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Exame de 2.2 época, 6 de julho de 2021, 08h00-11h00
Exame com consulta parcial

1. Solve the problem
Uy + 3utuy, = 1, u(z,0) =1,
determining the largest domain where you can guarantee existence and uniqueness of solution.

2. Let u be a harmonic function.
(a) Assume there exists C' > 0 such that |u(x)| < Clz|* for every z € RY. Show that, if
0 < a < 1, then w is constant.

(b) Give a counter-example of the previous statement for o = 1.

3. Let Q € RY be a bounded open set of class C!, and a € L°°(£2). Consider the parabolic problem:

9u — Au=a(z)u in Qx (0,+00)

u=0 on 9 x (0, +00) (1)
u(z,0) = up(x) on €.

(a) Show, using energy methods, that (1) has at most one solution u € C*1(Q x [0, +o0]).

(b) Let © = B;1(0) and assume that the functions a,up are even symmetric. Show that, if

u € C*H(Q x [0, +00]) is a solution of (1), then x — u(x,t) is even symmetric for each ¢ > 0
fixed.

4. Let Q be a bounded domain of class C! and take u € W1P(Q) for some p € [1,+00).
(a) Let f € C1(R) be such that f’ € L°(R). Prove that:

i. There exists ¢, ca > 0 such that |f(t)| < ¢1+co|t| for every t € R, and so f(u) € LP().
ii. In the sense of distributions,

9 () = P2 for every i = 1,.... N

iii. Conclude that fou € W1P(Q).
(b) Show that |u| € W1P(Q), with

ol g—;(aj) if u(x) > 0,
D (x) = —5’;‘1 () if u(z) <0,
’ 0 otherwise.

(Hint: Consider f.(t) = Vt? + &2 — ¢ for € > 0, apply item (a) to f-(u) and then pass to
the limit as ¢ — 0).

(c) If u € Wy P(€2) N C(Q), prove that |u| € W,*(Q) N C(Q).



5. Let © c RY be a bounded domain of class C'. Consider I'p,I'y, relatively open and regular
subsets of 09, satisfying I'p,I'y # () and 9Q = Ty UTp. Given f € L?(Q) and g € L*(T'y),
consider the problem with mixed boundary conditions:

—Au=f inQ
u=0 onI'p (2)
%:g on I'y.

Define
H&,FD(Q) ={uec HY(Q): Tu=0inTp},

where T is the trace operator. Assume the following result:
3C >0: HUHLQ(Q) < C||VUHL2(Q) Yu € H&,FD(Q)'

(a) Introduce the concept of weak solution for (2), motivating it in the best way you can.
(b) Show existence and uniqueness of weak solution of problem (2).

(c) Given f,g as above, denote by u¢, the weak solution of (2). Show that the map
L2(Q) x L*(Tn) — HY(Q);  (f,9) = upy

1S continuous.
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