-
tion. The directions of the corresponding unit tangent vectors are called the principal
directions of S at that point.

Definition 3.15. Let k1, k2 be the principal curvatures of S at a given point. We define
the mean curvature at that point by

H =
1

2
(k1 + k2) =

GL− 2FM + EN

2(EG− F 2)

and the Gauss curvature at that point by

K = k1k2 =
det II
det I

=
LN −M2

EG− F 2
.

If K ≡ 0 then S is said to be flat.
If H ≡ 0 then S is said to be minimal.

Proposition 3.16. If k1 ̸= k2 then the principal directions are orthogonal.

Proof. Let (v1, v2) and (w1, w2) be such that

B

[
v1

v2

]
= k1A

[
v1

v2

]
and B

[
w1

w2

]
= k2A

[
w1

w2

]
.

We have

k1

[
w1 w2

]
A

[
v1

v2

]
=
[
w1 w2

]
B

[
v1

v2

]
=

([
w1 w2

]
B

[
v1

v2

])T

.

Using the fact that B = BT , we get

k1

[
w1 w2

]
A

[
v1

v2

]
=
[
v1 v2

]
B

[
w1

w2

]
= k2

[
v1 v2

]
A

[
w1

w2

]
= k2

([
v1 v2

]
A

[
w1

w2

])T

,
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and using the fact that A = AT , we get

k1

[
w1 w2

]
A

[
v1

v2

]
= k2

[
w1 w2

]
A

[
v1

v2

]
⇔ (k1 − k2)

[
w1 w2

]
A

[
v1

v2

]
= 0.

Assuming that k1 ̸= k2 we can divide by k1 − k2 and therefore we have

[
w1 w2

] [ ∂g
∂u · ∂g

∂u
∂g
∂u · ∂g

∂v
∂g
∂v · ∂g

∂u
∂g
∂v · ∂g

∂v

][
v1

v2

]
= 0 ⇒ ⟨ #»v , #»w⟩ = 0

as required.

Definition 3.17. If k1 = k2 at some point in S then that point is called umbillic.
Furthermore, we call the point

• elliptic if K > 0;
• hyperbolic if K < 0;
• parabolic if K = 0.

We will now deduce a different type of formula for K. Recall the formula for the area of the
image of a parametrization.

Definition 3.18. (Area) Let g : U → S be a parametrization for some surface S ⊂ R3

and let V ⊂ U be a open set. The area of g(V ) is given by∫∫
V

∥∥∥∥∂g∂u × ∂g

∂v

∥∥∥∥ dudv.
Consider some parametrization g : U → S of S and let #»n denote the unit normal. Recall that
Weingarten’s formulas give us

∂ #»n

∂u
=
FM −GL

EG− F 2

∂g

∂u
+
FL− EM

EG− F 2

∂g

∂v

and
∂ #»n

∂v
=
FN −GM

EG− F 2

∂g

∂u
+
FM − EN

EG− F 2

∂g

∂v
.

and therefore

∂ #»n

∂u
× ∂ #»n

∂v
=

(FM −GL)(FM − EN)− (FL− EM)(FN −GM)

(EG− F 2)2
∂g

∂u
× ∂g

∂v
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which simplifies to
∂ #»n

∂u
× ∂ #»n

∂v
=
LN −M2

EG− F 2

∂g

∂u
× ∂g

∂v
= K

∂g

∂u
× ∂g

∂v
.

Hence note that if for some (u0, v0) ∈ U we have K(u0, v0) ̸= 0 then the function n : U → S2 is
a parametrization of S2in some neighborhood of (u0, v0).

Therefore, for ε > 0 let us define

A(ε) =

∫∫
Bε(u0,v0)

∥∥∥∥∂g∂u × ∂g

∂v

∥∥∥∥ dudv
as the area of g(Bε(u0, v0)) and

A′(ε) =

∫∫
Bε(u0,v0)

∥∥∥∥∂ #»n

∂u
× ∂ #»n

∂v

∥∥∥∥ dudv
as the area of #»n(Bε(u0, v0)).

From our previous work we have the following result.

Proposition 3.19. Let (u0, v0) ∈ U be a point such that K(u0, v0) ̸= 0. Then we have

|K(u0, v0)| = lim
ε→0

A′(ε)

A(ε)
.

Proof. We saw that

A′(ε) =

∫∫
Bε(u0,v0)

∥∥∥∥∂ #»n

∂u
× ∂ #»n

∂v

∥∥∥∥ dudv =

∫∫
Bε(u0,v0)

|K|
∥∥∥∥∂g∂u × ∂g

∂v

∥∥∥∥ dudv,
which yields the result.
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3.2 Minimal surfaces

Proposition 3.20. Let g be a parametrization of S. The area of g(U) is given by

A(U) =

∫∫
U

√
EG− F 2 dudv.

Proof. The relation
∥v × w∥ =

√
∥v∥2∥w∥2 − (v · w)2

holds for any vectors v, w ∈ R3, and therefore

A(U) =

∫∫
U

∥∥∥∥∂g∂u × ∂g

∂v

∥∥∥∥ dudv =

∫∫
U

(∥∥∥∥∂g∂u
∥∥∥∥2 ∥∥∥∥∂g∂v

∥∥∥∥2 − (∂g∂u · ∂g
∂v

)2
)1/2

=

∫∫
U

√
EG− F 2 dudv,

as required.

Now let f : U → R be a smooth function. We define deformations of g along the normal #»n by

gε(u, v) := g(u, v) + εf(u, v) #»n(u, v).

Let A(ε) denote the area of gε(U). We will start by computing A(ε).

We have

∂gε
∂u

=
∂g

∂u
+ ε

∂f

∂u
#»n + εf

∂ #»n

∂u
,

∂gε
∂v

=
∂g

∂v
+ ε

∂f

∂v
#»n + εf

∂ #»n

∂v
,

and therefore

Eε =
∂gε
∂u

· ∂gε
∂u

= E − 2εfL+O(ε2),

Fε =
∂gε
∂u

· ∂gε
∂v

= F − 2εfM +O(ε2),

Gε =
∂gε
∂v

· ∂gε
∂v

= G− 2εfN +O(ε2).
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Hence, we have

A(ε) =

∫∫
U

√
EεGε − F 2

ε dudv

=

∫∫
U

√
EG− F 2 − 2εf(EN +GL− 2FM) +O(ε2) dudv.

With this expression for A(ε), we can compute dA
dε (0) to better understand what happens to the

area of g(U) after a small deformation:

dA

dε
(0) =

∫∫
U

1

2

(
− 2f(EN +GL− 2FM)

)
(EG− F 2)−1/2 dudv

=

∫∫
U

−2f
EN +GL− 2FM

2(EG− F 2)

√
EG− F 2 dudv

=

∫∫
U

−2fH
√
EG− F 2dudv.

From this we get the following proposition.

Proposition 3.21. If S has minimal area for some fixed boundary, then H ≡ 0, i.e., S
is minimal (definition 6.13.).

Proof. Let φ be a smooth positive function with support away from the boundary (so that the
boundary of the surface does not change). Let us take f(u, v) = φ(u, v)H(u, v) in the above
expression. Assuming that S has minimal area implies

0 =
dA

dε
(0) =

∫∫
U

−2φH2
√
EG− F 2.

This implies thatH ≡ 0 on the support of φ; since φ is arbitrary, we haveH ≡ 0, as required.

In the same spirit we prove the following proposition.

Proposition 3.22. If S has minimal area while bounding a fixed volume then H is
constant.

Proof. Let f : U → R be a smooth function. Let h : U × R → R3 be the function

h(u, v, w) = g(u, v) + wf(u, v) #»n(u, v).
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Let A(ε) be the area of the surface parametrized by the function hε(u, v) given by

hε(u, v) := h(u, v, ε).

We want to prove that if A(ε) = 0 has a minimum at ε = 0 for a fixed volume then H must be
constant. We know from the method of Lagrange multipliers that we must have

d

dε

∣∣∣
ε=0

(A(ε)− λV (ε)) = 0 ⇒ dA

dε
(0)− λ

dV

dε
(0) = 0

for some λ ∈ R.

We have
V (ε)− V (0) =

∫ ε

0

∫∫
U

detDh(u, v, w) dudvdw,

and therefore
dV

dε
(ε) =

∫∫
U

detDh(u, v, ε) dudv.

Furthermore,

Dh(u, v, 0) =


| | |
∂g
∂u

∂g
∂v f #»n

| | |

 ,
and thus

dV

dε
(0) =

∫∫
U

(
∂g

∂u
× ∂g

∂v

)
· (f #»n) dudv =

∫∫
U

f

∥∥∥∥∂g∂u × ∂g

∂v

∥∥∥∥ dudv
=

∫∫
U

f
√
EG− F 2 dudv.

Combining this formula with the formula already obtained for dA
dε (0) gives that, for any f ,

dA

dε
(0)− λ

dV

dε
(0) = 0 ⇒ −

∫∫
U

(2H + λ)f
√
EG− F 2 dudv = 0.

Again taking φ to be a smooth positive function with support away from the boundary and
choosing f(u, v) = φ(u, v)(2H(u, v) + λ) in the above expression we obtain

H ≡ −λ
2
,

which completes the proof.
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3.3 Method of orthonormal frames

Let g : U → R3 be a parametrization of some surface. The method of orthonormal frames gives
as an alternative way to compute curvatures. Let us start by defining an orthonormal basis for
the tangent space at a point in the surface. An easy way to do this is by simply defining

#»e1 =
∂g
∂u∥∥∥ ∂g
∂u

∥∥∥
and

#»e2 =

∂g
∂v −

(
∂g
∂v · #»e1

)
#»e1∥∥∥∂g

∂v −
(

∂g
∂v · #»e1

)
#»e1

∥∥∥ ,
but this is just an example. We can then define #»e3 := #»e1× #»e2 as the vector normal to the surface
at the point, and so #»e1,

#»e2,
#»e3 form an orthonormal basis of the space R3.

Now we define a11, a21, a12, a22 such that

∂g

∂u
= a11

#»e1 + a21
#»e2,

∂g

∂v
= a12

#»e1 + a22
#»e2.

Let us interpret g : U → R3 as three 0-forms in R2, and so dg will be a triple of 1-forms. We
have

dg =
∂g

∂u
du+

∂g

∂v
dv = (a11

#»e1 + a21
#»e2)du+ (a12

#»e1 + a22
#»e2)dv

= (a11du+ a12dv)
#»e1 + (a21du+ a22dv)

#»e2.

Let us define the forms θ1, θ2 ∈ Ω1(R2) as

θ1 = a11du+ a12dv,

θ2 = a21du+ a22dv,

that is, [
θ1

θ2

]
= S

[
du

dv

]
,
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where S is the matrix of functions

S =

[
a11 a12

a21 a22

]
.

Note that

STS =

[
(a11)

2 + (a21)
2 a11a

1
2 + a21a

2
2

a12a
1
1 + a22a

2
1 (a12)

2 + (a22)
2

]
=

[
∂g
∂u · ∂g

∂u
∂g
∂u · ∂g

∂v
∂g
∂v · ∂g

∂u
∂g
∂v · ∂g

∂v

]
=

[
E F

F G

]

and thus
det(S)2 = det(STS) = det(I) ̸= 0 ⇒ det(S) ̸= 0.

Consequently, since du and dv are a basis for (R2)∗, so are the tensors θ1(u, v), θ2(u, v) for each
(u, v) ∈ U . Now, since dg = θ1 #»e1 + θ2 #»e2, we have

I = dg · dg = (θ1)2 + (θ2)2.

Interpreting again #»ei : U → R3 as triples of 0-forms in R2, we may write, for some forms
ωj
i ∈ Ω1(U),

d #»e1 = ω1
1

#»e1 + ω2
1

#»e2 + ω3
1

#»e3,

d #»e2 = ω1
2

#»e1 + ω2
2

#»e2 + ω3
2

#»e3,

d #»e3 = ω1
3

#»e1 + ω2
3

#»e2 + ω3
3

#»e3.

To be precise, for each (u, v) ∈ U the vectors #»e1(u, v),
#»e2(u, v),

#»e3(u, v) form a orthonormal basis
for R3 and so, for any w ∈ R2, we define the form ωj

i by

ωj
i (u, v)(w) := d #»ei(u, v)(w) · #»ej(u, v).

We will prove that these forms satisfy ωj
i + ωi

j = 0 for all i, j ∈ {1, 2, 3}. In particular, wk
k = 0

for all k ∈ {1, 2, 3}. If we write each #»ek as (e1k, e
2
k, e

3
k), we have

d( #»ei · #»ej) = d

(
3∑

k=1

eki e
k
j

)
=

3∑
k=1

(
(deki )e

k
j + eki (de

k
j )
)
= (d #»ei) · #»ej +

#»ei · (d #»ej),

and so, since #»ei · #»ej is a constant (either 0 or 1), we get

0 = d( #»ei · #»ej) = (d #»ei) · #»ej +
#»ei · (d #»ej) = wj

i + wi
j .
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We proceed by studying the second fundamental form. We have

II = −dg · d #»n = −dg · d #»e3 = −(θ1 #»e1 + θ2 #»e2) · (ω1
3

#»e1 + ω2
3

#»e2 + ω3
3

#»e3)

= −θ1ω1
3 − θ2ω2

3

= θ1ω3
1 + θ2ω3

2 .

Note that, for each (u, v) ∈ U , the object ω3
1(u, v) is a tensor in Λ1(R2). Therefore, since θ1(u, v)

and θ2(u, v) are a basis of the 2-dimensional space Λ1(R2), we can write ω3
1(u, v) in the basis

{θ1(u, v), θ2(u, v)}, that is, we can find functions b11, b12, b21, b22 : R2 → R such that

ω3
1 = b11θ

1 + b12θ
2,

ω3
2 = b21θ

1 + b22θ
2.

Now we have, using the formulas in (3),

Ldu+Mdv = −∂g
∂u

· ∂
#»n

∂u
du− ∂g

∂u
· ∂

#»n

∂v
dv = −∂g

∂u
· d #»n = −∂g

∂u
· d #»e3,

and so
Ldu+Mdv = −(a11

#»e1 + a21
#»e2)(ω

1
3

#»e1 + ω2
3

#»e2) = a11ω
3
1 + a21ω

3
2 .

Similarly,
Mdu+Ndv = a12ω

3
1 + a22ω

3
2 .

Let us define the matrix of functions

B =

[
b11 b12

b21 b22

]
.

We have [
L M

M N

][
du

dv

]
=

[
a11 a21

a12 a22

][
ω3
1

ω3
2

]
= STB

[
θ1

θ2

]
= STBS

[
du

dv

]

and so [
L M

M N

]
= STBS ⇔ B = S−T

[
L M

M N

]
S−1.

Furthermore, we have seen that

STS =

[
E F

F G

]
,
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and so we obtain

det(B) = det(S−T )(LN −M2) det(S−1) =
LN −M2

det(STS)
=
LN −M2

EG− F 2
= K,

which gives us a new way to compute the Gauss curvature K.

Moreover, we have

tr(B) = tr

(
S−T

[
L M

M N

]
S−1

)
= tr

(
S−1S−T

[
L M

M N

])

= tr

(
(STS)−1

[
L M

M N

])

= tr

(
1

EG− F 2

[
G −F
−F E

][
L M

M N

])

=
GL− FM − FM + EN

EG− F 2

=
EN +GL− 2FM

EG− F 2

= 2H,

which gives us a way to compute the mean curvature.

Finally, this also implies, if we let k1, k2 denote the principal curvatures, that

det(B) = k1k2 and tr(B) = k1 + k2

and so k1, k2 are in fact the eigenvalues of B.
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3.4 Structure equations

Let us keep using the notation of the previous subsection. We will prove the first structure
equations, dθ1 = θ2 ∧ ω1

2

dθ2 = θ1 ∧ ω2
1

,

and the second structure equation,

dω1
2 = Kθ1 ∧ θ2.

We have dg = θ1 #»e1 + θ2 #»e2 and so

0 = d(dg) = dθ1 ∧ #»e1 − θ1 ∧ d #»e1 + dθ2 ∧ #»e2 − θ2 ∧ d #»e2

= dθ1 #»e1 − θ1 ∧
3∑

k=1

ωk
1

#»ek + dθ2 #»e2 − θ2 ∧
3∑

k=1

ωk
2

#»ek

= (dθ1 − θ1 ∧ ω1
1 − θ2 ∧ ω1

2)
#»e1 + (dθ2 − θ1 ∧ ω2

1 − θ2 ∧ ω2
2)

#»e2 + (−θ1 ∧ ω3
1 − θ2 ∧ ω3

2)
#»e3

= (dθ1 − θ2 ∧ ω1
2)

#»e1 + (dθ2 − θ1 ∧ ω2
1)

#»e2 + (−θ1 ∧ ω3
1 − θ2 ∧ ω3

2)
#»e3.

This gives us dθ1 − θ2 ∧ ω1
2 = 0

dθ2 − θ1 ∧ ω2
1 = 0

,

as desired.

Let us prove now the second structure equation. By using the properties of the exterior derivative
we easily see that

d(ωj
i

#»ej) = d(ωj
i )

#»ej − ωj
i ∧ d #»ej .
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Now, we have

0 = d(d #»ei) = d

 3∑
j=1

ωj
i

#»ej

 =

3∑
j=1

(
d(ωj

i )
#»ej − ωj

i ∧ d #»ej

)

=

3∑
j=1

d(ωj
i )

#»ej −
3∑

j,k=1

ωj
i ∧ ω

k
j

#»ek

=

3∑
k=1

d(ωk
i )−

3∑
j=1

ωj
i ∧ ω

k
j

 #»ek

and so

d(ωk
i ) =

3∑
j=1

ωj
i ∧ ω

k
j .

In particular,

d(ω1
2) =

3∑
j=1

ωj
2 ∧ ω1

j = ω1
2 ∧ ω1

1 + ω2
2 ∧ ω1

2 + ω3
2 ∧ ω1

3 = ω3
2 ∧ ω1

3 .

Hence, we get

d(ω1
2) = −ω3

2 ∧ ω3
1 = −(b21θ

1 + b22θ
2) ∧ (b11θ

1 + b12θ
2)

= −b21b12θ1 ∧ θ2 − b22b11θ
2 ∧ θ1

= (b11b22 − b21b12)θ
1 ∧ θ2

= det(B)θ1 ∧ θ2

= Kθ1 ∧ θ2,

as desired.
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4 Intrinsic geometry of Riemannian surfaces
We will sometimes write ds2 instead of I.

Definition 4.1. (Riemannian Surface) A Riemannian Surface is a pair (U, ds2) where
U is an open subset of R2 and I = ds2 is a first fundamental form (or metric) defined on
U .

Proposition 4.2. Given a Riemannian surface (U, ds2), there exist two 1-forms θ1, θ2

such that
ds2 = (θ1)2 + (θ2)2.

Furthermore, if θ1, θ2 are such that the above relation is verified, then θ1(p) and θ2(p)

are linearly independent tensors for all p ∈ U .

Proof. We want to find two 1-forms θ1, θ2 such that

ds2 = Edu2 + 2Fdudv +Gdv2 = (θ1)2 + (θ2)2.

Let θ1 = a11du+ a12dv

θ2 = a21du+ a22dv
.

We want

Edu2 + 2Fdudv +Gdv2 =
(
(a11)

2 + (a21)
2
)
du2 + 2

(
a11a

1
2 + a21a

2
2

)
dudv +

(
(a12)

2 + (a22)
2
)
dv2,

which corresponds to solving the system
E = (a11)

2 + (a21)
2

F = a11a
1
2 + a21a

2
2

G = (a12)
2 + (a22)

2

.

We can find explicit solutions to the above system, namely

a11 =
√
E, a21 = 0, a12 =

F√
E
, a22 =

√
EG− F 2

E
.
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Now let {θ1, θ2} be a solution of
ds2 = (θ1)2 + (θ2)2,

and let

S =

[
a11 a12

a21 a22

]
.

We know that

Edu2 + 2Fdudv +Gdv2 =
[
du dv

] [E F

F G

][
du

dv

]
=
[
θ1 θ2

] [θ1
θ2

]
=
[
du dv

]
STS

[
du

dv

]
,

which implies that

STS =

[
E F

F G

]
⇒ det(S) ̸= 0

(since det(I) ̸= 0), and therefore θ1(p) and θ2(p) are linearly independent for all p ∈ U .

The structure equations we proved in the previous subsection give us a way to define ω1
2 and

the Gauss curvature K for general Riemannian surfaces. That is what we will be doing in this
subsection.

Proposition 4.3. Given a Riemannian surface (U, ds2) and two 1-forms θ1, θ2 such
that

ds2 = (θ1)2 + (θ2)2

there exists an unique 1-form ω1
2 such thatdθ1 = θ2 ∧ ω1

2

dθ2 = −θ1 ∧ ω1
2 .

Proof. We have seen before that, given any 1-form ω1
2 , it is possible to find functions c1, c2 :

U → R such that
ω1
2 = c1θ

1 + c2θ
2.

The conditions we want ω1
2 to satisfy becomedθ1 = c1θ

2 ∧ θ1

dθ2 = −c2θ1 ∧ θ2
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If we let α1, α2, β : U → R be such that

dθ1 = α1du ∧ dv, dθ2 = α2du ∧ dv, θ1 ∧ θ2 = βdu ∧ dv,

then, because θ1(p) and θ2(p) are linearly independent for all p ∈ U , we know that β ̸= 0 and
therefore the functions c1, c2 are the unique functions such that, for each (u, v) ∈ U ,

c1(u, v) = −α1(u, v)

β(u, v)
and c2(u, v) = −α2(u, v)

β(u, v)
.

Definition 4.4. (Connection form) Given a Riemannian surface (U, ds2) and two 1-forms
θ1, θ2 such that

ds2 = (θ1)2 + (θ2)2

we define the connection form associated to {θ1, θ2} as the unique 1-form ω1
2 such thatdθ1 = θ2 ∧ ω1

2

dθ2 = −θ1 ∧ ω1
2 .

Proposition 4.5. Given a Riemannian surface (U, ds2), let θ1, θ2 be two 1-forms such
that

ds2 = (θ1)2 + (θ2)2

and let ω1
2 denote the connection form associated to {θ1, θ2}.

Then, the function K : U → R such that

d(ω1
2) = Kθ1 ∧ θ2

does not depend on the choice of the forms θ1, θ2.

Proof. Let {θ1, θ2} and {θ̄1, θ̄2} be two pairs of 1-forms such that

(θ1)2 + (θ2)2 = I = (θ̄1)2 + (θ̄2)2.
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We know that there exists an invertible matrix S such that[
θ̄1

θ̄2

]
= S

[
θ1

θ2

]
,

and so

[
θ1 θ2

] [θ1
θ2

]
= (θ1)2 + (θ2)2 = (θ̄1)2 + (θ̄2)2 =

[
θ̄1 θ̄2

] [θ̄1
θ̄2

]

=
[
θ1 θ2

]
STS

[
θ1

θ2

]
.

This implies that

STS =

[
1 0

0 1

]
.

Now, let ω1
2 and ω̄1

2 denote the connection forms associated to {θ1, θ2} and {θ̄1, θ̄2}, respectively,
and define

θ :=

[
θ1

θ2

]
, θ̄ :=

[
θ̄1

θ̄2

]
, ω :=

[
0 −ω1

2

ω1
2 0

]
, ω̄ :=

[
0 −ω̄1

2

ω̄1
2 0

]
.

If we let the d and ∧ apply to these matrices, with forms as entries, as would be expected, we can
easily see that the identities we’ve been using for d and ∧ still apply. In particular, dθ = ω ∧ θ
and

ω̄ ∧ θ̄ = dθ̄ = d(Sθ) = dS ∧ θ + S ∧ dθ = dS ∧ θ + Sω ∧ θ = dS ∧ S−1θ̄ + Sω ∧ S−1θ̄

= (dSS−1 + SωS−1) ∧ θ̄.

Thus, we obtain
ω̄ = SωS−1 + dSS−1.

Since STS = Id we know that, for each point x ∈ U , there is neighborhood of x such that

S =

[
cosφ − sinφ

sinφ cosφ

]
or S =

[
cosφ sinφ

sinφ − cosφ

]

for some function φ defined on that neighborhood. Whether we are in the first case or in the
second case depends on whether det(S) = −1 or det(S) = 1.
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Let S =
[
a b
c d

]
and let δ = det(S) ∈ {−1, 1}. Note that

d

([
cosφ − sinφ

sinφ cosφ

])
=

[
− sinφ − cosφ

cosφ − sinφ

]
dφ and d

([
cosφ sinφ

sinφ − cosφ

])
=

[
− sinφ cosφ

cosφ sinφ

]
dφ,

and so

dS =

[
−c −d
a b

]
dφ.

Now,

SωS−1 = ω1
2

[
a b

c d

][
0 −1

1 0

][
a c

b d

]
= ω1

2

[
0 −δ
δ 0

]
.

and

dSS−1 =

[
−c −d
a b

]
dφ

[
a c

b d

]
=

[
−ac− bd −c2 − d2

a2 + b2 ac+ bd

]
dφ.

We can check that in both possible expressions for S, we have

ac+ bd = 0 and a2 + b2 = c2 + d2 = 1,

and so

dSS−1 =

[
0 −1

1 0

]
dφ.

Hence, we have[
0 −ω̄1

2

ω̄1
2 0

]
= ω̄ = SωS−1 + dSS−1 = δω1

2

[
0 −1

1 0

]
+

[
0 −1

1 0

]
dφ

⇒ ω̄1
2 = δω1

2 + dφ.

Finally, let K and K̄ denote the Gauss curvatures which respect to {θ1, θ2} and {θ̄1, θ̄2}, re-
spectively. We have

θ̄1 = aθ1 + bθ2 and θ̄2 = cθ1 + dθ2

which implies
θ̄1 ∧ θ̄2 = (ad− bc)θ1 ∧ θ2 = δθ1 ∧ θ2
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and therefore, since δ2 = 1,

Kθ1 ∧ θ2 = d(ω1
2) = δd(δω1

2) = δd(δω1
2 + dφ) = δd(ω̄1

2) = δK̄θ̄1 ∧ θ̄2

= δ2K̄θ1 ∧ θ2

= K̄θ1 ∧ θ2

⇒ K = K̄,

as desired.

Remark 4.6. The equation
ω̄ = SωS−1 + dSS−1.

is an equation between matrices of 1-forms. It is the same as saying that for every
(u, v) ∈ U and every (v1, v2) ∈ R2 we have

ω̄(u, v)(v1, v2) = S(u, v)ω(u, v)(v1, v2)S−1(u, v) + dS(u, v)(v1, v2)S−1(u, v).

Definition 4.7. (Gaussian curvature) Given a Riemannian surface (U, ds2), let {θ1, θ2}
be any pair of 1-forms such that

ds2 = (θ1)2 + (θ2)2,

and let ω1
2 denote the connection form associated to {θ1, θ2}. We define the Gaussian

curvature of the surface as the function K : U → R such that

dω1
2 = Kθ1 ∧ θ2.

Corollary 4.8. (Gauss’s Egregium Theorem) The Gauss curvature of a surface in R3

depends only on its first fundamental form.
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4.1 Tangent vectors on abstract Riemannian surfaces

In this section, when we talk about coordinates that parametrize some Riemannian surface
(U, ds2) we mean the coordinates used to parametrize the open set U . However, it is important
to keep in mind that, when we define some set U , we are using, by default, the canonical
coordinates of R2.

Definition 4.9. (Tangent vector) Let S = (U, I) be a Riemannian surface and let (t1, t2)
be a coordinate system for the surface. We define the tangent vector at (t1, t2) ∈ U with
components (v1, v2) ∈ R2 to be the function #»v : C1(U,R) → R given by the derivative
operator

#»v = v1
∂

∂t1
+ v2

∂

∂t2

computed at the point (t1, t2) ∈ U .
Furthermore, for a point p in the surface, we define the tangent space of surface S at p
as the set TpS of all tangent vectors at p to S.

Proposition 4.10. Let (U, I) be a Riemannian surface and let (t1, t2) be a coordinate
system for the surface. Moreover, let (t1, t2) ∈ U be a point,

#»v = v1
∂

∂t1
+ v2

∂

∂t2

be a tangent vector at (t1, t2) and f ∈ C1(U,R) be a function. Then

#»v (f) = df(t1, t2)(v1, v2), ∀(v1, v2) ∈ R2.

Proof. We have

df(t1, t2) =
∂f

∂t1
(t1, t2)dt1 +

∂f

∂t2
(t1, t2)dt2

and so

df(t1, t2)(v1, v2) =
∂f

∂t1
(t1, t2)v1 +

∂f

∂t2
(t1, t2)v2 =

(
v1

∂

∂t1
+ v2

∂

∂t2

)
(f)∣∣

(t1,t2)

as required.

Remark 4.11. When we say a point p of the Riemannian surface (U, I), we mean some
point p in the manifold U .
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Now fix some p ∈ U and let us, as usual, write just I instead of I(p). Moreover, consider the
coordinates (v1, v2) ∈ R2 of some tangent vector at p. It is very important to note that the
value of I(v1, v2) depends on the coordinate system being used.

Let us, for example, consider the Riemannian surface (H, I) where

H = {(x, y) ∈ R2 : y > 0} = R× R+

and
I =

dx2

y2
+
dy2

y2
.

Here, I was written with respect to the coordinate system (x, y), and so we should in fact write
I{x,y}.

Now let us consider a different coordinate system, say (u, v), such that

(u, v) = (x, log(y)).

We have
dx2 = du2

and
dy2 = d(ev)2 = e2vdv2,

and so
I{u,v} =

du2

(ev)2
+
e2vdv2

(ev)2
=
du2

e2v
+ dv2.

If we fix a point (x, y) = (0, e) ∈ H, or equivalently the point (u, v) = (0, 1), we have

I{x,y} =
dx2

e2
+
dy2

e2

and
I{u,v} =

du2

e2
+ dv2

and clearly, if we take (1, 1) ∈ R2,

I{x,y}(1, 1) =
1

e2
+

1

e2
̸= 1

e2
+ 1 = I{u,v}(1, 1).

However, what we will see next is that we can define what it means to apply I to a tangent
vector, and that definition will not depend on the coordinate system.
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Proposition 4.12. Let (U, I) be a Riemannian surface and let (t1, t2) and (s1, s2) be
two coordinate systems. Furthermore, let I{t} and I{s} be the first fundamental forms
written with respect to (t1, t2) and (s1, s2), respectively. If we have a tangent vector #»u

written as
v1

∂

∂t1
+ v2

∂

∂t2
= #»u = w1 ∂

∂s1
+ w2 ∂

∂s2

then
I{t}(v1, v2) = I{s}(w1, w2).

Proof. Let us write I{t} as

I{t} =
2∑

i,j=1

gijdt
idtj .

By thinking of ti as a function of s1, s2 we have

dti =

2∑
k=1

∂ti

∂sk
dsk.

Therefore, we can write I(s) as

I{s} =

2∑
i,j,k,l=1

gij
∂ti

∂sk
∂tj

∂sl
dskdsl.

Moreover, by the chain rule,

2∑
i=1

vi
∂

∂ti
=

2∑
i,j=1

vi
∂sj

∂ti
∂

∂sj
=

2∑
j=1

[(
2∑

i=1

vi
∂sj

∂ti

)
∂

∂sj

]

and so

wj =

2∑
i=1

vi
∂sj

∂ti
.

Thus, we have

I{s}(w1, w2) =

2∑
i,j,k,l=1

gij
∂ti

∂sk
∂tj

∂sl
wkwl =

2∑
i,j,k,l,m,n=1

gij
∂ti

∂sk
∂tj

∂sl
∂sk

∂tm
∂sl

∂tn
vmvn.
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Since

2∑
k=1

∂ti

∂sk
∂sk

∂tm
=

∂ti

∂tm
= δim,

we have

I{s}(w1, w2) =

2∑
i,j,m,n=1

gijδimδjnv
mvn =

2∑
i,j=1

gijv
ivj = I{t}(v1, v2)

as required.

Definition 4.13. Let (U, I) be a Riemannian surface and let (t1, t2) be a coordinate
system. Let #»v is a vector tangent to some point of the surface, written as

#»v = v1
∂

∂t1
+ v2

∂

∂t2

then we define
I( #»v ) = I{t}(v1, v2).

By Proposition 7.11., this is well defined.

Remark 4.14. Given some tangent vector

#»v = v1
∂

∂t1
+ v2

∂

∂t2

it also makes sense to use
du( #»v ) := du(v1, v2)

and other similar notations.
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4.2 Inner product and dual frames

Proposition 4.15. Let S = (U, I) be a Riemannian surface and let p be a point in the
surface. If we let

⟨v, w⟩ = 1

2

[
I(v + w)− I(v)− I(w)

]
.

for all v, w ∈ TpS, then ⟨·, ·⟩ is an inner product on TpS.

Proof. Let us write
I = Edu2 + 2Fdudv +Gdv2

and, by abuse of notation, let us use v and w both for the vectors themselves and for their
representation in the basis

{
∂
∂u ,

∂
∂v

}
.

Then

⟨v, w⟩ = 1

2

[
I(v + w)− I(v)− I(w)

]
=

1

2

[
(vT + wT )

[
E F

F G

]
(v + w)− vT

[
E F

F G

]
v − wT

[
E F

F G

]
w

]

=
1

2

[
vT

[
E F

F G

]
w + wT

[
E F

F G

]
v

]

= vT

[
E F

F G

]
w,

and therefore, since the matrix [E F
F G ] is a symmetric, positive-definite matrix, ⟨·, ·⟩ is indeed an

inner product.

As usual, this lets us define the length of a vector tangent to the surface. We have

∥v∥ :=
√

⟨v, v⟩ =
√

I(v).

Let {θ1, θ2} be a pair of forms such that

I = (θ1)2 + (θ2)2.

where I, θ1, θ2 are written in some frame {du, dv} with respect to the coordinate system (u, v).
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Let { #»e1,
#»e2} be a basis for the tangent space of the surface at the point p and write #»e1 = b11

∂
∂u + b21

∂
∂v

#»e2 = b12
∂
∂u + b22

∂
∂v

.

We say that { #»e1,
#»e2} is the dual frame of {θ1, θ2} if

θi(p)(b1j , b
2
j ) = δij .

If we write θ1 = a11du+ a12dv

θ2 = a21du+ a22dv

then the dual frame is easily found by solving the system[
a11 a12

a21 a22

][
b11 b12

b21 b22

]
=

[
1 0

0 1

]

for b11, b21, b12, b22. We have seen already that θ1(p) and θ2(p) are independent, and so the above
system always has a solution.

It is also clear, from the definition of dual frame, that

I( #»e1) = 1, I( #»e2) = 1, I( #»e1 +
#»e2) = 2

and so
⟨ #»e1,

#»e2⟩ =
1

2

(
I( #»e1 +

#»e2)− I( #»e1)− I( #»e2)
)
= 0.

Hence, the dual frame is in fact an orthonormal basis for the tangent space. Therefore, if

#»v = v1 #»e1 + v2 #»e2 and #»w = w1 #»e1 + w2 #»e2

are two tangent vectors then
⟨ #»v , #»w⟩ = v1w1 + v2w2.
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4.3 Vector fields and covariant derivatives

We will first give the more intuitive definition of vector fields along curves and their covariant
derivatives for surfaces embedded in R2, and then extend these notions to general Riemannian
surfaces.

Definition 4.16. (Vector field) Let S ∈ R3 be a surface and c : I ⊂ R → S be a curve.
A vector field along c is a function

#»

V : I → R3 such that
#»

V (t) ∈ Tc(t)S for all t ∈ I.

Definition 4.17. (Covariant derivative) Let S ∈ R3 be a surface, let c : I ⊂ R → S be
a curve and let

#»

V be a vector field along c. The covariant derivative of
#»

V is the new
vector field along c given by

D
#»

V

dt
(t) :=

d
#»

V

dt
(t)−

(
d

#»

V

dt
(t) · #»n(t)

)
#»n(t),

where #»n(t) is the unit normal to S at c(t).

The covariant derivative of the vector field
#»

V is then simply the projection of d
#»
V
dt (t) onto Tc(t)S,

for each t ∈ I.

Because we defined the covariant derivative using the unit normal #»n , this definition does not
make sense for general Riemannian surfaces. However, we will see that we can rewrite this
definition without using #»n .

Let g : U ⊂ R2 → S be a parametrization of S and let #»e1,
#»e2 : U → R3 be an orthonormal basis

for Tg(u,v)S for each point (u, v) ∈ U . Furthermore, let us use #»e3 := #»n .

Let u, v : I → R be the functions such that

c(t) = g(u(t), v(t)),

and let V 1, V 2 : I → R be the functions such that

#»

V (t) = V 1(t) #»e1(u(t), v(t)) + V 2(t) #»e2(u(t), v(t)).

In the following computations we will be dropping the argument t in the functions u and v, to
make everything easier to read.
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If we let #»e1 = (f1, f2, f3) we have[
d

dt
( #»e1(u, v))

]
i

=
∂fi
∂u

(u, v)u′ +
∂fi
∂v

(u, v)v′.

On the other hand,

[d( #»e1)]i = d(fi) =
∂fi
∂u

du+
∂fi
∂v

dv

and so
[d( #»e1)]i(u, v)(u

′, v′) =
∂fi
∂u

(u, v)u′ +
∂fi
∂v

(u, v)v′ =

[
d

dt
( #»e1(u, v))

]
i

.

Hence we have

d

dt
( #»e1(u, v)) = d( #»e1)(u, v)(u

′, v′) = ω2
1(u, v)(u

′, v′) #»e2(u, v) + ω3
1(u, v)(u

′, v′) #»e3(u, v)

Similarly,

d

dt
( #»e2(u, v)) = d( #»e2)(u, v)(u

′, v′) = ω1
2(u, v)(u

′, v′) #»e1(u, v) + ω3
2(u, v)(u

′, v′) #»e3(u, v).

Let us now drop the arguments (u, v) as well; we already know that we are working on the plane
tangent to the surface at g(u(t), v(t)).

We have

d
#»

V

dt
(t) =

dV 1

dt
#»e1 + V 1 d

dt
( #»e1) +

dV 2

dt
#»e2 + V 2 d

dt
( #»e2)

=
dV 1

dt
#»e1 + V 1

(
ω2
1(u

′, v′) #»e2 + ω3
1(u

′, v′) #»e3

)
+
dV 2

dt
#»e2 + V 2

(
ω1
2(u

′, v′) #»e1 + ω3
2(u

′, v′) #»e3

)
,

and so the covariant derivative is given by

d
#»

V

dt
(t) =

(
dV 1

dt
+ V 2ω1

2(u
′, v′)

)
#»e1 +

(
dV 2

dt
+ V 1ω2

1(u
′, v′)

)
#»e2.

We found a way of expressing the covariant derivative using only objects we have already defined
for general Riemannian surfaces. All we need to do now is to show that this definition indeed
works.

Definition 4.18. (Vector field) Let (U, ds2) be a Riemannian surface and c : I ⊂ R → U

be a curve. A vector field along c is a function
#»

V with domain I and such that
#»

V (t)

is a tangent vector for all t ∈ I.
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Definition 4.19. (Covariant derivative) Let (U, ds2) be a Riemannian surface, θ1 and θ2

be two 1-forms such that ds2 = (θ1)2 + (θ2)2 and { #»e1,
#»e2} be the dual frame to {θ1, θ2}.

Moreover, let (u, v) : I ⊂ R → U be a curve. Given a vector field
#»

V along c such that,
for two given smooth functions V 1, V 2 : I → R,

#»

V (t) = V 1(t) #»e1(u(t), v(t)) + V 2(t) #»e2(u(t), v(t)),

we define the covariant derivative of
#»

V as the new vector field along c, written as D
#»
V

dt ,
given by

D
#»

V

dt
=

(
dV 1

dt
+ V 2ω1

2(u
′, v′)

)
#»e1 +

(
dV 2

dt
− V 1ω1

2(u
′, v′)

)
#»e2.

Here, ω1
2 is the connection form associated to {θ1, θ2}.

Proposition 4.20. The covariant derivative is well defined, i.e., it does not depend on
the choice of {θ1, θ2}.

Proof. Let {θ1, θ2} and {θ̄1, θ̄2} be two pairs of 1-forms such that

(θ1)2 + (θ2)2 = I = (θ̄1)2 + (θ̄2)2.

Let { #»e1,
#»e2} and { #̄»e1,

#̄»e2} be dual frames to {θ1, θ2} and {θ̄1, θ̄2}, respectively, and define

θ :=

[
θ1

θ2

]
, θ̄ :=

[
θ̄1

θ̄2

]
, #»e :=

[
#»e1

#»e2

]
, #̄»e :=

[
#̄»e1

#̄»e2

]
.

We know that there exists an invertible matrix S with STS = I such that

θ̄ = Sθ.

Since we must have

θ #»e = I ⇔ S−1θ̄ #»e = I ⇔ θ̄ #»e = S ⇔ θ̄ #»e S−1 = I,

we see from the definition of dual frames that

#̄»e = #»e S−1.
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Now, let

V :=

[
V 1

V 2

]
and V̄ :=

[
V̄ 1

V̄ 2

]
.

We have
#̄»e V̄ =

#»

V = #»e V = #̄»e SV ⇒ V̄ = SV.

Moreover, we have also seen before that if we set

ω :=

[
0 −ω1

2

ω1
2 0

]
, ω̄ :=

[
0 −ω̄1

2

ω̄1
2 0

]

then
ω̄ = SωS−1 + dSS−1.

Note that again

dS(u′, v′) =
d

dt

[
S(u(t), v(t))

]
.

Furthermore, writting the expression for the covariant derivative in matrix form gives us

D
#»

V

dt
= #»e

(
dV

dt
− ω(u′, v′)V

)
.

Finally, we have

#̄»e

(
dV̄

dt
− ω̄(u′, v′)V̄

)
= #»e S−1

(
d

dt
(SV )−

(
Sω(u′, v′)S−1 + dS(u′, v′)S−1

)
SV

)
= #»e S−1

(
dS

dt
V + S

dV

dt
− Sω(u′, v′)V − dS

dt
S−1SV

)
= #»e

(
dV

dt
− ω(u′, v′)V

)
=
D

#»

V

dt
,

as desired.

Proposition 4.21. If
#»

V ,
# »

W are vector fields along a curve then

d

dt

〈
#»

V (t),
# »

W (t)
〉
=

〈
D

#»

V

dt
(t),

# »

W (t)

〉
+

〈
#»

V (t),
D

# »

W

dt
(t)

〉
.
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Proof. Let
#»

V = V 1 #»e1 + V 2 #»e2 and
# »

W =W 1 #»e1 +W 2 #»e2

for given smooth functions V 1, V 2,W 1,W 2 : I → R2. We have〈
D

#»

V

dt
(t),

# »

W (t)

〉
+

〈
#»

V (t),
D

# »

W

dt
(t)

〉
=

(
dV 1

dt
+ V 2ω1

2(u
′, v′)

)
W 1 +

(
dV 2

dt
− V 1ω1

2(u
′, v′)

)
W 2

+

(
dW 1

dt
+W 2ω1

2(u
′, v′)

)
V 1 +

(
dW 2

dt
−W 1ω1

2(u
′, v′)

)
V 2

=
dV 1

dt
W 1 +

dV 2

dt
W 2 +

dW 1

dt
V 1 +

dW 2

dt
V 2

=
d

dt
(V 1W 1 + V 2W 2)

=
d

dt

〈
#»

V (t),
# »

W (t)
〉
,

as desired.

Definition 4.22. (Parallel vector field) We say that a vector field
#»

V is parallel along a
curve if D

#»
V

dt = 0.

Corollary 4.23. If
#»

V ,
# »

W are two vector fields parallel along a curve then ⟨ #»

V ,
# »

W ⟩ is
constant along a curve.
In particular, I( #»

V ), I( # »

W ) and ∡(
#»

V ,
# »

W ) are constant.
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4.4 Geodesics

Let S ⊂ R3 be a surface and c : I → S be a curve parametrized by arclength. We have previously
written

c′′(s) =
#»

kg(s) +
# »

kn(s)

where
#»

kg, the geodesic curvature vector, is tangent to S, and
# »

kn, the normal curvature vector,
is orthogonal to S.

Note that
#»

kg(s) =
#»c ′′ − # »

kn(s) =
dc′

ds
(s)−

(
dc′

ds
(s) · #»n

)
#»n =

Dc′

ds
(s).

Therefore we make the following definition.

Definition 4.24. (Geodesic) A curve on a Riemannian surface is called a geodesic if
its velocity is parallel.

Remark 4.25. The above definition might seem strange, since if c : I → U is a curve
written as c(t) = (u(t), v(t)) then its velocity c′(t) = (u′(t), v′(t)) is a function from I to
R2, which is not really a vector field. In fact, when we say “if its velocity is parallel” we
really mean “if the vector field

u′(t)
∂

∂x
+ v′(t)

∂

∂y

is parallel along the curve”. We will be denoting this vector field by c′.

If c : I ⊂ R → U is a geodesic then

d

dt
(∥c′(t)∥2) = d

dt
⟨c′(t), c′(t)⟩ = 2

〈
Dc′

dt
(t), c′(t)

〉
= 0,

and so c′ has constant length. This implies that the arclength parameter is given by

s(t) =

∫ t

t0

∥c′(u)∥du = (t− t0)∥c′∥,

and so it is an affine function of t (and reciprocally).

Proposition 4.26. Let S ⊂ R3 be a surface. If c : [0, l] → S is a curve with minimal
length connecting the points c(0) and c(l), then c is a geodesic (up to reparametrization).

Proof. Suppose that c is parametrized by arclength. For some ε > 0 let H : [0, l]× [−ε, ε] → S
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be any smooth function such that

H(s, 0) = c(s), H(0, λ) = c(0), H(l, λ) = c(l).

So, for each λ, H(s, λ) is a curve from c(0) to c(l).

Define L(λ) as the length of H(s, λ), i.e.,

L(λ) :=

∫ l

0

∥∥∥∥∂H∂s (s, λ)

∥∥∥∥ ds.
We have

L′(λ) =

∫ l

0

∂

∂λ

[(
∂H

∂s
· ∂H
∂s

)1/2
]
ds =

∫ l

0

1

2
· 2 · ∂H

∂s
· ∂

2H

∂λ∂s

(
∂H

∂s
· ∂H
∂s

)−1/2

ds

=

∫ l

0

∂H

∂t
· ∂

2H

∂λ∂s

∥∥∥∥∂H∂s
∥∥∥∥−1

ds.

Because c is the curve with minimal length we have L′(0) = 0. Furthermore, we know that∥∥∂H
∂s (s, 0)

∥∥ = 1 and so

0 = L′(0) =

∫ l

0

∂H

∂s
· ∂

2H

∂λ∂s
ds =

∫ l

0

[
∂

∂s

(
∂H

∂s
(s, 0) · ∂H

∂λ
(s, 0)

)
− ∂2H

∂s2
(s, 0) · ∂H

∂λ
(s, 0)

]
ds

=

[
∂H

∂s
(s, 0) · ∂H

∂λ
(s, 0)

]s=l

s=0

−
∫ l

0

c′′(s) · ∂H
∂λ

(s, 0)ds.

Since H(0, λ) = c(0) and H(l, λ) = c(l), we have

∂H

∂λ
(0, 0) =

∂H

∂λ
(l, 0) = 0 ⇒

[
∂H

∂s
(s, 0) · ∂H

∂λ
(s, 0)

]s=l

s=0

= 0.

Moreover, for any given s the function H(s, λ) is also a curve in S, and so ∂H
∂λ (s, λ) is tangent

to S at H(s, λ). In particular,
∂H

∂λ
(s, 0) ∈ Tc(s)S,

and so, if
# »

kn(s) is the normal curvature vector of c(s),

c′′(s) · ∂H
∂λ

(s, 0) = (c′′(s)− # »

kn(s)) ·
∂H

∂λ
(s, 0) =

Dc′

ds
(s) · ∂H

∂λ
(s, 0).

Hence, ∫ l

0

Dc′

ds
(s) · ∂H

∂λ
(s, 0)ds = 0.
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Let g : U ⊂ R2 → S be a parametrization of S and let u, v : [0, l] → R be the smooth functions
such that

c(s) = g(u(s), v(s)).

Moreover, let a, b : [0, l] → R be the smooth functions such that

Dc′

dt
(s) = a(s)

∂g

∂u
(u(s), v(s)) + b(s)

∂g

∂v
(u(s), v(s)).

Let φ : [0, l] → R be any smooth function with φ(0) = φ(l) = 0 and φ(s) > 0 for all s ∈]0, l[.
We choose H to be the smooth function given by

H(s, λ) = g
(
u(s) + λa(s)φ(s), v(s) + λb(t)φ(s)

)
.

It is easy to see that this function satisfies the requirements we set for the function H. We have

∂H

∂λ
(s, 0) =

∂g

∂u
(u(s), v(s))a(s)φ(s) +

∂g

∂v
(u(s), v(s))b(s)φ(s) = φ(s)

Dc′

ds
(s),

and therefore

0 =

∫ l

0

Dc′

ds
(s) · ∂H

∂λ
(s, 0)ds =

∫ l

0

φ(s)

∥∥∥∥Dc′ds
(s)

∥∥∥∥2 ds,
which implies, since φ(s) > 0 on (0, l), that

Dc′

ds
(s) = 0 for all s ∈ [0, l],

as desired.

Let us now introduce Gauss’ equations. The vectors ∂g
∂u ,

∂g
∂v ,

#»n , at each point, form a basis for
R3, and so we can make the following definition, where we again make use of the formulas (3).

Definition 4.27. (Gauss’ equations) Let g : U ⊂ R2 → S be a parametrization of a
surface S ⊂ R3. We define the Christoffel symbols Γγ

αβ : U → R, for α, β, γ ∈ {u, v},
as the 8 smooth functions such that

∂2g
∂u2 = Γu

uu
∂g
∂u + Γv

uu
∂g
∂v + L #»n

∂2g
∂u∂v = Γu

uv
∂g
∂u + Γv

uv
∂g
∂v +M #»n

∂2g
∂v∂u = Γu

vu
∂g
∂u + Γv

vu
∂g
∂v +M #»n

∂2g
∂v2 = Γu

vv
∂g
∂u + Γv

vv
∂g
∂v +N #»n

.
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Remark 4.28. It is clear that Γu
uv = Γu

vu and Γv
uv = Γv

vu.

Let c(t) = g(u(t), v(t)) be a curve. We have

c′ = u′
∂g

∂u
+ v′

∂g

∂v
,

and so
c′′ = u′′

∂g

∂u
+ (u′)2

∂2g

∂u2
+ u′v′

∂2g

∂u∂v
+ v′′

∂g

∂v
+ v′u′

∂2g

∂u∂v
+ (v′)2

∂2g

∂v2
.

If we use Gauss’ equations in the expression above and remove the term multiplying by #»n , we
obtain an expression for the covariant derivative of c′:

Dc′

dt
=
(
u′′ + Γu

uu(u
′)2 + 2Γu

uvu
′v′ + Γu

vv(v
′)2
)∂g
∂u

+
(
v′′ + Γv

uu(u
′)2 + 2Γv

uvu
′v′ + Γv

vv(v
′)2
)∂g
∂v
.

This gives us the equations for finding the geodesics of the surface:u′′ + Γu
uu(u

′)2 + 2Γu
uvu

′v′ + Γu
vv(v

′)2 = 0

v′′ + Γv
uu(u

′)2 + 2Γv
uvu

′v′ + Γv
vv(v

′)2 = 0
.

We now want to find a way to compute the Chirstoffel symbols. We have

Γu
uuE + Γv

uuF = Γu
uu

∂g

∂u
· ∂g
∂u

+ Γv
uu

∂g

∂v
· ∂g
∂u

=
(
Γu
uu

∂g

∂u
+ Γv

uu

∂g

∂v

)
· ∂g
∂u

=
∂2g

∂u2
· ∂g
∂u

=
1

2

∂

∂u

(
∂g

∂u
· ∂g
∂u

)
=

1

2

∂E

∂u
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and

Γu
uuF + Γv

uuG = Γu
uu

∂g

∂u
· ∂g
∂v

+ Γv
uu

∂g

∂v
· ∂g
∂v

=

(
Γu
uu

∂g

∂u
+ Γv

uu

∂g

∂v

)
· ∂g
∂v

=
∂2g

∂u2
· ∂g
∂v

=
∂

∂u

(
∂g

∂u
· ∂g
∂v

)
− ∂g

∂u
· ∂2g

∂u∂v

=
∂F

∂u
− 1

2

∂

∂v

(
∂g

∂u
· ∂g
∂u

)
=
∂F

∂u
− 1

2

∂E

∂v
.

This gives us [
E F

F G

][
Γu
uu

Γv
uu

]
=

[
1
2
∂E
∂u

∂F
∂u − 1

2
∂E
∂v

]
.

By similar computations, we get

[
Γu
uu Γu

uv Γu
vv

Γv
uu Γv

uv Γv
vv

]
=

[
E F

F G

]−1 [
1
2
∂E
∂u

1
2
∂E
∂v

∂F
∂v − 1

2
∂G
∂u

∂F
∂u − 1

2
∂E
∂v

1
2
∂G
∂u

1
2
∂G
∂v

]
.

Remark 4.29. The Christoffel symbols only depend on the first fundamental form, which
implies that we can define them for general Riemannian surfaces as well. In fact, it can be
shown that the above results for the geodesics of a surface are also true for Riemannian
surfaces.
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5 Gauss-Bonnet Theorem
To define integrals on manifolds we have to assume some ordering of the variables of positive pa-
rameterizations. This ordering corresponds to positive coordinate systems for our manifold.
For a general a Riemannian surface (U, I) we assume that the usual coordinate system (u, v) is
positive. In this case, we call the Riemannian surface oriented if we only accept coordinate
systems whose Jacobian with respect to (u, v) is positive. For example, the coordinate system
(v, u) would not be accepted in an oriented Riemannian surface.

Definition 5.1. Let (U, I) be a oriented Riemannian surface. We say that { #»e1,
#»e2} is a

positive orthonormal frame if

du ∧ dv( #»e1,
#»e2) > 0

for a positive coordinate system (u, v).

Proposition 5.2. Let (U, I) be a Riemannian surface and let θ1, θ2 be such that

I = (θ1)2 + (θ2)2.

Furthermore, write θ1 = a11du+ a12dv

θ2 = a21du+ a22dv

for a positive coordinate system (u, v). The following are equivalent:
(1) The dual frame to {θ1, θ2} is positive;
(2) det

[
a1
1 a1

2

a2
1 a2

2

]
> 0;

(3) For any 2-manifold A ⊂ U with compact closure we have∫
A

θ1 ∧ θ2 > 0.

Proof. (1) ⇔ (2). Write  #»e1 = b11
∂
∂u + b21

∂
∂v

#»e2 = b12
∂
∂u + b22

∂
∂v

.

We have

du ∧ dv( #»e1,
#»e2) = det

[
b11 b12

b21 b22

]
,
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and since

det

[
a11 a12

a21 a22

]
= det

[
b11 b12

b21 b22

]−1

,

we have

du ∧ dv( #»e1,
#»e2) > 0 ⇔ det

[
a11 a12

a21 a22

]
> 0.

(2) ⇔ (3). We have

∫
A

θ1 ∧ θ2 =

∫
A

∫
(a11a

2
2 − a21a

1
2)du ∧ dv =

∫
A

det

[
a11 a12

a21 a22

]
du ∧ dv.

Since 2-manifolds of U are just open sets of U , it is clear that

∫
A

θ1 ∧ θ2 > 0 for all A ⊂ U ⇔ det

[
a11 a12

a21 a22

]
> 0.

Hence, it also makes sense to define a positive pair {θ1, θ2}. It is clear that if {θ1, θ2} is positive
then {θ2, θ1} is negative.

The Gauss Bonnet theorem states that, for domains A ⊂ U ,∫
A

Kθ1 ∧ θ2 +
∫
∂A

kg(s)ds = 2π.

To understand this theorem, we first need to say what a domain is and what the function kg is.
We first introduce the function kg; in order to to that, we need the notion of a unit normal to
a curve on an oriented Riemannian surface.

Definition 5.3. Let (U, I) be an oriented Riemannian surface with a positive coordinate
system (u, v) and let { #»e1,

#»e2} be a positive orthonormal frame. For a curve c : I → U ,
parameterized by arclength and written as c(s) = (u(s), v(s)), we define its unit normal
#»n , with respect to { #»e1,

#»e2}, as

#»n(s) := −v′(s) #»e1 + u′(s) #»e2.

In other words, the unit normal #»n is the unique unit vector such that {c′(s), #»n(s)} is a positive
orthonormal frame.
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Definition 5.4. (Geodesic curvature) Let (U, I) be an oriented Riemannian surface with
a positive coordinate system (u, v) and let { #»e1,

#»e2} be a positive orthonormal frame. For
a curve c : I → U , let #»n be its unit normal with respect to { #»e1,

#»e2}. We define the
(scalar) geodesic curvature kg : I → R as the function given by

kg(s) =

〈
Dc′

ds
(s), #»n(s)

〉
.

Definition 5.5. (Domains) A domain on R2 is a compact 2-dimensional manifold with
boundary, that is, a compact set A ⊂ R2 whose boundary ∂A is a 1-dimensional manifold.
Informally, a domain with corners is a generalization where we allow ∂A to have a finite
number of vertices (that is, it can be parameterized by a sectionally smooth regular
curve).

Theorem 5.6. (Gauss-Bonnet for domains) Let A is a simply connected domain on an
oriented Riemannian surface with metric ds2 = (θ1)2 + (θ2)2, with {θ1, θ2} dual to a
positive orthonormal frame. If kg is the geodesic curvature on the boundary of ∂A and
K is the Gauss curvature of the surface, then∫

A

Kθ1 ∧ θ2 +
∫
∂A

kg(s)ds = 2π

where ∂A has the induced orientation.

Proof. Let { #»e1,
#»e2} be the dual frame to {θ1, θ2}.

We have, by the Stokes Theorem,∫
A

Kθ1 ∧ θ2 =

∫
A

dω1
2 =

∫
∂A

ω1
2 .

Let c : [s0, s1] → ∂A be a parameterization with arclength of ∂A, written as c(s) = (u(s), v(s)).
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Moreover, let #»n(s) be the unit normal with respect to { #»e1,
#»e2}. We have

kg(s) =

〈
Dc′

ds
(s), #»n(s)

〉
=
(
u′′ + v′ω1

2(u
′, v′)

)
(−v′) +

(
v′′ − u′ω1

2(u
′, v′)

)
u′

= −u′′v′ + v′′u′ − ((v′)2 + (u′)2)ω1
2(u

′, v′)

= −u′′v′ + v′′u′ − ω1
2(u

′, v′).

Therefore,∫
∂A

ω1
2 =

∫ s1

s0

ω1
2(u

′, v′)ds = −
∫ s1

s0

kg(s)ds+

∫ s1

s0

(−u′′(s)v′(s) + v′′(s)u′(s))ds.

Since u′(s)2 + v′(s)2 = 1, there exists a smooth function φ : [s0, s1] → [0, 2π] such that

u′(s) = cos(φ(s)) and v′(s) = sin(φ(s)).

We have

−u′′(s)v′(s) + v′′(s)u′(s) = sin2(φ(s))φ′(s) + cos2(φ(s))φ′(s) = φ′(s),

and thus, using the fact that ∂A is homotopic to a circle (and the invariance of the rotation
index under homotopy by regular curves),∫

A

Kθ1 ∧ θ2 +
∫
∂A

kg(s)ds =

∫
∂A

ω1
2 +

∫
∂A

kg(s)ds =

∫ s1

s0

φ′(s)ds = φ(s1)− φ(s0) = 2π,

as required.

Remark 5.7. Recall that θ1 ∧ θ2 does not depend on the choice of positive orthonor-
mal frame (as would be expected from the statement of the Gauss-Bonnet Theorem for
domains). In fact, we saw that a possible choice is

θ1 =
√
E du+

F√
E
dv, θ2 =

√
EG− F 2

E
dv,

so that
θ1 ∧ θ2 =

√
EG− F 2 du ∧ dv.

Hence,
∫
A
Kθ1 ∧ θ2 can be interpreted as the surface integral of the Gauss curvature.
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A stronger version of the Gauss-Bonnet Theorem is available for domains with corners.

Theorem 5.8. (Gauss-Bonnet for domains with corners) Let A is a simply connected
domain with n ≥ 0 corners on an oriented Riemannian surface with metric ds2 =

(θ1)2 + (θ2)2, with {θ1, θ2} dual to a positive orthonormal frame. If kg is the geodesic
curvature on the boundary of ∂A and K is the Gauss curvature of the surface, then

∫
A

Kθ1 ∧ θ2 +
∫
∂A

kg(s)ds+

n∑
i=1

εi = 2π

where ∂A has the induced orientation and ε1, . . . , εn are the angles by which the velocity
vector rotates at each corner.

Proof. Assume that the i-th corner corresponds to the value s = si of the arclength parameter
along ∂A. If we approximate ∂A by a smooth curve Cδ obtained by “rounding the corners” in
small intervals of the form (si − δ, si + δ), then we see that along this curve Cδ∫ si+δ

si−δ

kg(s)ds =

∫ si+δ

si−δ

φ′(s)ds−
∫ si+δ

si−δ

ω1
2(c

′(s))ds

= φ(si + δ)− φ(si − δ)−
∫ si+δ

siδ

ω1
2(c

′(s))ds

→ εi + 0

as δ → 0. Consequently,

lim
δ→0

∫
Cδ

kg(s)ds =

∫
∂A

kg(s)ds+

n∑
i=1

εi.

Applying the Gauss-Bonnet for domains to the domain Dδ with boundary ∂Dδ = Cδ, and then
taking the limit as δ → 0, yields the result.
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5.1 Euler characteristic

Definition 5.9. (Triangulation) A triangle on a compact 2-manifold (surface) S ⊂ Rn

is the image of an Euclidean triangle by a parameterization g : U ⊂ R2 → S. A
triangulation of S is a decomposition of S into a finite number of triangles such that the
intersection of any two triangles is precisely a common edge, a common vertex or empty.

The following theorem will not be proved.

Theorem 5.10. Let S ⊂ Rn be a compact surface and consider some triangulation of
S with V vertices, E edges and F triangles. The number V − E + F does not depend
on the choice of the triangulation.

Hence, we make the following definition.

Definition 5.11. (Euler characteristic) Let S ⊂ Rn be a compact surface. The Euler
characteristic of S is the integer χ(S) = V − E + F , where V , E and F are the total
numbers of vertices, edges and triangles on any triangulation, respectively.

For embedded compact surfaces S ⊂ Rn we can prove a new version of the Gauss-Bonnet
theorem.

Theorem 5.12. (Gauss-Bonnet for compact surfaces) If S ⊂ Rn is a compact surface
and K is its Gauss curvature then ∫

S

K = 2πχ(S).

Proof.

The following propositions will also be left without a proof.

Proposition 5.13. The Euler characteristic is invariant under homeomorphisms.
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Proposition 5.14. We consider compact surfaces up to homeomorphism. The con-
nected sum S1#S2 of two surfaces S1 and S2 is the surface obtained by removing a
small disk on both surfaces and gluing them along the disk’s boundary. We have

χ(S1#S2) = χ(S1) + χ(S2)− 2.

Proposition 5.15. Any orientable surface is homeomorphic to either the sphere S2 or
a connected sum of g ∈ N tori T 2, and its Euler characteristic is 2− 2g (with g = 0 for
the sphere). The integer g is known as the genus of the surface.
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6 Minimal surfaces
Recall that a surface is said to be minimal if H ≡ 0. We will start by deducing the conditions
for the graph of a function f : U ⊂ R2 → R to be a minimal surface.

Let f : U ⊂ R2 → R be a smooth function and consider the function g : U → R3 given by

g(x, y) = (x, y, f(x, y)).

It is clear that g is a parametrization of the surface S := g(U) ⊂ R3. We have

∂g

∂x
=

(
1, 0,

∂f

∂x

)
and

∂g

∂y
=

(
0, 1,

∂f

∂y

)
and so [

E F

F G

]
=

1 +
(

∂f
∂x

)2
∂f
∂x

∂f
∂y

∂f
∂x

∂f
∂y 1 +

(
∂f
∂y

)2
 .

Moreover,
∂g

∂x
× ∂g

∂y
=

(
−∂f
∂x
,−∂f

∂y
, 1

)
and so if we define

W :=

√
1 +

(
∂f

∂x

)2

+

(
∂f

∂y

)2

then the unit normal #»n is given by

#»n =
1

W

(
−∂f
∂x
,−∂f

∂y
, 1

)
.

Hence, we have [
L M

M N

]
=

[
∂2g
∂x2 · #»n ∂2g

∂x∂y · #»n
∂2g
∂y∂x · #»n ∂2g

∂y2 · #»n

]
=

[
1
W

∂2f
∂x2

1
W

∂2f
∂x∂y

1
W

∂2f
∂y∂x

1
W

∂2f
∂y2

]
.

The condition for S to be minimal is EN − 2FM +GL = 0, which is equivalent to

0 =

(
1 +

(
∂f

∂x

)2
)
∂2f

∂y2
− 2

∂f

∂x

∂f

∂y

∂2f

∂x∂y
+

(
1 +

(
∂f

∂y

)2
)
∂2f

∂x2
.

Now note that
∂

∂x

(
1

W

)
= − 1

W 3

(
∂f

∂x

∂2f

∂x2
+
∂f

∂y

∂2f

∂x∂y

)
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and so

∂

∂x

(
1

W

∂f

∂x

)
=

1

W

∂2f

∂x2
− 1

W 3

((
∂f

∂x

)2
∂2f

∂x2
+
∂f

∂x

∂f

∂y

∂2f

∂x∂y

)

=
1

W 3

[(
1 +

(
∂f

∂x

)2

+

(
∂f

∂y

)2
)
∂2f

∂x2
−
(
∂f

∂x

)2
∂2f

∂x2
− ∂f

∂x

∂f

∂y

∂2f

∂x∂y

]

=
1

W 3

[(
1 +

(
∂f

∂y

)2
)
∂2f

∂x2
− ∂f

∂x

∂f

∂y

∂2f

∂x∂y

]
.

Similarly,
∂

∂y

(
1

W

∂f

∂x

)
=

1

W 3

[(
1 +

(
∂f

∂x

)2
)
∂2f

∂y2
− ∂f

∂x

∂f

∂y

∂2f

∂x∂y

]
and so we see that

EN − 2FM +GL = 0 ⇔ ∂

∂x

(
1

W

∂f

∂x

)
+

∂

∂y

(
1

W

∂f

∂x

)
= 0.

This expression will be very useful in the proofs of some theorems coming ahead in this section.

We now introduce the concept of isothermal coordinates.

Definition 6.1. (Isothermal coordinates) A coordinate system (u, v) for a Riemannian
surface (U, ds2) is called isothermal if the metric is given by

ds2 = E(du2 + dv2)

for some function E : U → R.

[conforme]

Theorem 6.2. If S ⊂ R3 is a minimal surface then there exists a isothermal coordinate
system around any point in S.

Proof. Let p be any point in S. Since S is a surface we know, by definition, that there exists an
open neighborhood of p and a function f : U ⊂ R2 → R such that

S ∩ V = Graph(f) ∩ V.
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Let

W :=

√
1 +

(
∂f

∂x

)2

+

(
∂f

∂y

)2

and define the forms α, β ∈ Ω1(U) given by

α =
1

W

(
1 +

(
∂f

∂x

)2
)
dx+

1

W

∂f

∂x

∂f

∂y
dy

β =
1

W

∂f

∂x

∂f

∂y
dx+

1

W

(
1 +

(
∂f

∂y

)2
)
dy.

We will prove that dα = 0. We have

∂

∂y

[
1

W

(
1 +

(
∂f

∂x

)2
)]

− ∂

∂x

[
1

W

∂f

∂x

∂f

∂y

]

=
∂

∂y

(
1

W

(
W 2 −

(
∂f

∂y

)2
))

− ∂

∂x

(
1

W

∂f

∂x

)
∂f

∂y
− 1

W

∂f

∂x

∂2f

∂x∂y

=
∂W

∂y
− 1

W

∂f

∂y

∂2f

∂y2
− ∂

∂y

(
1

W

∂f

∂y

)
∂f

∂y
− ∂

∂x

(
1

W

∂f

∂x

)
∂f

∂y
− 1

W

∂f

∂x

∂2f

∂x∂y

which, using the equation we got for a minimal surface, simplifies to

− 1

W

∂f

∂x

∂2f

∂x∂y
− 1

W

∂f

∂x

∂2f

∂x∂y
+
∂W

∂y
.

Moreover, we have
∂W

∂y
=

1

W

(
∂f

∂x

∂2f

∂y∂x
+
∂f

∂y

∂2f

∂y2

)
and so we obtain

∂

∂y

[
1

W

(
1 +

(
∂f

∂x

)2
)]

− ∂

∂x

[
1

W

∂f

∂x

∂f

∂y

]
= 0.

Thus,

dα =
∂

∂y

[
1

W

(
1 +

(
∂f

∂x

)2
)]

dy ∧ dx+
∂

∂x

[
1

W

∂f

∂x

∂f

∂y

]
dx ∧ dy = 0.

Similarly, dβ = 0.

Assume U is star-shaped; if it was not, we could just consider some smaller neighborhood U ′ ⊂ U

of p that is star-shaped.

By Poincaré’s lemma (2.38) we know that there are 0-forms φ,ψ ∈ Ω0(U), i.e., smooth functions
φ,ψ : U → R, such that α = dφ and β = dψ.
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Define
u = x+ φ(x, y) and v = y + ψ(x, y).

We will prove that (u, v) is a isothermal coordinate system around p.

We have

∂u

∂x
dx+

∂v

∂y
dy = du = dx+ dφ = dx+ α

=

(
1 +

1

W

(
1 +

(
∂f

∂x

)2
))

dx+
1

W

∂f

∂x

∂f

∂y
dy

and similarly

∂v

∂x
dx+

∂v

∂y
dy =

1

W

∂f

∂x

∂f

∂y
dx+

(
1 +

1

W

(
1 +

(
∂f

∂y

)2
))

dy

and therefore

[
∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

]
=

1 +
1
W

(
1 +

(
∂f
∂x

)2)
1
W

∂f
∂x

∂f
∂y

1
W

∂f
∂x

∂f
∂y 1 + 1

W

(
1 +

(
∂f
∂y

)2)
 .

Let J denote the determinant of the matrix in the right-hand-side above. We have

J = 1 +
1

W

(
1 +

(
∂f

∂x

)2

+

(
∂f

∂y

)2
)

+
1

W 2

(
1 +

(
∂f

∂x

)2

+

(
∂f

∂y

)2

+

(
∂f

∂x

)2(
∂f

∂y

)2
)

− 1

W 2

(
∂f

∂x

)2(
∂f

∂y

)2

which simplifies to

J = 1 +
1

W
(1 +W 2) +

1

W 2
(W 2) =

1

W
+ 2 +W =

(
1√
W

+
√
W

)2

> 0.

The fact that this matrix has nonzero determinant implies that (u, v) is a coordinate system
around p.
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Furthermore, the Inverse Function Theorem gives us

[
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

]
=

[
∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

]−1

=
1

J

1 +
1
W

(
1 +

(
∂f
∂y

)2)
− 1

W
∂f
∂x

∂f
∂y

− 1
W

∂f
∂x

∂f
∂y 1 + 1

W

(
1 +

(
∂f
∂x

)2)


=
1

JW

1 +W +
(

∂f
∂y

)2
−∂f

∂x
∂f
∂y

−∂f
∂x

∂f
∂y 1 +W +

(
∂f
∂x

)2


︸ ︷︷ ︸
=:A

and so [
dx

dy

]
=

[
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

][
du

dv

]
=

1

JW
A

[
du

dv

]
.

The metric

ds2 =
[
dx dy

]1 +
(

∂f
∂x

)2
∂f
∂x

∂f
∂y

∂f
∂x

∂f
∂y 1 +

(
∂f
∂y

)2
[dx

dy

]

then becomes (noting that AT = A)

ds2 =
[
du dv

] 1

JW
AT

1 +
(

∂f
∂x

)2
∂f
∂x

∂f
∂y

∂f
∂x

∂f
∂y 1 +

(
∂f
∂y

)2
 1

JW
A

[
du

dv

]

=
[
du dv

] 1

J2W 2
A

1 +
(

∂f
∂x

)2
∂f
∂x

∂f
∂y

∂f
∂x

∂f
∂y 1 +

(
∂f
∂y

)2
A[du

dv

]
.

We have

A

1 +
(

∂f
∂x

)2
∂f
∂x

∂f
∂y

∂f
∂x

∂f
∂y 1 +

(
∂f
∂y

)2
 =

W +W 2 +W
(

∂f
∂x

)2
W ∂f

∂x
∂f
∂y

W ∂f
∂x

∂f
∂y W +W 2 +W

(
∂f
∂y

)2


=W

1 +W +
(

∂f
∂x

)2
∂f
∂x

∂f
∂y

∂f
∂x

∂f
∂y 1 +W +

(
∂f
∂y

)2


=W det(A)A−1

and so

ds2 =
[
du dv

] 1

J2W 2
W det(A)

[
1 0

0 1

][
du

dv

]
.
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By the definition of A, we know that

det

(
1

JW
A

)
=

1

J
⇒ det(A) = JW 2

and hence we have

ds2 =
W

J
(du2 + dv2) =

(
W

W + 1

)2

(du2 + dv2)

as required.

Proposition 6.3. Let g : U ⊂ R2 → S be a parametrization of a surface S ⊂ R3 using
isothermal coordinates. If H is the mean curvature of the surface and #»n is the unit
normal with respect to g then

∂2g

∂u
+
∂2g

∂v
= ∆g = 2EH #»n.

Proof. We have

H =
EN − 2FM +GL

2(EG− F 2)
=
E(N + L)

2E2
=
L+N

2E
⇒ L+N = 2EH

and
∆g =

∂2g

∂u
· #»n +

∂2g

∂v
· #»n = L+N

and therefore
∆g = (L+N) #»n = 2EH #»n

as desired.

In particular, the surface S is minimal if and only if

∆g = 0.

If we write g(u, v) = (x(u, v), y(u, v), z(u, v)) then this is equivalent to

∆x = ∆y = ∆z = 0

which is the same as saying that the functions x, y, z are harmonic.

This allows us to prove the following theorem.
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Theorem 6.4. There are no compact minimal surfaces with no boundary.

FALTA.

[REMARK]

Proposition 6.5. Let g : U ⊂ R2 → S be a parametrization of a surface S ⊂ R3 using
isothermal coordinates. Then

∂g

∂u
·∆g =

∂g

∂v
·∆g = 0.

Proof. We have

∂g

∂u
· ∂g
∂v

= F = 0 and
∂g

∂u
· ∂g
∂u

= E = G =
∂g

∂v
· ∂g
∂v
.

and therefore

∂

∂u

(
∂g

∂u
· ∂g
∂u

)
=

∂

∂u

(
∂g

∂v
· ∂g
∂v

)
⇒ ∂g

∂u
· ∂

2g

∂u2
=
∂g

∂v
· ∂2g

∂u∂v
.

On the other hand,
∂g

∂v
· ∂2g

∂u∂v
=

∂

∂v

(
∂g

∂v
· ∂g
∂u

)
︸ ︷︷ ︸

=0

−∂g
∂u

· ∂
2g

∂v2

and thus
∂g

∂u
· ∂

2g

∂u2
= −∂g

∂u
· ∂

2g

∂v2
⇒ ∂g

∂u
·∆g = 0.

In a similar way we obtain ∂g
∂v ·∆g = 0.
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6.1 Complex analysis

We will now use tools of complex analysis to help us further study minimal surfaces.

Throughout this section we will often use the same letter for a set V ⊂ R2 and the corresponding
set

{u+ iv : (u, v) ∈ V } ⊂ C.

We may also write equalities between functions with domain R2 and functions with domain C.
In all these instances it should be clear what we are doing.

Let S ⊂ R3 be a surface and let g : U ⊂ R2 → S be a parametrization of S written as

g(u, v) = (x(u, v), y(u, v), z(u, v)).

and define the functions φ1, φ2, φ3 : U∗ → C given by

φ1(u+ iv) =
∂x

∂u
(u, v)− i

∂x

∂v
(u, v)

φ2(u+ iv) =
∂y

∂u
(u, v)− i

∂y

∂v
(u, v)

φ3(u+ iv) =
∂z

∂u
(u, v)− i

∂z

∂v
(u, v).

These functions will help us study the surface S.

Proposition 6.6.
i) The functions φ1, φ2, φ3 are holomorphic if and only if x, y, z are harmonic.
ii) The coordinate system (u, v) is isothermal if and only if φ2

1 + φ2
2 + φ2

3 = 0.

Proof. i) The function φ1 is holomorphic if and only if
∂2x
∂u2 = −∂2x

∂v2

∂2x
∂x∂y = ∂2x

∂y∂x

⇔ ∆x = 0.

Similarly, φ2 is holomorphic if and only if ∆y = 0 and φ3 is holomorphic if and only if ∆z = 0.
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ii) We have

φ2
1 =

(
∂x

∂u

)2

−
(
∂x

∂v

)2

− 2i
∂x

∂u

∂x

∂v

φ2
2 =

(
∂y

∂u

)2

−
(
∂y

∂v

)2

− 2i
∂y

∂u

∂y

∂v

φ2
3 =

(
∂z

∂u

)2

−
(
∂z

∂v

)2

− 2i
∂z

∂u

∂z

∂v

and so it is clear that

E −G =

(
∂x

∂u

)2

+

(
∂y

∂u

)2

+

(
∂z

∂u

)2

−

((
∂x

∂v

)2

+

(
∂y

∂v

)2

+

(
∂z

∂v

)2
)

= Re(φ2
1 + φ2

2 + φ2
3)

and
−2F = −2

(
∂x

∂u

∂x

∂v
+
∂y

∂u

∂y

∂v
+
∂z

∂u

∂z

∂v

)
= Im(φ2

1 + φ2
2 + φ2

3).

Hence,
φ2
1 + φ2

2 + φ2
3 = 0 ⇔ E = G ∧ F = 0.

Note that, if w = u+ iv, then

dwdw = d(u+ iv)d(u− iv) = du2 + dv2

and so, when we write the first fundamental form in terms of complex functions, we use dwdw
instead of du2 + dv2.
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Theorem 6.7. If the function g parametrizes a minimal surface by isothermal coordi-
nates then

• φ1, φ2, φ3 are holomorphic;
• φ2

1 + φ2
2 + φ2

3 = 0;
• the first fundamental form is given by

I =
1

2
(|φ1|2 + |φ2|2 + |φ3|2)dwdw.

Conversely, if there exists a sufficiently small open set U∗ ⊂ C such that the functions
φ1, φ2, φ3 : U∗ → C

• are holomorphic;
• satisfy φ2

1 + φ2
2 + φ2

3 = 0;
• satisfy |φ1|2 + |φ2|2 + |φ3|2 > 0

then there exists a parametrization g : U → S of a minimal surface S such that

(φ1, φ2, φ3) =
∂g

∂u
− i

∂g

∂v
.

Proof. (⇒) This is just Proposition 9.6..

(⇐) [FALTA]

These results allow us to prove the Weierstrass-Enneper Theorem.

Theorem 6.8. Given any simply connected minimal surface, there exists a simply
connected U ⊂ C, a holomorphic function f : U → C and a meromorphic function
g : U → C such that the function #»g : U → R3 given by

#»g (w) =

(
Re

∫
1

2
f(1− g2)dw,Re

∫
1

2
f(1 + g2)dw,Re

∫
fg dw

)
is a parametrization of S. Moreover, the metric is given by

I =
1

4
|f |2(1 + |g|2)2dwdw.

Proof.

If we have a surface given by the parametrization

#»g (w) =

(
Re

∫
1

2
f(1− g2)dw,Re

∫
1

2
f(1 + g2)dw,Re

∫
fg dw

)
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and we define, for each θ ∈ R, the new function fθ given by

fθ(w) := eiθf(w)

then we obtain a family of associated minimal surfaces given by the parametrizations

#»g θ(w) :=

(
Re

∫
1

2
fθ(1− g2)dw,Re

∫
1

2
fθ(1 + g2)dw,Re

∫
fθg dw

)
.

These surfaces are all isometric, i.e., have the same metric:

Iθ =
1

4
|fθ|2(1 + |g|2)2dwdw =

1

4
|f |2(1 + |g|2)2dwdw = I.
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6.2 Ricci’s Theorem

Let #»g : U → S be a parametrization of a minimal surface S ⊂ R3 and define the functions
φ1, φ2, φ3 : U∗ → C given by

φ1(u+ iv) =
∂x

∂u
(u, v)− i

∂x

∂v
(u, v)

φ2(u+ iv) =
∂y

∂u
(u, v)− i

∂y

∂v
(u, v)

φ3(u+ iv) =
∂z

∂u
(u, v)− i

∂z

∂v
(u, v).

Recall that if we let f, g be the functions

f := φ1 − iφ− 2 and g :=
φ3

φ1 − iφ2

then we have
φ1 =

1

2
f(1− g2), φ2 =

i

2
f(1 + g2), φ3 = fg.

Let us compute the normal
#»n =

∂g
∂u × ∂g

∂v∥∥∥ ∂g
∂u × ∂g

∂v

∥∥∥
in terms of f and g. First, we have

∂g

∂u
=

1

2
(φ1 + φ1, φ2 + φ2, φ3 + φ3)

∂g

∂v
=
i

2
(φ1 − φ1, φ2 − φ2, φ3 − φ3)

and so

∂g

∂u
× ∂g

∂v
=
i

4
(−2φ2φ3 + 2φ2φ3,−2φ3φ1 + 2φ3φ1,−2φ1φ2 + 2φ1φ2)

= Im(φ2φ3, φ3φ1, φ1φ2)

= Im

(
i

2
f(1 + g2)fg,

1

2
fgf(1− g2),− i

4
f(1− g2)f(1 + g2)

)
=

1

4
|f |2 Im

(
2i(1 + g2)g, 2(1− g2)g,−i(1− g2)(1 + g2)

)
.
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We have

Im
(
2i(1 + g2)g

)
= 2Re

(
(1 + g2)g

)
= (1 + g2)g + (1 + g2)g

= (g + g)(1 + |g|2)

= (1 + |g|2)Re g.

Doing similar computations for the other terms yields

∂g

∂u
× ∂g

∂v
=

1

4
|f |2(1 + |g|2)

(
2Re g, 2 Im g, |g|2 − 1

)
.

Therefore, ∥∥∥∥∂g∂u × ∂g

∂v

∥∥∥∥2 =
1

16
|f |4(1 + |g|2)2

(
4|g|2 + (|g|2 − 1)2

)
=

1

16
|f |4(1 + |g|2)4

which gives us ∥∥∥∥∂g∂u × ∂g

∂v

∥∥∥∥ =
1

4
|f |2(1 + |g|2)2

and therefore
#»n =

(
2Re g

|g|2 + 1
,
2 Im g

|g|2 + 1
,
|g|2 − 1

|g|2 + 1

)
.

[FALTA]

Theorem 6.9. (Ricci) Let (U, ds2) be a simply connected Riemannian surface with
negative Gauss curvature K. Then there exists a parametrization #»g : U → R3 of a
minimal surface such that ds2 = d #»g · d #»g if and only if the Gauss curvature of (U, ds̃2)
with ds̃2 :=

√
−Kds2 is zero.

Proof. (⇒)
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