Equacoes Diferenciais Parciais
IST 2022/2023

Exame de 1.2 época, 29 de junho de 2023, 08h00-10h00 (430min. de tolerancia)
Exame com consulta parcial

1. Let h € CY(R), ¢, A € R. Determine (in explicit form) the unique solution of the problem:

CTYUz + Uy = AU in R?,
u(z,0) = h(x).

Plot the projected characteristics in the case ¢ > 0.

2. Given ¢ > 0, g € C*(R) and h € C*(R), consider the problem

{vtt +20; + v — vz =0, (z,t) € R% ()

v(z,0) = g(x), v(z,0) = h(x), zeR.

(a) Find a positive and smooth function w(t) so that u(z,t) = w(t)v(z,t) solves the wave
equation with certain initial conditions if, and only if, v(z,t) solves (1).

(b) Use the previous transformation to show that (1) has a unique solution v(x,t), presenting
its formula.

(c) Assume that, for each t > 0, x — v(z,t) has compact support. Show that the energy

E(t) = /R (vf(m,t) + v?(z,t) + C2U§(az,t)) dx

is nonincreasing.



In the next two exercises, we will deal with the space of H'-functions with zero mean:
Vi={uc HY(Q): / u =0}, which is a closed subset of H(€).
Q

We also assume that we are working with a regular bounded domain €2, and that the following result
holds:
the embedding H(Q) < L%*(Q) is compact. (2)

This means that, for every sequence (u,,) bounded in H({2), there exists a subsequence (uy, ) of (u)
and u € L*(Q) such that u,, — u in L?(1).

3. (a) Take (u,) C V and u € L?(f2) such that
u, — u in L*(Q), [Vun| £2(0) — 0.

Show that Vu = 0 a.e. in (2 and conclude that v = 0.
[Suggestion: use the definition of derivative in the sense of distributions.]

(b) (Poincaré-Wirtinger inequality) Show there exists C' > 0 such that,
lullz2(0) < ClIVullr2(q) for every u € V. (3)

[Suggestion: Argue by contradiction, and use at a certain point (2).]

4. Take f € L*(Q), g € L*(09). We say that u € H'(Q) is a weak solution of the Neumann

problem
—Au=f in Q,
{Bu _ (4)
=9 on 0f)

if, for every v € H'(Q),

/QVU-Vv:/va—F/ngv (5)

(a) Assume there exists a weak solution u € H'(£2). Prove that, necessarily,

/Qf+/mg=o. (6)

(b) Assume that f and g satisfy (6). We wish to show there exists a unique v € V which is a
weak solution of (4).

i. Show there exists a unique w € V' such that (5) holds for every v € V.
[Suggestion: recall inequality (3) and prove that V is a Hilbert space when equipped with
(u,v)y := [, Vu-Vov]

ii. Prove that H'(Q2) = V@span{1} and, using this decomposition, prove that the function
u € V found in i. satisfies (5) for every v € H(Q).
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