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Exame de 1.2 época, 15 de junho de 2021, 15h00-18h00
Exame com consulta parcial

1. Consider the equation
Tug + 2yuy = 0.

(a) Show the general solution of the problem in the first quadrant.
(b) Find the unique solution in the first quadrant such that u(x,1/z) =z (z > 0).

(c) Show that the only solutions of the PDE that are defined in the whole R? are the constant
functions.

2. Let B; be the unitary ball in RY centered at the origin, and N > 3.
(a) Let g € C(9B;) and consider the boundary value problem
Au=0 in B, u=g¢g onJdB.

Show that, if ¢ is odd symmetric in the zx variable (i.e., g(2’, —xy) = —g(2/, zy)), then
S0 is u.
(b) Use the previous result to show the following: let Bf" := By N {zx > 0} and assume that
u € C?(Bf) N C(BY) solves
Au=0in Bf, w=0ondBf Nn{ry =0}

Prove that the odd extension

o(x) = {u(m) ifeny >0

for x = (', zn) € B
—u(2’,—zy) ifzy <0 (@, on) !

is harmonic in Bj.

3. Let ¢, L > 0. Consider the heat equation in one space dimension with homogeneous Neumann
boundary conditions:

Ut = Clgy in (0,L) x (0,00), wu(z,0)=wug(x) for z € [0,L], u,(0,t) =wux(L,t) =0 fort >0,
and let u € C*1([0, L] x [0,00)) be a classical solution.

(a) Show that the average temperature is conserved:

1 [k I
/ u(z,t)dx = / uo(x)dr =: Uy for every t > 0,
L Jo L Jo

and provide a physical explanation for this result.
(b) Show that, in the L?norm, u(x,t) — Uy as t — +oo, following the steps:
i. Write down the problem and the average temperature for w(zx,t) := u(x,t) — Up.
ii. Prove that, given ¢ > 0, there exists x(t) such that w(x(t),t) = 0.
iii. Show there exists C' > 0 such that

L
E'(t) < —CE(t), for E(t) := / w?(x,t) dz.
0

iv. Conclude.



4. Consider the function u : R — R defined by

1
0 , <0

a) Show that u € D'(R) (with the usual identification) and compute u' in the sense of distri-
butions.

b) Do we have u € H'(R)? Justify your answer.

5. Let Q be an open bounded set of class C', A > 0 and f € L?(), g € L?(9€). Consider the
following elliptic boundary value problem:

{—Au—l—u:f in Q, ()

%+)\u:g on 0.

(a) Write down the weak formulation of (1), providing a motivation for it.

(b) Prove the existence and uniqueness of weak solution u, and the stability estimate

lull ) < CUfllz2) + 19l 22(00));

for some universal constant C' > 0.

(c) For each A > 0, denote by u) the unique weak solution of (1). Prove that uy — ug strongly
in H1(Q) as A — 0, where ug is the unique weak solution of

—Aug+ug=f in§,
%:g on 0f).

(Hint: which problem does uy — ug satisfy?)
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Remark: you may ask the answer of 5(a), in which case exercise 5 has a maximum score of 3.



