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Exame de 2.ª época, 13 de julho de 2023, 08h30-10h30 (+ 30 min. tolerância)
Exame com consulta parcial

1. (a) Find the solution (in explicit form) to the three dimensional Cauchy problem

ux + xuy − uz = u, u(x, y, 1) = x + y.

(b) Consider the problem

(2− u)ux + ut = 0, u(x, 0) =

{
4 if x < 0
1
2 if x > 0.

Find a ∈ R such that u(x, t) =

{
4 if x < at
1
2 if x > at

is a weak solution.

2. Take N > 3, and let Φ(x) =
1

|∂B1|(N − 2)|x|N−2
be the fundamental solution of the Laplace

equation. Let Ω be a regular domain, in which a Green function exists. Recall that G(x, y) =
Φ(x− y)− ϕ(x, y) where, for each x ∈ Ω, ϕ(x, ·) ∈ C2(Ω) is the solution of

∆yϕ(x, y) = 0 for y ∈ Ω, ϕ(x, y) = Φ(x− y) for y ∈ ∂Ω.

Show that 0 < G(x, y) < Φ(x− y) for every x 6= y.

(You may ask a hint to the professor regarding the proof of the positivity of G. In that case, the maximum score

of this exercise is 3.)

3. (a) Prove that the space H2(Ω) is a Hilbert space, when endowed with the inner product:

〈u, v〉 :=

∫
Ω

∆u∆v +∇u · ∇v + uv.

(You can already assume it is an inner product, so you just need to check that every Cauchy sequence

converges. You will need the following result, which you may assume: {u ∈ H1(Ω) : ∆u ∈ L2(Ω)} = H2(Ω).)

(b) Prove that, for u, v ∈ H2
0 (Ω),∫

Ω
∆u(x)∆v(x)dx =

N∑
i,j=1

∫
Ω
uxixj (x)vxixj (x)dx.

Use this identity and Poincaré’s inequality to show that u 7→ ‖∆u‖L2 is a norm in H2
0 (Ω),

equivalent to the standard one.

4. Let Ω be an open bounded set of class C1 and f ∈ L2(Ω). Recalling that ∆2u := ∆(∆u) is
the biharmonic operator, consider the following elliptic boundary value problem with a Paneitz–
Branson type operator :

∆2u−∆u + u = f in Ω, ∂νu = ∂ν∆u = 0 on ∂Ω, (1)

(a) Write down the weak formulation of (1), providing a short motivation for it.
(Hint: You may ask the professor to which space the weak solution belongs; in such case, the maximum

score of this exercise is 3.5.)

(b) Prove the existence and uniqueness of weak solution u.
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