Partial Differential Equations

Hugo Tavares
hugo.n.tavares@tecnico.ulisboa.pt
Instituto Superior Técnico, Universidade de Lisboa

May 28, 2026






Contents

1 Introduction and Preliminaries 7
1.1 Basic results about Measure Theory and Functional Analysis . . . .. .. ... ... ... 11
1.2 Divergence Formula and consequences . . . . . .. .. ... . ... .. 14

2 First order Partial Differential Equations 17
2.1 Transport Equation . . . . . . . . . . . . e 18

2.1.1 The homogeneous problem . . . . .. ... ... ... ... .. .. 18
2.1.2 Nonhomogeneous problem . . . . . . . .. ... ... e 19
2.2 Linear Equations with variable coefficients . . . . . . . ... ... ... oo oL 20
2.2.1 Generalisation to higher dimensions . . . . . . ... .. ... . L. 25
2.3 Quasilinear equations . . . . . . .. L. 27
2.3.1 The higher dimensional case . . . . . . . . ... ... L Lo Lo 31
2.4 A (very) brief introduction to conservation laws. . . . . ... ... Lo Lo 32
2.5 Further reading . . . . . . . . . oL 35

3 Linear second order Partial Differential Equations: the Laplace, heat and wave equa-
tions 37
3.1 Classification of second order linear problems in dimension two . . . . .. ... ... ... 37
3.2 The Laplace Equation . . . . . . . . . . . . . e 41

3.2.1 Qualitative Properties . . . . . . . .. Lo 42
3.2.2 Representation Formulas. . . . . . ... ... ... o o 0oL 48
3.2.3 The Dirichlet Principle . . . . . . . . . . . L 56
3.3 The Heat/Diffusion Equation . . . . ... ... ... . ... ... ... .. ... ... 57
3.3.1 The Fundamental Solution . . . . . . . . ... ... ... ... ... ... 60
3.3.2 The Nonhomogeneous Problem . . . . .. ... ... ... .. ... ...... 63
3.4 The wave equation . . . . . . . . . . .. 64
3.4.1 Thecase N = 1: d’Alembert’s formula . . . . . .. .. ... .. ... ... ... .. 64
3.4.2 The nonhomogeneous equation for N =1 . . . .. .. ... .. .. ... ...... 66
3.4.3 The cases N = 2 and N = 3: spherical means and the method of descent . . . .. 67
3.4.4 General uniqueness results . . . . . ... oL oL oL L 69
4 Distributions and Sobolev Spaces 71
4.1 Distributions . . . . . . . L 71
411 Caleulus in D'(2) . . . . .o 73
4.2 Fourier Transform and Applications to PDEs . . . . . . . .. ... ... ... ... .. .. 75
4.2.1 Fourier Transform in L2. Plancherel’s and Parseval’s Formulas . . . ... ... .. 79
4.2.2 Tempered Distributions . . . . . . . . ..o 79
4.3 Sobolev Spaces . . . . ... 81
4.3.1 Sobolev Spaces and Fourier Transform . . . . . .. .. ... ... .. ........ 85
4.3.2 Sobolev Inequalities . . . . . . . . . L 87
4.3.3 Proof of Sobolev embeddings via Fourier Transform . ... ... ... ..... .. 91
4.4 Thespaces WIP(Q) .. . oo 92
4.5 The dual space of H}(Q2) = W3 2() . o o v vt i 94
4.5.1 Extension and Trace Operators for WEP(Q) . . . .. ... ... . ... .. ... 96

3



5 Variational Formulation of Second Order Linear Elliptic Problems 101

5.1 Second order linear elliptic problems in dimension N . . . . . . .. ... . ... ... ... 101
5.2 Weak Solutions . . . . . . . . . . L 102
5.2.1 How many notions of solutions are out there? . . . . . . .. .. ... .. ...... 102
5.2.2 The Dirichlet problem: homogeneouscase . . . . ... ... ... ... ....... 103
5.2.3 The Dirichlet Problem: nonhomogeneous boundary conditions . . ... ... ... 105
5.2.4 Neumann boundary conditions . . . . . . ... ... L. 106
5.2.5 Existence of weak solution for a general second order elliptic operator (divergence
form, homogeneous Dirichlet boundary conditions) . . . . . ... ... ... .... 107
5.3 Regularity theory . . . . . . . . . e 111
5.3.1 Sobolev spaces and difference quotients . . . . . .. ... Lo L. 112
5.3.2 Imterior regularity . . . . . . ... 113
5.3.3 Boundary regularity . . . . ... .. Lo 116
5.4 Further reading . . . . . . . . o L 117



List of Figures

1.1
1.2

2.1

2.2

2.3
2.4

3.1

Test function (1.3) in dimensions 1 and 2. . . . . . . . ... Lo L oL 13
Mollifiers in dimension 1. . . . . . . . . . . e 13

Graph of the solution (seen from above and from the side) of the transport problem with

T

b =1 and initial condition u(z,0) = 3e~ °. The projected characteristics are x — t = c,

for ¢ € R, the solution is u(z,t) =3~ @=0° L. 19
On the left: vector field (z,y) — (1,y); on the right: projected characteristics for the

problem considered in Example 2.7. . . . .. ... L oo o L 22
Plot of the graph of the solution u(x,y) = cos(ye "), considered in Example 2.7. . . . . . 22
Projected characteristics for the problem in Example 2.9. . . . . ... .. ... ... ... 23
Plot of the graph of the harmonic function u(z,y) =2? —y% ... .. .. ... ... ... 42






Chapter 1

Introduction and Preliminaries

Mathematical modelling is one of the most efficient and powerful ways to understand observable
phenomena and predict future developments. Many of these models are formulated with the aid of
Partial Differential Equations (PDEs), which are mathematical tools that capture the essence of change
with respect to continuous variables (e.g. time, space or price) of certain phenomena subject to some
laws such as diffusion, reaction, competition/cooperation, etc. Thus, PDEs can model a huge variety of
situations with applications to biology (population dynamics, transmission of neural impulses, ...), to
physics (waves, quantum mechanics, relativity theory, electromagnetism, elasticity, ...); to engineering
(bridge vibrations; fluid dynamics; ...) and finance, just to name some. Moreover, they also appear in
theoretical areas like Geometry, Calculus of Variations or Stochastic Analysis.

In order to arrive to a general definition of what is a PDE, we start by introducing some notation.
Given a function defined in an open set of RY, we denote by %, Uy, or O;u the partial derivative of u with

respect to the i-th variable. Given a multi-index o := (a1, ..., ax) € N)', we define |a| = a1 +... +ay,

and
dlely,

Do‘u = -
aq N
dry’ ... Oy

When k € N,
DFy = {D% : |a| = k}.

For z € Q, D*u(x) can be considered to be an element of RN" after ordering the elements of the set.
Thus, for example,

Du=Vu= (ug,,...,us,) denotes the gradient,
D?u = H(u) = (g, )i,j=1,..,~ denotes the Hessian matrix,
and so on.

A partial differential equation is a relation of the form
F(z,u(z), Du(z), D*u(z),. .., D*u(z)) = 0 (1.1)

where z belongs to an open set Q C RY, u: Q — R is the unknown, and F : Q x RV x ... x RV 5 Ris
given. The order of the equation is the highest order of differentiation that appears in it. The equation
is called linear if F is linear with respect to u and all its derivatives, that is, if it has the form

Z aq(x) D% = f(x);

lal <k

otherwise, it is called nonlinear. A nonlinear equation is called semilinear when F' is linear with respect
to all the derivatives of higher order of u, with coefficients that depend only on z, i.e.

Z ao(x)D% = f(x,u,..., D" ).

la|=k



A nonlinear equation is called quasilinear when F is linear with respect to all derivatives of higher order
of u, with coefficients that depend on z,u, ..., D*~tu:

> aa(@,u,..., D" lu)D = f(x,u,..., D" lu).
|| =k

If F is not linear with respect to the derivatives of higher order of u, the equation is called fully nonlinear.

Some classical examples of linear PDEs are:

1. Transport equation (first order):

ur+b-Vyu=0, (z,t) € RN x RY,
Here u = u(x,t) represents the concentration of a substance that is being transported with velocity
b€ RV, It is common to simply write u; + b - Vu = 0 (the operator V only affects the space variables).

2. Diffusion or heat equation (second order):
us—cAu=0 (c>0), (z,t) € RN x RT,

where u = u(x,t) represents the density function of a quantity subject to diffusion, or the temperature
in a homogeneous and isotropic medium. Here, ¢ represents the diffusivity of the relevant quantity (how
quickly its spreads), and A = A, (the Laplace operator) only affects the space variables:

N
Au = div, (Vyu) = trace(Hy(u)) = Z Uz, -
i=1

3. Wave Equation (second order):
ugy — 2 Au = 0, (z,t) € RN x RT,
which models the small transversal waves on an elastic homogeneous material. The positive constant ¢

represents the wave speed.

4. The Laplace equation (second order):
Au =0, z e RY,

with u = u(z), describes the equilibrium states of the diffusion/heat equation, and in dimension N = 2
is also satisfied by the real and imaginary parts of a holomorphic function. The nonhomogeneous version
—Au = f (the Poisson’s equation) appears in electrostatics, and also models the position of a membrane
in equilibrium subject to an external load f.

5. Black-Scholes equation (second order):

2

1
us + =022 Uyy + reu, —ru = 0 for (z,t) € Rt x RT.

2

Here u = u(z,t) represents the price of an option (financial derivative) based on an underlying asset x
(stock, currency, goods, etc), and the positive constants r and o are the risk-free interest rate and the
volatility of the asset.

6. Vibrating Plate (fourth order):
ugy — A%u =0, (z,t) € RV x RT.

When N = 2, this models the transversal waves of small amplitude on a homogeneous isotropic plate;
A% := A(A") is the biharmonic operator.

7. Schrédinger Equation (second order):
h
thuy + Q—Au —qV(x)u =0, (z,t) € RN x R,
m

appears in quantum mechanics to describe a single particle moving in an electric field, where V is the
electric potential, /& is the Planck constant, m and ¢ are the particle’s mass and electric charge, and
u : RV*1 — C is the wave function, so that |u|? represents the probability density of the particle’s
position in space.



8. Maxwell’s equations in the vacuum (system of linear equations, first order):

FE; =curl B
By =—curlE (z,t) € R® x R,
divB =divE =0.

appears in electromagnetic theory. The vector function F is the electric field while B is the magnetic
induction field.
As for nonlinear equations, six examples are:

a. Nonlinear Conservation Laws (first order):
ut + (q(u))z =0, (x,t) € R x RT,

where ¢(u) is a flux function. When ¢(u) = au(1 —bu), this equation appears, for instance, in the context
of traffic dynamics, where u = wu(x, t) represents the density of cars at time ¢ and position x in a one-lane

straight road. When ¢(u) = “72 we are in the presence of the Burgers equation, which models for instance

a nonviscous fluid; in this context, u = u(z,t) represents the velocity of the fluid.

b. Fisher’s Equation (second order, semilinear):
up — dAu = u(a — bu), (z,t) € RV x RT,

where a, b, d are positive constants, and u = u(z,t) represents the density of a population at the point
x and time ¢, subject to diffusion and following a logistic law of growth (compare with the ordinary
differential equation version: v = u(a — bu)).

c. Nonlinear Schrédinger equation (second order, semilinear):
iug + Au = V(x)u + kulu|?, (z,t) € RY xR,

appears in nonlinear optics and in the theory of Bose—Einstein condensation.

d. Minimal surface equation (second order, quasilinear):

L e
V1+ || Vul?

This equation is a necessary condition for a graph of a function u to be a “minimal surface”, that is, to
locally minimize the “area”. A hypersurface G C RN*! is called a minimal surface if, for every zy € G
and any V;, small closed neighbourhood of ¢, the set GNV,, is the hypersurface that has least N-surface
measure among all hypersurfaces in RV *! whose boundary is G' N 9V, .

e. The Yamabe problem (second order, semilinear):

— 4(NN7_21)AQU + S, (z)u = Sgou® "' where 2* = ]\/'27]1[2 (1.2)
Here g is a Riemannian metric on a compact manifold M of dimension N > 3 with scalar curvature
Sg. In 1960, Yamabe made the conjecture that there always exist a conformal metric go with constant
scalar curvature (actually he “proved it”, but the proof was not correct). The final proof was given in the
1980s: the previous equation has a positive solution u, and for the metric gg := vz g the manifold has
constant scalar curvature Sg,. The exponent 2* is called the Sobolev exponent, and plays a crucial role
in the theory of Sobolev spaces and Weak Solutions (we will meet it in Chapter 3). In local coordinates,
(1.2) reads as

—% div(A(z)Vu) + Sy(x)u = Sgyu®

in an open bounded domain Q, a(z) = /|g(z)| := /detg;j(z) and A(z) = /g(x)(9"(x)):;, where

(" (x));; is the inverse matrix of the metric (g;;(z))i;.

9



f. Monge-Ampére equation (fully nonlinear. ..and extremely difficulty):
det(D?u) = f,

which appears in Optimal Transport and also in Riemannian Geometry. For instance, given a function
K (z), the graph of the solution u of det(D?*u) = K(x)(1 + |Vu|2)¥ is a hypersurface that, at each
point (x,u(z)), has Gauss curvature K (x).

For more examples of linear and nonlinear problems, see [5, §1.2] and [13, §1.2].

The theory for linear equations is by now more or less well established, while nonlinear PDEs, due
to their increased complexity, are nowadays a very active field of research. Clearly, since PDEs are such
a vast domain, and are used to model so many different phenomena, each type of equation has its own
methods, and its solutions have specific qualitative properties.

Typically, we are interested in problems that are well-posed, which (informally) means that we look
for models which satisfy the following three conditions:

Existence: There exists at least one solution
Uniqueness: The solution is unique

Continuous Dependence: The solution depends continuously on the initial/boundary data.

In general, in order to have well-posedness, we need to consider extra information together with the
equation, typically in the form of boundary and/or initial data, which in almost all situations are in
agreement with what is expected from the observable phenomena.

What does it mean to solve the PDE (1.1)? A natural definition is to look for u € C*(Q) satisfying
the equation at every point x € €. This is a perfectly reasonable definition, and we will use it many
times. However, as it will become evident, a more general definition will be needed, mainly for two
reasons:

a) In many applications, a regular solution is not expected (in some cases not even a continuous one!).
This may be the result of noncontinuous initial /boundary data, the formation of shocks, etc.

b) Mathematically speaking, it is in general hard to find solutions in the space C*(Q) (for instance,
the tools from functional analysis may be hard or impossible to apply).

These notes are structured as follows.

In the first chapter we study first order PDEs (linear and quasilinear), and focus on the method of
characteristics. We will see that in some situations solutions will develop shocks, and will cease to be
regular.

Then, in the second chapter, we jump to second order PDEs, making a classical study of three
important equations: the Laplace, Heat/Diffusion and Wave Equations. The main objective will be to
deduce qualitative properties of the solutions and, whenever possible, to get representation formulas for
them. Along this chapter, we illustrate why the notion of generalized solution is needed and natural.

After this part, we introduce and work with weak (aka generalized or variational) solutions, which
are the modern language of PDEs and will be the core of this course. In chapter 3 we work with Sobolev
Spaces, which are the function spaces where we will look for solutions, and in chapter 4 we apply the
theory to have existence, uniqueness and regularity results for some second order elliptic problems (for
instance, for the Poisson equation).

The notes are highly inspired on the three wonderful books by Brézis [2], Evans [5] and Salsa [13]. My
purpose is to combine the best of what each one of the three books has, adding extra details, examples
and other points of view. Comments are welcome.

To start with, we survey some important notions from measure theory, functional analysis and inte-
gration on manifolds that will be needed along the course (mostly in Chapters 3 and 4).
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1.1 Basic results about Measure Theory and Functional Analysis

Lebesgue Spaces

For more details and the proofs of most statements, we recommend [2, §4]. A reference for more
general results (i.e. working in general measure spaces instead of subsets of RY) is [12], and a very, very
pedagogical one is [11, §8] (see in particular sections 8.5 to 8.9).

Let Q C RY. We recall that a property P(z) holds for almost every z € Q (a.e. x € Q) if

H{z € Q: P(x)is false}| =0, where | -| denotes the Lebesgue measure.

For instance, f = g a.e. in Q means that [{z € Q: f(z) # g(z)}| = 0.
For 1 < p < oo, we define

LP(Q) = {f : Q — R measurable , / |f]P < oo}
0

which is a Banach space when equipped with

I, = ( /] f<x>|pdx>’l” .

The case p = 2 is special, since we have an inner product:
()= [ falgo)
Q

and L?(Q) is a Hilbert space. Cauchy-Schwarz inequality reads: for every f,g € L*(Q),
1 1
2\’ 2\’
<(Lur@r) ([lar) "
Q Q

L>®(Q) = {f : @ — R measurable : 3 C such that|f(z)| < C a.e. in Q},

[(Frgbeel < I fllzellglize, e ‘/Qf(f)g(ﬂﬂ)dfv

The set of (essentially) bounded functions is

which is a Banach space with the norm

| flleo = esssup|f| :=inf{C e R: |f(z)| < C for a.e. z in Q}.
Q

Recall that |f(z)] < ||f|leo for a.e. . We will often use the space
L () = {f: Q — R measurable : f|x € L*(K), VK compact of Q}
and use the following notation: given A, B in RY, A € B when A is compact and A C B.
Given p € [1, 00|, we denote by p’ its conjugate, that is:

1 1 . . / . / :

—+ — =1 (with the definition that p’ = oo if p =1, and p’ = 1 if p = c0).

p p
Lemma 1.1 (Holder’s inequality). Take p € [1,00] and let p’ denote its conjugate. Then fg € L'(Q)
and

/Q Falde < 1 lnlglly

Corollary 1.2 (Interpolation inequality). Let 1 < p < ¢ < oo and f € LP(Q) N LY(Q). Then, for every
r € (p,q), we have f € L"(Q) and

1 6 1-6
I Fllr < UFIS N FIIES?, where @ € (0,1) is such that = + Y

11



Recall that, for 1 < p < oo, LP(Q) is separable!. For 1 < p < oo, LP(Q) is reflexive® and (LP(Q)) =
L? (), the latter equality being understood with the identification coming from Riesz’ representation
theorem: for every F' € (LP(Q)))’ there exists a unique f € L? (Q) such that

(F\9)(LryxLr = /Qf(x)g(x) dr Vg e LP(Q), and |flL = [|Fllzr)-
Moreover, we have that (L'(Q))’ = L°°(Q2) and L' (Q2) € (L>(Q))'.
Lebesgue integration is particularly helpful when dealing with limits of integrals.

Lemma 1.3 (Fatou’s Lemma). Let f, be a sequence of nonnegative measurable functions in Q. Then

/lim inf f, <lim inf/ fn-
Q " n Q

The most useful convergence result is the following.

Theorem 1.4 (Lebesgue’s Dominated Convergence theorem). Let (f,) be a sequence of measurable
functions in Q satisfying:

(a) fn— f a.e. in §);
(b) there exists h € LY () such that, for all n, |f,(z)| < h(z) a.e. in Q.
Then f € L*(Q) and

li7rln/an(x)dx=/Qf(x)dx.

Corollary 1.5 (Differentiation under the integral sign). Let U C R™, Q C R™ be open sets and [ :
U x Q — R be such that

(a) f(z,-) € LY(Q) for every x € U;

(b) for a.e. y € Q, the partial derivative g—z(x,y) exists for every x € U;

(c) there exists h € L'(Q) such that \%(m,yﬂ < h(y) for every x € U, a.e. y € L.

Then there exists the partial derivative in the direction x; of the map

0 0
wH/Qf(x,y)dy, and axi/gf(%y)dy:/gafi(w?y)dy-

Theorem 1.6 (Lebesgue’s Differention theorem). Let f € L (). Then

loc

1

}%W Br(w)|f(y)—f(x)|dy:0 for a.e. x € Q.

In particular,

1
lim ——— fly)dy for a.e. x € Q.
r—0 |BT($) B,.(z) ( )

fz) =

Test Functions, Convolution and Mollifiers

For more details in this section, I recommend [2, §4.4], [13, §7.2] or [11, §8.7]. The wikipedia pages
on “convolution” and “mollifier” are particularly well written, and are quite nice to have an intuition on
the subject.

Given u € C(Q), we define its support as

suppu = {x € Q: u(x) # O}Q.

IThat is, it contains a dense countable subset

2Recall that, for a Banach space X, its dual is defined as X’ = {f : X — R, linear and continuous}, which is also a
Banach space when equipped with the norm || f||x+ = sup, o [{f, w) x/ x x|/||ull. We say that X is reflexive if the canonical
injection J : X — X" = (X"), J(u)(f) := (f,u) xrx x is actually a bijection.

12



On the other hand if u € L] (), denoting by Z the union of all open sets of £ where u = 0 a.e., then
u =0 a.e. in Z, and we define

suppu =0\ Z (the complement of the largest open set where u = 0 a.e.).
The set of C°*°—functions with compact support is denoted by
D) =Cr(Q) = {u e C(N) : suppu is compact in Q}.

Its elements are usually called test functions, and a typical example is

T ifog|zl <1
T) = 1.3
elz) {0 if |z| > 1. (13)

This function belongs to D(R™), and supp ¢ = B1(0).

2 ] 1 2

Figure 1.1: Test function (1.3) in dimensions 1 and 2.

Given two functions f,g : RN — R, the convolution is defined (whenever it makes sense) by

(f * 9)a / f(z — y)gy) dy

Recall that, by Young’s theorem, f x g € LP(RY) whenever f € L*(RY) and g € LP(]RN) (1< p<o0),
and ||f * gll, < [Ifllillgll,- Moreover, given k € N, when f € C¥RY) and g € L] (RN) we have
f*g€ CERYN) with D¥(f * g) = (D”‘f) x g for every a such that |a| < k.

loc

Let p := Cyp, with ¢ as in (1.3) and C' > 0 chosen in such a way that [,y pdz = 1. Given £ > 0, we
define the mollifiers

pe(x) = Ein (g) e >0, (1.4)

which satisfy

p. € DRY), suppp. = Bol0), pe >0, and /Npazl.
R

The mollifiers allow to define regular approximations of functions.

3.0

— =1

— €=0.5
— £=0.4
— €=0.3

Figure 1.2: Mollifiers in dimension 1.

Lemma 1.7. For f € L (RY), define f. = p- = f. Then

13



1. f. € C(RN),

2. supp f. C {w € RN : dist(x,supp (f)) < ¢},

3. If f € C(Q) then fo — f uniformly on compact sets of 2, as e — 0,
4. If f € LP(Q) with 1 < p < oo then f. € LP(Q)

lfe = fllp—0 as € — 0.

Corollary 1.8. The space D(R2) is dense in LP(2), for 1 < p < co.
Another (less obvious) consequence is the following.

Lemma 1.9. (Fundamental Lemma of the Calculus of Variations) Let f € LL (Q) be such that

loc

/Qf¢=o Vo € D(Q).

Then f =0 a.e. in Q.

1.2 Divergence Formula and consequences

Regular Domains and Divergence Theorem

Lemma 1.10 (Partition of Unity). Let Q be an open bounded set, and T' :== 9Q. Let Uy,..., Uy be a
k

finite open covering of T', i.e., T C |J U;. Then there exist 0y, 01, ...,0, € C®(RN) such that
i=1

1. 0<0;(2) <1 foreveryi=1,....k, x € RY;
k

2. > 0;(x) =1 for every x € RY;
i=0

3. supp by € 2, and suppb; € U; for everyi=1,... k.

Recall that C*(Q) represents the set of functions in C*(£2) whose derivatives up to order k can be
extended continuously up to 2. We will use the notations:

Q={r=",oy) eRNIxR: |2/| <1, |zn| < 1},
QO:Qﬁ{xN:0}.

Definition 1.11 (C* Domain). Let 2 be an open bounded set of RY. We say that Q is of class C* (or
that 99 is C¥) if for every o € 99 there exists U — an open neighborhood of 2 in RY — and a bijective
map H : Q — U such that

(i) HeCHQ), H ! € CHU),
(i) H(Q:)=UNe,
(i) H(Qo) =U NoA.
The pair (H,U) is called a local chart.

Remark 1.12. In the literature we sometimes see the following alternative definition: € is C* if, locally,
0Q is the graph of a C* function and € is placed on one side of the boundary. This definition is equivalent
to the one given before [why?].

14



Given an open bounded set Q of class C'!, we may define its (N — 1)-surface measure in the following
way: given a finite number of local charts (H;,U;) such that T' C U; U ... U Uy, consider an associated
partition of the unity 6y, ...,0;. Given a Borel set S of 9 with characterist function xg, its (N — 1)-
surface measure is

0p; i / /
i i G X ——— d
Z/ i s (i) | G2 ) o x 522 )|
where ¢;(z') = (v (2'), ..., pin(2)) := H(2',0) and
€1 e EN
dpin dpin
8(,01‘ ’ 8% n o 8.’1)1 o (%‘1
axl(;v)x...xaxN_lx f - : ,
Jpin dpin
drxy_1  Ozn-_
e1,...,en being the canonical basis of RY. When S is a graph of a function u, the (N — 1)-surface

element is given by do = /1 + |Vu|? dz.
Finally, recall the all-important Divergence Theorem.

Theorem 1.13 (Gauss’ Divergence Formula). Let Q C RY be an open bounded set of class C1, and let

F € CY(Q,RY) be a vector field. Then
/didea:z/F-ydU,
Q r

where v denotes the exterior unit normal.
Some straightforward consequences are:

Corollary 1.14 (Integration by parts formula). Let u,v € C1(Q), Q@ C RN an open bounded set of class

C'. Then
/umivdm:—/uvmi dx—l—/ uvy; do.
Q Q a0

Corollary 1.15 (Green’s Formulas). Let  C RN be an open bounded set of class C*, and u,v € C%(Q).
Then

1. [, Audz = [y, 5% do,
2. [o(Auvde = — [, Vu-Vodz + [,, $4vdo,

3. [o(Auwv —uAvdx = [, Fiv — Fudo.

Generalized Polar Coordinates.
Consider the diffeomorphism
v :(0,00) x 9B1(0) — RY \{0};(ryz) »re =y

with inverse p~1(y) = (||yll, ﬁ) Observe that the transformation rule for the /N-volume element is

given by dy = r¥~1do(x)dr, and that the (N — 1)-surface element of spheres of constant ||y|| is given by
do(y) = rN~ldo(x). We have, for r > 0 and f € C(B1(0)),

[ swa= [ ([ swant)as= [7( [ stn)s¥ = anta) ) as

In particular, this implies that

|B.| =rY|By|, |0B.|=r""Y9B,|, and N|Bi|=|0B]|.
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Chapter 2

First order Partial Differential
Equations

In this chapter we give a (very) brief introduction to first order partial differential equations: linear
and quasilinear. Included in the latter are the so called (first order) conservation laws, where shocks
might occur and a more general notion of solution is needed.

Before jumping to the theory we start by formally deriving a general conservation law, and from
that we deduce the transport equation and the diffusion/heat equation (which is actually a second order
equation). Assume that u = u(z,t) represents the density or the concentration of a physical quantity @
(e.g. a density of mass, or the concentration of a chemical) at a point = of a certain domain Q c RV,
at time ¢t € R. Given a region U C €, the amount of Q inside U is given by [, u(x,t)dz. The rate of
change of @ inside U is determined by the net flux through the boundary of U plus/minus the amount
of @ added/subtracted by an external source/sink. If the flux per unit of (N — 1)-area is given by a
vector field ¢ (which may depend on time and z, u, Vu,...), and the external source/sink by f, then in
mathematical terms this leads to

4 u(x,t)dx:—/ q~Vda+/fdx.
dt Jy ou U

By formally moving the time derivative inside the integral and using the divergence theorem we deduce
that

/(ut—i-divqu—f)dx:O.
U
Since this holds for every U C €2, we get the equation
up + divy g = f, VreQ, teR. (2.1)

This is a conservation law. Particular choices of ¢ model different situations.

Transport: The constitutive law of pure transport is
q = bu,

for some constant vector b € RY. In this situation, we are transporting a quantity @ along the direction
b. The transport equation is
ur +b-Vyu=Ff.

Diffusion: Diffusion is the transport of “material” (atoms, population, etc) caused by random movement,
from regions of higher concentration to regions of lower concentration. A typical constitutive law is to
assume that the flux is proportional to the gradient:

g=—-cVzu (c>0), (2.2)
the so called Fick’s law, which leads to the diffusion equation

up — cAgzu = f.
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This is also called the heat equation; in such context, u represents the temperature, f an external heat
source/sink, and @ is the thermal energy, which is assumed to be proportional to the temperature.
Equation (2.2) then corresponds to the Fourier law of heat conduction.

We recommend the reading of [13, §2.1.2] for more details, and we also recall that it is common to
drop the index = from V, and A, (unless explicitly said, the operators only act in the space variables).

2.1 Transport Equation

2.1.1 The homogeneous problem

Without external sources or sinks, we have
ug+b-Vu=0, zcRY teR. (2.3)

Our goal is to compute a solution to this problem. As it is often done in mathematics, we start by
assuming the existence of a regular solution, then deduce its shape, and at the end we show that such
function is indeed a solution. Following this strategy, assuming that u is a regular solution (say, of class
C1), we rewrite the equation as

(Vzu, 0wu) - (b, 1) =0,

which shows that the directional derivative of u along (b, 1) is zero. Thus u is constant along the direction
(b,1). To see this analitically, given (z,t) € RN x R, we compute u along the line passing at (x,t) with
direction (b,1):

z(s) =u(x +bs,t+s), seR
Then 4
gz(s) = Vu(z+bs,t +s)-b+uw(x+bs,t+s)=0, (2.4)

and so z(s) is constant. To have well posedness, we need additional conditions. Observe that u will be
uniquely determined in RY x R once we know the value of u along a hypersurface that intersects each
line s +— (x4 bs,t+s) exactly once. These lines (contained in RV*1), are called projected characteristics,
while the lines (in RV*2) given by

s (x+bs,t+ s, k), for k € R,

are called the characteristics of (2.3). Along each projected characteristic, the PDE is transformed into
the (much easier) ODE (2.4).
It is natural to consider the initial value problem

{ut+b~Vu:0 in RN x R, 25)

u(z,0) = g(z).
If this problem has a solution, then necessarily
z(0) =2(—t) = wu(z,t) =u(x—10bt0) =gz — bt) (a travelling wave, see Figure 2.1).

It is now an easy exercise to check that, conversely, given g € C'(R), u(z,t) = g(z — bt) is indeed a
solution. Therefore we have shown the following result.

Theorem 2.1. Given g € CY(RY), problem (2.5) has a unique (classical) solution, which is given by
u(z,t) = gz — bt).
Remark 2.2. For future reference, we point out that the projected characteristics are given in implicit

form by
r;—bt=c¢, i=1,...,N, for some cy,...,cy € R.

The curves are contained in the level sets of the functions ¢(x,t) = z; — bit,i=1,..., N.
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Figure 2.1: Graph of the solution (seen from above and from the side) of the transport problem with
b = 1 and initial condition u(z,0) = 3e~%". The projected characteristics are z — t = ¢, for ¢ € R, the

solution is u(z,t) = 3e~(@=D*,

2.1.2 Nonhomogeneous problem

We consider now the nonhomogeneous initial value problem

u +b-Vu= f(z,t), (z,t) e RN xR,
u(z,0) = g(x), r € RN,

Following the previous strategy, this time we see that

%z(s) =Vu(z+bs,t +s) -b+u(x +bs,t+s) = f(x+sb,t+s).

Observe that, once again, the PDE is transformed into an ODE along the projected characteristics.
Integrating between —t and 0:

0 t
u(a:,t)zg(x—bt)+/_tf(x+sb7t+s)ds:g(gc—bt)—i—/o flx+ (s—1t)b,s)ds

which, if g € C1(RY) and f € C'(RY x R), is the unique solution of the initial value problem [check it!].
More precisely, we have:

Theorem 2.3. Given f € C(RYN x R) with f,, € CRYN x R) for everyi=1,...,N, and g € C*(RY),
then

t
(e, t) = g(x — bt) +/ F@+ (s — )b, s) ds 2.7)
0
is the unique (classical) solution of (2.6).

Expression (2.7) makes sense even for f, g discontinuous. Actually, discontinuous data are natural in
mathematical modelling, as we see in the following example.

Example 2.4. (adapted from [13, §4.2.3]) Consider a water canal (which we identify with the interval
[0,00) C R), where clean water is coming out from a pipe placed at the point z = 0, with constant
velocity b > 0. After time ¢t = 0, the water coming out from the pipe becomes polluted, with the
concentration of pollutant being 5 > 0. This situation can be modelled by

ur +bu, =0 z€R, t>0,
u(0,t) =8 t>0, (2.8)
u(z,0)=0 x>0,

where u(z,t) denotes the concentration of pollutant at position = and time ¢. Since u must be constant
along the characteristics, then the solution is necessarily

B, x<bt

u(,t) = BX(-o00)(x = bt) = {0 x> bt
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(X(=o0,0] is the characterist/indicator function of the set (—oo,0], that is x(_c,0(z) = 1 if z € (—00,0],
X(—o0,0(x) = 0if x ¢ (—00,0]). Observe that the solution is the same if we think about the problem

ug + bu, =0 t>0,
u(z,0) = BX(—c,0) () x€R.

However, the function w is not differentiable (not even continuous!), so what does it mean to say that
it solves (2.8)?

This simple example starts to show us that, if we do not want to rule out real applications, then we
need to enlarge our notion of solution. The correct notion (for now, a bit misterious) is the following.

Definition 2.5. Let f € L°(RY x R*), g € L>°(RY) and b € RM. A function u € L=®(RY x (0,00)) is
called a weak solution of

u+b-Vu= f(x,t), € RV, t>0
u(z,0) = g(z), z € RY

if, for every ¢ € C2°(RY x [0, )),

/0°° /RN (u(, t)pe(z,t) +u(x, t)b - Vo(z,t)) d:z:dt+/

s@ele, 0ot [ [ fatyete,n) ded =0
RN 0 RN

In case f =0 and g € L>(RY), for instance, it can be easily seen that u(x,t) = g(z — bt) is, indeed,
a weak solution [exercise].

2.2 Linear Equations with variable coefficients

A general first order linear equation has the form

N
Zai(xl,...w]v)um +c(z,...,any)u=d(x1,...,ZN).
i=1

In order not to get distracted with too general situation from the start, we first focus on the case ¢,d =0
(the cases ¢ # 0 or d # 0 will be treated in the upcoming section under the framework of quasilinear
equations) and in the two dimensional case N = 2. Henceforth, we deal with

a(x, y)uz + b(:L’, y)uy =0, ({E, y) € Qv (29)

where ) is an open set of R? and a,b € C*(f) are such that (a(x,y),b(x,y)) # (0,0) for every (z,y) € Q.
Recall the notation for partial derivatives, u, = %, Uy = %' Even though in many applications one of
the variables will represent time, within this section we use (x7 y) as variables, reserving t as a parameter
of some special curves.

As we did for the transport equation in the previous section, we rewrite (2.9) as

(a(x,y), b(ma y)) : VU(JZ, y) =0,

that is, at each point (z,y), the directional derivative of u in the direction (a(x,y),b(z,y)) is zero.
Therefore, the solution should be constant along curves < of the plane having the following property:
given (z,y) € v, the vector (a(z,y),b(x,y)) is tangent to v at that point. We call those curves projected
characteristics, which can be parametrized locally by the solutions of the following system of ODEs:

dx dy

i a(z,y), e b(x,y). (2.10)

Observe that it is equivalent to solve instead the equation:

dy _ bz,y)
dx  a(z,y)

, in a neighbourhood of a point (zg, yo) such that a(zg,yo) # 0,
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or
dr  a(z,y)

dy — b(z,y)

Since a,b are of class C', by the Existence and Uniqueness Theorem for ODEs (aka Picard-Lindelof

Theorem) we have that, given (g, o) € R?, there exists a unique solution of (2.10) such that x(0) = zo,

y(0) = yo. In other words, there exists a unique projected characteristic containing the point (zq, yo).
If u is a solution of (2.9), then

in a neighbourhood of a point (zg,yo) such that b(zg, yo) # 0.

d
2 (w@(®),y())) = 2’ (ua (1), y (1) + 4 (E)uy (2(1), y(1))

= a(x(t), y(t))ua (x(t), y(t)) + b(x (), y(£) juy (z(t), y(t)) = O,
which is an analitical proof that u is constant along the projected characteristics. We now describe two
methods to solve (2.9), each one with advantages and disadvantages.

Lagrange’s method. Assume that (2.10) admits a first integral ¢ € C1(2), and that Vo(x,y) # (0,0)
for every (z,y) € Q. In particular, observe that a(x, y)es + b(z,y)py =0, i.e., ¢ is a particular solution
of (2.9).! Then there exists ¢ > 0 such that, in B.(z0,¥0), each projected characteristic corresponds to
a different level set of ; in other words, we are saying that locally the general solution of (2.10) is given
in implicit form by

o(x,y) = ¢, for c € R.2

Given any projected characteristic parametrized by (z(t),y(t)), we have the existence of ¢,d € R such
that u(x(t),y(t)) = d and p(z(t),y(t)) = ¢, and we define a function f such that

u(z(t),y(t)) = d =: f(c) = fe(z(t), y(1)))-

Therefore, u(z,y) = f(p(z,y)) in B:(z0,Y0), for a certain f. Since Vp(z,y) # (0,0), then necessarily f
is of class C! [why?|. Conversely, if ¢ is a first integral and u(z,y) = f(¢(z,y)) for f of class C1, then

a(@, y)ug +b(x,y)uy = f(p(x,y))(a(2, y)ez(z,y) + bz, y)py(2,y)) = 0,

that is, u is a solution of (2.9).
In conclusion, we deduced that, in a neighbourhood of each point, if we can find a first integral ¢ of
(2.10) with nonzero gradient, then the solution has the general form

u(z,y) = f(p(x,y)), for f of class C*.

The function f is obtained from additional data of the problem.

Example 2.6. Let us go back to the transport equation:
ug +buy =0 in R2.
The projected characteristics are given by

dr b
— = - <= z — bt = constant,
dt 1

hence the general solution is u(z,t) = f(x — bt), as shown before.

Example 2.7. Consider the equation

uy +yu, =0 in R% (2.11)

'Tn this context, ¢ being a first integral means that ¢ is constant on the solutions of (2.9), that is, each characteristic is
contained in a level set of . Observe that necessarily Vo (z(t), y(t)) - (' (¢),y'(t)) = 0, and Vp(z,y) - (a(z, y), b(z,u)) = 0.

2Given (z0,y0) € Q, since V(zo,y0) # (0,0), then by the Implicit Function Theorem each level set of ¢ is locally a
curve. Therefore we may take a sufficiently small neighborhood of (zo,yo) where the level sets of ¢ are connected, and
where each characteristic coincides exactly with a level set of .
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Figure 2.2: On the left: vector field (z,y) — (1,y); on the right: projected characteristics for the problem
considered in Example 2.7.

Figure 2.3: Plot of the graph of the solution u(z,y) = cos(ye™*), considered in Example 2.7.

The system of projected characteristics is given by

dx dy
_— = 1 —_— = 1 1 _— =
dt o dt Y, or sumply dx Y,

x

which has general solution y(z) = ce”, for ¢ € R (see Figure 2.2). Therefore ¢(x,y) = ye™7 is a first

integral (and Vo(z,y) = (—ye™",e~ %) # (0,0)), and the general solution of (2.11) is
u(z,y) = f(ye™®), for f of class C*.

(in this case we can make this “global statement” since the level curves are connected!). If we require
that u(0,y) = cosy, then u(z,y) = cos(ye™*), defined in the whole R? (observe that we are prescribing
the value of v on the axis Oy, which crosses each projected characteristic transversely exactly once); see
Figure 2.2. If we ask instead that u(x,1) = z, then f(e™*) = x, from which f(r) = —logr (r > 0) and
the solution is u(z,y) = — log(ye™*), defined in the half space {(x,y) € R? : y > 0}. Observe that in
the later case, even if the equation is defined in the whole R?, the solution is not global. In general, as
we will see, one is only able to prove that the solution exists in a neighborhood of the curve on which
we prescribe the data.

There is no solution satisfying u(x,0) = z, and there are infinitely many solutions satisfying u(z,0) =
1. Observe that x — (z,0) parametrizes a projected characteristic.

|Extra: What happens if we impose u(cos s,sins) = s, for s € [0, 27[?]

Example 2.8. For (1 + 2?)u, + uy = 0 in R2, we have that the projected characteristic are of the form
y — arctan x = ¢, hence the general solution is of the form

u(z,y) = f(y — arctan x).

Example 2.9. For the equation u, + 2ry*u, = 0 in R?, we have %% = 2xy?, with general solution
z? 4+ % = cor y =0 (see Figure 2.4). In a neighbourhood of each point in R? \ Oz, the general solution
is of the form:

1
u(z,y) = f <x2 + 5) ., with f of class C'.
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Figure 2.4: Projected characteristics for the problem in Example 2.9.

Remark 2.10. Lagrange’s method has a big drawback: it relies on finding a first integral of the equation
(2.9) (which is equivalent to finding a particular solution of it!) with nonzero gradient.

The method of characteristics In order to get existence and uniqueness of solution (and also from
the point of view of applications), it is natural to solve a Cauchy problem: to find a solution of (2.9)
having prescribed values along a curve. Take f,g,h € C1(I), where I is an open set of R. Let v C Q be
the curve parametrized by

r=1f(s), y=g(s), sel.

We are concerned with solving the Cauchy problem:

a(z,y)ug +b(z,y)u, =0 in Q,
u(f(s),9(s)) = h(s),
Remark 2.11. In the case when one of the variables (let us say, y) represents time, it is natural to

prescribe the initial value of the solution: u(z,0) = h(s), which amounts to take f(s) = s, g(s) = 0. In
this case, we also call (2.12) an initial value problem.

(2.12)

The idea of the method of characteristics is quite simple and straightforward: for a fixed s € I and
for each point (zg, yo) := (f(s), 9(s)), we consider the (unique) projected characteristic passing through
that point. Along that curve, a solution w of (2.12) will assume the value h(s). By varying s € I, we
will be able in many situations to (locally) construct the solution.

Let us formalize the ideas of the previous paragraph: for each s € I fixed, one defines (X (s, 1), Y (s, 1))
to be the unique solution of (2.10) with initial value (f(s),g(s)):

Xi(t,s) = a(X(t,5), Y (t, ),
Yils,t) = b(X(t,5), Y(t,5)), (2.13)
X(S,O) - f( )a Y(S,O) - (8),

(where we recall that the index ¢ represents partial derivation with respect to ¢). By the Existence and
Uniqueness Theorem, for each s there exists a solution which is defined for ¢ ~ 0.

Assume that (2.12) has a solution u of class C'!. For each s € I fixed, we have that d;(u(X (t,s),Y (t,s))) =
0, hence ¢t — u(X(t,s),Y (¢, s)) is constant and

uw(X(t,5),Y(t,s)) = u(X(0,5),Y(0,5)) = u(f(s),9(s)) = h(s).
Therefore, a natural candidate for parametrization of the graph of the solution' is given by
x=X(ts), y=Y(ts), z=h(s).

Observe that this is a graph of a function if we can write s as a function of (z,y); this is for instance the
case if we are able to invert the first two equations. We are interested in doing this at least close to the
curve . By the Inverse Function Theorem, this is possible for instance if

CXu(5.0) X(s.0)| [F(s) a(f(s).9(5))
1) =y (s)0) Y;<s,o>“ d(s) b(f(s)alsn| 7" (2.14)

n general, we call the graph of a solution an integral surface.
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Indeed, if J(s) # O for some s € I, then there exist open sets U, V C R? with (s,0) € U and (f(s), g(s)) €
V, and C! functions S, T : V — U such that

x=X(s,1) . s=5(z,y)

y="Y(s,t) t="T(z,y)
Therefore, under the assumption that J(s) # 0, we concluded that if u is a solution then it necessarily
has the form u(x,y) = h(S(z,v)).

Conversely, under (2.14), a function of this form is a solution to (2.12) in a neighborhood of (f(s), g(s)).
In fact,

alw, y)us + b, y)u, = 1'(S)(aS.(z,y) +bS, (2,y)) = 0. (2.15)

The last equality can be justified has follows: since X (S(x,y),T(z,y)) =  and Y(S(z,y), T(z,y)) = v,
by taking the derivative with respect to x and to y we see that

s [Fen] =[] e =[]

where
XS(S(J:’ y)v T(l‘, y)) Xt(S(wv y)a T(Z‘, y)):|

Alz,y) = [YS(S(%y),T(aj,y)) Yi(S(z,y), T(2,y))

This matrix has nonzero determinant in a sufficiently small neighborhood of (f(s), g(s)). In particular,
this fact implies that

_ Y(S(x,y), T(z,y)  blz,y)
Sol®Y) = et Ay det(A(e.g))

from which (2.15) follows.
We have just proved the following theorem.

_ Xi(S(,y), T(x,y) a(z,y)
Sy(w,y) = = det(A(z,y))  det(A(z,y))

Theorem 2.12. Let Q C R? and I C R be open sets, a,b € C*(Q) and f,g,h € C'(I) such that
{f(s),9(s)) : s eI} CQ. Assume that J(so) # 0 for some so € I (recall (2.14)). Then there exists a
neighborhood of (f(s0),g(s0)) where the Cauchy problem (2.12) admits a unique solution u. Moreover,
the graph of u can be parametrized by

x=X(s,t), y=Y(s,t), z=h(s), 5~ g, t~0,
where X, Y are the solutions of (2.13).

Remark 2.13. Clearly, if J(s) # 0 for every s € I, then we have a solution to (2.12) in a neighborhood
of each compact set of v. Note however that the “width” of that neighbourhood may vary from point to
point.

Before giving an example, let us make a geometric interpretation of the condition J(s) # 0. It is

equivalent to
J(s) = (a(f(5), 9(s)),0(f(5), 9(s))) - (=g’ (s), f'(s)) # 0.

Since the vector (a(f(s),9(s)),b(f(s),g(s))) is tangent to the projected characteristic that passes through
(f(s),g(s)), and the vector (—¢'(s), f'(s)) is orthogonal to ~, this condition amounts to say the projected
characteristic crosses «y transversely. Observe that if the crossing is not transversal, ie, if J(s) = 0, then
it is possible that the Cauchy problem does not have a solution, that it has exactly one solution, or that
it has infinitely many solutions. [Think about specific examples.]

Example 2.14. (adapted from [3, pp. 80-82]) Consider the Cauchy problem
— YUy + Tuy =0, u(z, 2?) = 2% (z > 0). (2.16)
We have f(s) = s, g(s) = s? and h(s) = s%, and

1 —s?

=s5+2s°>0 fors>0,
2s s

J(s) =
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therefore we have the existence of a solution, at least locally. The projected characteristics can be
obtained by solving

Xi(s,t) = =Y (s,t), Yi(s,t) = X(s,t) (2.17)

subject to the condition X (s,0) = s, Y (s,0) = s2. Then Xy(s,t) = —X(s,t), whose general solution is
X (s,t) = c1(s) cos(t) + ca(s) sin(t). Going back to the first equation in (2.17), we find that

Y(s,t) = —Xi(s,t) = c1(s) sin(t) — ca(s) cos(t),
hence s = X (s,0) = c1(s) and s> = Y (s,0) = —ca(s). In conclusion,
= X(s,t) = scos(t) — s*sin(t), y=7Y(s,t) = ssin(t) + s>cos(t), z=s>
is the solution of (2.16) in parametric form.

In order to have an explicit solution, it is perhaps better to rely on Lagrange’s method. In an open
set where y # 0, the projected characteristics can be written as

d
w_ T — /ydy:—/—xdx — 2’49y’ =c
dx Y

Therefore, at least for y # 0, we have that the general solution if of the form
u(z,y) = f(2® +y?), for f of class C*.

A direct computation shows that this extends to the whole R2. Since we are asking that u(x,x?) = 23,

we have f(x? 4+ x*) = 23. By making the change of variables
r=az*+ 2%, (x >0)

we end up with 22 = =T and f(r) = (=1 + /I + 47)3/2/1/8. Therefore the solution is given by

u(x,y) = % (—1 + 1+ 4(x? —I—y?))%

in the whole R2.

The parametric form of a solution is of particular importance in a situation where the explicit form
is not easy to obtain: once we know theoretically the existence (and uniqueness) of a solution, then we
can plot its graph by using this method (try for instance the situation where u(s,s”) = s3).

2.2.1 Generalisation to higher dimensions

We apply the previous reasoning to
N
Zai(x)uxi =0, r€QCRY, (2.18)
i=1

where ai,...,ay € C*(Q) with (ai(z),...,an(z)) # (0,...,0) at every point, and © is an open set.
Again, this is equivalent to

(ar1(x),...,an(x)) - Vu(z) =0,

and we define the projected characteristics through the system of ODEs

— =ay(z1,...,ZN),. .- =an(x1,...,ZN), (2.19)

dt T odt

along which a solution u is constant.
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Theorem 2.15 (Lagrange’s method). Assume we have N — 1 first integrals of (2.19) which are func-
tionally independent, i.e.,

Vi(x) %(m) e %(x)
car = car =N-1 Vo € Q.
Von_1(z) e I = C)

Then, in a small open neighborhood of each point, the general solution of (2.18) is given by

u(z) = flp1(w), ..., on-1(x)), for f € C*.

The proof of this theorem is left to the reader. Observe that the condition of being functionally
independent implies that, by the Implicit Function Theorem, the solution of the system (2.19) is locally
given in implicit form by ¢1(x) =¢1,...,on_1(x) = cn_1, for ¢1,...,en—1 € R.

Example 2.16. Consider the Cauchy problem

Uy + zuy = 0 in R3,
u(z,y,x) =z +y.

The system of the projected characteristics is
dx 1 dy dz
— = — =z — =
a7 odt 77 dt 7

that is, we have the existence of c¢q, ca, c3 € R such that

x(t)=t+ci, yt)=cst+ce, 2(t)=cs, teR.

Then p1(x,y, 2) = 2z, ¢(x,y, 2) = y—xz are first integrals, being also functionally independent. Therefore
the general solution of the equation is

u(x,y,z):f(z,y—ojz), fOI‘fGCl.

Since z +y = u(z,y,2) = f(z,y — 22), then f(&,1) = £+ €2 + 1. In conclusion, the unique solution of
the Cauchy problem is

u(z,y,2) =2+ 22 +y — 2z, defined for (z,y, 2) € R>.

Regarding now the method of characteristics, we aim at solving the Cauchy problem:

Zi]il a;j(x)ug,, =0 z€Q
{U(fl(s)a oo fn(8) =h(s), s=(s1,...,sn_1) €T C RN, (2.20)

where f1,..., fx,h € CY(I), that is, we prescribe the value of u on a hypersurface. Again, for each s € I,
we denote by (Xi(s,t),...,Xn(s,t)) the unique solution of

9%1(s5,t) = a1 (X1(s,t), ..., Xn(s,1)),

OXN (s5,1) = an (X1 (s,1), ..., Xn(s,1)),
X1(s5,0) = f1(8),..., Xn(s,0) = fn(s).

We have the following result.

Theorem 2.17. Let Q C RN and I C RN~! be open sets, ay,...,ax € CH(Q) and fi1,..., fx,h € C1(I)
such that {(f1(s),...,fn(8)) : s € I} C Q. Under the previous conditions, assume that for some
so = (%1,0,---,8n-1,0) € I we have that

%(SO) 35151,1(50) a1(f1(s0) -, fn(s0))
J(s0):=| : : 0. (2.21)
Ux(s0) o p2Li(s0) an(fi(s0),- .-, fa(s0))
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Then, in an open neighborhood of (f1(so),...,fn(s0)), the Cauchy problem (2.20) admits a unique
solution u of class C', whose graph can be parametrized by

=Xi(s,t), ..., xny=Xn(s,t), z=h(s). (2.22)

The proof follows exactly as in the 2-dimensional case. [It is a tedious but important exercise to do.]
Condition (2.21) implies that (locally) we can invert the first N equations in (2.22).

2.3 Quasilinear equations

As in the previous section, we start with the two dimensional case. The general form of a quasilinear
equation is
a(z,y, u)uz + b(z,y, u)uy = c(z,y,u), (2.23)
for a,b,c € C*(2), with Q an open set of R3. We assume that (a(x,v, 2),b(z,y,2)) # (0,0) at every
point of . We say that u is a solution if it belongs to C!(D), where D C Proj(, ,)(€2), and satisfies
(2.23) at each (z,y) € D.
Assume we have a solution u = u(x,y), and denote its graph (an integral surface) by

G := Graphu = {(z,9,2) € R®: (z,9) € D, z = u(z,y)}.
For a fixed (z,y,2) € G, we may rewrite (2.23) as

(a(z,y, 2),b(z,y, 2), c(x,y, 2)) - (uz(,y), uy(z,y), —1) = 0. (2.24)

Observe that (ug(z,y), uy(z,y), —1) is normal to G at the point (z,y, z), hence (2.24) means that

(a(x, Y, Z)7 b(l‘, Y, Z)a 0(1‘7 Y, Z)) S T(:c,y,z)G V(m, Y, Z) S Ga

that is, any integral surface is tangent at each point to the vector field (a,b,c). It is now natural to
consider curves in R3 which are tangent to (a,b,c) at each point. Having this in mind, we define the
characteristic curves as the curves parametrized by (z(t), y(t), z(t)), which solve the system of ordinary

differential equations
dx dy dz

i a(z,y, 2), i b(x,y,z), i c(x,y, 2). (2.25)
For each (xg,%0,20) € R3, since the functions a, b, c are of class C', by the Existence and Uniqueness
Theorem there exists a unique solution of (2.25) such that (2(0),y(0),2(0)) = (zo, Yo, 20)-

Proposition 2.18. 1) Let u be a solution to (2.23) and let (zo,yo,20) € G. Then the characteristic
curve passing through (zo, Yo, z0) s entirely contained in G.

2) Conversely, let u € C1(D) be a function such that its graph G is a union of characteristics. Then
u is a solution of (2.23).

Proof. 1) Let u a solution to (2.23), (xo,¥o0,20) & point in its graph, and let (x(¢),y(¢),z(t)) be the
solution to (2.24) with (2(0),y(0), 2(0)) = (2o, Yo, 20)- Defining h(t) := u(x(¢),y(t)), our aim is to show
that z(t) = h(t). We have h(0) = u(zo,yo) = 2(0), and

W(t) = ua(2(t), y(£)2' (t) + uy (), y(1))y' (1)
= ug(2(1), y(8))alz(t), y(1), 2(£)) + uy (x(t), y(£))b(2(1), (), 2(1)),
(1) = ez (t), y(t), (1))

Taking U(t) := h(t) — z(t), this function is a solution to the initial value problem
U'(t) =F(tU(t),  U0)=0,
where
F(t,U) = ug(x(t), y(t))a(z(t), y(t), h(t) = U) +uy(x(t), y(£))b(2(t), y(t), h(t) = U) —c(z(t), y(t), h(t) = V),

which is continuous in ¢ and C* in U. Since U(t) = 0 is a solution (because of (2.23)), by the Existence
and Uniqueness Theorem we have U(t) = 0 and h(t) = 2(t), as required.
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2) Take (zo,yo0,20) € G and let (x(t),y(t),z(t)) be a parametrization of the characteristic passing
through that point at ¢ = 0. Since the characteristic is contained in G, then z(t) = u(z(t), y(t)), hence

c(x(t),y(t), 2(t)) = 2'(t) = %(U(l‘(t%y(t))) = ua(2(t), y(£)) 2 () + uy (z(), y (1))y' (1)
)

= ug ((t), y(1))a(@(t), y(t), 2(£)) + uy (x(t), y(£))b(z (), y(1), 2(1)).

Taking ¢t = 0, this shows that

C($07y0au($07y0)) = ua:(x07y0)a(x07y05 u(man0)> + uy(x07yO)b<x0,y0au(x07y0))a

that is, u is a solution. O

Remark 2.19. In order to prove Part 2, we could have argued in a more geometric way: given
(x0,Y0,20) € G, there is a unique characteristic curve T’y passing through that point; therefore, by
definition of characteristic, (a(zo,y020),b(x0, Yo, 20), (X0, Yo, 20)) is tangent to g; in particular, it is
tangent to the integral surface, and (2.24) holds true, which is equivalent to the equation (2.23)].

We have just shown that, for a function u € C!, u is a solution of (2.23) if and only if its graph G is
a union of characteristics. Clearly the challenge is to be able to take union of characteristics in such a
way that the result is the graph of a C'' function.

Remark 2.20. Observe that, unless ¢ = 0, solutions of (2.23) are not constant along the projected
characteristics (x(¢),y(t)). Nevertheless, along them the PDE turns into the ODE:

Therefore, quasilinear equations can be considered a wave equation, since there is “information traveling
with finite speed along specific curves”.

The Cauchy problem The Cauchy problem for (2.23) is the problem of finding a solution u such that
its graph contains a given curve I' C R3. Assuming that I is parametrized by s € I — (f(s), g(s), h(s))
for C! functions f,g,h: I — R (I an open interval of R), the Cauchy problem is then

a(z,y, u)u, + b(z,y, w)u, = c(z,y,u),
{u(ﬂs%g@»h@y (2.26)

We repeat the procedure followed in the linear case, this time leading with a system of three equations.
For each s fixed, we denote by (X (s,t),Y (s,t), Z(s,t)) the solution to the system

Xi(s,t) = a(X(s,1),Y(s,t), Z(s,t)),

Yi(s,t) = b(X(s,t),Y(s,t), Z(s,t)),

Zi(s,8) = (X (5,6), Y (5, 8), Z(5,1)), (2:27)
X(S’()) = f(s)v Y(57O) = g(S), Z(57O) = h(S)

Theorem 2.21. Let Q C R3 and I C R be connected open sets, and take functions a,b,c € C1(2) and
f,9,h € CY(I) such that {(f(s),g(s),h(s)): s €I} C Q. Asssume there exists sg € I such that

J(s0) = f:(so) a(f(s0),9(s0), h(

9(s0), h(s0))
¢'(s0) b(Fls0): gls0):hls0)| 7 " (2.28)

)

Then there exists an open neighborhood of (xo,vo0,20) := (f(s0),9(s0),h(s0)) where the Cauchy problem
(2.26) admits a unique solution uw = u(x,y). In such a neighborhood, the graph of u is given in parametric
form by

S0
50

x=X(s,t), y=Y(s,t), z=2Z(s,t). (2.29)
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Proof. Consider (2.29) which corresponds to the unique solution of the system (2.27). Since J(so) # 0,
then by the Inverse Function Theorem we can locally invert the first two equations:

x = X(s,1) s=5(z,y)
{yws,t) = {tT(x,m,

z = Z(S(x,y),T(:z:,y)), (230)

for functions S,T € C'. Then

which is the equation of the graph of the C! function u(x,y) = Z(S(z,y), T(x,y)). We are left with the
proof of the following two facts:
a) u is a solution. b) w is the unique solution in a neighborhood of (f(s), g(s), h(s)).

Item a) can be shown using two different arguments:

e Argument no. 1: One can directly compute the partial derivatives of u, as we did for the proof of
Theorem 2.12.

e Argument no. 2: By construction, the graph of u is the union of the characteristics that intersect
I' in a neighborhood of (f(s), g(s),h(s)). Then, by Proposition 2.18-2), u is a solution.

As for item b), let ¥ be an integral surface which contains I" in a neighborhood of (f(so), g(s0), h(s0))
(without loss of generality, assume that the whole I' is contained in ¥). Then, by Proposition 2.18-1, ¥
should contain every characteristic that intersects I', hence Graph u C X. Since both sets are graphs,
then they coincide in a small open neighborhood of (f(s), g(s), h(s)).

O

Example 2.22 (adapted from [8, p. 16]). This example is related with Euler’s Homogeneous Function
Theorem. Consider the Cauchy Problem

Ty + YUy = Qu, u(x, 1) = h(z),
for a fixed constant a # 0. Since

J(s) =

F — 140,

s
1
we have existence and uniqueness of solution in a neighborhood of each point (s, 1, h(s)). System (2.27)
becomes

Xe=X, Vv=Y, Zi=aZ
with X (s,0) = s, Y(s,0) =1, Z(s,0) = h(s). Thus
X(s,t) =se', Y(s,t)=¢€", Z(s,t) = h(s)e™

and u(x,y) = h(xz/y)y*. Note that this solution is homogeneous of degree a since, for every A > 0,

u(Az, \y) =h (x) A%y = A%u(z, y).
)

Observe also that the projected characteristics are the straight lines x = sy and that, for each s € I,
u(sy,y) = h(s)y®.

If @ < 0, let us check that any solution w of zu, + yu, = au whose domain contains the origin is
necessarily identically zero. Indeed, given any (c1,co) € R?\ {(0,0)},

1 o
p (u(ert, eat)) = crug(ert, cat) + couy(ert, cot) = n (crtug(ert, cat) + catuy(crt, cat)) = ?U(Clt,cgt).

Then there exists a constant d, depending on (c1, ¢2), such that u(cit, cot) = d|t|*. By letting t — 0, we
have necessarily that d = 0 and v = 0.
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Example 2.23 (Burgers’ equation without viscosity term). Consider a flux of particles in a thin tube,
which we identify with the z-axis. Let u = u(z,t) be the velocity field at point  and time ¢, and assume
that each particle travels at constant speed. Then, if x(¢) represents the path of a particle,

0= % (w(z(t),t)) = 2’ () ug(z(t), 1) + ur(z,t) = u(z(t), )us (z(t),t)) + ue(z, t).

Hence, u is a solution to the Burgers equation
Uy + ur = 0,
which is quasilinear. Assume that the initial velocity field is known: w(x,0) = h(z). Since

1 h(s)

s =[y "=120

we have (locally) a unique solution, whose graph can be parametrized by
x :X(S’ T)7 t:T(S7T)7 Z = Z(87 T)7

with
X, =2, T, =1, Z, =0, and X(s,0)=s, T(s,0)=0, Z(s,0) = h(s).

Hence, we have the following parametric representation of the integral surface:
x=T1h(s)+s, t=7, z=h(s). (2.31)

For each s fixed, 7 — (Th(s)+s, T, h(s)) parametrizes a characteristic and 7 — (7h(s)+s, 7) parametrizes
a projected characteristic. Observe that we can write the latter as = h(s)t + s, which shows that
the slope of each projected characteristic depends on the initial data; along each one of these lines,
u(z,t) = h(s).

Since s = x — tz, the surface is given by the equation z = h(z — tz); in other words, the solution
(wherever it exists) is given in implicit form by

u(z,t) = h(x — tu(x, t)). (2.32)

[Note the extraordinary similarity with the solution of the homogeneous transport equation in Section
2.1.11]

Typically we are interested in the dynamics for ¢ > 0. Depending on the initial configuration h, from
what we have said above it is possible (and natural) that the solution (2.32) does not exist for all positive
times. We consider two specific and illustrative situations:

a) If u(z,0) = z, then the solution is u(z,t) =z — tu(z,t) <= u(z,t) = {3, defined for every ¢ > 0.
b) If u(z,0) = —x, then the solution is u(xz,t) = —x + tu(x,t) <= wu(x,t) = —7%;, which ceases to

exist at time £ = 1.
What happens in the general case? Assume for simplicity that i’ has an absolute minimum in R.

Two projected characteristics corresponding to s; # so intersect whenever h(sy) # h(sz2), and they do it

at time
S — S1

h(s2) — h(s1)’

Restricting again our considerations to ¢ > 0, we see that:

=

(a) if h is nondecreasing in R, projected characteristics never intersect for ¢ > 0 (for convenience, let
us define t* := oo in this situation);

(b) if h is not nondecreasing, then min, h’(s) < 0, and the first time where two characteristics intersect
is )
S — 8
.= > 0.

t* := inf — —
or5tss h(s2) — h(s1) ming A/ (s)
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Complementing the above considerations with the fact that

Xs(s,7) Xr(s,7)
Ts(s,7) Tr(s,7)

1+th'(s) h(s)

_ /
0 1 =1+th'(s) #0

for 0 < t < t* shows that
x=X(s,7), t=T(s,7), z=27Z(s,7)

parametrizes a C'! graph for 0 < t < t*.
In situation (b), where two projected characteristics intersect, let us check that a blowup phenomena
(or gradient catastrophe) occurs: by taking the derivative with respect to z in (2.32) we have

ug (2, t) = h' (2 — tu(z, ) (1 — tug(z,t)) <= uy(z,t) = : -:L/t(}f/(; t_uiz»(l;))t))

Let so be the absolute minimizer of A’ in R. Along the characteristic x = h(sg)t 4 so, we have u(x,t) =
h(So), but
h'(s0)

T 1+ th'(s0) — —oco ast— (=1/h'(s0)) .

Uy (x,t)

2.3.1 The higher dimensional case

Consider now a general quasilinear equation in dimension N:
N
Zai(aj,u)um =c(z,u), == (x1,...,05) € QCRY, (2.33)
i=1

for a,...,an,c € C1(Q x R) with a?(z) + ... + a%(z) # 0. Then
(a1($7 u)a ) CLN(Z', U), C((E, ’U,))(VU(.T)? _1) =0 (al(xv ’U,)7 cee 7(1N("E, ’U,), C(LC, ’LL)) € T(Cc,u(z))(Graph u)
The characteristic curves are given through the system

dxry dry dz

W:al(xl,...,:z:N,z),..., 7 =an(z1,..., TN, 2), %:c(ml,...,xN,z).

The graph of a solution will be a hypersurface in RV, The Cauchy problem corresponds to ask for a
solution of (2.33) whose graph contains an (N — 1)-manifold I'. If I' is parametrized by

z1 = fi(s1,...,8n-1),. .., &N = fn(s1,...,88-1), 2=h(s1,...,5n-1),

for s = (s1,...,5nv_1) € U C RN71 then we aim to solve

u(fi(s);- -, fn(s)) = h(s).

Once again, for each s € U, we denote by (X1(s,?),...,Xn(s,t), Z(s,t)) the unique solution of

{Zi\il a;(x, u)ug, = c(z,u), (2.34)

)
= fn(s), Z(

Theorem 2.24. Under the previous conditions, assume that for some s € U we have that

Oi(s) ... Z2(s) ar(fa(s)...., fu(s),h(s))

$,0) = h(s).

J(s) = # 0. (2.35)

%Qf(s) - afﬁfil(s) an(fi(5). .- n(s).h(s)
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Then there ezists an open neighborhood of the point (f1(s), ..., fn(s), h(s)) where the Cauchy problem
(2.34) admits a unique solution u = u(z) of class C*. In such a neighborhood, the graph of u is given in
parametric form by

=X1(8,t),...,xn = Xn(s,t), 2= Z(s,1).

The proof follows exactly as in the 2-dimensional case. Condition (2.35) implies that we can invert
the first N equations, obtaining

= Sl(x)v ceySN—1 = SN—l('r)7 t= T('T)a
and the solution is given by u(z) = Z(S1(z),...,Snv-1(x), T(x)).

Example 2.25. Consider the Cauchy problem in three space dimensions:

Uy + Uy + Uy :uz,
u(z,y,0) =2 + 42,

which amounts to say that the graph of a solution u contains the 2-manifold
I':= {($7y7z,w) S R4 Lz :O7 w :12 +y2}

We have fi(s1,52) = s1, f2(s1,52) = s2, f3(s1,82) =0, h(s1,s2) = s7 + s3, and

J(s) = =1#0.

O O =
o~ O
— =

In order to parametrize the graph of the solution, we aim at solving
Xi=1,Y =1 Z =1 W,=W?

with
X (s1,82,0) = s1, Y(s1,82,0) = sa, Z(s1,82,0) =0, W(s1,s82,0) = s% +sg.

After some computations, we obtain

T = X(s1,82,t) = 81 +1,

y:Y(sl 52, )_82+t7

Z:Z( S1, 82, )—t

- W £) = L
w = (817825 )_ (2 52)
or, in explicit form,
2 2

u(e,y,z) = — o= =)

1—((z -2+ (@y—2)*)z

2.4 A (very) brief introduction to conservation laws.
From now on we consider a particular case of (2.1) in one space dimension, f = 0, for a flux depending
only on the solution: ¢ = g(u). In this section we follow closely [13, §4], to which we refer for more

examples, insights and material.
We will focus our attention in the initial value problem

(2.36)

For now, consider h,q € C*(R). The equation can be rewritten as ¢’ (u)u, + u; = 0, hence we are in the
presence of a quasilinear equation.
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Observe that Burgers’ equation, considered in Example 2.23, is a particular case of a conservation
law of this type, for q(u) = u?/2. Reasoning exactly as we did back then, we obtain a solution of (2.36)
in implicit form:

w(@,t) = h(z — ¢'(u(z,1))t),

defined for 0 < t < t* for a certain t* < co. The projected characteristics in this situation are
x=¢'(h(s))t+s, andon them we have u(x,t) = h(s).

Example 2.26 (Traffic dynamics). Assume we have a one way long road, without entries or exits.
Identify that road with the z-axis and assume the cars move in the positive direction. Let u = (z,t)
represent the density of cars at point = and instant ¢ (units: cars/length). Consider the (unrealistic)
assumption that the velocity only depends on the density of cars, v = v(u), having the expression

where vy is the speed limit and s the maximum possible density (“bumper to bumper traffic”). Observe
that we are assuming that there are no cars driving above the speed limit (let us abstain from making
further comments regarding this assumption...). The flux of cars at a point = and time ¢ (units:
cars/time) is given by

q(u) = v(w)u = varu (1 - “) .

upnr

We are in the presence of a conservation law:

2
(q(u))e +ur =0 <= ¢ (w)ug +u =0 <= vy (1_U1\l:1> Uy + ug = 0.

We wish, as usual, to solve this problem after knowing the initial density profile of cars: u(z,0) = h(x).
Let us consider two situations:

The green light problem
Assume we have a traffic light at = 0 that turns green at ¢ = 0. This can be modelled by taking

h(z) = up, <0,
0, z > 0.

Since ¢'(0) = vpr and ¢'(upr) = —var, by following the method of characteristics, we arrive at

( t) upr, < —vpt,
u(z,t) =
0, T > vpgt.

What happens in the region {(z,t) : —vpt < & < vpt, t > 0}7

Traffic jam ahead
Assume we have a traffic jam for x > 0, and there is a group of cars arriving at = 0. Say that we

take
w2 <0,
h(z) = { 5o
uy x> 0.

The projected characteristics which intersect the x-axis at negative values are of the form x = ?”f%t + s
(for s < 0), while the ones which intersect the z-axis at positive values are of the form = = —vyt + s
(for s > 0). Clearly there are intersections, some which even happen instantaneously. How should we
build a solution to this problem?

The above considerations showed that we need a weaker notion of solution, mainly for two reasons:

e we might want to treat situations with non regular initial conditions, like in the example of the
traffic light or the traffic jam (recall also the last example in the section about the transport
equation);
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e shocks might occur, even if the initial data is regular (recall the discussion about Burgers’ equation).

Definition 2.27. We say that u € L>(R x (0,00)) is a weak solution of (2.36) if

/ / (z,t)pu(x,t) + q(u)py(z, 1)) dxdt—l—/h o(x,0)dz =0 Ve CFRx[0,00) (2.37)

One motivation for this was seen in an exercise: if ¢,h € C1(R) and u is of class C!, then u is
a solution in the classical sense (i.e., it satisfies the equations pointwise) if and only if it is a weak
solution. This equivalence, in turn, has two important ingredients: the Fundamental Lemma of Calculus
of Variations (Lemma 1.9), and an integration by parts formula (Corollary 1.14). The idea is to go from
a pointwise identity to infinitely many integral conditions, where the “hard work” of taking derivatives
is passed to the test functions, which are regular.

It is hard to understand directly the implications of this definition. The following result will clarify
what happens in a simple situation which appears frequently in practice.

Definition 2.28. We say that a function u : R x [0,00) — R is a piecewise-C'! function if there exists
k € N and a finite number of curves I'y, ..., 'y, mutually disjoint, and parametrized by

x = s;(t), where s; : [0,00) — R is a C" function,
such that:
a) u € CY(R x [0,00) \ U;?:lfj);

b) w is C' up to each I'; from the left and from the right, that is, given (zg,t9) € I';, the following
limits exist:

t = li - t = I
u (20, t0) ol WU (@0, to) (@) roto)
7>5;(1) =<estt)

and the same happens for u, and wu;.

Theorem 2.29 (Rankine-Hugoniot jump condition). Let u : R x [0,00) — R be a piecewise-C function,
and let T'y ..., Ty be curves as in the Definition 2.28. Then u is a weak solution of the initial value
problem (2.36) if and only if the following two conditions are satisfied:

(a) u satisfies (2.36) at every point where u is of class C*;

(b) along T'; N (R x (0,00)), the Rankine-Hugoniot jump condition is satisfied:
s5(t) (ug(s5(t),1) —u—(s;(t),1)) = q(u.(s;(t),1)) — a(u—(s;(t),1)). (2.38)

Remark 2.30. Condition (2.38) is immediately satisfied at points where w is continuous. At points
where v is discontinuous, we have

0

() - Lerleslth) el

RO ETR RO

If we interpret s;(t) as the path of a one-dimensional particle, then s’(t) represents the speed of such
particle. Whenever I'; represents a shock, we say that s’(t) is the velocity of the shock. This theorem
tells us, roughly speaking, which shocks are admissible for weak solutions of (2.36).

Proof of Theorem 2.29. Assume u is a piecewise-C'! weak solution of (2.36), and let us prove it satisfies
(a) and (b).

Regarding (a), given an open set in R x [0, c0) where u is of class C!, we can reason exactly as we did
for Exercise 2 of the second exercise sheet and obtain that u is indeed a solution in the classical sense
(i.e., it solves the equation and the initial condition pointwise).

Let us now focus in the proof of (b). For future use, let us point out that

—1,5.(¢
n(z,t) = M, for (z,t) € Ty,
7 (£))2
1+ (s5(1))
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is a unit normal to I'; and points to the left of the curve. Now take (zg,t9) € I'; for some j, and let
e > 0 be sufficiently small so that B := B.(xg,t) C R x (0,00), and BNT; = & for every i # j. Define

B" = B.(v0,t0) N {(z,t) 12 > s;(t)}, B~ = B.(v0,t0) N {(z,t) 1 = < s;(t)},

that is, respectively the right and left side of I'; in B. Take ¢ € C2°(B). By definition of weak solution
and integrating by parts,

0= [ [twect awpndode= [| ot atien ot [[ et ) de
— //B+(ut + q(u) g ) dzdt + /33+ (utspro + q(us)pr) ds
— // 7(ut + q(u) ) dxdt + /337(“_@1/2 + q(u-)pr1)ds
- /B o s (gC) = g ) s

Observe that we used point (a) together with the fact that u is C' in BT and B~ to cancel the first
integrals in the second and third lines, we used the fact that v is C* up to I'; from the left and from the
right (which allows the integration by parts), and we have denoted by v = v(x,t) = (v1(x,t), va(x,t)) €
R? the exterior unit normal of the boundary of a set: therefore, on 9B* we have v(z,t) = n(z,t), while
on 9B~ we have v(x,t) = —n(z,t). To conclude, note that since the previous identities hold for every
p € C(B), this yields

(g —u)nz +(q(uy) — g(u=))ny = 0 <= (uy —u_)s;(t) = (q(uy) — q(u—)) =0,

the Rankine-Hugoniot condition.

Conversely, the fact that (a) and (b) together imply that u is a weak solution can be done quite
similarly to what has been just presented and/or to Exercise 2 of the second exercise sheet, with the
extra care that a support of a function ¢ € C°(R x [0,00)) might intersect more than one T';. O

Going back to the examples of “the green light problem” and “traffic jam ahead”, we may check (using
Theorem 2.29) that

UM, r < —upt,
u(w,t) = ¢ (1= o5), —omt <z <omt,
0, x = vyt

is a weak solution to the former, while

UM UM
=2 r < =2
— 8 8
u(x7t) - {'U,M > _’L)Mt
’ 8

is a weak solution of the latter.

2.5 Further reading

In this Chapter we have studied quasilinear equations, leaving out nonlinear equations like
|Vu(z,y) =1, thatis, u?+ ui =1,

which is a particular case of the eikonal equation (see [13, p. 248] for its deduction and interpretation).
A general nonlinear first order PDE in two dimensions has the form

F(I,yvuaumur) =0,

for a regular function F. For methods to study such general equations (in two or higher dimension), we
recommend [8, §1.7 & 1.8] or [13, §4.8] (the second reference is better if you simply want to take a look
at what happens, the first one is better for a full and detailed description).
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Regarding conservation laws, after what we learned in this course, the natural question would be which
extra conditions one should impose in order to guarantee uniquess of weak solutions. This is related with
something called entropy condition, and we recommend [13, §4.5] (actually the whole section 4 is a must
read!) or [5, §3.4]. From here, more general situations would be to consider systems of conservation laws
in higher space dimensions.

Both topics are part of the program of the PhD course Problemas de Evolugdo at IST.
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Chapter 3

Linear second order Partial Differential
Equations: the Laplace, heat and wave
equations

In this chapter we perform a classical study of three important second order PDEs: the Laplace, heat
and wave equations. Before that, we explain that, beyond their physical applications, they are also the
prototypes of three important classes of equations: elliptic, parabolic and hyperbolic.

3.1 Classification of second order linear problems in dimension
two

Consider a general second order linear PDE in dimension two:
a(, Y)uze + 26(2, y)uay + c(2, y)uyy + d(@,y)us + e(z, y)uy +o(z, y)u = F(z,y), (3.1)

where (z,y) € €, an open domain in R?, and the functions a,b,c,d,e,o, F are of class C! in Q. A
classical solution is a function u € C?(Q) satisfying (3.1) pointwise. The purpose of this section is to
show how some properties of equation (3.1) depend on the second order linear operator

Lu:= a(x, y)umc + 2b(x7 y)ury + C(:Z:, y)uyyv

and how the Laplace, heat and wave equations are prototypes of three important classes of PDEs.
Following the framework of first order linear problem, it is natural to solve a Cauchy problem (al-

though, as we will see in the upcoming sections, in some applications this is not of special interest). The

Cauchy problem reads as follows: assume we are given a regular curve v C R?, parametrised as follows:

v =A{(f(s),9(s)) : s € [} C O,

where I is an open interval of R, and f,g € C*(I) are given. We wish to find a classical solution u of
(3.1) satisfying

u(f(s),g(s)) =h(s),  wua(f(s),9(s)) =(s),  uy(f(s),9(s)) =1(s), (3:2)
for h,p,1 € C1(I). Observe that, from (3.2), the data needs to satisfy the compatibility condition

h'(s) = ua(f(5), 9(s))f'(s) + uy(f(s),9(5))g (s)
= (s)f'(5) +¥(s)g'(s)-

Having in mind the ultimate goal of solving the Cauchy problem, let us first try to answer an easier
intermediate question:
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If u is a solution, can we recover only from the data the values of the second order derivatives
Uzz, Uyy, Uzy ON 77 In other words, can we recover g, (f(s),9(s)), uzy(f(s),9(s)) and
Uyy (f(s),9(s)) only from (3.1) and (3.2)7

Using (3.1), we have

a(f(s);9(s))taz + 2b(f(5), 9(5))uay + c(f(s), 9(5))uyy =
—d(f(s),9(s))ua — e(f(s),9(s))uy — a(f(s),9(s))u+ F(f(s), 9(s))-

We have three unkowns, so we are missing two equations. Taking the derivative with respect to s in the
last two conditions of (3.2), we find:

s (f(5), 9(8)) 1 (8) + uay (f(5),9(5))g'(5) = ©'(5),  uyal(f(5),9(5)).f'(5) + uyy(f(5), 9(s))g'(s) = ¥’ (s).

In conclusion, we have the following system with three equations and three unkowns:

a(f(s),9(s))  2b(f(s),9(s)) c(f(5),9(s))\ [vea
f'(s) g'(s) 0 Uy
0 f'(s) Uyy
—d(f(s),9(s))¢(s) —e(f(s), 9(s))¥ /S( )— o(f(s),9(s))h(s) + F(f(5)79(8))>
= ©'(s .
¥'(s)

/(S

Therefore, the answer to our previous question is positive if

a(f(s),9(s)) 2b(f(s),9(s)) c(f(s),9(s))
f'(s) 9'(s) 0 #0,
0 f'(s) g'(s)

that is,

a(f(s),9(s))g'(s)* = 2b(£(5), 9()) ' (5)9 (5) + c(£(5), 9(5)) f'(5)* # 0.

Definition 3.1. A C* curve v = {(z(s),y(s)) : s € I} is called characteristic for the linear second order
equation (3.1) if

Als) = ala(s),y(s)y(s) — 26(w(s), y(s))a’ (s)y/ (5) + e(w(s), y(s)a(s) =0 for every s € I. (3.3)
On the other hand, v is called noncharacteristic it A(s) # 0 for every s € I.

The ODE (3.3) has two unknowns; however, we can reduce the problem in most situations. For
example, in an interval where 2/(s) # 0, we have y = y(z) and we can write (3.3) as

dy 2 dy
a((E,y) <dl‘> - 2b($7y)% + C(.’E,y) =0.

If a(z,y) # 0, then we have a single ODE with unknown y = y(z):

@_ b+ Vb2 —ac
de a

note that we don’t have real solutions 1 —ac<0). It y'(s and c(z,y , then we have
h don’t h 1 solutions if b? 0). If ¢/ 0 and 0, th h

d dz\? dr b+ Vb2 —
e c(x,y) &) —0 and T_ =V A
dy dy

Definition 3.2. The equation (3.1) is called:

a(l’, y) - 2b(337 y) dy - c

e elliptic in Q if b — ac < 0;

e parabolic in Q if b?> — ac = 0;
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e hyperbolic if 4> — ac > 0.

Remark 3.3. Another way of looking at this definition is to consider the (symmetric) matrix

a b

A =y

The equation (3.1) is elliptic in Q if the eigenvalues of A have the same sign; it is parabolic if A admits

a zero eigenvalue, and it is hyperbolic if the eigenvalues of A have opposite signs. The nomenclature

arises from an analogy with the study of conics (see the second to last paragraph of this section for more
details).

In conclusion, whenever a(z,y) # 0 or ¢(x,y) # 0, by the existence and uniqueness theorem for
ODEs, through each point (z,yo) €

e there passes no characteristic in the elliptic case;
e there passes exactly one characteristic in the parabolic case;
e there pass exactly two characteristics in the hyperbolic case.
In general, an equation might be of one type in one region, and of a different type in another region.

Example 3.4. Typical examples are ug, + u,, = 0 (Laplace equation, elliptic), u; — uz, = 0 (heat
Equation, parabolic), uy — uz, = 0 (wave equation, hyperbolic). [Exercise: compute the characteristic
curves for these equations.]

The interest of defining characteristics in this context is clarified in the following result.

Theorem 3.5. Assume that the functions a,b,...,e,o, F are analytic. Take f,g,h,p,1 to be analytic
functions in an open interval I, and assume that the curve v = {(f(s),g(s) : s € I} C Q is non-
characteristic. Then the Cauchy problem (3.1)—(3.2) admits a unique solution close to any point of T.
Moreover, this solution is analytic.

Comments on the proof. The existence part in this theorem is a consequence of a result for systems of
(possibly quasilinear) first order PDES, the Cauchy-Kowalevski! theorem. To reduce the equation to a
system of first order equations, it is enough to make

Uy ‘= u, U2 = Ug, U3 = Uy,
obtaining
Ouy __
ayl = us,
(9’U.2 _ 671,3
oy ~— Oz

a%2 + b5 4 b5 4 B 4 fuy + dug + euy = F

L . T
which in matrix form and for u = [u; uz wus], reads as

0 0 O ou 1 0 0 ou 0 0 1 0
0 0 -1 % +10 1 0 50 +10 0 Olu=1{0 (3.4)
0 a b v 0 b c| % o d e F

The Cauchy-Kowalevski theorem provides existence of a solution, which is unique among the set of
analytic functions. Uniqueness in the set of C2 functions is provided by Holmgren’s Uniqueness Theorem,
which holds for linear equations of any order.

Proving this result is out of the scope of this course, as we are never going to need it later. However,
we can give an insight on why it is true. We have seen before that, on a noncharacteristic curve, we can
LeCOVer Ugy, Uyy, Ugy ON 7y from the data. If we are allowed to take again derivatives with respect to s
in all of the equations, we can recover all partial derivatives of u along 7. Therefore, from this we can
write a formal power series. It can be proved that, if all the data are analytic, this series converges in a
neighborhood of each point of I and that it corresponds to a solution. For more details about this, one
of the best places to look is [8, §3]. O

LSophie Kowalevski (1850-1891) was the first woman in modern Europe to gain a doctorate in mathematics, the first to

join the editorial board of a scientific journal, and the first to be appointed professor of mathematics (source: Encyclopaedia
Britannica).
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Remark 3.6. This result is one of the few general statements available for equations of different types.
Unfortunately, it is most of the times useless. We use a quote from Fritz John’s book, which captures in a
wonderful way the limitations of Theorem 3.5: Many physical problems lead to analytic partial differential
equations. But the restriction to analytic Cauchy data and solutions is unrealistic. It implies that the
solution is determined globally by local conditions near one point, and makes it impossible to describe
phenomena that do not interact instantaneously with the whole universe (hence it excludes boundary-
initial value problems). The Cauchy problem is “ill-posed” except for hyperbolic equations. Real analytic
solutions, however, are useful in discussing more general solutions. In addition, some equations (the
elliptic analytic ones) have the property that all solutions are analytic in the interior of their domain of
existence. [8, p. 77] Moreover, as we will see ahead, in the case of the heat equation, it is natural to take
a Cauchy data precisely on a characteristic!

We now show that, after a change of variable, any second order equation can be transformed
(via a change of variables) into another one whose second order operator is the one appearing in the
Laplace/heat /wave equation.

Definition 3.7. The equation (3.1) is in the canonical form when it it is of the form
(i) uze + uyy + Uu] = g(z,y) if the equation is elliptic;
(i) wgze + l[u] = g(z,y) if the equation is parabolic;
(iil) uyy — Ugs +1u] = g(x,y) Or ugy + l[u] = g(x,y), if the equation is hyperbolic;
where [[u] only contains the terms with derivatives of order zero or one of wu.

Observe that the Laplace, heat and wave equations are already in canonical form. In the definition
of the canonical form of hyperbolic equations, note that the two forms are equivalent via the change of
variables ¢’ =z +vy, v =x —y

Theorem 3.8. Assume a,b,...,e,0,F € CY(Q) and that a,b,c are analytic. Let u = u(z,y) be a
solution of (3.1). Then there exists a change of variables

§:go(x,y), U=¢($ay)

which reduces the equation to its canonical form. In other words, if v(&(x,y),n(z,y)) := u(z,y) then v
satisfies an equation of type (i), (ii) or (iil) in Definition 3.7 whenever it is, respectively, elliptic, parabolic
or hyperbolic.

Idea of the proof. Assume for simplicity that a(x,y) # 0. For hyperbolic equations, we have two equa-
tions for the characteristics:

dy b+ +Vb?—ac dy b—+b?—ac
de a ’ dr a ’
to which correspond two first integrals ¢(z,y), ¥ (x,y) which are functionally independent. In this case,
we take & = p(z,y),n = (z,y).
In the parabolic case, we take ¢ a first integral of the ODE
dy _ b
dr a’
satisfying Vp(z,y) # (0,0). Then we can take n = p(z,y), n = ¥(z,y), where v is any other function

which is functionally independent from .
Finally, in the elliptic case (where there are no real characteristics), one takes the complex ODE

@_ b+ ivac — b?
de a ’

If the right-hand side is analytic (this is where we need the analyticity assumption of the statement),
then it can be shown that the general solution of the ODE is of the form ¢(z,y) = constant, and we take
the change of variables £ = Re(¢), n = Im(¢). For the details, see for instance [10, §2.5.2]. O
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Analogy with the study of conics The names elliptic, parabolic and hyperbolic arise from an analogy
with the study of conics. Consider the following quadratic equation in R2:

az? +2bxy + ey’ +dr+ey+ f=0, fora,b,c.de, feER,

which we can rewrite as )
a T T
= vl {b C] M vl e M =0

Then this corresponds to an elipse, a parabola or a hyperbola (perhaps degenerate) if, respectively, we
have b? — ac < 0, b> — ac = 0, b> — ac > 0. This is directly related with the eigenvalues of the matrix

a b
A= [b } .
Since A is symmetric, is is diagonalisable with real eigenvalues: we may have, respectively, two eigenvalues
of the same sign (if b> — ac < 0), one eigenvalues which is zero (b?> — ac = 0) and two eigenvalues of
distinct sign (b®> — ac > 0). In each case, observe that, by using the diagonalising matrix O (such that
O~1AO is a diagonal matrix), we can reduce, after a change of variables, the system to one of these

forms:
2?4+ 9% + lower order terms =0, z?+1lot=0, z*—y?+lot. =0.

Final comment We have classified all equations of the form (3.1), and this could give the wrong
impression that we can classify all existing equations. This is far from the truth. We were able to do it
in this section because we were dealing with a linear case in two dimensions.

There is absolutely no general theory regarding PDEs. In more complicated situations like nonlinear
equations, higher space dimensions, higher order equations and/or situations with systems of PDEs, we
try to gather different equations into groups. Solutions to equations within each group share similar
properties and model certain types of phenomena. Elliptic, Parabolic and Hyperbolic equations can be
defined in a much more general framework than the one we just described. In the next chapter we make
a classical study of the Laplace, Heat and Wave equations; on the one hand because of their applications,
on the other because they are the standard prototypes of the three groups mentioned above.

3.2 The Laplace Equation

Consider the Laplace equation
Au=0

in an open set 2 of RY. Its solutions are called harmonic functions (in 2). We consider also the more
general Poisson equation

—Au = f.

These equations appear associated to equilibrium states of the heat/diffusion equation, or as the equi-
librium equation of an elastic membrane subject to a load f. In these situations, recall that u represents
the temperature or the vertical displacement of an elastic membrane, respectivelly. If €2 is a bounded
set, in order to obtain a well posed problem it is natural to consider boundary conditions, which can be
of several types. Given g, h defined on 0f), we have:

a) Dirichlet boundary conditions:
u(z) = g(x) on IN

(e.g.: prescribe the temperature at the boundary, or the displacement of a membrane at the

boundary).
b) Neumann boundary condition
0
871: = g on 0f)
(e.g.: prescribe the heat flux on the boundary; if ¢ = 0, then the medium is isolated from the

exterior).
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¢) Robin boundary conditions

Ju
aﬁ—au_g (a>0).

d) Mixed boundary conditions, e.g.,

0
u=gon['p, —u:honFN,

v
where I'p, 'y are relatively open in 9Q, TpNTy =@, and Tp UT y = 09.
If the given boundary data is 0, the conditions are called homogeneous; if not, they are called nonhomo-
geneous.

3.2.1 Qualitative Properties

In dimension 1, harmonic functions are solutions of v’ = 0, thus they are affine functions u(z) = ax+b,
a,b € R. We are interested in describing some properties of harmonic functions in dimension N > 2.
From now on, we assume that @ C RV is an open bounded set.

Figure 3.1: Plot of the graph of the harmonic function u(z,y) = 22 — 32

Theorem 3.9 (Mean-Value Formulas). Let u € C%(Q) be a harmonic function. Then, for each ball
B.(z) € Q,
Sy =o; (4) do(y)
u(y) dy = u(y) do(y).
|Be| /B, (2) 10B:| Jop, (x)

Proof. Take a harmonic function u € C?(Q2) and x € Q. For 0 < r < dist(z,99Q), consider the function

u(z) =

1 1 1
p(r) = ——— uydayzf/ u(y)do(y) = —=—— u(x +rz)do(z).
( ) |8Br| OB, (x) ( ) ( ) |8Bl|rN 1 OB, (2) ( ) ( )¢ |6Bl| 9B1(0) ( ) ( )
y=x+ 27
Then
o'(r) = . 92 (u(z +1z)) do(z) = 1 Vu(z +rz) - zdo(z)
|0B1] Jop, ) Or |0B1] Jas, (o)
1 / y—x 1 ou 1
=— Vu(y) - do(y) = —do = / Au=0
0B Jam o Y T 0B ooy 00 T 1081 S
y=x+rz v(y)
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(where we have used Green’s formula from Corollary 1.15-1). Thus, for every 0 < ¢ < r < dist(z, 99),
we have ¢(r) = ¢(g). Since p(e) — u(z) as e — 0 [why?], the second formula of the statement follows
directly.

We can rewrite the second formula in the following way:

u(z)tN OB | = / u(y) do(y) for 0 < t < dist(x,00Q).
OB (z)

By integrating this expression with respect to ¢ between 0 and r and recalling that |B,| = rV|B;| =

N
%, we obtain the first formula of the statement. O

This result has very important consequences.
Theorem 3.10 (Weak and Strong Maximum Principle). Let u € C?(Q)NC(Q) be harmonic in Q. Then:

i) maxu = maxu.
Q a9

ii) If furthermore §) is connected and there exists xo € Q such that u(xg) = maxgu, then u is constant
in Q. In other words, a monconstant harmonic function can only achieve a mazimum at the
boundary.

Observe that, since u € C () and Q is compact (because © is bounded), the function u achieves a
maximum both on 99 and Q. We always have the relation maxpo u < maxg u.

Proof. We start by proving the second statement.
(i) Assume € is connected, and assume there exists xo € Q such that

u(zg) = maxwu := M.
Q

Given B,.(z9) C €, since u is harmonic,

1
u(zo) = B /s u.

Thus
1

m Br(xo)(u(m) —u(xg))dz =0

and, since u(x) — u(zp) is a nonpositive continuous function, then u(x) = u(xzg) for every z € B, (xq).
Therefore, the set
Uy ={zeQ: uzx)=M}

is:
- nonempty, since zg € Ups;
- open, since we just proved that if © € Uy and B,.(z) C 2, then B,.(z) C Uns;
- closed, since Uy; = u~1(M) and u is continous.

Since €2 is connected, we conclude that Uy, = Q, so that u = u(xp) in Q.

(i) If Q is connected, we are done. If not, we can write it as the union of connected components, and
there exists one — denote it by w — where

maxu = maxu = maxu < maxu. O
Q w i ow oQ
(ii)

The second statement is stronger than the first one. The first result is called the weak maximum
principle, while the second is the strong maximum principle.
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Remark 3.11. If Q is not connected, then (ii) is false in general. Indeed, consider Q = (0,1) U (2, 3),
u: Q — R defined by u(z) =1if z € (0,1), u(z) = 0if x € (2,3). Then w is harmonic, nonconstant, and
it achieves its maximum in (0,1) C int 2.

By applying Theorem 3.10 to —u, we obtain a corresponding weak and strong minimum principles.
In conclusion:

Corollary 3.12. Let u € C?(Q) N C(Q) be harmonic in Q. Then:

maxu = maxu, ond minu = minu.
Q o0 Q o0

Furthermore, if Q) is connected and u is non constant,

minu < u(x) < maxu Vo € Q.
ETy) aQ

From now on, Q is a bounded domain (i.e., open and connected). Given f defined in  and g on
0%, consider the boundary value problem:

—Au=f inQ
3.5
{u =g on 0f. (3:5)

The maximum principle is the key tool to have uniqueness and stability of solutions, as well as a com-
parison principle.

Theorem 3.13. Let f € C(Q?) and g € C(0Q). Then
i) (Uniqueness) There exists at most one solution u € C%(Q) N C(Q) of (3.5).
Consider uy and ug solutions of —Awu = f with Dirichlet boundary conditions g1 and g2, respectively.

i1) (Stability) We have
max fuy () — ua ()] < max|g1(w) - g2()]-

i11) (Comparison) If g1 < g2, then uy < us. If moreover g1 # go then actually u; < us in .
Proof. 1) If uy,us solve (3.5), then the difference v := u; — ug solves
Av=0in Q, v =10 on 9.

By Corollary 3.12, we have v = 0, that is, u; = us.

ii) and iii) For uy,us as in the statement, v := u; — ugy satisfies
Av =0in §, v =g; — go on 0L,
and by the maximum principle
v(z) = ui(x) — ua(z) < né?lx(gl —g2) < max lg1 — g2 Vo € Q. (3.6)

The first inequality implies that, if gy < g2 on 91, then u; < ug in Q. If moreover g; # go, then v
is non constant and iii) follows from the strong maximum principle. To conclude the proof of ii) take
w = ug — u1, which solves

Aw =01in Q, w = go — g1 on 0L

Again by the maximum principle,
w(z) = us(z) —ui(z) < max(gz — g1) Smaxlgr —go| Vo e Q. (3.7)
Combining (3.6) and (3.7) we obtain

|ug(x) — ug(x)] <I%%X|gl—gg\ Vo € Q. O
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Remark 3.14. We present an alternative proof (via energy methods') of the uniqueness result under
stronger regularity assumptions on the solutions. More precisely, let us prove that

There exists at most one solution u € C%(Q) of (3.5).

As before, we can reduce the problem to show that, if v € C?(Q) satisfies Av = 0 in Q, v = 0 on 99,
then v = 0 in . This time, we multiply the equation of v by v itself, integrate in 2, and use one of

Green’s identities: 5
0= / Avy = —/ |Vol? +/ S do = —/ |Vol2.
Q Q oa Ov Q

Thus |[Vo|? = 0 in , so that v is constant (recall that ) is connected). Since v = 0 on 92, then
necessarily v = 0.

We saw that, if u € C?() is such that Au = 0 in €, then u satisfies the following mean value
property

1
u(r) = - u(y) do(y) for every ball B,(x) € 0,
|0B:| JoB, (x)
which implies (it is actually equivalent, see the next theorem!)
1
u(zx) = u(y) dy for every ball B,(z) € 2.
1Bl JB, (z)

We say that u satisfies the mean value property if one of the previous statements hold true. Observe
that these only require u to be continuous to make sense. The following statement shows that u being
harmonic is actually equivalent to satisfy a mean value property. To show this we will first see that w is
actually of class C°.

Theorem 3.15 (Regularity). If u € C(Q) satisfies the mean value property for each ball B,(x) € Q,
then v € C* () and is harmonic.

Proof. 1) Let us start by the regularity result. Extend u by 0 to the whole RV (and keep denoting the
resulting function by u). Let p. be the mollifiers introduced in the previous chapter. Observe that p.

are radially symmetric: p.(z) = p.(y) for every z,y € RV with |z| = |y| (with some abuse of notation,
we write p(z) = pe(r)).
Define

Ue 1= P ¥ U

and, for € > 0 small, take
x€Q.:={yeQ: dist(y,00) > e}

(the set was chosen in such a way that B.(z) € Q). We have

ue(z) = / pe(z —y)uly) dy = /Bg(x) pe(z —y)uly) dy

]RN
- / pe(| — yl)u(y) do(y) dr
0 JOB,(z) ~——

s

= /OE pe(r) (/BBT(@ u(y) do(y)> dr

1>
= / pe(r)|0By|u(x) dr (by the mean value property)
0

u(z) /B =)

Thus, since u. € C®(£2,), also u € C*°(€).). Since € was taken arbitrarily small, actually v € C* ().

! The name comes from the fact that we are evaluating L?-norms of several quantities which typically represent energy
terms. For instance, if u represents the vertical displacement of an elastic membrane, then fQ |Vu|? represents the elastic
potential energy, coming from tension forces.
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2) Let us now check that Au =0 in Q. By the mean value property, given x € €2, we have that

1
|0B:| Jop, (x)

p(r) =

u(y) do(y) = constant.

Thus, repeating some of the computations used in the proof of Theorem 3.9,

oy 1 8u /
0=vl)= 0B, Jag, 1)81/ ¢|5B| B, ()

since u € C%(Q)

Thus, again because u € C?(12), and since |0B,| = &|B,| [check it!],

N
A = lim — . O
u(z) = lim —=¢'(r) =0

Theorem 3.16 (Local Estimates). Let u be harmonic in Q. Then for every v € Q and 0 < r <
dist(x, 00),

N .

|ug, ()] < — max |ul, t1=1,...,N.
T 8B, (z)

Proof. Since u is harmonic, it is a C*°—function and 0 = (Au),, = Au,, in Q for i = 1,..., N. By the
mean value property applied to u,, and one of Green’s identities:

1 1
Uz, (.T) = Uy, = uv; do,
|BT‘ B, (z) |Br|
so that . - N
[t ()] € —=— lu| |vi| do < max \u|| ol = — max |ul. O
1Br| JoB,(z) ~~ 8B, (z) = |Br| T 0B, (z)

Corollary 3.17 (Liouville’s Theorem, weak version). Let u be a harmonic function in RN, If u is
bounded, then u is constant.

Proof. Given z € RY and M > 0 such that |u| < M in RY,

N N
[tg, ()] < — ma(x) lu] < M -0 as r — oo.

Thus Vu = 0 in RV, which implies that u is constant. O

We can actually deduce a stronger Liouville theorem. For that, inspecting the proof of Theorem 3.16
we see that, if u > 0, then

1 1
lu| |vi| do < — udo = —u(x),
1Bl JoB, (z) T

|ua,; ()] <

{5

|BT| OB, (z)

=u

N

1
whenever B,.(z) € .

Corollary 3.18 (Improved Liouville’s Theorem). Let u be a harmonic function in RYN which is bounded
from below or from above. Then u is constant.

Proof. If uw >0, then for t e RN andi=1,..., N,

N

(@) < =

u(z) =0 as r — 00,
and we conclude that u is constant.
If w > C for some C' € R, we apply the previous reasoning to the harmonic nonnegative function

u— C. If u < C, we apply it to the function C' — w. O
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Proposition 3.19 (Higher order local estimates). Let u be harmonic in Q and k € N. Then, for every
x € Q and 0 < r < dist(z, 09),

Nkek—1F|
< —

|DYu(z)| < max |ul, VaeNY : |a| =F.

Tk B, (x)

Proof. We argue by induction in k. For k = 1, the result is a direct consequence of Theorem 3.16.

Assume now that the result holds for a certain k, and let a = (v, ...,ay) € N}’ be a multi-index such
that |a| = k + 1. Assuming without loss of generality that a3 > 0, let o/ = (aq — 1, g, ..., an), which
is such that |o/| = k. Take r; = kL_Hr and ro = k%_lr (note that 71 + r2 = 1). Then, by the induction

hypothesis and Theorem 3.16,

NEek=1k NEek=1EI N
———— max [0y, u| < —————— max |u]
L) By, (z) L) T2 B, (x)
NEF+Lek (| 4 1)
US|

|D*u(x)| = |D* 0y, ulx)| <

NE+Lk=1[
= e max |ul,

B, (z)

k
1
(1 + ) (k4 1) max |u| <
k B, (2)
———
<e

as required. 0

The previous estimates allow to show that solutions are even more regular than shown in Theorem
3.15.

Theorem 3.20. Every harmonic function is analytic.

Proof. Let x € Q and take r > 0 such that By,.(x) € Q. Since u € C*, we can use Taylor’s Formula
with Lagrange remainder: for h € RY sufficiently small (|h| < 7),

1
u(z+h) = Z ———D%u(x)h{* ... hYY + Ri(h),

| |
o<k Qp:...QN:
where
1 a aq anN
Rk(h): Z ﬁD u(fEl"_Slhl,...,fEN"_SNhN)hl ...hN
o=kt 1 10 QN
for some s1,...,sy € (0,1). We have the estimate
Nh+1gh k+1)! 1 (|h|N2Ze\
Ri(h)] < B % max Ju| < - <||) max [ul,
rv o=t 1 a1:...QN: B (z) € r B, (x)
—Nk+1
since, by the Multinomial Theorem,
NF = (14 DM = Y AR
N——— a!...an!
N times la|=k+1
Therefore the remainder term goes uniformly to 0 for |h| < 7 := 53%;. Since z is arbitrary in Q, u is
analytic. O

Remark 3.21. A common notation for the space of analytic functions in Q is C*(Q).

Remark 3.22. Observe that Theorem 3.20 is consistent with a standard result from complex analysis:
holomorphic functions are analytic.
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3.2.2 Representation Formulas

Fundamental Solution. We know that any affine function u(x) = a-z+b, with a,b € RY is harmonic.

Another example is, for instance, u(z) = 23 — x3. Let us look for other kind of harmonic functions in

the whole space RY. Since the Laplace equation is invariant under rotations', it makes sense to look for
a harmonic function u which is radially symmetric:

u(z) = v(|z|), for some v : R — R. (3.8)

In what follows we work with N > 2, and denote the radial variable by r := |z|. Since

. 2 2 2
% ='(r) Yl and % = v”(r)x—l2 +'(r) < LI ) ,

[ae] ; 2] e Jaf?
then
N
O*u |z|? N |z[]? N-1
AU = @ = UH(T)W + U/('f') m — W = 'U”(T) =+ T’UI(T) =0.

Therefore, for a function of the form (3.8), u is harmonic in RV \ {0} if and only if

N -1
v+ —v =0, r > 0.
r

By multiplying this ODE by the integral factor exp( [ &=t dr) = r¥=!, we obtain

N-1

(VY =0 = PN =0 =  =0r'V,

and
r) alogr+b ifN=2
v(r) = .
ar’N4+p fN>3

We now choose a, b in order to have

/ @ do=-1 Vr > 0.
oB,.(0) I

We take b = 0 and, since

/ u do = / Vu(zx) - z do(z) = / U'(r)E z do(z) = |0B; |rN 1/ (r),
2B,.(0) OV 9B..(0) T 9B..(0) ror
we choose
=— L ——i if N =2 and a—;ifN>3
“T 7B T 2n - = (N —2)]9B] =

Definition 3.23. The function ® : RV \ {0} — R given by

1
——log|z| if N =2
2m

O(x) := 1 1

(N =2)|0By| |z[V—2

if N >3
is called the fundamental solution of the Laplace equation. It is a radially symmetric, harmonic function

in RV \ {0}, and satisfies
0P
—do=-1 vr > 0.
(

We leave as an exercise proving the fact that ® € L{ (RY).

'In fact, if u is harmonic in RY and O is an orthonormal N x N matrix, then v(z) := u(Oz) is also harmonic in R .
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Theorem 3.24 (Representation Formula in RY). Let f € C2(RY). Then the function'
u(w)i= (@ o) = [ B =)f)dy
is of class C2(RY) and satisfies the equation
—Au=f in RN,

Proof. We present, the proof for N > 3. Observe that it is not true that Au = (A®) * f (which is 0)
since @ is only of class C? in RV \ {0}, and A® ¢ L] (RY) [check it!]. However, since u = ®x f = fx P,
with f € C2(RY), then u € C2(R") and

Au=Af* .
Take € RY and let Bg(0) be such that x — supp f C Br(0). Then?

M) = [ Afa-pewdi= [ Al nlew)dy

r(0)

~ lim / Al (& — )] B(y) dy,

e—0t
Br(0)\B:(0)

by Lebesgue’s Dominated Convergence Theorem. Applying Green’s identity to the functions ¢ and
f(z =) in Bgr(0)\ B:(0), and recalling that A® = 0 in RM \ {0},

Bifa-gewd = [ - )e@) - fe - )5 ) doty)
Br(0)\B.(0) O(BR(ONB.(0)

By the choice of R, we have f(z —y) = 0 for y in an open neighborhood of dBg(0), thus

| e =) — =) G dola) = 0

9BRr(0)

Since the external normal at * € 9B.(0) with respect to the set Br(0) \ B.(0) is symmetric to the
external normal with respect to the set B.(x), we have

Bur) =~ tim [ S 08)  fe ) G ) de

Now, as e — 0™,

[l
Io]

1
<C/ ————do(y) = C|0B1le — 0,
9B.(0) ly|N =2

B (0) aiyy
while
o 9%
/335(0) flz— y)%(y) do(y) = /e>BE(0)(f(z —y) — f(a:))%(y) do(y) — flz) = —f(),
as ¢ — 01, since .
/335(0) 7=t
and
/ (f(zfy)*f(ir))gj(y)da(y) gm:ix\f(xfy)—f(mﬂﬁo ase — 0T, 0
9B:(0) v ly|=

LThis is called the Newtonian Potential of f, since for N = 3 it is, up to a constant, the potential of the gravitational
force generated by a mass distribution with mass density f.

2Don’t be confused by the notation: Af(z — y) represents the function Af evaluated at = — y, while Ay[f(z — y)]
represents the Laplacian of the function y — f(z — y).
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Remark 3.25. Define the “Dirac Delta operator” 4, through the expression f — §,(f) := f(x). We
will give, in the next chapter, a sense to the equation

and to the computations

A </RN Dz —y)f(y) dy) = /]RN AL[®(x —y)|f(y) dy
= | AY[@(z—y)lf(y)dy = =b.(f) = —f(z).

RN

A natural question is if the solution found in Theorem 3.24 for the problem —Au = f in RY is unique.
The (obvious) answer is NO: if « is a solution, then u + ¢ is a solution for every constant ¢, or v+ p;(x)
where p;(z) is a first order polynomial in the variables z1,...,zy. The answer is, on the other hand,
YES, if we prescribe the asymptotic behavior of the solutions as |x| — oo (which replaces the “boundary
conditions”)

Theorem 3.26. Let N > 3 and f € C?>(RY) The function u = ® * f is the unique (classical) solution
of the problem

u(z) >0  as|z| = oo. (3.9)

{—Au:f in RN

Proof. We have seen in Theorem 3.24 that u := ® * f solves —Au = f. Moreover, denoting by K the
support of f,

1
dy <

1
u(w) = S (N Z2)|0B,| dist(z, )N -2 /K Fy)dy =0

1 / f()
(N =2)|0B1] Ji & —y[N 2
as |z| — oo. As for the uniqueness results, if v is a solution of (3.9), then w := v — u satisfies
Aw =0in RV, w — 0 as |z| = oo.

In particular, w is bounded and harmonic, and by Liouville’s theorem w is constant. Since w — 0 as
|x] — oo, then w = 0. O

Observe that, given a prescribed asymptotic behavior at infinity, the last argument used in the proof
shows that there exists at most one solution with that rate.

Remark 3.27. In dimension 2 one can prove that u is the unique solution of —Au = f in RY with the
asymptotic behavior

o) = =5 ([ rwan)roglel +0 (1) aslal

(see [13, Problem 3.11]).

Green’s function Let 2 be a bounded domain of class C'. We want ‘to deduce a representation
formula for the solution of (3.5). In other words, the question is: if u € C%(Q) is a solution, what is the
expression of u? We start with some preliminary results.

Lemma 3.28. Take u € C?(2). Then, for every x € ,

uw) == [ @@ pdut) i+ [ Ba— )T - 50— ) doly).

o0
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Proof. This proof has a lot in common with the one of Theorem 3.24, so we skip here some details. Fix
x € Q and take € > 0 small in such a way that B.(z) C Q. By Green’s identity applied to u and ®(z — )
on Q\ B.(z), and recalling that A, [®(x — y)] = 0 in RV \ {z}:

- [ suwee-na- [ e i) - St -y doly)
)

v,
\Be (@ (\B- ()
0 ou o ou
-/ 8—%[<I>(x —y)luly) = 5 (W) 8z —y) do(y) — /OBE(I) 67@/[@@ —y)uy) - 5, W)@ —y) do(y).

We can conclude observing that, as € — 0,
- / Au(y)®(z —y)dy — — / Au(y)®(z — y) dy
Q\B.(z) Q

(by Lebesgue’s Dominated Convergence Theorem)

[ gl o) = [ Ty L) doty)

B.(z) Oy OB, ()
0P

- /335(0) Vo(z) - gu(nc +z)do(z) = — /835(0) 5, (Pulz + 2)dz — u(x)
and

<C |®(y)| do(y) — 0. N
aBE(O)

/8 )@z — ) do(y)

B.(z) %

Using this result, we can conclude that, if u € C?(€2) solves (3.5), then

we) = [oa=—nsdr+ [ oe-nT0 - 506l o). (10)

o0

In order to obtain a useful representation formula, we need to take care of the term

[ e =05 doty) (3.11)
oQ

which still depends on u and not on the data of the problem.
Let us make the following assumption on 2 from now on:

Ay =0 if y e Q

p(z,y) =2(x—y) ifyeo. (&)

For each x € Q fixed, there exists ¢(x,-) € C%(Q) satisfying {

Observe that ®(x — y) is never singular for z € Q, y € 9Q. It is known that there exists a solution
¢ € C%(Q) N C(Q) under the assumptions of this section:  a C! bounded domain (see [6, §2.8] or [13,
§3.5]). However, the question on wether ¢ € C?(€Q) is much more delicate and is out of the scope of this
course.
Let us see why ¢ is important for our purposes. Using this time Green’s identity for ¢ and u in 2,
ou

/Ayw(x,y)u(y)—w(m,y)Au(y)dy= aiw(x,y)u(y)dy—w(x,y)a (y) do(y),
A o0 ¥y v

so that, if u satisfies (3.5), we see that

| oe—ngwint) = [ cepsumd+ [ et dot)

o Ovy

= —/ so(x7y)f(y)dy+/ ai@(w,y)g(y)do(y) (3.12)
Q a0 OVy
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Thus, as we wanted, we have written (3.11) as a function of the data f and g. Combining (3.10) with
(3.12) we have that, if u € C?(Q2) solves (3.16), then

o) = [ @ =)~ ele )W) dy+ [ o) - o - y)gl) doty).
Q a0 Yy
This motivates the following.
Definition 3.29. Assume (A). The Green’s function of  is defined as
G(z,y) =@ —y) —p(r,y), VreQ yeQ, z#y.
The fundamental solution ®(z — y) is called the singular part of G, while p(z,y) is its regular part.

We have thus showed the following result.

Theorem 3.30 (Representation Formula). Let  be a bounded domain of class C' where (A) holds, and
let G be its Green function. Then, for every u € C?(Q), we have

wm—AGmw<&w»@/é”@wmww@.

Ko 81/y

In particular, if u solves the boundary value problem
—Au=f in Q, u =g on 0f),

then

wmzﬁcmwﬂw@— %G y)g(y) do(y).

o 31@
Remark 3.31. Observe that
T /QG(w,y)f(y) dy

is a formula for the solution of

—Au = fin §, u =0 on 0N
while 96

v = [ @ yuly) doty)

a0 Oy

is a formula for the solution of

Au=01in Q, u = g on Of).

The term —g—g(x, y) is called the Poisson kernel.

Let us compute the Green function in one particular case: when € is a ball.

Green’s function on Br(0), N >3 We want to solve, for x € Br(0) fixed, the problem

Ayo(z,y) =0 for y € Q = Bg(0)
o(@y) = wowm e When ly = R
Lemma 3.32. The (unique) solution of this problem is given by

Ao = v = 21)|8B1| 25RO\ 0y < Bal)

R _ |zl
EIhd Ry‘

while
1 1

#(0y) = (N —2)[0B,| RN-2°
Moreover, p(z,-) € C%(Bg(0)) for every x € Br(0).
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Proof. For z = 0 the claim is immediate, so we focus on the case x # 0.

1. We have
(2,1) 1 RN—2 1
Z, = )
PO Y TN = 2)[0B eV oy
where z* := %x, for z € RV \ {0}. The transformation x + z* leaves the sphere dBx(0) invariant,

mapping Br(0) \ {0} to RY \ Br(0) (the origin to infinity) and vice-versa. Thus, for = € Bg(0) \ {0},
m=—yv— is of class C? and harmonic in Br(0) C RV \ {a*}.

|I*7

2. If |y| = R, then

‘lzw—'gy =R+ o — 20y = |z —yl%,
thus ¢(z,y) = ®(x — y) for z € Br(0), y € BR(0). O
2
Remark 3.33. Let Q = Br(0). Since I%a: - IiR‘y‘ =R?+ %7'5"2 — 2z -y, we can write
1 1

N—-2"

p(z,y) =
(N — 2)|681| ’RQ + ‘93|12€|§/|2 _ 9. y

for every x € Bg(0) and y € Br(0).

Corollary 3.34. The Green’s function of Br(0), for N > 3, is given by

(N — 21)|8B1| Iz — 11,|N—2 - L | e Ba(0)\ {0}, v € Br(0)

G(x,y) = ‘R;‘ - %y’
! LI fz=0, yc Br0)
(N —2)]0By| \[r—y[N 2~ RN-2 yE=Th V= TR
B 1 1 B 1
T (N=2)0By| | Je —yN 2 =

‘Rz SNV

With some patience, we can deduce that

oG
T%(x’y) = VyG(m,y) :

E o R2 _ |1.|2
R |0Bi|Rlz —y[Y

for © € Br(0), y € 0BR(0).
Thus, if u € C?(Bg(0)) is a solution of

— Au = f in Bg(0), u =g on 0BR(0), (3.13)
then

1 1 _ 1
(N —2)|0B4] Br(0) |z — y[ N2

u(z) =

2

R?2 + |ﬂE|122|2y\2 —2z -y

RZ—IJ?IQ/ 9(y)
+ 55 ——=—do(y). (3.14)
GBIR Jopyo) [~ oV *

Let us check that, under suitable assumptions on f and g, this is indeed a solution of the boundary value
problem (3.13).
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Lemma 3.35. Let f € C2(Bg(0)). Then

u() = /B Gl dy

1 1 1

R - — | f(y)dy
N —2)[0B z—y|N-2 =
(N =2)|0B1] /50 | |2~ Re 4 B gy [

is a C?(Bgr(0)) N C(BRr(0)) function, and
—Au = f in Br(0), u =0 on OBg(0).

Proof. 1. Since f € C?(Bg(0)), by extending it by 0 to the whole RY and still denoting the extension
by f, we have f € C2(RY). Therefore we have

u() = (B % f)(z) / (@) f(y) dy

Br(0)

and so u € C?(Bg(0)) with

“Au(z) = —A@ * f)(x) + / Aol 9)f(y) dy = (2)

Br(0)

since —A(®x f)(x) = f(x) by Theorem 3.24, while A ¢(z,y) = Ayp(z,y) = 0 because ¢(z,y) = ¢(y, ).
2. Since G(z,y) = 0 for |z| = R, then u = 0 on dBR(0).

3. Let us check that u is continuous up to the boundary. Firstly, we have ® x f € C(R™). Secondly,
since f € C%(Bg(0)), for sufficiently small £ > 0 we have

_ 1 f(y)
T 0 o(x,y)fy)dy = (N—2)0B1] Jp, .

(0) ’32 § Bl o,

which is continuous on Br(0) by Lebesgue’s Dominated Convergence Theorem, since on Br_.(0)

2|,12 2
2 |27yl =[]yl 2
—2z-y=2R +T*2|x||y|> R*T zen

|2 [|y|*

2
R+R2

Lemma 3.36 (Poisson’s Formula for the Ball, N > 3). Let g € C(0Bg(0)). Then

u(z) = § 10B1|R /aBR(o) |z —yV do(y) if = € Br(0),
g(x) if © € dBR(0)

is a C%(Bg(0)) N C(Bg(0))—function, being the unique solution of
Au =0 in Bg(0), u=g on O0BR(0).

Proof. Define
oG R? — |z|? 1

K(z,y) = _Tyy(xay) = |0B1|R |x_y|N'

1. For |y| = R, a direct computation shows that
K(-,y) € C*(Br(0)) and A,K(z,y)=0in Bg(0).
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Thus u € C?(Bg(0)) and
Au(z) = / A K(x,y)g(y)do(y) = 0.
9BRr(0)

2. Using Lebesgue’s dominated convergence theorem it is easy to check that « € C(Bgr(0)) (observe that
1/]x —y|~ never becomes singular for z € Bg(0), y € dBgr(0)). To end the proof, we need to check that,
given xg € 0Bg(0) and x,, € Bg(0) such that x,, — x, it holds

wen) = [ Kan)gly) doty) > glan)  asns .
OBRr(0)
2a) Using the formula (3.14) for u = 1 (which is a C?(Bg(0)) function), we deduce that
/ K(xz,y)do(y) =1, for every z € Bgr(0).
9BRr(0)

2b) First, we have the following estimate

/ K (n,1)9(y) do(y) — g(z0)| < / K (2n,9)l9(y) — 9(z0)| do(y)
dBRr(0) OBRr(0)

- /6BR(O) |xn_y|N d (y) (3'15)

Given € > 0, we choose § in such a way that

ly —xo| <6, y € 0BR(0) = [g(y) — g(xo)| <e.
We analyse (3.15) by considering the splitting

OBRr(0) = (0BR(0) N Bs(x))U(0BR(0) N B§(x0)).

We have
/ K(zn,y)|g(y) — g(xo)|do(y) < max |g(y) — g(zo)] K(zn,y)do(y) < e
BR(0) y€OBR(0) 8BRr(0)
AN ly—zo|<8

while in the second region, since |z, — y| > |y — xo| — |z, — 0| = 0/2 for n large,

[ R0 90 gy < o) —oteo (7)) PR
OBRr(0)

0B1[R |zn —y|V YO B (0) 5 0B, |R

ly—z0|>6
for large n. O
By combining Lemmas 3.35 and 3.36, we have

Corollary 3.37. Let f € C2(Q) and g € C(9Q). Then u given by (3.14) for x € Br(0), u(x) = g(x)
for x € 9BR(0), is a C*(Br(0)) N C(BRr(0)) function, being the unique (classical) solution of (3.13).

Remark 3.38. It is hard, in general, to obtain a representation formula (we did it for the ball only).
Moreover, even in a case where we had an explicit formula, it order to check that it was indeed a solution
required strong assumptions on the data. On Chapter 4 we will use other methods to find solutions.

A very important application of Poisson’s formula is Harnack’s inequality.

Theorem 3.39 (Harnack’s inequality I, N > 3). Let u be harmonic and nonnegative in a domain
Q C RN, where N > 3, and take Br(z) € Q2. Then

RY2(R—|a —z)
(R+fo— =)™

N-2 T—2z
u(z) <u(z) < JTR —(|fjl'|)N—1|)u(Z) Vx € Bgr(z).
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Proof. 1t is enough to consider the case z = 0, since we can always reduce to this case by considering
the harmonic function v(x) = u(z — x). Therefore, our goal from now on is to prove that

RN=2(R — |z RN-2(R 4+ |z
(R_|_(|x)N|—l|)u(0) <u(zr) < (R—(|l‘|)N|_1|)u(O) Va € Br(0).
Poisson’s formula yields
B —Jaf / u(y)
) =158 1R T v do(y Vz € Bg(0).
( ) |8Bl|R 9B (0) |l’—y|N ( ) R( )

In particular, for z = 0,
1

u(0) = W ABR(O)U(Z/) do(y).

Since |y| — [z] < 2 — y| < || + ||, we have

R? — |z / RN"2(R + |])
u(zx) < uw(y)do(y) = —=————-u(0
) < BBIRE Y o "0 90 = G O
and > Jop? )
R —|x / RY (R —|x
u(x) = u(y)do(y) = ————-u(0
() 0B1|R(R + [2)N Jop, 0 () do(y) (R+[z))N-1 ®
and the claim follows. O

Theorem 3.40 (Harnack’s inequality II, N > 3). Let Q' € Q with Q' connected, N > 3. Then there
exists C = C(V, Q) such that

sup u < Cigrllfu, for all nonnegative harmonic functions u in Q.
Q '

In particular,

1
au(y) < u(z) < Culy) Va,y € ', u nonnegative harmonic function in Q.

Proof. Let d := dist (€', 09) > 0, and let z,,, 2y € €’ be such that
w(zm) = minu, u(zpr) = maxu.
o o
Since ' is connected, there exists a finite sequence of points 1, ...,z € ' such that z1 = 2z, Tk, = 2m

and |zj11 — ;| < d/4for j =1,...,k —1 (observe that k£ depends on " and ). Then, by the first
inequality in the first version of Harnack’s inequality applied to the ball By s(z;),

(d/2 + d/4)N~!
i) S Gr)N=2(dfe — dji

which implies that supg, u = u(z;) < (227 V3N "1)F=ly(zp) = (227 V3V 1)k Linfg u. O

)u(xjﬂ) =22 N3Ny (w01) Vi=1,...,k—1,

3.2.3 The Dirichlet Principle

Given f € C%(Q) and g € C(09), consider once again the boundary value problem

{—Au =f inQ (3.16)
u=g on 0f)

We will show a relation between (3.16) and a minimization problem. Take the functional

E(u) = 1/ |Vu|2dx7/fudx.
2 Ja Q
and the set A = {u € C?(Q) : ulpq = g}.

IThe remarkable fact of this statement is that the constant C' does not depend on u
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Theorem 3.41 (Dirichlet’s Principle). Let u € C?(2). Then

E(u) =ming E

u solves (3.16) <— {
ue A

Proof. Assume that u € C%(Q) satisfies (3.16); in particular, v € A. Given v € A, multiplying the
equation —Au — f = 0 by u — v and integrating in €

Oz/Q(—Au—f)(u—v)dx:/QVU-V(u—v)dx— aﬂglj(u—v)da—/ﬂf(u—v)dx
:/QVU~V(u—v)dz—/Qf(u—v)dz

which implies, by using Young’s inequality (with exponents 2), that

/(|Vu|2—fu)dx:/Vu~Vvdx—/fvdacgl/ \Vu\Qdac—&—}/ |Vv|2dx—/fvdx,
Q Q Q 2 Ja 2 Jo Q

and so E(u) < E(v).
Conversely, assume that u € C?(Q2) N A is such that E(u) = min{E(v) : v € A}. Let v € D(Q) and
consider the (real) function ¢(t) = E(u + tv), ¢ € R. By assumption, ¢ admits a minimum at ¢t = 0,

therefore
0=¢'(0) :/QVu~VU—/va:/Q(—Au—f)U.

Since v is arbitrary in D(Q2), we have —Awu = f in by Lemma 1.9. O

The previous result makes a connection between a problem in Calculus of Variations and PDEs. In
fact, —Au = f is the so called Euler-Lagrange equation of the functional E. One is therefore tempted
to look for minimizers of E in order to solve (3.16). However, the existence of a minimizer is not always
guaranteed, as we can see in the following example due to Weierstrass.

Remark 3.42. Consider the minimization problem

inf{I(u) := /1 t2(u'(t)*dt = u e C*([~1,1]), u(=1) = =1, u(l) =1} > 0.

-1

Considering
arctan (é)

arctan (%) ’

U (t) =
a direct computation show that I(u.) — 0 as ¢ — 0. Therefore, the infimum is not achieved [why?|.

Therefore, even in a situation where the infimum is finite, a minimum does not necessarily exists.
The big obstruction to this, as we will see in a couple of chapters, is the ambient space C?(Q), which is
not complete for the L?-norm. For now, we suggest the reader to take a look at [13, §6.1].

3.3 The Heat/Diffusion Equation
Consider the heat/diffusion equation

%(w,t) — Au(x,t) = f(x,t) for t >0, x € Q C RV,

where ) is a bounded domain of RN, Au(z,t) = Ayu(z,t) = SN 82“(x,t). In order to have well

i=1 dx?

posedness, we need to prescribe g : @ — R and h : 9Q x [0, +00) — R and to consider:

i) Initial Conditions (time):
u(z,0) = g(x), x €.
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ii) Boundary Conditions (space), which tipically are one of the following:

Dirichlet boundary conditions:
u(z,t) = h(z,t), x €I, t=0;

— Neumann boundary conditions:

ou

- — > 0-
£y (x,t) = h(z,t), x eI, t=0;

Robin boundary conditions: for some a # 0,

%(Jc,t) + au(z,t) = h(x,t), € o, t>=0;

— Mixed boundary conditions: the boundary is splitted in two or more parts, and on each part
we consider one of the previous boundary conditions.

Conditions i) and ii) together imply that we are prescribing information about the solution w(z,t) on
the boundary of the space-time/parabolic infinite cylinder Q U [0, +00).
Before we proceed, let us introduce some notations.

Definition 3.43. Let T > 0. We define:

1) The parabolic cylinder
QT =0 x (07 T]

and the parabolic boundary of Qr:
Iy := Q7 \ Qr = (2 x {0}) U (992 x [0,T))
(observe that I'r is precisely were we prescribe conditions to the solutions of our problem).
2) the space of functions twice differentiable in space and once differentiable in time by:

C*Y(Qr) == {u:Qr = R: wu, Dyu, D>u, D;u exist and are continuous in Qr}.

Theorem 3.44 (Weak Maximum Principle). Suppose u € C*(Q7) N C(Qr) is a solution of

uy — Au =0 in Qp. (3.17)
Then
max v = max u.
Qr Tr
Proof. Define
M := max u, m = max u.
Qr Lz

We would like to show that m = M. Since m < M, assume then by contradiction that m < M; then
there exists (xq,t9) € Qr such that u(xg,t9) = M > m. Consider the auxiliary function

v(x,t) == u(z,t) +

where diam(Q) := sup{|jz —y| : =,y € Q}. Observe that
] ’U(xo,to) = u(xo,to) = M;

e given (x,t) el'p, U(l'7t) <m+w - M;m <M.
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Since (xg,t9) € Qr, then the maximum of v on Q7 is achieved at a point (z1,¢;) which belongs to Qr.
If t; < T, then dwv(z1,t1) = 0 and Av(xy,t1) < 05 if t1 = T then dw(z1,t1) > 0 and Av(zq,t1) < 0. In
either case, we have dyv(x1,t1) — Av(x1,t1) = 0; by combining this with (3.17) we deduce that

M—-—m M—m

0< Gtv(xl,tl) — A’U(l‘l,tl) = 8tu(:z:1,t1) — Au(xl,tl) — N(dlam(Q))2 =—-N (dl&m(ﬂ))Q < 0,

which is a contradiction. O

Remark 3.45. In the previous theorem it is enough to assume that u satisfies
ug — Au <0 in Qrp.

Remark 3.46. It is possible to prove, using a mean-value type theorem, the following strong maximum
principle:

Let Q be a connected bounded open set. Let u € C*(Qr) N C(Qr) be a solution of
ug — Au =10 in Q.
If there exists (zo,t0) € Q27 such that u(wo,to) = maxg_-u, then u is constant in Q-
(see Theorems 4 and 5 in section 2.3 of [5] for the details).

Remark 3.47. In case u represents a temperature and we are dealing with the heat equation (without
considering external interferences), the explanation for this theorem is the following: since heat flows
from higher to lower temperature regions, the maximal temperature inside the body can never increase
as time passes.

Remark 3.48. By applying Theorem 3.44 to the function —u, we deduce the following minimum prin-
ciple:

Suppose u € C21(Qr) N C(Qr) is a solution of
ug — Au =10 in Qr.
Then
min v = min u.

Qr I'r

From now on we study the following initial and boundary value problem: for f : Qr — R and
g:I'r = R,

(3.18)
u=gqg on I'p.

{ut —Au=f in Qp,
Theorem 3.49. Let f € C(Qdr) and g € C(T'r).
i) (Uniqueness) There exists at most one solution u € C*1(Qr) N C(Q7) of (3.18).

Consider uy,us solutions of
3tui — Aul = f mn QT,
u; = g; on I'p.
Then:
i1) (Stability)
max [uy — uz| < max |gy — ga;
Qr T'r

iii) (Comparison) If g1 < go on I'p then uy < us in Qr.

Proof. The result is straightforward from the maximum and minimum principles (compare with Theorem
3.13). O
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Remark 3.50. For future reference, let us prove a uniqueness result like i) using “energy methods”. Let
uy,uz € C?1(Qr) be two solutions of (3.18); then v := u; — ug solves

Ow—Av=0 in Qp,
v=0 on I'p.

Multiplying the equation by v and integrating for x € Q yields:
0= / ve(z, t)v(z, t) do —
Q

9, (“2(;”“‘)) da:—/ﬂ Av(z, o(z, £) d
d [ v*(z,t)

ov d [ v¥(z,t)
=— | == \Y4 2dx — b > = | =2 gy
i, 2 dm+/Q| v(z, t)|* dx /aﬂ ay(x,t)v(x,t) do(z) > dt/Q 5 dx

Av(a, o(z, £) dz = /

Q Q

=0
Therefore, for ¢ € (0,77,
/vQ(m,t) dz < / v*(z,0)dz =0,
Q Q
and so v = 0.

3.3.1 The Fundamental Solution
Consider the heat equation in the whole space:
u—Au=0 xR t>0. (3.19)
Consider the following preliminary considerations:
e The equation is invariant under the transformation
(z,t) = Az, \*1), A >0,

i.e., if u is a solution of the heat equation, so is v(z,t) := u(Ax, \?t). Observe that this transfor-
mation leaves invariant the expression

S

Thus, it makes sense to look for solutions of the form

o If u represents the concentration of a substance subject to diffusion, the integral f]RN u(z,t) dx
represents the total mass. Since in (3.19) there are no external interferences, physically relevant
solutions should conserve the mass, that is,

/ u(z,t)de =C for every t > 0
RN

(formally, we have

4 u(z,t) de = / up(x,t) de = Au(z,t) dx = 0).
dt RN RN RN

If w(z,t) = k(t)v (%), then we require that

C = k(1) /RN v (%) do = k()Y /RN o(y) dy.

If we choose k(t) = Kkt~ %, we see that functions of the form

oo(3)
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Considering the previous facts, the goal from now on is to look for solutions of (3.19) of the form
u(z,t) = f%v(xt*%).

Plugging this into equation (3.19) gives (for y = zt~2),
N 1
St () — 5t TN (Voly) y) — 7 F T Aw(y) =0,
which is equivalent to

So) + 5 Voly) -y + Av(y) = 0.

Assuming furthermore that v is radial, that is v(y) = w(]y|), we have (using r := |y| as new variable):

Vo(y) -y = w'(r)i sy =rw'(r);

|l
Av(y) =w"(r) + Nr_ 1w’(r).
Therefore N . N—1
Ew(r) + éw’(r) +— w'(r) +w”(r) = 0.
Multiplying both sides of this equation by rV~!, we have

1 1
(rN’lw')/—kE( Nw) =0 = TN’lw'-Fier:C,

for some C' € R. Making the extra assumptions that lim, o 7N w(r) = lim, o vV 1w’ (r) = 0, we have
C=0,so

w' + lrw =0
2 b
and there exists a € R such that )
w(r) = ae” T,
In conclusion, we have that
u(z,t) = t%e* lfif, a €R,
2

solves
ug(z,t) — Au(x,t) =0 forz € RN, ¢ >0, / u(z,t)de = C.
RN

Recalling that [ e dz = /T, we choose a = (24/7)~, so that

/ u(z,t)de = 1.
RN

All this motivates the following,.

Definition 3.51 (Fundamental Solution). The function

1 z|?
@(x,t)zi,\,e*%, reRN t>0
(4mt)=

is called the fundamental solution of the heat equation. It solves
0,®(x,t) — Ad(z,t) =0, zeRY, t>0, /RN O(x,t)de =1, forallt>0.
Theorem 3.52. Let g € C(RY) N L°(RY) and define
) = @00 < g)(e) = [ B —y.0a0)dy

1 _la—y)?
= @nE /RNe *g(y) dy.

Then:
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i) u € C®RYN x (0,00));
i) ug(x,t) — Au(x,t) =0 for x € RN, t > 0;

iii) lim  u(z,t) = g(zo) for every zo € RY;
(z,t)—(0,0)

W) [[ull oo ®Y x(0,00)) < gl Los (mN)-
Proof. Assertions i) and i) follow easily from the properties of the fundamental solution and the convo-
lution operation, whereas iv) is a consequence of

lu(z, t)] < / D(y, t)lg(x —y)| dy </ O(y, )9l o= @r) dy = ||gll L= )
RN RN

To prove (4i7), we notice that

u(z,t) — glzo) = / (y,t)[g(x — ) — glzo)] dy.

RN
Fix € > 0. By continuity of g at xg, choose § > 0 such that

lg(x) — g(z0)| <& whenever |z — zq| < 20.
For |y| < 9, if |x — zo| < 4 then |z —y — | < 26, and so

/ O(y, t)[g9(z — y) — g(x0)]dy| < E/ D(y,t)dy <e.
ly|<o ly|<é

On the other hand,

< 2lg]l =@ / By, t) dy — 0

| atoigte— ) - glao)ldy
ly|>6 ly|=6

as t — 0. Thus, for (z,t) sufficiently close to (zp,0) we have
u(z, t) — g(xo)| < 2e.
O

Remark 3.53. The heat equation has an “instantaneous” regularizing effect: even if g is not differen-
tiable, u(zx,t) is smooth for every ¢ > 0.

Remark 3.54. On the next chapter we will interpret the previous result by writing that ® satisfies the
following initial value problem:

Oy (x,t) — AD(z,t) =0 xRN t>0,
@ (x,0) = dg z € RV,

Remark 3.55. It can be shown that the conclusions ¢)-ii)-iii) of Theorem 3.52 still hold if there exists
A, B > 0 such that
lg(z)] < AePl7l vz e RV, g € C(RM).

The solution then satisfies
lu(z, )] < 2AeB’ 1Bl for every (x,t) € RY x (0,00).
See [4, pp. 25-30] for the details.
We finish with the statement of a uniqueness result (see [5, §2.3, Theorem 7]).

Definition 3.56. Let T > 0. We say that a function u € C(RY x [0,7]) is in the Tychonov class if
there exist A,a > 0 such that

lu(z,t)] < Aedlel? Ve e RN, t e [0,T].

Theorem 3.57. Let g € C(RY) and f € C(RN x [0,T]). Then there exists at most one function
u € CEHRY x (0,7)) N C(RYN x [0,T)) in the Tychonov class that satisfies

{ut—Au:f in RN x (0,7),

u=4g on RY.
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3.3.2 The Nonhomogeneous Problem
In this section we consider the problem
{ut —Au= f(z,t) ze€RN t>0,
u(z,0) =0 r € RN,
We start with an existence result.

Theorem 3.58. Let f € C21 (RN x [0,00)) and define

oty = [ [ blo =gt =)0 dyds
1

:/O W/RN e—%f(y,s)dyds (3.20)

for x € RN, t > 0. Then:
1. ue C*Y RN x (0,00));
2. uy(x,t) — Au(x,t) = f(x,t) forx € RN, t > 0;

3. lim  w(z,t) =0 for every xop € RY.
(x7t)_>(I0’O)

Proof. See [5, §2.3, Theorem 2]. O

Remark 3.59. Consider, for s > 0, the function

w1 5) = (B(t — ) % £(-5))(x) = / Bz —y.t — 5)f(y, ) dy,

RN
which is a solution of

ot

(g ts) — Au(z,t;8) =0 z€RN, t>0
u(z, s;s) = f(z,s) z € RV,

Then w in (3.20) can be rewritten as

w(z, t) = /O et ) ds.

If u represents a temperature, we can interpret this solution as follows:
e initially, we have a body at temperature zero;

e u(x,t;s) describes the evolution of the temperature if we turn on a heat source f(y, s) at time ¢t = s
and turn it off immediately. Its effect is felt for t > s.

e u(x,t) will be the “sum” (superposition) of all these contributions.
This idea for solving nonhomogeneous linear differential equations is known as Duhamel’s principle.
An immediate consequence of Theorems 3.52 and 3.58 is the following.

Corollary 3.60. Let f € C>1(RY x (0,00)) and g € C(RNV) N L>=(RN)L. Then

t
[ ow-vtgwdy+ [ [ el yt-s)fws)duds, t>0
u(z,t) = 4§ Jrw o Jry
g(x), t=0.
is a C*1 (RN x (0,00)) N C(RYN x [0,00)) solution to the problem

u — Au = f(x,t) € RN, t>0,
u(z,0) = g(x) r € RV,

1Or, more generally, |g(z)| < AeBl?| for every z € RV,
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3.4 The wave equation
In this section we consider the wave equation
ug(z,t) — P Au(x,t) = f(z,1) reQc RN, t>0. (3.21)

Here u(xz,t) represents the vertical displacement at point x and time ¢ of a string (if N = 1) or a
membrane (if N = 2). Let us do a short deduction in dimension 2: assume we have a membrane evolving
and assume that:

e horizontal displacement is neglected;

e the membrane is flexible and elastic, i.e., there is no resistance to bending but there are tension
forces, which are tangencial to the membrane. We call t(z, t) the vertical component of the tension.

e there is an external force per unit of mass of the form f(x,t)é3.

Let po(x) represent the density of mass of the membrane at rest. Then Newton’s second law says the
following: given w C 2 a domain,

/wpo(m)utt(ac,t)dx:/awt(m,t) do(x)—l—/po(x)f(x,t) dx.

w

Assuming small vibrations, we make the physical assumption that the vertical tension t is

0
tNTVu~1/:T—u,

ov

where 7 > 0 is a constant depending on the material.! This leads to (3.21), with ¢? := 7o Observe

that if ¢ being constant means that the material is homogeneous. For more details on the deduction of
the wave equation we refer to [13, §5].
In order to have well-posedness, the natural conditions to impose are:

e Initial conditions:
u(x,0) = g(x), ug(x,0) = h(x);

¢ Boundary conditions: either Dirichlet, Neumann, Robin or mixed boundary conditions.

3.4.1 The case N = 1: d’Alembert’s formula

Given g, h : R — R, consider the following problem modelling an “infinite string”

(3.22)

Ut — Cugy =0, T €R, t >0,
u(z,0) = g(x), ue(z,0) = h(x).

Assuming this problem has a regular solution u, let us determine its shape. We can rewrite the equation
as
0 0 0 N 0 0
——c— | |=4+c=— |u=0.
ot ox ot or
Define v(z,t) = us(x,t) + cug(z,t), which solves the homogeneous transport equation
v — cvg = 0.

Then v(x,t) = ¥ (x + ct), for some ¢ : R — R. Going back to u, we have the following nonhomogeneous
transport equation
us + cug = P(x + ct),

INote that % is the slope of the graph of u in the direction of the unit normal to w, and so for small slopes T% is
approximately the component of a constant tangent tension 7 in the vertical direction.
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with solution
t
u(z,t) = o(x —ct) + / Y(x+c(r—t)+er)dr
0
¢
=z —ct) + / Y(x —ct + 2er)dr
0

x+ct
=p(z—ct)+ i/ P(s)ds,

2¢ Joot

for some ¢ : R — R. From the initial conditions we deduce that

o(x) =g(x),  P(x)=h(z)+cd'(x).

Therefore,

T+ct
u(et) =glo—ct)+ 5o [ (h(s) + eg'()ds

2c —ct
glx+ct) —glx—ct) 1 [t
=gz —ct)+ + — h(s)ds
2 26 x—ct
t —ct 1 x+ct
_g@tet) +g(z—cb) +7/ h(s) ds. (3.23)
2 2C r—ct

Theorem 3.61 (Existence and Uniqueness). Let g € C?(R) and h € C'(R). Then the function u given
in (3.23) is the unique (classical) solution of (3.22).

Proof. The existence part follows from direct computations; the uniqueness is an immediate consequence
of the previous considerations. O

Remark 3.62. The solution u has the form
u(z,t) = F(x + ct) + G(z — ct),
with

a 0
F) = go(a)+ 5 [ H)ds, 6o = gol) + o [ (o).

Thus, u is the superposition of solutions of the transport equations
U — cugy =0, up + cuy = 0.

The lines
x + ct = constant, x — ct = constant

are called characteristics.

Remark 3.63. From d’Alembert’s formula we have that the value of v at a point (zg, tg) is determined
by:

e g at xg — ctg and g + cto;
e hon [xg— cto,xo + clo].
The interval [zg — cto, zo + cto] is called the domain of dependence of (zg,to), while the set
Claote) = L@, t) 1 0 <t <to, |2 —w0| < c(to—1)}

is called the cone of dependence of (xg,to).
From a different perspective, we can say that the value of u at (xg, %) influences the values of u on
the cone of influence:
{(z,t) €R? 1t > tg, |z — x0| < c(t —to)}.
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From d’Alembert’s formula it is also immediate to deduce a stability result.

Corollary 3.64 (Stability). Take g1,92 € C*(R) and hy,ha € CY(R), and let uy and uy be the unique
solutions of

(u1)ee — 2(u1)ee =0, T €R, t >0, (u2)et — A (u2)pe =0, T €ER, t >0,
u1(z,0) = g1(z), (w1)e(z,0) = ha(z). uz(,0) = go(), (u2)i(z,0) = ha(x).

Then for every x € R and t € [0,T] we have
lur(w,t) —uz(2,t)| < |lg1 — g2l Lo ) + Tllh1 — ha|lL=(®)
Proof. By taking w := u; — us and using D’Alembert’s formula, we have

giztct) —gr+ct)+gi(z—ct) —ga(x —ct) 1 /’”+Ct
T

w(z, t) = 5 + 5 (h1(s) — ha(s))ds,

—ct

and the conclusion follows easily from this. O

3.4.2 The nonhomogeneous equation for N =1
Consider now the nonhomogeneous problem

{utt — Uy = f(2,t), TER, t >0,

u(x,0) = u(x,0) =0, z € R. (3.24)

Theorem 3.65. Let f € C1(R x [0,00)) and define, for s > 0 fized,
1 z+c(t—s)
vt =g [ i
which is the unique solution of
{g{i;’(x,t;s) - CQgﬂg(z,t;s) =0, z€R, t>s
v(x,s;s) =0, gt (x,s;8) = f(x,s).

Then the unique solution of (3.24) is given by

t z+c(t— s)
u(z,t) = / v(x,t;s / / y,s)dyds. (3.25)
0 z—c(t—s)

Proof. The uniqueness result follows a standard argument [do it!]. As for the existence, given u as in
the statement, we have u(z,0) = 0 and

ou " ov " ov
E(w,t) =wv(z, t;t)+ ; a(x, t;s)ds = /0 E(w,t, s)ds,
=0

which implies that 8“ ¢(2,0) = 0. Moreover, using the equation,

8%u Ov t 9%y
Frl (z,t) = py — (z,t;t) + o (x,t;8) ds
=f(z,t) :czgﬁ(x,t;s)
8% ot 0%u
= )+ ﬁ/ o t55) ds = f(o1) + P55 ,0). 0

Equation (3.25) can be seen as another instance of Duhamel’s principle.
In conclusion, by combining Theorems 3.61 and 3.65 and since the problem is linear, we are able to
solve, for f € C1(R x [0,00)), g € C*(R) and h € C(R), the problem

Uy — gy = f(z,1), 2 ER, >0,
u(z,0) = g(x), u(z,0) = h(z), z €R.
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3.4.3 The cases N =2 and N = 3: spherical means and the method of descent

Consider the Cauchy problem for the wave equation in R3:

(3.26)

up — FAu =0, 2 €R3, t >0,
’LL(.’t,O) = g(x)a ’LLt(SL’,O) = h(.’t), z € R3.

Fix 2z € R3 and define the spherical mean

1 1
M(r,t) = — S _
0= [, wnae = [ s o

Note that the second formula allows us to extend the domain of M from R™ x [0, 00) to R x [0, 00), with
M an even function of r. We have

1 1
Muy(r,t) = Anr2 /83 " u(y,t) do(y) = A2 /GB (@) c*Au(y, t) do(y)

and
M) = [ Vulwtrat) o) = g [ Vulut) vda(y
(r,t) = — u(x +rz,t)-zdo(z) = uy,t) vaoly
4 Jon, (0 Amr? Jop, (@)
1 / 1 "
= — Au(y,t dy:—/ / Au(z + sz,t) s’°do(z)ds,
4777"2 B, (z) ( ) 47('7"2 0 8B (0) ( ) ( )
so that

2 1
Mrr(’ra t) = 77Mr(7’, t) + 7/ AU(SC + TZ,t) dO’(Z)
T 47T 831(0)

2 1
= — —dp\T, A ) ’
0+ [ Aot

and consequently
2
My —c? (MM + TMT> =0.
Defining v(r, t) = rM(r,t), it is easy to check that v satisfies the one-dimensional wave equation,
v — vpp =0,

and is an odd function of r, as well as its time derivative. By d’Alembert’s formula,

v(r + ct,0) +v(r — ct,0 1 [rtet
v(r,t) = ( ) 5 ( ) + 2—/ ve(s,0) ds
CJr—ct
v(et +7r,0) —v(ct — 71,0 1 [t
= ( ) 2 ( ) + %/ Ut(S,O) dS.
ct—r
From the initial data, we have
1 1

v(r,0) = g(y)do(y) and w(r,0) =

— — h(y) do(y).
4mr JoB, (x) dmr /837‘(:8) () do(

From the equivalent expression

it is easy to see that

1
v,(r,0) = 47T762/6&(%)9@) do(y) + 4777"/3341») Vg(y) -vdo(y).



To recover u(z,t), note that

u(z,t) = lim M(r,t) m v(r?)

=1
r—0 r—0 T

1
= v,(ct,0) + —ve(ct, 0),
c

1 1 1
- - i . (32
u(z,t) Trc2 /d ) 9(y) do(y) + o /a e Vg(y) -vdo(y) + Tmc?y /d o) h(y)do(y). (3.27)

This is the so-called Kirchhoff formula.

Theorem 3.66 (Existence and Uniqueness). Let g € C3(R3) and h € C*(R3). Then the function u
given in (3.27) is the unique (classical) solution of (3.26).

Proof. The existence part follows from direct computations; the uniqueness is an immediate consequence
of the previous considerations. O

Remark 3.67. From Kirchhoff’s formula it is clear that u(xg,ty) depends only on the values of g,
Vg and h on the sphere 0B, (zg). In other words, the information about the initial data needed to
determine u(xg,ty) propagates along the boundary of the cone of dependence of (z,t). This fact is
known as Huygens’ principle.

Also, note that g and h are chosen more regular than u and u;. The reason for this loss of derivatives
phenomenon is clear from the Kirchhoff formula when written as

ct

u(z,t) g(x+ctz) da(z)Jr—/ Vg(z+ctz)'zd0(z)+i/ h(x+ctz) do(z), (3.28)
4m Jop, (0) 4m Jop, (0)

o 0B1(0)
where it is apparent that we need g € C3(R3) and h € C?(R3) to have u € C?(R? x R).

Consider now the Cauchy problem for the wave equation in R?:

{Utt —AAu=0, 2R3 ¢t>0, (3.29)

u(z,0) = g(x), u(x,0) = h(z), x € R3.

This problem can be solved by the so-called method of descent: define a function U in R? by extending
u as constant in the third variable,

U($1,$2,$37t) = U(.’L‘l,$2,t)7

so that U solves
Utt — CQARBU =0

with initial data independent of x3,
G(71,72,73,1) := g(x1,72,t) and  H(z1,22,73,t) = h(z1,72,1).
By Kirchhoff’s formula in R3,

1 1 1
Ut = o [ e+ g [ V6w vas) 4 [ ) do)

Let us write y = (y/,y3) with ¢’ € R Then

ly — > = |y —2'|* + 3,
and we have the identity

oY) ,
o) do(y) = 2t / dy.
/63ct(w) Bct(a:.l) 02t2 _ ‘y/ _ .’17/‘2
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Therefore we obtain

12 / . /_ /
U(!,0,) = 2ct / 9(y') a + 2ct/ Va(y') - (y — ') dy
Bct(-'L'/) B

 Ame2t? 22 — |y’ — o' |2 Amet Jp,, (o) et/ — |y — a'[?

2ct h(y'
L / (v') dy.
Anct Jp,, () /P2 = |y — o' [?

Since u(2’,t) = U(a’,0,t), this gives the solution formula in R?:

1 1 \V/ Ay —
) = 5 Wy L T,
2met JBoy(a) /22 — |y — xf? 2met J,,(x) \/ Pt — |y — z|?

1 h(y)
2me Bet(z) c2t2 — |y

(3.30)

Theorem 3.68 (Existence and Uniqueness). Let g € C3(R?) and h € C*(R?). Then the function u
given in (3.30) is the unique (classical) solution of (3.29).

Proof. The existence part follows from direct computations; the uniqueness is an immediate consequence
of the previous considerations. O

Remark 3.69. From (3.30) it is clear that u(xo,to) depends on the values of g, Vg and h on the whole
ball Bet,(x0). In other words, the information about the initial data needed to determine u(z,to) also
propagates inside the cone of dependence of (g, %), and so the Huygens principle is not valid in R?. In
fact, it is possible to obtain Kirchhoff formulas in RY for each odd N > 1, and then use the method of
descent for even N; consequently, the Huygens principle is valid precisely when N > 1 is odd.

3.4.4 General uniqueness results
Let Q be a bounded domain of class C1. Given T' > 0, recall the notation Q7 := Q x (0, 7.

Theorem 3.70 (Uniqueness). Given f:Qr — R, g,h: Q = R and i: 9Q x [0,00) — R, there eists at
most one solution u € C*(Qr) of

ug — *Au = f(z,t) in Qr,
u(z,0) = g(x), u(z,0) = h(z), x € Q,
u(z,t) =i(z,t), v € 09, t > 0.

Proof. As usual, it is enough to show that if v solves

vy — AAv =0 in Qp,
v(x,0) = 0,v4(x,0) =0, x € Q,
v(z,t) =0, € 0Q, t >0,

then v = 0. Having that in mind, we multiply the equation vy — c2Av = 0 by v, and integrate on €,
obtaining

O (W@ DY b2 [ o t) . Vor(a ) de — 2 [ 2wty (a £) do() —
/Qat< 2 )d+ /QV(,t)Vt(,t)d oy @Dl ) do(@) = 0.

The last integral is zero since, for x € 02, v(x,t) = 0 for every t > 0 (hence also v(z,t) = 0). Therefore

4 1/(U (z t))de—&—CQ/ |Vu(z,t)*dz | =0
dt 9 o t ) ) o ) — Y
and there exists C' € R such that
1 2
E(t) == / (ve(z, ) dw + C—/ |Vo(z,t)|? dz = C
2 Ja 2 Ja
for every t > 0 (which corresponds to conservation of energy!). By the initial conditions we have E(0) = 0

(Vu(x,0) = 0 since v(x,0) = 0 for every = € Q). Therefore v(-,t) is constant and since v is continuous
and the boundary condition is zero, we have v = 0, as desired. O
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We end this chapter with some considerations regarding the domain of dependence in higher dimen-
sions, which imply a uniqueness result for the case Q@ = R". Consider the backward cone

Cuooito = {(x,t) € RN x[0,00) : |2 — 20| < c(tg—1), 0 <t <to}
and the localized energy

1
o(t) = f/ (2 (1) + 2| Vulz, 6)]?) dz.
Bc(to—t)(xo)

Proposition 3.71. Let u be a C? solution of
ug — FAu=0 in RY x (0,00).
Then €'(t) <0 for every t > 0.

Proof. By writing

1 C(to—t)
=3[ [ et Vuln P don
2 Jo 9B, (z0)
we see that

‘t)=-3 [ @t+TVunoP) )
6Bc(t0—t)(w0)
+ / (ue(z, yuge (2, t) + A Vu(z,t) - Vug(z,t)) d

Be(tg—t)(z0)

¢ / (2(x, 1) + A|Vu(z, %) do(z)

6Bc(t0—t)(w0)

+ / we(x, ) (uge (2, 1) — A Au(x,t)) da + / 02%(33, Hug(x,t) do(x)

14

B (ty—1t)(%0) =0 OB (ty—1)(To)

=5 [ i) w0 - AV oP) <o

ch(to—t)(IO)
since \2cutg—jj <u? + A Vu-v? < u? + 3| Vul?. O

Corollary 3.72. Let u € C?*(RY x [0,00)) be a solution of the Cauchy problem

{utt—Au—O in RN x (0, 00), (3.31)

u(z,0) = g(z), u(x,0) = h(z), z € RV,

If g = h = 0 in Bey(xo) then u = 0 in C,
u € C?(RYN x [0,00)).

oito- In particular, (3.31) admits at most one solution
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Chapter 4

Distributions and Sobolev Spaces

4.1 Distributions

This section is a crash course on Distributions (also called Generalized Functions). The source of
inspiration is [13, §7.3-7.4].

In what follows, Q is a domain in RY (possibly the whole R"). The space of C*—functions with
compact support will be called the space of test functions:

D(Q) =CX(Q) ={p € C(N) : supp y is compact in Q}.
Next, we give an ad-hoc definition of what it means for a sequence of elements in D(2) to converge.
Definition 4.1 (Convergence in D(Q2)). Let (pr)r C D(2) and ¢ € D(2). We say that
o — ¢ inD(Q)
if the following conditions are satisfied:
1. There exists K C 2 compact such that supp ¢ C K for every k;

2. For every multi-index o € N{Y, D%p, — D%y uniformly in ©, i.e., [|[D%) — D¢l () — 0 as
k — oo.

Observe that the case a = (0, ..., 0) is included; hence, convergence in D(£2) implies uniform conver-
gence. In particular, we have uniqueness of the limit.

Recall from your Topology classes that a topology is not determined by its converging sequences (only
by its converging nets!). Thus, Definition 4.1 is not equivalent to defining a topology in D(f2), but it is
possible do define a topology associated with the definition we gave. This is, however, rather technical
and beyond the scope of this course; we recommend [14, §I.1] to the interested reader.

Let T : D(2) — R be a linear functional. We denote T'(¢) by (T, ), and read it the action of T on ¢.
Having defined what is a converging sequence, we can define (sequential) continuity of functionals, and
define the dual space of D(2). We say that T is continuous if, for every (¢r)r C D(Q) and ¢ € D(Q)
such that ¢ — ¢ in D(2), we have (T, o) — (T, @) as k — oo.

Definition 4.2 (Distributions). The set
D'(Q):={T:D(Q) — R: T is linear and continuous}
is called the space of distributions; each element T € D(Q) is called a distribution.
The set D’(2) is a vector space over R by means of the formula:
(a1 Ty + Ty, ) = a1 (T1, ) + az(Ts, @), Vag, a3 € R, Ty, Ty € D'(Q), 0 € D(Q).
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Example 4.3. Given u € L{ (Q), define

T,: D) - R, (T, p) := /Qucp.

The functional T, is a distribution, since:

1. it is linear:

u(arpr + asp2) :al/ us01+a2/ upg = a1 (Ty, 1) + (T, p2)
Q

(Tu, i1 + agipa) = /
Q

Q
for every aq,as € R, @1, 02 € D(Q).

2. it is continuous: let ¢y, ¢ € D(Q) be such that ¢ — ¢ in D(Q). Take K a compact set of Q such
that supp ¢ C K for every k. Clearly supp ¢ C K, and

[ e [ us \/ u(wkw\smwnmm/ ] =5 0
Q Q K K

The previous example is a key one, since it shows that we can associate to each function u € Llloc(Q)

a distribution through the (injective) map u — T,. Thus we have an embedding of L (Q) in D'(Q).
With some abuse of notations, we write

|<Tu790k> - <Tu790>| =

as k — oo.

Lioe() € D'()

and identify T, with u. For this reason, distributions are often called generalized functions. The bracket
(-, )pr()xD(q) generalizes the L2?—inner product.

Remark 4.4. Observe that, for every p € [1, 0],
LP(Q) C Li,.(Q) € D'(Q).
Example 4.5. Take the space of Radon measures, which can be characterized in the following way:
M(Q) := (Co(Q)) ={L: Co() — R, L is linear and continuous },

where Cy(2) is the closure of C.(£2) in L>®(£2). Since D(Q2) C Cp(2) and convergence in D(Q2) implies
convergence in Cy(2) (uniform convergence), then M(Q) C D'(), i.e., every measure is a distribution.

Example 4.6. Define the Dirac delta at € R as the functional
5. : DRY) = R; (0, ) := p(x).
It is easy to check that &, € D'(RY) (it is actually a measure!).

The following definition should be compared with the usual definition of weak-* convergence defined
in dual spaces (see for instance [2, §3.4], in particular Proposition 3.13-1 therein).

Definition 4.7 (Limit of distributions). Let (T%)r C D'(R2) and T € D'(2). We say that
Ty T  inD(Q)
(or that “Ty, — T in the sense of distributions”) if
(Ti,p) = (Thp) Vo € D(Q).

Example 4.8. We have, as k — 01,

k .
k= S X[- 44 dp in D'(R).

Indeed, given ¢ € D(Q) and since uy € Li (R) C D'(R),

loc

(ur, @) = /Rukzs@ = (2)1 /_11//290 — ¢(0) = (0o, )
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Example 4.9. Let ®(z,t) be the fundamental solution of the heat equation. We saw on Chapter 2 that,
given g € C(RY) N L2(RY) and z € RV,

/RN O(x —y,t)g(y) dy — g(x) ast—07. (4.1)

In particular, this holds for every g € D(Q2) and, in the language of distributions, (4.1) reads as
(®(z—-,1),9) = (0p,g9) ast = 0, ie. ®(x—-t) =6, in D'RY)ast— 0.
In particular, by taking z = 0 and since ®(—y,t) = ®(y,t) for every y € RV,
®(-,t) = 8 ast— 0T, in the sense of distributions .

We saw that Ll () C D'(Q) with the identification v = T,. Actually we have a continuous

embedding of Li () in D'(2), which we denote as
Lip () = D'(Q),

meaning that
up —win L, (Q) = wup — uin D'(Q). (4.2)

To see (4.2), take ¢ € D(Q) and K := supp ¢; then

|<uk,so>—<u,so>|=]/Kwk—u)w] <ligllo [ fue =l 0.

Remark 4.10. Given p € [1, 00|, we have the following continuous embeddings

LP(Q) = Li, () — D'(Q).

4.1.1 Calculus in D'(Q)

We want to define the notion of derivative of a distribution, and in particular a notion of derivative

of an L] —function. Clearly, this notion will have to agree with the usual one, at least when u € C*.

Observe that:

1. A distribution is characterized by its action on every test function ¢ € D(2).

2. Given u € C1(Q) and ¢ € D(Q), by one of Green’s identities,

<6miu,<p>:/8xiu<p:—/u8x1<p—|—/ upy; do = —/u@xigo.
\L Q Q oQ \L Q

0.0 € Ll () plon =0

These considerations motivate the following definition.

Definition 4.11 (Derivative of a Distribution). Given T € D’'(Q), we define 9,,T : D(2) — R by
(02,T,¢) := =(T, 00, p)  Yp € D(Q).

The map 0,,T is linear and continuous [prove it!], and so the derivative of a distribution is still a
distribution: 9,,T € D'(f).

Example 4.12. Take the Heaviside function

which belongs to L _(R). Given ¢ € D(R),

+oo
(H',p)=—(H, @)=~ | H(z)¢'(z)dx = */ ¢'(z) dz = ¢(0) = (o, ¢),
l I R 0
by definition H e Llloc
which shows that
H' =6, in the sense of distributions .
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Remark 4.13. Observe that H'(z) = 0 for every z # 0. Thus, even though the derivative of a
distribution coincides with the usual notion of derivative when u € C!, it does not coincide in general
with the a.e. derivative of a function.

Example 4.14. For ¢ € D(Q?),

More generally, we have the following.

Definition 4.15. Let T' € D'(2) be a distribution and o € N}’ a multi-index. We define DT € D'(Q)
by the formula
(DT, ¢) := (-1)l*NT, D) Vp € D(Q).

The derivation operator is continuous with respect to convergence of distributions:

Proposition 4.16. Let (Ty,) C D'(Q) and T € D'(2). Then
Ty =T inD'(Q) = DT — DT inD'(Q) VaecN}.
Proof. Exercise. O

Before showing another example, let us introduce in the context of distributions some standard
differential operators. A vector valued distribution is a vector valued functional T = (T1,...,T})) with
Ti,..., T, € D'(Q). We write T € D'(Q,R*) and define its action by

k
<T,¢>:Z<E,<ﬂz> \V/(P:(@h-..,(pk) : @LGD(Q)
i=1
The gradient of a distribution is defined in the following way: for T' € D'(Q), VT := (0,,T,...,0,yIN) €
D'(Q,RN). The divergence of a vector valued distribution T € D'(Q,RN) is divT := Y | 8,,T; €
D'(2), while the Laplacian of T € D'(Q) is AT := Zfil Oz, T. Directly from the definitions we can
check that div VI = AT.

Example 4.17. Let ® be the fundamental solution of the Laplace equation, whose formula we recall

here:
— L log |z] N=2
P(z) = { o 1 1 N >3
(N=2)[9B1] [z[V =2 =z

This is an L], (RY)-function, and we have that
—AdP =4, inD'(RY). (4.3)

Let us check (4.3) for N > 3. Take ¢ € D(RY), and let R > 0 be sufficiently large so that supp ¢ C Bg(0).
Then

RN €20 BRr(0)\B:(0)

The first equality is by definition of derivative, the second because ® € Li (R¥), and the third by

loc

Lebesgue’s Dominated Convergence Theorem. By Green’s identity, the fact that A® = 0 in RV \ {0},
and defining v(z) := x/e on 9B.(0), we see that

®
/ PAp = —/ <<I>&p — 690) do
Br(0)\B.(0) oB.(0) \ OV v

Repeating the computations done in Chapter 2, we have that

/ @a—(pda <Ce—=0 ase —0
B (0) ov
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while

0P 1
—pdo = ———— © — —p(0).
/635(0) v |0Bc| JoB. (0) ©)

In conclusion,
(AD,p) = —p(0) = —(do, ) Ve € DRY),

which shows (4.3).

One cannot define the product between two distributions in a natural way (see e.g. [13, p. 441]). We
may, however, define the product of a C'*°-function by a distribution.

Definition 4.18. Given T' € D'(Q2) and u € C*° (), we define uT : D(Q) — R by means of the formula
(uT, ) := (T,up) Vo € D(Q).

Observe that this notion is well defined since up € D(2) whenever u € C*°(Q2) and ¢ € D(Q). It is
again an easy exercise to prove that

weC™®Q), TeD'(Q) = uT eD Q).
Example 4.19. We have 2§, = 0 in D'(R), since
(zdo,p) = (o, 2¢) =0 Vo € D(R).

In general, given v € C*°(R), udg = u(0)dy in the sense of distributions.

4.2 Fourier Transform and Applications to PDEs

The main references for this section are [4, 14]. The reader might also see [13, §7.6], being aware

that therein the definition of Fourier Transform is slightly different from ours®.

In this section, all functions are complex valued: for instance, LP(RY) = L?(RYN;C), D(RY) =
D(RY;C).

Definition 4.20 (Fourier Transform in L!(RY)). Given u € L'(RY), we define its Fourier transform by

Fie) = () = [ e (o) do (4.4)

and the “inverse” Fourier transform by
Flu)(x) = alx) = / 7€y (6 de. (4.5)
]RN
The designation of F by “inverse” will be clear later on. We present below some properties of the
Fourier Transform and of its inverse, whose proof is left as exercise.
Proposition 4.21. Given u,v € L'(RY), we have:
a) 4,u € L= (RN) N CRY);
b) 4 =7 and U =, where the bar represents the complex conjugate;
¢) F(ryu)(§) = e 2™ Eq(E), where Tyu(x) := u(z — y) is the translation operator;
d) F(uy)(€) = ANa(\) and F(uy)(z) = ANu(\x), for up(x) = u(z/N), A > 0;

e) uxve LYRY) and uxv =140 ;

f) Rwa:/RNu@

IThere are many different definitions of Fourier Transform. A good survey for that is the section Other conventions on
the wikipedia page https://en.wikipedia.org/wiki/Fourier_transform
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Our goal is to define the Fourier Transform of a distribution (in particular, the Fourier Transform of
an L? function or of a constant). A first approach could be the following: we have shown in Proposition
4.21.f) that

<ﬁ, 50>D’><D = <u,¢>D/XD Yu € LI(RN),(,O € D(RN)

Thus, we could think of defining
(T, 0)prxp == (T, @)pixp Vo € D(RY).

However, this definition does not make sense, since F(D(RY)) ¢ D(RY) [check it!]. So, we work with a
larger space that contains all test functions and that is left invariant by F.

Definition 4.22. We define the Schwartz test function space (also called the space of functions with
fast decay at infinity, or rapidly decaying at infinity) as being

S(RY) = {u € C®(R") : ‘ llim |z[¥|D%u(z)] = 0 Vk € Np, o € NV }.
Tr|—0o0

Example 4.23. We have D(RY) C S(RY). Moreover, e~|*I° € S(RY) and does not belong to D(RY),
hence D(RY) # S(RY) (i.e., S(RY) is strictly larger than D(RY)).

Alternative characterizations for this space are
S(RY) = {u e C®R"): |x1\i£>noc P(x)|D%u(z)| = 0 VP polynomial, Ya € N}
={u € C®RY): sup|z|*|D(x)| < co Vk € Ny, a € N}
= {u e C®°RY): sup P(x)|D%u(x)| < oo ¥P polynomial, Vo € NJ'}
[check it!]. Observe that if u € S(RY) then also
D% € S(RY) Vo € NYY and P(z)u € S(RY) VP polynomial.
Definition 4.24 (Convergence in S(RY)). We say that
up — u in S(RY)
if, for every polynomial P(x) and every a € N},
| P(x) Dup — P(x) D% oo (rvy — 0 as k — o0.
Equivalently, uj, — u in S(RY) if for every a, 3 € N¥ we have
|2° DYy, — 2° D*ul| oo gy = 0 as k — o0,
where we are using the notation f = z{* ... 2% for z = (z1,...,2x) € RN, B = (B1,...,n) € NY.
Lemma 4.25. We have the following continuous embeddings:
DRY) = S(RY) — LP(RY) VI <p< oo
which are also dense for 1 < p < co.
Proof. i) The statement that embedding D(RY) < S(RY) is continuous means that
up — uwin D(RY) = wy, — uin S(RY).

We leave this as an exercise.

ii) Let us check that S(RY) < LP(RY) for 1 < p < oo. For p = oo it is straightforward, so we just
present the proof for p < oco. Take u € S(RV) and let k € N be such that kp > N. Then

u(z)|P der = u(z x|)|P L
[ e = [ jute)a+ i)

— < 0.
(1 |=[*)?

1
dr < 1 P - -

This shows that S(RY) c LP(RY), but also that is is continuous: given u,, — 0 in S’(RY), we have
(@)1 + o) gy = 0, 50 foy ()P > 0.
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iii) We know that D(RY) is dense in LP(RY), which shows that S(R") is dense in LP(RY).
)

)i
iv) Let us check that D(RY) is dense in S(RY) for the convergence in S(RY): given u € S(RY), we
Want to find (pr)r € D(RY) such that ¢, — u in S(RY). Take a radially symmetric cut-off function
¢ € D(RY) such that 0 < o < 1in RV, p =1 in B1(0), ¢ = 0 in RY \ By(0). Define

u(x) if |[x| <k
(@) = u(@)p(/k) = qul@)p(z/k) i k< || <2k
0 if |x| > 2k

which belongs to D(RY). We claim that, for every «, 3 € NYY,
|z? (DY), — Du)|[peemny =0 as k — oo.
Indeed, for |a| = 0 we have

127 (r = w)ll e vy = sup |27u(z)((z/k) = DI < sup |z|’ju(z)] = 00 as k — oo.

|z| >k || >k
For |a| > 1, the result follows from the Leibniz formula
a o N
DO‘(fg):Z<ﬂ)D‘j‘_’efDBg7 where (/B>::1:[(B: ),
B<a i=1
and 8= (B1,...,0n) < (a1,...,an) = a means that 8; < «; for every . O

Since S(RY) ¢ LY(RY), both F(u) and F(u) are well defined for u € S(RY) through the formulas
(4.4) and (4.5). Next, we show that the space S(RY) is left invariant by these transformations, which
are continuous with respect to convergence in S(R™).

Theorem 4.26. We have F(S(RY)) c S(RY), F(S(RY)) C S(RY), and the transformations
F:S(RY) = S(RY), F:S(RY) = S(RY)
are linear and continuous.

Before we prove this result, we need to understand the relation between the Fourier transform and
derivatives.

Lemma 4.27. Given u € S(RY), we have
1. Da(e) = F((~2riz)*u)(€);
2. F(D™u)(€) = (2mi€)a(e).
Recall that we are using the notation: (—2miz)® = (=27i)l*z{ .. 2QY, (2mi€)™ = (2ma)lelelr . ExN.

Proof. Let u € S(RY). We have

Deu(§) = DO‘/ e 2™ Ly (z) do = D?efzm‘”'gu(aﬂ) dx
RN RN

= /RN(fQMZ)O‘e*z“”'Eu(m) dx = F((—2miz)%u)(§),
and

67271'11 §Da ( )dﬂ? — / (_1)|aiD;é(€*27rix-f)u(x) dx

N RN

%\%\

2

(—2mi€) e 2™ Sy () dx = (27Ti§)°‘/ e 2Ty (x) de.

RN
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The second inequality in the last chain of identities follows by integration by parts, using in a crucial
way the fact that v € S(RY). Indeed, for a = e;,

/ e 289, u(z) dr = lim e 2meEY u(z) d
RN R=00 JBR(0)
= lim —/ Dy, (e7 @8 y(2) do + lim e 2me Sy (2 v () do(z)
R—o0 BR(O) R—o0 8BR(O)

—/ O, e~ 08y (1) du.
RN

and the general case follows by iterating this result. O

Proof of Theorem 4.26. Let u € S(RV), o, 8 € N}'. We want to estimate

1

5517?@(5) = P F((—2miz)*u(z)] = @mi)Al

]-'[Df((f%m'x)au(x))] =Cap /]RN efz’riz'ng [x%u(z)] da.

We have
(1 + =)V D[z u(z)]
RN (14 [z[)N+1

1
< Copll1 N+ DB [P o / ——d
B+ [2) 2 127 u(@)]]| Lo m) T e & <o

||§ﬂD?ﬂ(§)”L‘X’(RN) <Cap dx

so that Fu € S(RN). This inequality also implies that F is continuous as a map from S(RY) to itself.
The proof for F is analogous. O

Theorem 4.28. For every u € S(RY),

In particular, F = F~L.
The proof of this result uses the following lemma, whose proof we leave as an exercise.

Lemma 4.29. Let o(z) = e ™% Then ¢ = ¢, and Jon (@) dz = 1.
Proof of Theorem 4.28. We want to show that (F o F)u = u, that is,

u(z) = / a(&)e*™ e de VYo e RV,

RN
First of all, observe that it is enough to check this identity for x = 0, that is,
u(0) = [ a(de (16)
RN

In fact, by appling this result to 7_,u € S(RY);

u(@) = 7_pu(0) = / ) de = [ eTeale) de.

RN RN
Let us now prove (4.6). Taking ¢(z) = e~™I*I" and letting ¢, (z) := @(%), for A > 0, we see that
[La@eends= [ a@en@de= [ u@m©d = [ aoroone i

- / u(y/N(y) dy = / u(y/\)p(€) de.
RN RN

Passing to the limit as A — oo and using Lebesgue’s Dominated Convergence Theorem, we conclude that

i = n =u 677‘-'5'2 = .
[ i@ =0 [ a@d=uo [ e de = u)

The proof that (F o F)u = u follows from similar arguments. O
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4.2.1 Fourier Transform in L?. Plancherel’s and Parseval’s Formulas
/ u@z/ 0.
RN RN
[k =]
RN RN

Proof. Using the definition of Fourier transform, Fubini’s theorem, and Theorem 4.28,
[ @@= [[  u@e i@ e = [ ula) [ emeco(e)dgds
RN RN xRN RN RN
= / w(z)d(z) de = / w(z)v(z) dz.
RN

RN

Lemma 4.30. Given u,v € S(RV),

In particular,

O

Theorem 4.31. The Fourier transform F : S(RY) — S(RY) can be extended (in a unique way) to an
isometry F : L2(RY) — L2(RY). For every u € L*(RY),

(u,v)yp2 = (U, V)2 (Parseval’s Formula),

lullzz = |4 2 (Plancherel’s Formula).
Proof (sketch). Given u € L*(RY), by the density statement proved in Lemma 4.25 there exists a
sequence (ux) C S(RY) such that u;, — w in L2(RY). We define Fu := limj Fuy. This definition

does not depend on the approximating sequence, and we have Parseval’s and Plancherel’s formulas from
Lemma 4.30. The details are left as exercise. O

We started this section with the definition of Fourier transform in L!(R”), and have now defined it
for L2(R™). The following result checks the consistency of these definitions.

Proposition 4.32. The eatension of F : S(RY) — S(RY) to F : L2RYN) — L2(RY) wverifies the
formula

Fu= / e ™Sy (z)yde  VYu € L*(RYN)n LYRY).
RN

Proof. Let
g9(x) = / e 2T Ey(€) dE € C(RY) N L¥(RY) C Lige(RY)
RN

and take ¢ € D(RY). We have

(0, 0) 12 = / ()l da = / ) dads = [ uta) / rinto(s) de de

= /]RN u(z)p(z) dz = (u, Fo)rz = (Fu, (F o F)p)r2 = (Fu, @) .

Thus g = Fu a.e. by Lemma 1.9. O

4.2.2 Tempered Distributions

A tempered distribution is an element of the space
S'(RY):={T:S(RY) — C; T is linear and continuous }.
The continuity of T" is with respect to the converge introduced in Definition 4.24.

Lemma 4.33. We have the continuous embeddings

LP(RY) — S'(RY) — D'(RY) for 1 < p < oo
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Proof. This is left as exercise. O

In particular, a tempered distribution 7' : S(RY) — S(RY) is a distribution, in the sense that
T|D(RN) € D,(RN).

Definition 4.34. We define
F,F:S'RY) = §'RY)
by the formulas:
1. (Fu, ) = {u, Fp) for every u € S'(RY), ¢ € S(RY);
2. (Fu,p) = (u, Fp) for every u € S'(RY), ¢ € S(RY).
Observe that this is well defined as a consequence of Theorem 4.26. Is is now easy to see (the hard part
has been done!) that 7 : S'(RY) — S'(RY) is linear and continuous, with inverse F : &'(RV) — S'(RV).

Similarly to what we have done in the space of distributions, we define:

(Du, ) = (=1)I*l(u, D*p)  Vue S'(RY), p e SRY)
(P(z)u, @) := (u, P(z)p) vu € S'(RY), ¢ € S(RY), P(zx) polynomial.

Is is straightforward to check that the derivative of a tempered distribution is a tempered distribution,
and that the product of a polynomial by a tempered distribution is still a tempered distribution.
The formulas of Lemma 4.27 extend directly to the context of tempered distributions.

Lemma 4.35. Given u € S'(RYV),
1. D*(Fu) = F((—2miz)%u);
2. F(D%u) = (2mi&)“Fu
Proof. Given u € §'(RY) and ¢ € S(RY),

(D*Fu, ) = (—1)1*N(Fu, D*¢) = (—1)1*N(u, F(D*¢)) = (—1)1*N(u, (2riz)* Fep)
= (—1)‘“'((27riz)o‘u,]:<p> = ((—2mix)%u, Fo) = (F((—2miz)%u), @)

and

(F(Du), ) = (Du, Fp) = (=1)1*Wu, D*(Fp)) = (=1)!*N(u, F((~2miz)*p))
= (1) N Fu, (=2miz)*p) = ((2miz)*Fu, ).

Example 4.36. Let us check that
1=6  and 4 =1.
First of all, observe that the constant function f = 1 belongs to L>(R"), thus it is a tempered distri-

bution by Lemma 4.33. The fact that 5y € S’(RY) can be checked directly (or, alternatively, using the
fact that F(S'(RY)) ¢ S'(RY) and F1 = &). As for the computations, given ¢ € S(RV),

(L) = (1) = [ 6(€)de = o(0) = (oo
o) = (00, 0) =200 = [ pla)do = (L)
RN
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4.3 Sobolev Spaces

The main sources of inspiration for this section are [2, §9] and [5, §5].

From now on, functions go back to being real valued. Unless stated otherwise, 2 will be an open set
in RY. We define the important notion of Sobolev space, which can be seen as a combination of the
following more standard spaces.

CF(Q) = {u: Q= R; with D*u € C(Q) YVa € N} : |a| < k}

and

LP(Q) = {u :  — R measurable; / |ulP < oo}
Q

Definition 4.37 (Sobolev Spaces). For k € N and 1 < p < oo, we define the Sobolev space
WhP(Q) = {u € LP(Q) : D e LP(Q) Ya e NY : |a] < k).

The statement D%u € LP(2) reads as the derivative in the sense of distributions of u belongs to LP ()
or as the weak derivative of u belongs to LP(§2) — the W in the definition stands for weak. This statement
deserves some careful explanations. First of all, since u € LP(Q) C L (Q), D% is well defined as a
distribution, through the formula

(D%, @) pryp = (71)\al/uDa¢ Vo € D(Q).
Q

When we write D*u € LP(2), we are saying there exists f € LP(Q) such that D®u = T} (recall Example
4.3), that is

(D%u, p)prxp = /f(p Vo € D(Q).

We identify D®u with f, as usual. Thus, if u € W*P?(Q2), we have the following formula of integration
by parts for |a| < k:

/ D%up = (—1)l / uD%  Yu € WHP(Q),p € D(Q)
Q Q

(observe that both expressions coincide with (D%u, @)p/xp)-

Example 4.38. For £k =1 and k = 2 we have

ou ou
WLP(Q) = {U c LP(Q) : Txl, ey % < LP(Q)}
ou  0%u

W2P(Q) = {u € LP(Q) :

— LP(Q) Vi, j=1,...,N}.

Definition 4.39 (Norms). If u € W*P(Q), we define the norms!:

e for 1 < p < o0,
1/p

[ullwr.r ) = Z ||D“u||’£p(m ;

la| <k

e for p = o0,

. := max || D% 00 () -
[|][ % (Q) lfil‘éﬂ ull (Q)

1/ 1/
IThe fact that these are norms follows directly from the Minkowski inequality (Zfil la; + bi\p> v < (Zf\r:l |ai\7’) p+
1/
(Zf\le |bi|P) p, which is a particular case of the more general inequality ([ |f+ g|P du)l/p < (fIfIP du)l/p +
1
(/ lgIP dp) 7.
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Example 4.40. Some particular cases of the previous definitions are:

|fzp<m> ( / |u|p+z / 00,

fullwer = | [ \u|P+Z / 0+ 3 JAC

1,9=1

) ,

N
T (”“"Zm + 3 0
=1

lllwr oy = el e 9, 100, 0l o gy Nl e} -

We sometimes use the equivalent norm

ulllwre@) = Y I1D%ullLo

el <k
(for example, [[[ulllw 1.0y = l[ull ooy + iy 19s,ullrey).
For k = 1, a third (equivalent) norm is
1/p
(Il gy + IVul0)) (4.7)

where || Vu||Lro) means |[|[Vul||Lr(q), that is,

IVulty i= [ 190l = [ (0o ..+ (Guu)?”
Q Q
In the applications we will mostly work with p = 2. In this case, we define
H*(Q) = WH?(Q)
and have an inner product:
(0 arvy = S (D, Do)y = 3 / D*uD",
la|<k || <k

For k =1 and p = 2, for instance, we have H!(Q) := W12(Q), with inner product

<u7U>H1:/uv+/Vu~Vv
Q Q

1/2

s = ( [w=] |w|2) ,
Q Q

which corresponds to (4.7) with p = 2.

Example 4.41. The test function space D((2) is contained in WkP(Q) for every k € N, p € [1,00].
When (2 is bounded, C*(Q) € W*P(Q). More generally, Cf(Q) C WFP(Q2), where CF(Q) is the space of
C* functions with bounded derivatives.
Example 4.42. In dimension N = 3, let us check that

1

||

and associated norm

€ H'(By(0)) fora<1/2.
First of all, since 2a < 3 = N, it is clear that |z|~% € L?(B;(0)). Let us prove that the gradient of |x|~¢

in the sense of distributions coincides with the usual notion of derivative, which in this case is defined
for « # 0. This in general a delicate topic (recall Remark 4.13). For ¢ € D(B1(0)),

(Ox,(

™), o)prxp = _/ |z| "0, 0 = — lim ||~ 0,0
B1(0) €20/ B1(0)\B-(0)

= lim Oz, (Jz] ") + lim
€70/ B, (0)\B-(0) €=0JaB.(0)

— lim W () = / 2 ()
=0 /g on\B.(0) |T[*T* Bi(0) 7[>

ca+l Lip
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(observe that 1/|z|* and 1/|z|**! are integrable at the origin, so the limits in the second and last
equalities are justified by Lebesgue’s Dominated Convergence). Thus

V(lz[™") = in D'(B1(0)),

X
_a|x|a+2

which is in L?(B;(0)) since 2a +2 < 3 = N.

Example 4.43. Given p € [1, 0], the Heaviside function H(x) defined in Example 4.12 does not belong
to WhP(] —1,1]). Indeed, H' = §g in D'(] — 1, 1[), and &y does not belong to LP space (i.e., 6y cannot be
identified with an LP function). [why?].

We list below some basic properties of Sobolev spaces:

e For k € N and p € [1,00], WFP(Q) is a vector space. Indeed, since
D%(\u + ) = AD%u + uD% in D'(Q), YA\ peR, u,v € WHP(Q)
and LP() is a vector space for p > 1, then

\u + pv € WHP(Q) YA u€R, u,v € WHP(Q).

e Given u € WkP(Q) and ¢ € D(R), we have up € WkP(Q), because

D*(up) = Z ) Dby Dy .
> ﬁ ~—~
psa eL=(Q)
Proposition 4.44. For every k € N and 1 < p < oo, W*P(Q) is a Banach space. Moreover:
o it is reflexive for 1 < p < oo;
e it is separable for 1 < p < .
In particular, given k € N, H*(QQ) is a separable Hilbert space.

Proof. We refer to [2, p. 264] for the proof of the statements regarding reflexivity and separability. Here
we will present the completeness proof. Take (u,) a Cauchy sequence. Then, for every a € NY¥ with
la] < k, (D%u,) is a Cauchy sequence in LP(€2). Since the latter space is complete, there exists u, such
that, as n — oo,

D%y, — ug in LP(Q)

[watch out: the limit depends on the multi-index «]. We now claim that D*uy = u, in D’'(£2), which
ends the proof. From the definition of derivative, we have, for every ¢ € D(Q),

/Daun@:(fl)“”/unDagp.
Q Q
1

By passing to the limit as n — oo, and since D%u,, = uq, un — ug in LP(2) (and, thus, also in L; . (©2)),

/ tap = (~1)1° / WD = (D%up, Q)prxp Vo € D().
Q Q

Hence, D%ugy = u, in D'(Q), as claimed. O

The space W*P(Q) seems hard to understand and to work with, since the notion of weak derivative
is quite abstract. Most of the difficulties, however, will be solved once we understand which “nice” spaces
are dense in WP (Q). We will state and prove the results for = R and then give some hints about
the general case.

Theorem 4.45. Letu € WEP(RY), with 1 < p < co. Then there exists (u,) C D(RY) such that u,, — u
in WEP(RN).
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In particular, this theorem tells us that D(RY) is dense in W¥*?(RY). Thus, whenever we want to
prove a property for functions in W#?(R¥), we will prove it for functions in D(R”), and then argue by
density.

Proof. Let us start to present the proof for the case k = 1, that is, to prove that D(RY) is dense in
WLP(RYN). Let u € WHP(RY).
1) Construction of an approximating sequence in C*(RY) N WP (RN).

Let p. be the mollifiers defined in (1.4), and define

us(@) = (pe + u)(a).

We know that u. € C°(RY) and u. — v in LP(RY) as ¢ — 0 (recall Lemma 1.7). Let us check that
Oy, ue = pe * Op,u (both are C'—functions, so this identity is in the usual pointwise sense). Indeed,

= g - | Beeton = | e
ou Ou
T /RN pe(x —y) o0, (y) dy = (p- * 372,)(%)-
pe € D(RY)

Therefore, since d,,u € LP(RY),

Oue . ou R ou
8$i — Pe le 8%

in LP(RY)  Vi=1,...,N.

In conclusion, u. — u in WHP(RYN).

2) Let us check that each function in C°(RY) N WP(RY) can be approximated in W1?(RN)-norm
by elements of D(RY). Given v € C®(RN) N WHP(RY), take a cut-off function ¢ € D(RY) such that
0<¢<1,p=1in Bi(0), ¢ =0 in RN \ By(0). Let

ve(2) := plex)v(z) € DRY),

which satisfies v. = 1 in By ,.(0), ve = 0 in RY \ By/.(0). Then

[ oete) = vtap s = [ o) Plilen) - 117 do < jo(@)|? dz — 0,
RN RN\ By ,.(0) RN\ By ,.(0)

so that ve — v in LP(Q2). Moreover, for i = 1,..., N, we have
Ove Op v
T (2) = e (e)ula) + plen) 5 (),

which satisfy

dp » v v
< CeP _ p )
/RN |68xi (ex)v(z)|P dx < Ce? — 0, /]RN lo(ex) oz, (x) oz, (x)|Pdx— 0

Therefore

ov, ov

. PN S
8%%8@ in LP(R™Y) Vi=1,...,N,

and so
ve — v in WYP(RY) as e — 0.

3) By combining 1) and 2), it is now easy to see that
p(ex)(pe xu)(z) »u  in WHP(RY),
since
le(ex)(pe * u)(x) = ullwrr@yy < [[(p(ex) = 1)(pe * w)llwrr@y) + [lpe * w = ullywrp@ry = 0.

4) The general case for k > 2 follows exactly in the same way, using Leibniz Formula. O
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Let © be an open set and take u € W*P?(Q). We extend this function to the whole RY by 0:

{u(x) , T e

Uz =1, 2 d Q.

and define u.(z) := p(ex)(pe * @) (z) € C°(RY) (observe that @ € LP(RY) c LL _(RY)). This function
has support contained in
N.(Q) := {zx e RY : dist(x,Q) < ¢},

thus, with a similar proof as before (see [2, Theorem 9.2] combined with [5, §5.3 - Theorem 1] for the
details), we have the following result.

Theorem 4.46. Let ) be an open set in RY | and take u € W*P(Q). Then there ezists (u,), C D(RY)
such that
{un —u in LP(Q)

D*u,, — D%u in L

(Q) for 0<|a| <k.
Making the additional assumption that 2 is a C' bounded domain, one can prove more:
C*>(Q) is dense in W*P(Q)

(see [5, §5.3 - Theorem 3] for a proof). Ahead in Corollary 4.79 we will present the proof for k = 1.

4.3.1 Sobolev Spaces and Fourier Transform

In this section we give and alternative characterization of the Sobolev spaces H*(RY) using the
Fourier transform. This will allow us to better understand these spaces, to provide simpler proofs of
some statements, and to motivate a definition of fractional Sobolev space (which we will not need in this
course, but which is widely used in some fields). The main sources of inspiration for this part are [13,
§7.7.7] and [4].

Here we will work with Q2 = RY, k € N and p = 2, dealing with the spaces
H*RYN) = WrE2RY) = {u e L2 (RY) : D% ¢ L*(RY) Va e N} : |a| < k).

Recall that F considered as a map from L?(R¥) to itself is invertible, and that for v € L2(RV) c S’(RY),
also D% € §'(RY) and F(D“u) = (27i¢)*a. Therefore

D € L*(RY) <= F(D%) € L*(RY) <= ™0 =& ... 850 € LA(RY).
This motivates the following result.
Theorem 4.47. Let u € L*(RY). Then
1. uw € H*RN) if and only if (1 + |£[F)a € L2(RY).

2. Moreover, there exists C > 0 (independent of u) such that
1 N
5||U||Hk(RN) <N+ €1 all p2@ny < Cllullae @)

Proof. Let u € L*(Q) and k € N.
a) Assume that (1 + [|¢|%)a € L*(RY) and take o € N} such that |a| < k. Let us start by checking that
Doy = (271i€)*a € L*(Q)

[10m = [ Jeriera©P ds = ol [ @ gemlac) P de
Q RN RN

< (2m)le / €P2a(e)? de < Ca / (1+ €[5 [a(E)? dé < oo
l{ RN ~l/ RN

&2 < |g]?> lg)lel <14 [ef®
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Hence Dou € L?(Q), which implies that D*u € L*(Q), and ||D%ul|2gx) = HD/O‘\uHLz(RN) < Coll(1+
€1¥)ul| 12 g~y Then there exists C' > 0 independent of u such that

lull e vy < CII(L+ €7 )all 2 ).

b) Assume that u € H¥(RY). We want to estimate [|az2@®y) and [[(1 + [£]%)d] 2y in terms of
l|ull g+ vy Since

oFu oFu
... —— € L*(RY
" Ox¥ oxk, R,
we have |lul| 2w~y = [|@]|2r~y and, for every i,
— 2
ok Oku ) ) R
LGl = L5 = L rielta©R as = o [P .
Therefore,
1 ok, |?
i 2k 2d < / e d
[ R i < o [T @) a

and we conclude that
10+ Iy = [ 0+ IEFPIa©F <€ [+ gl ds
c/ |2d5+0'/ (€ 1 ) ale)? de

2
< o / 2 / 7”
(Lo [ |5

) < Ol Fn vy

Corollary 4.48. For k € N,
H*RY) = {ue L’ RY): [¢*a e L*(RY)}
={ue L*®RY): (1+[¢M)ae L*RY)},

and
w [|(1 4 [€]%)all p2@m)

is a norm in H¥(RY), being equivalent to the standard one.

Remark 4.49. Since there exists C > 0 such that & (1 + |¢[%)*/2 < (14 [¢]%) < O(1 + |¢]%)*/2 for every
¢ € RV, we also have

HY®RYN) = {ue L*(RY): (1+ [¢*)*?a e L*(RN)}
and u— ||(1+ |§|2)k/2||Lz(RN) is another equivalent norm.

The alternative characterizations of H*(RY) (k € N) we proved in this section motivate the following
definition.

Definition 4.50 (Fractional Sobolev Spaces). Let s € (0,00). We define
H*(RY) :={u € L*(RY) : [¢|*d € L*(R™)}
={ue L*®RY): (1+[¢l)ae L2 RY)},

which is a normed space with

1/2
Jullaeny = ([ 0+ e Plaac)
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4.3.2 Sobolev Inequalities

Given u € W1P(Q), we have that u € LP(Q) and |Vu| € LP(Q). Does the integrability of the weak
derivative of u give extra information about u itself? The answer is yes.

Theorem 4.51 (Sobolev, Gagliardo, Nirenberg). Let 1 < p < N. Then there exists a constant C =
C(N,p) such that
lullpor mnvy < ClVullpoeyy — Vu € WHP(RY), (4.8)

where p* = Np/(N —p). In particular, |[ul| Lo+ @y < Cllullwip@yy and we have a continuous embedding
WhP(RN) — L7 (RVN). (4.9)

Remark 4.52. 1) Observe that this result only makes sense for N > 1. We will see ahead some specific
results in dimension one.

2) The number p* is called the Sobolev exponent and (4.9) is a Sobolev embeddmg One can see from a
direct computation that p* > p. Observe also that p* is such that 1 = ﬁ
3) Let us check that, if (4.8) is satisfied for some p*, then necessarlly * = Np/(N — p). For that, we
use a scaling argument. Let u € D(RY), A\ > 0, and define uy(z) = u(Azr) € D(RY). Then, from (4.8),

X 1/p* 1/p 1/p
(/ lun? > <C (/ |Vu>\p) _c (Ap/ |Vu()\z)|p>
RN RN RN

which, after a change of variables, reads as

1 . 1/p* N 1/p
— ul? < C (NP~ / Vup)
(e [r) <o (e [ w

» || Vullpeeyy  Yu € D(RY), A >0,

=1
p

Therefore,

1_
(]| o (RN) X < CA
which necessarily implies that

N N N
l—-—+—=0+=p'= L
P P N-p

In order to prove Theorem 4.51, it is enough to prove the same statement for test functions.

Lemma 4.53. Let 1 < p < N. Then there exists C = C(N,p) such that
lull o= @ny < CIVullo@yy  Yu € CoRY).

Proof. Step 1) Let us prove the result for p = 1; we check that

N-—1

=~
(/ |u|NN1> < / Vu|  Vue CHRN). (4.10)
RN RN
We have .
u(x)z/ Ug, (T1, o X1, 6 i1, - -, TN) dE,
— 00
and so
s
|u(x)|</ s (1o iy i)
—o0
< / |tg, (X1, i1, by Tig1, - -y TN | dE =t / |ty | dx;
R R
(a quantity that depends on x1,...2;_1,Zi+1,..., 2y by not on z;). Then

|U(9U)|N]zl < (/ Iuggldm) ) (/ uzN|de) o
R R
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Integrating in x; and using Fubini’s theorem and Holder’s inequality for the product of N — 1 functions

in LN~L(R) gives:
1
N—-1
. </ |uzN|dacN> dxy
R

1 1
N-—-1 N—-1
/|u(x)|%1 dz, < (/ |uxl|d:c1> /(/ um2|d:c2) -
R R R

1 1

R
< (/ |uw1|dx1> ) (/ uI2|dm1dx2) L (/ |uwN|dx1dmN) .
R R2 R2

Integrating next in xo:

|u(m)|% dx1dzo
]RZ

< (/ [, | da:1da:2> ) / (/ |uw1dx1> : (/ |ul.3|dx1dx3> o (/ |uwN|dx1da:N> : dxo
R2 R \JR R? R2
ﬁ 1 1 1
< (/ [tz | dxldx2> (/ [, | d:rld:r2>
R?2 R2

N—1 N—-1 N—1
(/ um3|dx1dx2dx3> (/ |umN|dx1dx2de> )
R3 R3
Iterating this procedure, we arrive at

u(x %i Uy, < Vu Nﬁl,
[omers <) [ et | < (L)

=1
<[Vl

which corresponds to (4.10).

Step 2) The case 1 < p < N. Given u € C}(RY), we apply the previous step to the function |u|”, for
some 7 > 1 to choose later. Observe that |u|" € C}(RY) and that V|u|” = y|u|""2uVu. This gives

N—1

N
(/ |u|13”1) < [ 9hpi=n [ vl
RN RN RN

Applying Holder’s inequality to the right-hand side, we arrive at

No1 1 p=1
(/RN|u|z3”1> <’y</RN|Vu|”> (/RNW’J?”) . (4.11)

Choosing v such that

N -1 N -1
]\7_ 1= (’; — 1)p = v= p(N—p) (which is larger than 1 since p > 1),
we arrive at Sobolev’s inequality, with constant C(N,p) =~ = p(]{[\/i:;)' O

Proof of Theorem 4.51. Since D(RY) ¢ CHRY) ¢ WIP(RY) and D(RY) is dense in WP(RY), then
also CH(RY) is dense in WHP(RY). Given u € WLP(RY), take u,, € C1(RY) such that u, — u in
WP (RN), that is

Up = U in LP(R™N)

Vu, = Vu in LP(RY).

Then ||V, r@yy = |[Vul|Lr@ey) and, since we can assume |u,| — |u| a.e. (by taking a subsequence),

by Fatou’s lemma,
A\ LeT A\ LT
Il o = (/ |u|P ) < liminf (/ |, |P )
RN RN

1/p
< liminf C (/ |Vunp> = C’||Vu||Lp(RN). [
+ =

Lemma 4.53
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We have shown that WP(RY) is embedded with continuity in LP" (RY). On the other hand, it is
also embedded in LP(R™) [why?]. By using the interpolation inequality (see Corollary 1.2) we have the
following consequence.

Corollary 4.54. Let 1 < p < N. Then we have the continuous embeddings

WHPRY) — LURY) Vg € [p,p”].

Proof. Let g € (p,p*) and take 6 € (0,1) such that % =94

: 1;7_*0- By Theorem 4.51 there exists C' > 0
such that, for every u € WHP(RY),

letll oy < Null o lull 27 gy < Cllullyn @y lullyy s @y = Cllullws @) O

Since p* — 0o as p — N~, we could be tempted to think that W~ (RY) is contained in L>(R").
However, that is not true for N > 2 (see [5, p. 280] for a counter-example), only for N =1 (see below).
In general, we have the following.

Theorem 4.55 (Case p= N > 1). Let N > 1. We have
WEN(RN) — LYRYN) Vg € [N, o0).

Proof. As always, we only need to prove an inequality for C}(RY). We recover (4.11) from the proof of
Sobolev’s inequality: given v > 1 and u € C}(RY),

N-1 1 p-1
(/ mﬂ) <y (/ |Vu|p> (/ | 5 “”) Vu € CLRY). (4.12)
RN RN RN

Choosing p = N:

1 v—1
Il g, < IVl Bl s <7 (190 2l s )
LN-1 N— \L Y Y L N—-1
Young’s inequality with exponents ~v,~v/(y — 1)

=l g <) (IVullen +lull o)

Now the result follows from an iterative procedure, choosing the sequence v, = N + k and applying the
interpolation inequality: in fact, setting

wN  (N+k)N

*k=N"17 N_-1

we have
[ullLas < Clyi) (IVullLy + [Jufl o) -

For k = 0 this yields
[ullLao < Co ([[Vullpy + [lullLy) -

Substituting this bound into the case k = 1, we obtain

[ufl Lo < Cr(IVulla + fJullzao) < €

(IVullpy + [lulla) -
Proceeding inductively, we find that for every k € N,
lullzae < Ck (IVullpy + llullp~)

where C}, > 0 depends only on k and N. Since g — 0o as k — oo, the interpolation inequality yields
the result. m

For p > N, the situation is as follows.
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Theorem 4.56 (Case p > N). Let p> N > 1. Then
WEP(RYN) — L=®(RY).
Furthermore, for all w € WP (RN) we have
u(z) —u(y)| < Clz — y|*|Vull Loy~ for a.e. z,y € RY, (4.13)
where o =1 — %, C=C(N,p).

Proof. Tt is enough to prove the result for u € C2°(RY). For now, fix B, a ball of radius r such that
0 € B,. Then, for z € B,,

1 1
u(z) —u(0) = /0 %[u(m)] dt = /0 Vu(tz) - x dt.

Integrating in B,., dividing by |B,.| = V| B;| and applying the absolute value on both sides:

hrol<m ), v
u—u(0)] < Vu(tz)| |z| dtde < ——— Vu(tz)| dzdt.
‘Br| B, ©) | By B, Jo Vel )|\|/L |Bp|rN=1 g BT| (1)
<r

By using the change of variables y = tx and the fact that ¢B, C B, for t € (0,1) (since 0 € B,), we
deduce

1 1 |
—u(0)] < ——— — \Y dydt
o 0] < g [ [, Tl

1 ] s -
<—— | = P\ B, |5 dt
BWWIAtN(@Tww>)| |

e B 1 P
< T / t= v dt [|[Vullpes,) = —1 —x IVl r@y)-
|B1|» Jo |Balv 1 =5

(we used Holder’s inequality in the second line). By a translation argument, given any given ball B, of
radius r with center z € R, we have

N
1/ 1 e
57 L v )] € L T Tl (1)
’Brl B, 1By 1%

By the triangle inequality, given any ball B, of radius r and x,y € B,
2 rl_%
j”vu”LP(RN)-
p

lu(z) —u(y)| <

T 1L
| Byl
Finally, given z,y € RY, we just have to apply the previous inequality to the ball Byjg—y| ().

The L>®-bound is a direct consequence of (4.14). Given x € RY and considering a ball B(z) centered
at x such that |B(z)| = 1:

1
lu(z)| < =7 lul + C(N, p)IVul| L e~
|B(2)| JB() 5
< ullr(B@)) + C(N, )| Vul| Lo @yy < C'(N, p)l|ullwie @y,
by Holder’s inequality. O

Remark 4.57. For p = N = 1, the previous proof allows to deduce that W11 (R) < L>(R). Since
WHHR) — L'(R), then
WHHR) «— LP(R) for every p € [1, o0,

by the interpolation inequality.
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Remark 4.58. We can improve the previous statement by observing that there exists & € C(RY) satis-
fying u = @ almost everywhere and satisfying (4.13) at every x,y € RY. Let us justify this observation:
let A be a set of measure zero where |u(x) —u(y)| < Clo —y|*||Vul| s @n) for every z,y € RV \ A. Then
ulgn\ 4 is continuous and, by combining (4.13) with the fact that RV \ A is dense in RY, we can extend
it in a unique way to a continuous function. We write

WhP(RY) c C(RY),
with the meaning that
each u € WHP(RY) admits a continuous representative.
Remark 4.59. A function u : Q — R satisfying
lu(z) —u(y)| < Clz —y[* Vr,y e
is called Holder continuous (in Q) with exponent «. We also define the Hélder space
co(Q) = {u € C(Q): [ull go.a @) = SIép|u\ —l—xsup W < oo}.

JYEQ Y

T#Y
Hence, Theorem 4.56 (which is due to Morrey) says that W'?(RY) < CO*(RY) for a =1 - .

To summarize, for any N > 1 we have the following continuous embeddings:

WHP(RN) < LYRN), Vg € [p,p*] if p< N,

WP(RN) — LYRY), Vq € [p, 00) if p= N,
N

WLP(RY) — CO*RY), a=1- — if p> N.
P

Observing that u € W*P implies D%u € W*=18l for |3| < k, through an induction argument one
can show that:

Np
WEP(RN) < LI(RY), V. [ } if kp < N
(R™) = LI(RY), Vg € "N ip if kp < N,
WEP(RN) < LYRY), Vg € [p, 00) if kp = N,
WEP(RN) s ™ (RY) if kp > N,
where m is the largest positive integer such that o := k — % —m € [0,1). Observe that ¢ = N]XI;,C is

equivalent to % = % — % and that, given Q C RV,

yEQ r—y|®
1Bl<m |B1=m " YE ==l
z#y

_ _ DBu(z) — DPu
™ (Q) = {uGC’”(Q): [ull ey = > sup|D%ul+ Y sup | D u(z) W)l <oo}.

4.3.3 Proof of Sobolev embeddings via Fourier Transform
Let us see in the next result how one can use the Fourier Transform to prove some Sobolev embeddings.
Theorem 4.60. For any s € R such that s > N/2, we have
H*(RN) — L®RY)nC(RY).
Proof. Recall that v € H*(RY) if and only if v € L2(RY) and (1 + |¢]*)a € L*(RY). In particular,
@ € L%(RY). Let us check that 4 € L'(RY) as well. In fact,

~ ~ s 1 S\ 4 s\ —
Lt = 110+ 1) g < I Vil 0+ 1) zzce)

= [Jull g @y (1 + [€1°) "l L2y < oo,
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since 25 > N. Thus @ € L'(RY) N L?(RY) and we have a formula for u = u:
u(z) = / X (€) dE.
RN
In particular, u € C(RY) and |Jul| oo wnvy < ||| @yy < Cllull sy, hence H¥(RY) — L*(RY). O
Corollary 4.61. For any s € R and m € Ny such that s > % + m, we have
H(RY) — C™(@RN) N L (RY).
Proof. This is straightforward once we prove that

ou

H(RN) =
u € H°(R™) oz,

€ HY(RY).

This is obvious for s € N; for a general s > 0 it follows from the estimate

2
ou

s—1\2
(14162 | 5

= (14 [g* 72 2migPlal® < O (1 + J¢]*) al*. H

Corollary 4.62. For N =1 and k € N we have
H*R) — C™(R)NL®[R) VmeNy: m<k.

In particular,
H'(R) — C(R) N L*™(R).

4.4 The spaces W,(Q)

So far we deduced results for W*?(Q) with Q = RY. In case 2 has a boundary (e.g. when (2 is
a bounded set), we want to define a suitable notion of u|gn (having in mind solving boundary value
problems). For N = 1, if I C R is an open interval, one can prove (see [2, Theorem 8.8]) that W1?(I) C
C(I) and it is clear how we should define it. Another simpler case is to give a meaning to u|sg = 0 for
a function v in a Sobolev space.

In what follows €2 is a bounded set, k € Nand 1 < p < cc.

Definition 4.63. Let Q be an open set in RY. We define W, () as the closure of D(€) in W1P(Q):
Wy P(Q) := clys (D(Q)).

This means that, by definition, given u € Wy (Q) there exists u,, € D(Q) such that u, — u in
WLP(Q), that is,
Up = U, Vu, = Vu in LP(Q).

Since each u,, is zero in a neighborhood of 0f2, we can interpret VVO1 "P(Q) has being the set of functions
u € WHP(Q) such that “u = 0 on 9Q”. We will come back to this later on, when we discuss the definition
of trace (see Remark 4.84 ahead).

Definition 4.64. We define Wéc’p(Q) as being the closure of D(Q2) in the space W*P(Q), i.e.,
WP () = clyr.n (D(Q)).

which we interpret as the space of functions u € W*P(Q) such that D%u = 0 on 99 for every a € NYY
with |o| <k —1.

Since WP (Q) is a closed subset of the Banach space W*»(Q), it is also a Banach space. For p = 2,
we denote
Hy () = Wy*(Q),

which is a Hilbert space.
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Lemma 4.65. We have WEP(RN) = Wk (RN),

Proof. This is a direct consequence of the fact that D(RY) ¢ WP (RV) ¢ WhP(RY), and D(RYN) is
dense in W*P(RY) (recall Theorem 4.45). O

Theorem 4.66 (Extension Property). Let u € Wéc’p(Q) and define the extension

o Ju(z) e
u(x){o , ¢ ¢ Q.

Then @ € WFEP(RN) and ||ullywr.n) = |@llwrn@y)-
Proof. Let u € Wéc’p(Q) and take ¢,, € D(Q) such that ¢,, — u in WFP(Q), that is,
D%, — D% in LP(Q) VaeNY, |a| <k

Take the new sequence ($,,) C D(RY) defined by

. on(z) ,2€Q

Pn(2) = (@) :

0 , T EQ
Since
|@n — 95m||W’“vP(]RN) = lln — ‘PMHW’H’(Q)a

() is a Cauchy sequence in W¥*?(RY) (a Banach space). Thus there exists g € W*?(RY) such that

Pn—g i WEPRY);

in particular, @, — g in L?(RY). Since, on the other hand, ||¢, — @l z»&~) = [[on — ull L) — 0, then
4 = g a.e., and actually
Gp — U in Whr(RY).

In particular @ € WHP(RY), and
[Bnllwrr@yy = lenllwer@) = l@llwre@yy = [ullwre @) O
Remark 4.67. From the previous proof we can deduce that, given u € Wg’p(Q),

o D , z€) —
D u(x)—{o rdQ =: Doy,

[why?] In particular, || DYG||pr@~y = DUl Lr(q)-

Remark 4.68. Given real numbers a < b, we have Wy*(Ja, b) # W' (Ja, b]). Indeed, if these two sets
were equal, then by Theorem 4.66 we would have X, 5 € WLP(R) and in particular X]/a,b[ =0, —0p €
LP(R), which is a contradiction.

In general, we have

WEP(Q) c WEP(Q)  with  WPP(Q) # WFP(Q).

The Sobolev embeddings that we proved in the previous section extend directly to this setting using
the extension property. For simplicity, we just present the case k = 1.

Theorem 4.69. Let Q be an open set in RY with N > 1. Then the following embeddings are continuous:

Wy ?(Q) = LUQ), Yq € [p,p] ifp<N

WyP () = LI(Q), Vg € [p, o) ifp=N
— N

WyP(Q) = C%%(Q), a=1-— > ifp>N.
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Proof. Let u € W,?(Q) and define the extension @ as in Theorem 4.66. Then @ € W'?(RN), and by
Theorem 4.51 there exists C' > 0 independent of u such that

4] Laryy < Clla|lwre@ny-

where ¢ € [p,p*] if p < N, g € [N,00) if p= N, and p = oo if p > N. Since [|@||parn) = |[ulre0)
and ||@|lpwre@yy = [Jullwir), we have |lulpeq) < Cllullwir@). When p > N, observe also that
@ € C%(RY), and so u € C%*(Q). O

In the case 1 < p < N, recall that one proves W?(RN) < LP" (R™) by proving a stronger statement:
llull o= (RN) < C(p, N)HVUHLP(]RN) Vu € Wl’p(RN)~
Thus, reasoning as in the proof of Theorem 4.69,
(|| 7,0+ @ < C(p, N)|IVull zr (o) Yu € Wol’p(Q), 1<p<N. (4.15)
This allows us to prove the following inequality, which will be crucial in the next chapter.

Theorem 4.70 (Poincaré’s Inequality). Take 1 < p < 0o and let Q be a bounded open set. Then there
exists C = C(Q,p, N) such that

lull o) < CllVullo@)  Yu € WyP(Q).
In particular, u— ||Vul|, is a norm in WP (), being equivalent to the norm || - [wis@yy. On Hy(Q),
the bilinear map (u,v) — fQ Vu - Vv is an inner product.

Proof. We split the proof in the cases 1 <p < N and p > N.
If 1 < p < N, since p* > p and 2 is bounded,

s

7 |ull o () < C( N, p) | V|| 1o ()
N

lull ey < |9"
(4.15)

where we used Holder’s inequality with exponents % and pf_p.

For p > N, since  is bounded, we have u € Wol’q(Q) for every 1 < ¢ < N, which is embedded in
L7 (Q). For such ¢’s,

[ull o (0) < C(p, ¢, N)[|Vul| La(e)-

By choosing ¢ < N such that ¢* = g—]jq > p, we have

lull ey < C'(p, N, Q) [l o () < C"(p, N, Q)| Vul| Laery < C”(p, N, Q)[[Vul|Lr (- O

4.5 The dual space of H}(Q) = W,*(Q)
In what follows, 2 is an open set (not necessarily bounded).
Definition 4.71. We denote by H~1(Q2) the dual space of H}({2), that is,
H™Y(Q)={f:H}Q) — R: fis linear and continuous}.

As usual, for f € H~'(Q) and u € Hj(Q), we will denote f(u) by (f,u)g-1,p or simply (f,u). In
H~1(Q) we have the operator norm

fu
W= = sup (fyuy= sup (f,u)= sup (£, w) .
weHE()\{0} wEHL () wer@\{o} [[ullm
[lull g1 <1 lull g1 =1
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Remark 4.72 (embeddings). 1) H=1(2) — D’(Q). In fact, the embedding D(Q) — H}(Q) is continu-
ous, hence each f € H~1(2) defines in a unique way the distribution

(f0)pxp = (f,Q)up1xuz Ve €D(Q)
(the uniqueness follows from the density of D(2) in H}(Q)). Moreover, f, — f in H-1(Q) (i.e. ||fn —

fllz-1(q) — 0) implies f,, — f in D'(Q) since, for every v € D(Q), [(fn—f, ©)| < |fu—flla— H‘PHH[} — 0.
2) L*(Q) — H~1(Q) with the usual identification: given f € L?(),

<f7u>H*1><Hé = <fvu>L2(Q) = /qu

Observe that with this we are also identifying L*(Q) with (L*(Q2))’.

3) HI(Q) C L3(Q) = (L3(Q)) € H 1(Q), but we cannot identify H} with its dual in this way! If we
did it, we would have (f,u)p1 () = (f,u)r2(q) for every f,u € HL(Q), clearly nonsense (see also this
discussion in [2, Remark 3 - p.136]: “To identify or not to identify?”)

Theorem 4.73. Let f € H-Y(Q). Then there exist functions fo, f1,..., fn € L?(Q2) such that

N
G = [ St X [ g vue HY(@),
i=1 !

In particular,
N
ofi
i—1 Oz

f=1fo—

in D' (Q).

Moreover, if Q is bounded, we can take fo = 0.

Proof. Since Hi () is a Hilbert space we can apply Riesz representation theorem: for every f € H~1()
there exists v € HJ (Q2) such that

N v Ju

<falu’>H’1><Ho1 = <U7U>Hé = /Q\’U//U"‘Z/Q [“)xz a.’L'l
=:fo i=1 ~—~
= f;

For a bounded €2, we can work in Hg(©2) with the inner product (u, v) g1 := [, Vu-Vu, so that fo = 0. O

Remark 4.74. Let fo, fi..... fx € L2(Q). Clearly f := fo— Y1, 5t € D'(Q), and

N
(f,e)pxD Z/Qfow'*‘Z/ingf_ Vo € D(Q)).
i=1 ’

Moreover, [(f, o)p'xp| < C(||follL2(0) +Z£\L1 | fill L2)) Il 1 (), so that f is continuous for the H™*(£2)-
norm. Since D(Q) is dense in HE (), it is now standard to show that f can be extended in a unique
way to an element in H~1(£2) (which we still denote by f). Therefore, combining this with the previous
theorem, we see that

X of,

.
i=1 Oz;

H_I(Q):{fo— : fo,fl,..., NELQ(Q)}

This justifies the use of the notation H~!(Q) (instead of the usual notation for dual: (H}())'): it is the
set of all linear combinations of L?—functions with derivatives of functions in L? = H°(Q).

Example 4.75. §o € H (] — 1,1]). In fact, if H is the Heaviside function (recall Example 4.12) then
H e L*(]—-1,1]) and § = H'.
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4.5.1 Extension and Trace Operators for W"r(Q)

We have seen in Theorem 4.66 that we can always extend a function u € W{**(2) to a function
@ € WHP(RY) (extending it by 0 outside €2). For the general case, we need to ask some regularity on
9. In what follows, RY = {z = (2/,2n) € RV"! xR : zy > 0}. We advise the reader to read once
again in Section 1.2 the definitions of the sets Q, QT and Qy, and to recall the definitions of C''-domain,
as well as the result on Partitions of Unition.

Theorem 4.76 (Extension Operator). Let Q) be either a bounded domain of class C* or Q = RY. Then
there exists a linear continuous extension operator

P:WhP(Q) — WhHP(RY)
such that, for every u € WHP(Q),
(a) (Pu)|lq =u for a.e. x € Q;
(6) [Pullze@yy < Cllullre);
(¢) [Pullwrr@myy < Cllullwie),
where C = C(), N,p). Moreover, Pu € C(RY) if u € C(9Q).
The main steps in the proof of this result are:
e To prove an extension property when Q = Q.
e By definition of C''-domain, 02 can be locally straightened. Hence we can extend u via local charts.
e Using a partition of unity, we can glue all extensions constructed in the previous step.
The first step corresponds to the following result.

Lemma 4.77 (Extension by reflection). Let u € WP(Q%) and define the even reflection
co={U0 Ly
Then u* € WhP(Q), and
i) [u*llzo@) < 2lull oo+
ii) [[u*llwir@) < V2ullwre@t):

Proof of the lemma. Since

/Q|u*(1;)|pdx _ /Q+ |u(m)|”dm+/7 lua!, —y) [P do = 2/@+ ()P da,

we have u* € LP(Q) and property ¢). The remaining part of the statement follows as soon as we prove
that, in the distributional sense,

ou

. -—(2) ,ifzy >0 «
ZZ. (z) = in - <§;‘) (r) Vi=1,...,N-1, (4.16)
’ %(az’,f:cjv) ,if zn <O0. '
and 5
u
—(x) , ifxny >0 O
ou* Oz ou
(@) = 5\’* = (a) (z). (4.17)
N _ (@, —zn) , ifzy <0 N
a.’IJN ) N ) N

Indeed, if (4.16) and (4.17) hold, then

ou* ou
< V2

ou*
8$N

ou
8331\/

)

Lr(Q)

Vi=1,...,N—1; H

<{’/§'

Lr(Q)

Lr(Q) Lr(QF)
hence v* € W1P(Q) and ii) holds.
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We start by proving (4.16): take ¢ € D(Q) and i € {1,..., N—1}. Then, since u* € LP(Q) C L] (Q),

@ =—(u* 8(,0 = —/ u* 8(p

dui’ ¥ DixD 0T prip Oz
B Oy de
/Q+u( )8%( )dm/@_ u(x,fo)axi(:n)dfc
_ 0% (o) di 99 (4t~
= /Q+ u(x)ami (z) dx /Q+ u(x) oz, (¢, —xN) dx.

Since i £ N, 2 7o (@, —zN) = %[Sﬁ(fa —xn)] and

ou* o
— =— h = ' .
(Gove) == g where u(a) = plo) + ole/, o)

Since ¢ might not belong to D(QT), we cannot integrate by parts directly in the previous expression.
Instead, we take a cutoff function € D(R) such that 0 < n < 1, n(t) = 1 for t > 2, n(t) = 0 for
t < 1, and consider the rescaling 7.(t) = n(t/e) (which takes the Value 1fort > 20 for t <e, and
0 < n:(t) < 1 for every ¢t € R). By Lebesgue’s Dominated Convergence Theorem, and since i # N,

_/ Y _ — lim u%ng(:@v)dm:— lim u(x) 9 (Y(x)n-(zn)) dz.
Q T

+ 8.%1 e—0t Q+ e—0* Q+ 8.%

Now 9 (z)n.(xn) € D(QT) and, by definition of weak derivative and using once again Lebesgue’s Domi-
nated Convergence Theorem:

. P ou ou
_ Elggﬂ o u(x) oz, (zp(x)na (:L'N)) dr = Egrg+ o oz, («’E)?/)(l')ns (xN) dx = o o
Therefore
ou* ou du Ou
<(9$z" s0>17/><D - Qt 3I¢¢dx B Qt ox; (x)(p(w) ot Qt o0x; (m)go(:r, _xN) o
_ ou ou ’ _ ﬁ ’
- [ sete)dss [ SR —neteyds = [ (S5) @)pteyas

and (4.16) follows. For i = N, repeating the previous computations, we have this time (for y(z) :=
p(x) — (', —zN)),

Ou” x . ox
ou _ ox _ DX
<a(£]\/ 7 L)0>’D’><’D /Q+ uaxN E—lgl'*' Q+ U(JC) 8xN (l‘)?’] (xN) dz
= — lim u(z) 5—(x(z)n-(zn)) dz 4 lim w(@)x(2)n.(zy) dz.

=0+ Jo+ oxn =0+ Jo+

Since x(a’,0) = 0, there exists a constant C' > 0 such that |x(2’,2n)| < C|zy| for |x| < 1. Therefore

[, sonomiontad
Qt

Qtn{e<zn<2e}

QC// |u(z)|dz — 0
Qtn{e<an <2}

<§i,@>vw= [ tonto) = | (&)Dwm)da

which proves (4.17) (the details of this last part are left to the reader). O

u(x)n (w?N) xN’ dx

X

ase — 0, and
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We can easily replace QT with Rf , proving this way Theorem 4.76 in this case. In order to obtain
the statement for a general bounded domain (2 from this lemma one uses local charts and a Partition of
Unity (Lemma 1.10). For the complete details we suggest the reading of the proof of [2, Theorem 9.7],
namely pages 276-277 therein. We remark that the final sentence of Theorem 4.76 is not stated there,
but is a direct consequence of the proof.

Remark 4.78. With the notations of the previous theorem, observe that

OPu
8:171‘

_ Ou
Q_(%ci

in D'(Q2).

Indeed, given ¢ € D(Q) and denoting by ¢ its extension by 0 to the whole RY (which belongs to D(R))
we see that

/ OPu OPu _ o / dp ou
0 8xl Q RN 63:1 \L RN 6951 Q 6:01 i 0 895,
def. of weak derivative def. of weak derivative

Corollary 4.79 (Density results in WP(Q)). Let Q be a bounded domain of class C1, and take u €
WLP(Q). Then there exists (u,) C D(RY) such that

Upla — u in WHP(Q).
In particular, there exists (u,) C C*°(Q) such that u, — u in WHP(Q).

Proof. Let u € W'P(Q) and take its extension Pu € WP (RM), provided by Theorem 4.76. By Theorem
4.45 there exists u,, € D(RY) such that u, — Pu in W1P(RM). Since

/|un—u|p:/|un—Pu|p</ |un, — Pul? — 0
Q Q RN

/ |0, — O, u|P :/ |0, — O, PulP < / |0z, tn, — Or, PulP — 0,
Q Q RN

and, by Remark 4.78,

then
Uplo — Pulg =u in WHP(Q),

which proves the statement. O

Remark 4.80. By recalling explicitly the approximating sequence from Theorem 4.45, let us prove that
If u e C(Q) N WEP(RYN) then there exists u, € D(RY) such that

Unlo —u  in WHP(Q) N L(Q).
Indeed, seeing point 3 in the proof of that theorem, we have
o(ex)(pe * Pu) = Pu in WP (RY)

as ¢ — 0, where (p.) is the sequence of mollifiers, and ¢ € D(RY) is such that 0 < ¢ < 1, ¢ = 1 in
B1(0), ¢ = 0 in RY \ By(0). Since Pu € C(RY), Lemma 1.7-3 yields

olex)(pe x Pu) = Pu in LS (RY),
hence we have uniform converge in Q.
Remark 4.81. If Q is of class C*, it can be proved the following:

e there exists a linear continuous extension operator

P:WFP(Q) — WFP(RY)
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e given u € WFP(Q) there exists (u,) C D(RY) such that u,|q — u in WHP(Q).
For more details see Chapter 5.4 in [5], in particular the remark on page 271.

Corollary 4.82 (Sobolev Embedding). Let Q be a bounded domain of class C*. Then the following
embeddings are continuous:

WhP(Q) — LP"(Q) ifp< N
WHP(Q) — L9(Q) Vg € [N, o0) ifp=N
WhP(Q) — L=®(Q) N C(Q) =: Cy(N) if p> N.

Proof. Given u € W1P(Q), by combining Theorem 4.51 and Theorem 4.76, we have for 1 < p < N:

[ull o= () < [Pull o @y < ClIPullwrr@yy < CJullwie -

For p = N the proof is the same, simply replacing p* by any ¢ € [N, 00). For p > N, we replace p* by oo,
while the continuity is an easy consequence of the fact that Pu € C(RY), so that u|lq = Pulg € C(Q). O

We are now in position to give a meaning to u|sq when v € W1P(Q) and Q is C*.

Theorem 4.83 (Trace Operator). Let Q C RY be a bounded domain of class C*, and p € [1,00). There
exists a linear operator T : WP (Q) — LP(0N) satisfying the following:

(a) (continuity) there ezists C = C(p,Y) such that

1Tl e o0y < Cllullwis) — Yu € WHP(Q). (4.18)

(b) Tu = ulaq for every u € WHP(Q) N C(Q).

Proof. 1) Let us start by proving (4.18) for u € C1(2) (defining in this case Tu := u|sn). By using local
charts and a partition of unity, we may reduce the problem to the case Q = Q' and to proving

/ u(2’, 0)[" da’ < C/ (lu(@)P +|Vu(z)P)dz  Vue CHQT), suppuC QT UQo,  (4.19)
0 Q*
where Qo = {z = (2/,0) € RY : |2/| < 1} and C is independent of u.

To prove (4.19), fix (2/,0) € Qp. Then

- P N L
o 0 ute',0) = [ o2 u@ptaten e =~ [ plato)r 2oy o

whence

1
(!, ) < p / () P~ V()| dzy
0

f(p=2 pluaﬁp T max{p — 1uxp w(x)|?) dx
fp/o (Bt + Svu@)P ) dox < maxtp = 11} [ (u@)l + [Va@)l) doy

Young’s inequality with exponents p/(p — 1), p

We obtain (4.19) by integrating in the remaining variables x1,...,zn_1.
2) Given u € W1P(Q), take u,, € C*(Q) such that u,, — u in W1?(Q2). Then by 1)

1t — umllLeo0) < Cllun — wmllwirq)-

Thus (u,) is a Cauchy sequence in LP(9Q) and there exists g € LP(012) such that u, — g in LP(99).
We define Tu := g. This value does not depend on the approximating sequence since, if v,, € C*(Q) is
another sequence converging to u in W1?(€),

||un — 'UnHLp(ag) < CHun — vn”Wl,p(Q) — 0.

Thus we have shown (a).
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3) Point (b) is obvious for u € C1(Q). For u € WhP(Q)NC(Q), observe that the approximating sequence
uy, converges to u both in W1?(Q)-norm as well as uniformly (recall Remark 4.80). Thus

Unlog = Tu, — Tu  in LP(9),
and also up|aq — ulagq in L™ (09Q). In conclusion, Tu = ulaq. O

Abusing the notation, one usually speaks about the value of u on 02, meaning the value of Tu on

o
Remark 4.84 (Relation with W,?(Q)). If Q is a bounded domain of class O, it can be shown that
Wo?(9) = {u e W(Q): Tu=0ae. in 99}.

One inclusion is straightforward: given u € W, (Q) take ¢, € D(Q) such that ¢, — u in WhP(Q).
By the continuity of the trace operator, Ty, — Tu in LP(0). Since Ty, = 0 for all n (by Theorem
4.83-(b)), also Tu = 0. For the other inclusion, see [5, §5.5]

The trace operator allows us to extend Green’s Formula: for every u,v € H'(Q) = W12(Q),

ou / ov /
vdr=— [ u dx + uvv; do 4.20

(where in the last integral we write u and v instead of Tw and T'v, to ease the notation). Its proof is
now straightforward: given u,v € H(), take (uy), (v,) C C*°(Q) such that u,, — u, v, — v in H'(Q).
Since

Ouy, Ovy,
Lvndx: —/ unde—i—/ Up U V; Ao (4.21)
o 0z; o Oz o9

for every n (by the standard Green’s formula) and

o Uy — U, Uy — U, %%g—;, %%g—;inLQ(Q);
® Uyloa — U, Unlog — v in L2(0Q) (by continuity of the trace operator);

then by passing to limit as n — oo in (4.21) we obtain (4.20).

100



Chapter 5

Variational Formulation of Second
Order Linear Elliptic Problems

The introduction of the concept of weak solution represents a
central methodological turning point in the study of PDEs and their
Boundary Value Problems since it presents the possibility of
breaking up the investigation of PDEs into 2 steps: existence of
weak solutions; regularity of weak solutions.

H. Brézis-F. Browder, Partial Differential Equations in the 20th
Century, Advances in Mathemathics 135 (1998).

This chapter is strongly inspired in [2, Chapter 9.5], [5, Chapter 6] and [13, Chapter 8|, to which we
refer for more details and further results. Here, we try to capture the best from each reference.

5.1 Second order linear elliptic problems in dimension N

In this section we write down the kind of problems we address in this chapter, namely second order
linear elliptic problems. We have already defined in Section 3.1 what is an elliptic equation in the
bidimensional case. Recalling Definition 3.2, the equation

—a(z, y)um - 21)(1?, y)uaﬂy - C(xa y)uyy + d(l’, y)ux + 6('1:5 y)uy + O'(l’, y)u = F(xa y)

is elliptic in Q if b> — ac < 0 in such domain; this is equivalent to ask that

a b
A=y 2]
has positive determinant. Assuming without loss of generality that a > 0 (it can never be zero if the
equation is elliptic), this is equivalent to A being positive definite. Note that, with respect to Section
3.1, here we put a minus signs in front of the coefficients a, b, ¢; the reason to prefer this will be clearer
later on.

The natural generalization to any space dimension is as follows: we are interested in solving Lu = f

in an open set Q C RY, where L is a second order linear operator having the form

N N
Lu:=— Z i () U z; + Z bi(z)uy, + c(x)u, (A)
ij=1 i=1

where a;;,b;, ¢ : 2 — R are (for instance) measurable functions.

Definition 5.1 (Ellipticity for operators of type (A)). An operator L of type (A) is (uniformly) elliptic
in Q if there exists 6 > 0 such that

N

Z aij(z)&€5 > 0)¢)? for a.e. x € Q and for every ¢ € RY. (5.1)

ij=1
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Observe that:
e considering the N x N matrix A(x) = (a;;(x))i;, we can rewrite (5.1) as
(A(2)€,€) > 0]¢)? for a.e. z € Q and for every ¢ € RY,
that is, A(x) is a positive definite matrix (being positive in a uniform way with respect to x);

e if A is symmetric, then (5.1) is equivalent to say that, for a.e. x, all eigenvalues are greater than
or equal to 6.

The constant 6 called an ellipticity constant.

Our aim is to prove the existence of solution to a boundary value problem, that is, to find a solution
of the equation Lu = f in  with (for instance) Dirichlet boundary conditions v = g on 9Q. We will
deal with the notion of weak solution which, however, is not well suited for the whole class of operators
of type (A). For this reason, here we will deal with a related class of operators, called second order
operators in divergence form:

N N
Lui== 3 (@), o + Y bil)is, + cla)u. ()

If A(z) = (ai;(x))i; and b(z) = (by(z),...,bn(z)), then (A) reads as
Lu = — div(A(z)Vu) 4 b(z) - Vu + c(z)u.

Clearly, if the coefficients a;; are of class C', then (a;;j(@)us, )z, = (ij(€))z,Us; + @ij(€)Us,s,, and
an equation in divergence form is also in nondivergence form (that is, of type (A)). Observe that
div(A(z)Vu) represents a diffusion term (associated with a flux of the form §= A(z)Vu), b(z) - Vu is a
transport term, and c(x)u is a reaction term.

For the rest of this chapter we will work with operators of type (B). The notion of being elliptic is

similar.

Definition 5.2 (Ellipticity for operators of type (B)). An operator L of type (B) is (uniformly) elliptic
in Q if there exists 8 > 0 such that

(A(z)E,€) > 0]€|? for a.e. z € Q and for every ¢ € RV,

5.2 Weak Solutions

5.2.1 How many notions of solutions are out there?

The answer to the question in the title is: many! Let us discuss several possibilities for the model
problem:
—Au= fin Q, u = g on Of). (5.2)

We say that
e u is a classical solution of (5.2) if u € C?(Q) N C(Q2), which solves the two identities in (5.2) at

every point.
Observe that this requires f € C(Q2) and g € C(99).

e v is a strong solution of (5.2) if u € W2P(Q), it solves —Au = f a.e. in ), and satisfies u = g a.e.
on Jf) in the sense of the trace operator.
This notion makes sense for f € LP(), g € T(W2P(Q)).

e v is a distributional or very weak solution of (5.2) if u € L] () and —Au = f in D'(Q).

loc
This makes sense for f € D'(2). Note that there is no way of incorporating the boundary condition

u = g on 90 by working with D(2).

Clearly, a good notion will be one where we can obtain:
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e existence of solution (if we weaken the notion of solution this step should be simpler, since we have
more freedom and we are looking for solutions in a larger set);

e uniqueness of solution (looking for solutions in larger sets might make us loose uniqueness - recall
what happened with conservation laws);

e stability results (that is, in the norm/topology of the space where we look for solutions, small
variations on the data imply small variations in the solution - as a byproduct of this step, one has
uniqueness).

We will deal with the notion of weak solution (aka variational solution), which is a notion somewhere
between the notions of strong and distributional solution. It has the big advantage of allowing the use of
powerful tools from Functional Analysis, being also connected with the discipline of Calculus of Variations
and with the physical interpretation of some problems (recall for instance the Dirichlet Principle, which
we will revisit in the upcoming section).

Next, we will introduce and motivate this notion in several prototypical situations.

5.2.2 The Dirichlet problem: homogeneous case

Let © be an open set of RV (not necessarily bounded). Consider the following elliptic problem with
homogeneous boundary conditions:
—Au+u=fin Q
5.3
{u =0 on 09. (53)
In order to motivate the notion of weak solution, we will follow three steps:

Step A: Choice of test function space and variational formulation

Assume () is a smooth set, f a smooth function, and that u € C%(Q) N C(Q) is a classical solution of
(5.3). At this step, we focus on the equation only. Take v € D(2), multiply the equation —Au +u = f
by v and integrate by parts:

/Q(_AU‘FU)U:/QJCU = /Q(Vu-VU—Hw)— mg:jv:/ﬂfv.

=0

Therefore

/(Vu Vo4 uw) = / fv  for all v e D(Q) (5.4)
Q Q
or, in other words,
(w, v} = (f,v)g-1my  for all v e D(Q).
(recall Remark 4.72-2).

Step B: Checking that, for regular functions, (5.4) implies that u is a classical solution.
If u € C?(Q) satisfies condition (5.4), then integrating by parts and using the fact that v € D(Q), we
deduce that

/(—Aquu—f)v:O Yv € D(Q).
Q

Hence, by the Fundamental Lemma of Calculus of Variations (Lemma 1.9) and using the fact that u is
continuous, we have —Au + u = f pointwise in (2.

Step C: Choosing the functional space.
We look for a solution in the space H}(f2). In this way:

e the integrals appearing in (5.4) are finite;
e we are dealing with a Hilbert space;

e we are encoding the boundary condition in the function space.
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Observe that, since D(Q2) is dense in H} (), if (5.4) holds and u € H{(£2), then

/Vu-Vv—i—uv:/fv for all v € H}(Q)!
Q Q

It is then natural to consider test functions v in the space H}(Q).
Hopefully, by now, the following definition will be natural.

Definition 5.3. Let f € H~1(Q). A function u € H () is a weak solution of (5.3) if
/(Vu~Vv—|—uv): (f,o)m—1xm Vv € HY ().
Q

Remark 5.4. In particular, if f € L*(Q) — H~1(Q2), recall that (f, V)H-xHL = / fv. Thenu € H}(Q)
Q

is a weak solution if and only if
/(Vu Vv+uww)= [ fv  Vve Hy(Q).
Q Q

Theorem 5.5 (Existence, Uniqueness, Stability). Problem (5.3) admits a unique weak solution u €
Hq(Q). Moreover, ||ullm = || fllz-1-

Proof. The problem can be written in the following way:
given f € H1(Q), find u € H(Q) such that (u,v)m = (f, V)g-ixgl YU E H(Q).

Recalling that Hg (€2) is a Hilbert space and that H ~!(Q) is its dual, this statement is a direct consequence
of Riesz’s Representation Theorem. O

Theorem 5.6 (Dirichlet’s principle revisited). Let f € H=1(Q2). Then the level

c::inf{;/ﬂ(Wug—i-uQ)—(f,u)H1xH3: ueH&(Q)}

is achieved by a unique function, which is the unique solution of (5.3).

Proof. Let E : H}(2) — R be the functional:

2
We start by checking that E is bounded from below:

B =5 [ (VP +0) = (s

1
E(u) = Sllullfn = Il llullm = (),

where 9 : Rf — R is the function (x) := 2%/2 — || f|| z-12, which is bounded from below. Therefore
there exists £ € R such that E(u) > « for every u € H}(Q).

Next, we prove that c is achieved, that is, the infimum is actually a minimum. In order to show
this, we use the so called direct method of Calculus of Variations. Take a minimizing sequence, i.e., a
sequence (u,) C HZ () such that E(u,) — c. Then (u,,) is bounded in H{(f2): there exists K such that
[lun|lg: < K for every n (if not, we would have a subsequence (uy, ) of (uy) such that ||uy, || g1 — 400
and E(up,) = ¥(||tn, ||m) — +00, a contradiction). Since H}(Q) is a Hilbert space (thus a reflexive
Banach space), by the Banach-Alaoglu theorem there exists a subsequence (u,, ) of (u,) and u € H}(Q)
such that
— u weakly in H} ().

In particular, (f, un,)m-1xmr — (f;w)g-1xm (since f € H=Y(Q)) and ||u|| g < liminf ||u,, || z:. We
conclude that

Uy,

1
¢ = liminf E(uy,, ) = liminf <2||unk|%p —(fs “nﬁHle&)

1. . .

§llm1nf||unk“%{1 - hm<f7 unk>H_1><H8
3
2

WV

ullzn = (fy ) -1y = E(u) > c.
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From the previous paragraph, there exists u € H{(f2) such that E(u) = c. In order to check that u
is a weak solution of (5.3), we repeat the computations of (3.41) in this new setting. Given v € Hg (),
take ¢ = ¢, : R — R given by

1 2
p(t) = E(uttv) = Sllu+tolly — (f u+t0)prcmy

1 2
= SlluliF + tw ) an + Sl = () sy = 0 mey.

This function has a minimum at ¢ = 0, whence ¢’(0) = 0, which is equivalent to
(w,v) 1 = <fvv>H*1><Hé'
Since v € H}(Q) is arbitrary, we have shown that u is a weak solution. O

Remark 5.7. If Q is a bounded domain, recall that, by Poincaré’s inequality,

1
2
el gy = < /Q |Vu2)

is a norm in H} (1), equivalent to the standard one. From this, reasoning exactly as before, we are able
to prove existence, uniqueness and stability (and a Dirichlet principle) for the problem

—Au = fin Q
u = 0 on 9.

The details are left as an exercise.

5.2.3 The Dirichlet Problem: nonhomogeneous boundary conditions

Consider the case of nonhomogeneous Dirichlet boundary conditions:

{—Au—!—u =f inQ (5.5)

u=g on 0f).

We first define the notion of weak solution when  is a bounded C' domain (which allows the use of the
trace operator - Theorem 4.83). This first step will guide us in giving a definition of weak solution when
Q) is a general open set.

Definition 5.8. Let Q be a domain of class Ct, f € H~1(Q2) and g € T(H'(Q)). We say that u € H*(Q)
is a weak solution of (5.5) if

/Vu-Vv—&—uv:(f,quxHé Yo € Hy(Q),
TKL = g a.e. on 0f).
We recall (see Remark 4.84) that
H3(Q) ={we HY(Q): Tw=0 a.e. on 9N}. (5.6)

Theorem 5.9 (Existence, Uniqueness, Stability). Within the framework of Definition 5.8, let § € H'(Q)
be such that Tg = g a.e. on 9S). Then there exists a unique u € H'(Q) weak solution of (5.5), and

lullzrr @) < 1fll-1) + 29l 21 )

Proof. Consider H!(Q) equipped with the inner product
(u,v) g1 := / (Vu - Vo + uv).
Q
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With this notation and using (5.6), u € H'(2) is a weak solution if and only if

{<u,v>H1 = (f, o)y Vo€ H(Q),

Letting w := u — g, we see that
<’LU,U>H1 = F(’U), (57)
where F : H}(Q2) — R is defined by F(v) = (fsv)g-1xmz — (g, v)m. It is an easy exercise to check that

F € H=1(Q), therefore, by Riesz’s Representation Theorem, there exists a unique w € H} () such that
(5.7) holds for every v € H}(Q), and ||w||gr = ||F|lz-1 < ||fllz-+ + |3]lzr- Then u = w + § satisfies the
statement. |

Remark 5.10. Another equivalent way of writing the proof of this result is the following. For w := u—g,
we see that

“Aw+w=-Au+Aj+u—g=f+Ag—g inD(Q).
Since f + Ag — g € H~1(2), this problem has a unique solution w € H{ () by Riesz’s Representation

Theorem, and u = w + g solves the original problem.

What if € is not necessarily C!' and we cannot talk about the trace? How do we define a weak
solution? Inspired by the proof of the previous theorem, we do it as follows.

Definition 5.11. Let Q be an open domain, f € H=*(Q) and g € H'(Q). Then u € H'(Q) is a weak
solution of (5.5) if
[ (V0o u) = (fovhiay Vo € HY@),
Q
u—g€ H} ().

The proof of existence, uniqueness and stability follows exactly as before. Clearly, when (2 is of class
C*, both definitions coincide by (5.6).

5.2.4 Neumann boundary conditions

We are interested in defining the notion of weak solution for

{—Au—!—u =f inQ (5.8)

%:g on 0f).

We are able to do it whenever Q C RY is a bounded set of class C'; this allows the use of the trace
operator, and of the fact that C>°(Q) is dense in H'(Q).
Once again, before introduction the concept of weak solution, we try to motivate it properly.

Step A: Choice of test function space and variational formulation
Assume that Q is a smooth set, f and g are smooth functions, and u € C?(Q) N C(Q) is a classical

solution of (5.8). In order not to lose the information at the boundary, we take a test function v € C*°(9Q).
Multiplying the equation —Au + v = f by v and integrating by parts:

/Q(_AU‘FU)U:/QJCU = /Q(VwVv—i-uv): mggv—&-/ﬂfv.

/(Vu Vo4 w) = / gu —|—/ fv  for all v € C(0Q). (5.9)
Q a0 Q

Therefore

Step B: Checking that for regular functions (5.9) implies that u is a classical solution
If u € C?(Q) satisfies condition (5.9), choosing v € D(Q) and integrating by parts we deduce that

/(—Aquu—f)v:O Yv € D(Q).
Q
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Hence, by the Fundamental Lemma of Calculus of Variations (Lemma 1.9) and using the fact that u, Au
and f are continuous, we have —Awu + v = f pointwise in Q. Testing now this equation by v € C*°(Q)
and combining the result with (5.9), we arrive at

ou _
— —)v =0 for all > (Q
/89( 81/)U 0 for all v € C*°(Q),

hence g—jj = g on Jf).

Step C: Choosing the functional space

We look for a solution in the space H'(f2), so that all integrals are well defined and in order to deal
with a Hilbert space. Moreover, since C*°(Q) is dense in H'(), it is also reasonable to consider test
functions v in H'(Q). In this sense, the integral [, gv should be interpreted as [, g(T).

Definition 5.12. Let f € L?(Q2) and g € L?(9€). We say that u € H'({2) is a weak solution of (5.8) if

/Q(VU'VU-FUU):/va—k/anv Yo e HY(Q).

We remark that, while for the Dirichlet case the condition u = 0 was encoded in the space H}(Q),

for Neumann case, the boundary condition g—;‘ = ¢ (even with g = 0) is included in the variational

formulation.

Theorem 5.13 (Existence, Uniqueness, Stability). Let  be a bounded domain of class C'. Given
f € L3(Q) and g € L*(09), there exists a unique weak solution w € H*(Q) of (5.8). Moreover, there
exists a universal constant C > 0 such that

lull 1) < 112 + Cllgll2o0)-
Proof. The problem can be rewritten in the following way:
given f € L?(Q) and g € L*(09), find u € H*(Q) such that (u,v)g = F(v) Yo € HY(Q),

where F : H'(Q) — R is the linear operator

F(v):/Qle—/anv.

We check that F' is continuous: by Cauchy-Schwarz inequality and the continuity of the trace operator,
()] < [ fllz2lvlliz2 o) + I9ll200) [Vl 2 (00
< (Ifllz2) + Cllgllizzo0) IVl 71 () -

Therefore F' € (H'(£2))’, and the theorem is a direct consequence of Riesz’s Representation Theorem. [

5.2.5 Existence of weak solution for a general second order elliptic operator
(divergence form, homogeneous Dirichlet boundary conditions)

In the previous two sections we have dealt with simple model problems, where we could simply use
Riesz’s Representation Theorem. In the particular case of homogeneous Dirichlet boundary conditions,
let us study in detail the general case of second order elliptic operators in divergence form, a situation
where Lax-Milgram’s Theorem is necessary.

In what follows, we let € be an open set of R"V. Consider

Lu := —div(A(z)Vu) + (b(z), Vu) + c(z)u

N N
= = 3 (@@, e + 3 bila)us, + cl@)u,

under the assumption

aij, b € LO(Q); 30> 0: (A(2)€,€) > 0> VE RN, ae. 2 € Q (5.10)
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(the last one meaning that the operator L is elliptic).
We consider the boundary value problem

{Lu—f in Q,

5.11
u=~0 on 0f2. ( )

Definition 5.14. Given f € H~1(Q), we say that u € H} () is a weak solution of (5.11) if

N N
Z /Qaij(m)umjvzi JrZ/Qbi(:c)umier/Qc(x)uv =({f,v)g1xm VVE H(Q)
i=1

ij=1
or, in other words,
/Q (A(2)Vu, Vo) + /Q (B(x), Vuyo + /Q c(wyuv = (f, ) gorxmy Yo € HA(Q).
Defining the bilinear form B : H}(Q) x H(2) — R by
Blu,v) = /Q (A(2)Vu, Vo) + /Q (B(x), Vu)o + /Q e(@)uv, (5.12)

the problem can be rewritten in the following way:
given f € H *(Q), find u € Hy(Q) such that B(u,v) = (f, V)pg-1xmi YU E H(9Q).

Remark 5.15. Since L is elliptic then

/Q<A(m)vu,Vu> >9/Q|vu|2.

This will play a crucial role in the study of the equation Lu = f in €, as it will, in many situations,
allow a control on the H! norm (see for instance the proof of Lemma 5.18 ahead). Observe that, when
L is in nondivergence form (type (A)), then a natural notion of weak solution would be

N N
> /Quzxau(x)v)m; [ bt [ cwm =g o< H@).

ij=1
For v = u, the term

N

> [ e,
ij=1"%

is not positive in general, nor it can be related with the L?>-norm of the gradient of u. This is one of the
reasons why weak solutions match particularly well with elliptic operators in divergence form.

If B is an inner product, we have existence and uniqueness of solution to (5.11) via Riesz’s Repre-
sentation Theorem. However, for B as above, in general we miss:

—

e Positivity: B(u,u) > 0, and B(u,u) =0 <= w = 0 (this can be ruined by the presence of b(z)
and c(x)).

e Symmetry: B(u,v) = B(v,u) for every u, v (this is ruined if A is not symmetric, or by the presence
of the transport term [, (b(x), Vu)v).

We need the following result, which allows to drop the necessity of symmetry.

Theorem 5.16 (Lax-Milgram?). Let H be a Hilbert space and B : H x H — R a bilinear map such that:

LA fun fact, taken from the book Peter Laz, Mathematician - an illustrated memoir (AMS 2015): ‘Arthur Milgram was
a topologist, a good friend of Lipman Bers, who decided to learn some analysis by spending a year at the Courant Institute
as a visiting researcher. He asked Peter Lax to suggest a possible research topic. Peter told him about the variational
approach to solving self-adjoint boundary-value problems, which yields a weak solution by means of a classical theorem of
functional analysis, the Riesz representation theorem. Peter suggested trying to generalize it to non-self-adjoint problems.
(...) This theorem became a standard tool for non-self-adjoint elliptic boundary value problems using coercive inequalities.
“My contribution was only to propose it,” says Peter “but I don’t know how to get my name off it.”’
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(i) (Continuity) there exists o > 0 such that

[B(u,v)| < ellullg vla  for every u,v € H;

(ii) (Coercivity) there exists 8 > 0 such that

B(u,u) = Bl|lul|% for every u € H.

Then, for every f € H', there exists a unique u € H such that
B(u,v) = (f,v)m'xn for every v € H.

In particular,

1
ulla < B”JCHH“ (5.13)

Proof. 1) Fix u € H. Then the map
T,:H—R; v = T, (v) := B(u,v)

is linear (since B is bilinear) and continuous (by assumption (i)). By the Riesz Representation Theorem
there exists a unique w = w,, € H such that T, (v) = (w,v) g for every v € H. Define the map A: H — H
by Au := w,, i.e., Au is defined through the relation

B(u,v) = (Au,v) g for every u,v € H.
2) The map A is linear: for every v € H, A\, u € R and uy,us € H, we see that

(A(Auy + pug),v)g = B(Aug + pus,v)
= AB(u1,v) + puB(usg,v)
= MAuy,v) g + p(Aug,v) g
= (Muy + pAug, v) g,

hence A(Auy + pug) = Muy + pAus.
The map A is continuous: by (i) and given any u € H,

lAul? = (Au, Au)y = B(u, Au) < ol|ull || Aul| .

hence [|Au|lg < of|ul|g-
3) A is one-to-one and R(A) is closed. To check the first statement, let uw € H be such that Au = 0;
then, by (i),
0 = (Au,u) = B(u,u) = B|ul?,

hence u = 0.
To check that the range is closed, let (u,,) C H be such that Au,, — v, for some v € H. Then, again

by (i),
| Avn, — At || |un — umllg = (Altun — Um), Un — Um) a5 = B(Un — U, Un — Upm) = Bllun — umll?{,

which shows that (u,) is a Cauchy sequence in H. Then there exists u € H such that u, — u in H and,
by the continuity of the operator A, Au, — Au=v € R(A).

4) Recall that, since R(A) is closed, then H = R(A) ® R(A)*. Let us check that R(A) = H. Given
w € R(A)*,
B”wHQ < B(wvw) = <Aw7w> =0,

which shows that w = 0. Then R(A)‘ = {0} and, in conclusion, A is a bijection.
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5) To summarize, we constructed a map A : H — H, defined through the relation B(u,v) = (Au,v)
for every u,v € H, which is linear, continuous and bijective (i.e., A is a continuous isomorphism). Now,
given f € H', there exists a unique w € H such that (f,v) g «g = (w,v) g for every v € H, and a unique
u € H such that Au = w. Then

B(u7 U) = <Au7 U>H = <w7 U>H = <f7 'U>H’><H7
as wanted. Finally, by taking v = u and using (%), we obtain the stability estimate (5.13). O

Remark 5.17. Under the assumptions of Lax-Milgram’s theorem, B is not necessarily an inner product
because it may lack symmetry. However, in the proof we have seen that there exists an isomorphism
A: H — H such that

B(u,v) = (Au,vyy Yu,v € H.

Let us apply Lax-Milgram’s Theorem to prove an existence result for
Lu= fin Q, u =0 on JN.

From now on, we let Q be a bounded domain (not necessarily regular). We can equip H}(f2) with one
of the following (equivalent) norms:

ullg =/ / @ (VU ullg = / V2.
Q Q

Lemma 5.18 (Energy Estimates). Let Q be a bounded domain and take an operator L satisfying (5.10).
Then there exist o, 8 > 0 and v = 0 such that

(i) [B(u,v)| < aIIUHH3||v||H5 for every u,v € Hg(Q);
(ii) BllullF, B(u,u) + yl[ul|72q) for every u € Hy(Q).
Proof. For (z), since the coefficients a;;, b;, ¢ are all bounded,

Z s / |Vu||w+z||b ™ / 9l o] + llelloe / jur

t,j=1

< C(IVull 2l Vollz2 + [ Vull 2ol 22 + llullz2]lv] £2)
< Cllullggllvll g

where we used Cauchy-Schwarz and Poincaré’s inequality (to bound the L? norm by the H} norm).
As for (ii), by ellipticity and boundedness of the coefficients b; and c,

B(u,u)}@/ \VU\Q—C/ |Vu\|u|—C’/u2
Q Q Q

Using the inequality ab < % a’ + zib2 for every €,a,b > 0, we see that

9/|vu|2<B(u,u)+c/|vu|\u|+c/u2
Q
< B(u,u) +—/|V |2+C<+1>/ u?.
Q

By choosing £ > 0 such that Cs? = 6, there exists a constant C’ > 0 such that

0
f/ |Vu|2<B(u,u)—|—C”/u2
2 Ja Q

and we may take v := C’ > 0 and § = 6/2 in the statement. O
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Theorem 5.19 (Existence, uniqueness and stability of weak solution). Let Q be a bounded domain and
take an operator L satisfying (5.10). Then there exists v > 0 such that, for every > v and f € H=1(),
there exists a unique weak solution u € HE(Q) of

Lu+ pu = f in Q, u =0 on 0.
Moreover, there exists C' > 0 independent of f such that
lullmg < Cllf Ml
Proof. Take v > 0 given by the previous lemma. Then the bilinear form

B, (u,v) :== B(u,v) —|—,u/qu

satisfies the assumptions of Lax-Milgram’s Theorem, and the conclusion follows. O

5.3 Regularity theory

The purpose of this section is to answer the question: “what is the optimal regularity of a weak
solution?”; in particular, to understand how the regularity of the data affects the regularity of the
solution. Here we will only deal with L?-regularity theory. To motivate what is coming, take the
following model case in one dimension:

—u" = fin]a,b], wu(a)=u(b)=0.

Given f € H™'(Ja,b|), recall that a weak solution is a function u € Hg(]a, b]) such that

b
J v = by o€ H(ab)

which implies, in particular, that —u” = f in D'(Ja,b[) [why?]. Therefore, if f € L*(Ja,b]) we may
immediately conclude that u € H?(Ja,b[). It is quite surprising to see that the same will happen in
higher dimensions for the problem

—Au=finQ, wu=0on . (5.14)

The fact that Au € L?(Q) (an information only about the trace of the hessian matrix of u) will, in some
situations, give that u € H?(Q2). A formal explanation, taken from [5, §6.3], on why this is reasonable is
the following: for ¢ = 1,..., N, if we could take v := —uy,,, as test function in (5.14), then

—/ Vu - Vg, ., = —/ Suza;;
Q Q

by performing an integration by parts in the first integral (and assuming there is no boundary term), we
see that

10z, VullZ- :/ 102, Vul? < [ fll 2w, 2 < I fllp2 1102, Vel o
Q

In conclusion,
10w Vullge < |flle ¥i=1,...,N,

that is, we can control the L?-norms of all second order derivatives of u by the L?-norm of the data f.
Of course this argument is far from being rigorous:

o vi=uy,,, ¢ HY(Q) for u € H}(Q) (in general it is not in H?, and it is not the limit of functions
in D(Q));

e We don’t have enough regularity to integrate by parts and obtain the identity:

/VU'VUMM = —/ |0, Vul|?.
Q Q

However, as it happens many times in Mathematics, formal arguments pave the way to actual proofs.
By working with difference quotients and by making regularity assumptions on the boundary of €2, we
are going to be able to fix this argument.

The main source of inspiration for this section is the book by Evans [5].
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5.3.1 Sobolev spaces and difference quotients

Let u € L] (), © an open set of RY. Given V € (2, we define the i-th difference quotient of size h

as he.
Dlhu(ac) — u(z + e};) - u(a:)7

and the difference gradient of size h:
Dhu(x) = (DY (x),..., D} (x)).

Observe that, if u € C*(V), then DI(z) — 0,,u(x) as h — 0, for every z € V. We first show an
integration by parts formula for difference quotients.

for x € V, h € R with 0 < |h| < dist(z,99),

Lemma 5.20. Given ¢ € D(V), there exists h > 0 such that
/(D?U)@ = —/ uD; "o for 0 < |n| < h.
Vv \%

Proof. Take h small enough so that supp ¢ + he; C V for every 0 < |h| < h. Then, by using a change of
variables,

/V(u(x + he;) —u(x))p(z) = — /v u(z)p(x) dx + / u(x + he;)p(z) dz

supp ¢

_ /v w(@)o(e) + / w(@)p(e — he;) da

supp ¢+he;

- / (@) (o — hes) — p(x)) da,
\%

and the formula follows after we divide both sides by h. O
Theorem 5.21. Let Q C RY be an open set, u € LL (Q) and take V & Q.

1. Assume u € WHP(Q) for some 1 < p < co. Then

dist Q
1D ull e vy < H ou for every h € R: 0 < |h| < dist(V, 0Q)
0zl Lo (0 2
In particular, there exists C = C(N,p) such that

D"l 1o(vy < C||Vullpo)  for every h € R: 0 < || < 5

2. Assume u € LP(V) for some 1 < p < 0o, and the ezistence of C > 0 such that

dist(V, 09)

|D"ul| oy < C for every h € R: 0 < |h| < 5

Then w € WhP(V) and ||[VullLev) < C.

Proof. To prove the first item, we observe that if © € C°°(§2) then
1
hDMu(z) = u(z + he;) — u(z) = / Ug, (z + the;)hdt,
0
and so by Minkowski’s integral inequality

o< [ / ey (@ + they) Pt < / ot Iyt =l 2

The result then follows by density of C°°(Q) in WP(Q)
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As for the second, since LP(V) is reflexive (1 < p < o0) and (D}u) is bounded in LP(V), there exists
hi — 0 and v; € LP(V) such that

D"y — v; weakly in LP(V), lvill e vy < limkinf I Dl 1o vy
We claim that v; = 0,,u, which implies the result. Take ¢ € D(V). By Lemma 5.20 and for sufficiently

large k, we have
[ 0w = [ up
v 14

By weak convergence, since ¢ € LP' (Q), we have
/ (D" u)p — / vip as k — 00;
1% 1%
on the other hand, by Lebesgue’s Dominated Convergence,
/ uDi_h’“<p—>/ UP,, as k — 0o
v 1%
(indeed, D; " — 9,,¢ pointwise as k — oo, and |D; " | < C for every k). In conclusion,

/ vip = —/ wp,, for every ¢ € D(V),
v 1%

which means that 0,,u = v; in the sense of distributions. O

We apply this result in the next section with p = 2.

5.3.2 Interior regularity

Let 2 be an open set and take, as always, the operator

N N
Lu=— Z (aij(T)Ug; )z, + Z bi(x)ug, + c(z)u,
ij=1 i=1
which we assume to be elliptic:
N
Z aij ()€€ = 01¢[* for every € € RY  ae. € Q.
ij=1

Theorem 5.22 (Interior H?-regularity). Assume a;; € C1(Q), b;,c € L>®(Q), and take f € L*(Q).
Suppose that u € H'(Q) is a weak solution' of

Lu=f inQ
Then u € HE () and, for every V € Q, there exists a constant C = C(V,$), L) such that
lullzzvy < C (1112 + lullzz@) - (5.15)
Proof. Here we just prove this theorem for the model problem
—Au = f, ferL*Q).

The proof of the general case is just more technical: if you are in a good mood, check [5, §6.3.1 - Theorem
1] for the details.

1Since we are not considering boundary conditions, in this context this means that B(u,v) = (f,v) 2 for every v €
HJ (), where B is the bilinear form (5.12)).
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Step 1) Choice of test function. Fix V€ Q and ¢ € {1,..., N}. We aim at proving that
/ |DIVul?  is uniformly bounded for every h ~ 0.
v

Take W an open set whose boundary is “between” 0V and 9Q: V€ W € . Take also a cutoff function
¢ € D(RY) such that

p=1inV, supppCW, 0<p<1.
Consider the test function
v:=—D;"(¢*Dju)

1
== 23 (@*(@ = hei)(u(@) — ulz = he;)) — ¢* (@) (u(z + he;) — u(x))) € Hy(W)
for sufficiently small h.! This is nothing else than a localized and discrete version of —u,,,,, which we

have used in the formal computation at the beginning of the section. By definition of weak solution we
have (always for small h > 0)

- [ Vu- V0Dl =~ [ 107Dk, (5.16)
w

Step 2) We expand the left hand side of (5.16), using Lemma 5.20:
—/ Vu - D" (V(p* D) / DMVu) - V(e*Dhu)
w

— / DIV + / 2p(DPu) DY) - Vip,
w w

=:A =:A5

and rewrite (5.16) as
Ay =—As + B.

Observe that our goal is to estimate A; from above, uniformly in h ~ 0.

Step 3) Estimate of As: by Young’s inequality?
4el < C [ 1DMVwleIDl < § [ 1DIVue? +0 [ Db
1% w

< 7/ |D£’Vu|2g02+0”/ |Vu|27
4 Jw w

where we have used Theorem 5.21-1 in the last inequality (which we can, since u € H1(W)).

Step 4) Estimate of B:
ID7 M Dl = [ ID7@DE0E <C [ 9Dt
w w
<c [ ptup e [ 9D
w w
¢ [ phup e [ 9D
w w
<c [ vupsc [ Pl
w w

1'We are using the following result: v € H*(W) and ¢ € D(W) implies vp € H}(W).
2For every a,b,e > 0, ab = (z—:a)g < %aQ + ﬁb?
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where we have applied Theorem 5.21-1 to ¢>Du € H'(W) (in the first inequality) and to u (in the last
one). For every € > 0,

_ g2 1
Bl < [I£ll2w) | D " (¢ D)l 12wy < 5 I1D; "(@* D)2y + @Hfllizwv);
combining this with the previous chain of inequalities, we deduce the existence of C' > 0 such that
1
|B| < C/ \Vu|2+c/ f2+f/ ©*| DI (V).
w w 4 Jw

In conclusion, going back to A; = —As + B, we are able to conclude that

1 1

7/ |DIVu|? < 7/ PV AVTIERS c/ A+ C/ |Vul?

2 Jv 2 Jw w w
for every i = 1,..., N. Therefore, by Theorem 5.21-2, we have d,,Vu € L?(V) and

0. Vuley <€ [ fec [ vap
w w

for every i. In particular, u € H?(V) and

||U||§12(V) < C(Hf||2L2(W) + ||VU||%2(W))-

To conclude the proof of this theorem, in order to obtain (5.15) we need to estimate ||Vu||2L2(W) by
Ilfll2() and [ul[z2(q). This is the last step.

Step 5) Take ¢ € D(2) such that ¢y = 1 in W and let W= supp . Using this time the test function
v:i=?u € H}(Q) in the weak formulation,

[ v vt = [ gu
w w
then

/w V2| Vul? = _/w 2upV) - Vu+/w fup?
< %/w¢2|Vu\2+C/Wf2+C/Wu2.

[owup < [ wvar<c [ (4
w W Q
and the proof is finished. O

In conclusion,

Remark 5.23. 1) Observe that Theorem 5.22 does not require any type of boundary condition nor any
regularity assumption for €.
2) Under the assumptions made on the coefficients, Lu € H=1(Q2). If u € H2 (), then Lu € L% (Q);
since f € L?(Q), then actually
Lu(z) = f(x) for a.e. z € Q.

3) The presence of the term [|u||;2(q) on the right-hand-side of (5.15) is, in general, necessary. Indeed,
if one considers for instance the one dimensional equation

Lu:=—u"—u=0;

we see that f = 0, and u(x) = sinx is a solution. This shows that a statement like ||ul|z2(vy < C| f|lz2()
is false for general L.

We now show how to combine Theorem 5.22 with an iterative procedure in order to obtain higher
regularity results.
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Theorem 5.24 (Higher interior regularity). Given m € Ny, let a;; € C™(Q) and ,b;,c € C™(Q) with
bounded derivatives. Take f € H™(Q) and suppose that u € H'(Q) is a weak solution of the elliptic
equation

Lu=f inQ.

Then u € H""2(Q) and, for every V € ), there exists C = C(m,V,Q, L) > 0 such that

loc
lull rmszvy < C (1f @) + llullz2@)) -
Proof. Again, we do the proof for the model case
—Au=f in Q. (5.17)

(see [5, §6.3.1 - Theorem 2] for the general case). We reason by induction in m. For m = 0, this is a
consequence of Theorem 5.22. Assume now that the result is true for some m € Ny. Take f € H™+1(Q),
and let u € H'(Q) be a weak solution of (5.17). Take V € W & €. By the induction hypothesis,
u € H™T2(W) and

[ull grmszqwy < C (1 lam ) + llull2@) - (5.18)

In particular, given 4, u,, € H™ (W) C H'(W) and is a weak solution of
—Auy, = fy, inW
[why?]. Since f,, € H™(W), again by induction hypothesis we conclude that u,, € H™?(V) and so
u € H™+3(V). Moreover,
[z, || miz(vy < C (|| fas

< (I
0

(5.18)

r2ow)) < C (I lamerowy + lullgmvzwy)
w9y + @) + lullzaiy) <O (1 o) + lull o) -

Hm™ (W) + ||uz1

This allows an estimate in L?(V)-norm of all partial derivatives of order m + 3; combined with (5.18), it
provides

ul| s vy < C (1 amsr @) + lullz2 @)
as wanted. O

Recalling that H™(Q) = W™2(Q) — C*¥(Q) for m > k+ N/2 and € sufficiently regular, we have the
following.

Corollary 5.25. Assume that a;j,b;,c € C°(Q) and take f € C(Q). If u € H'(Q) is a weak solution
of Lu = f in Q, then u € C*°(Q); in particular, u solves the equation in the classical sense.

5.3.3 Boundary regularity

In what follows, (2 is an open bounded set of class C? and, as always, we take the operator

N N
Lu=— Z (aij(T) Uz, )z, + Z bi(x)uy, + c(x)u,
i,j=1 i=1
with:
N
Z aij(z)&&; = 0/¢f* for every € € RN ae. 2 € Q.
i,j=1

We will state a result about regularity up to the boundary, in the simplest case of homogeneous Dirichlet
boundary conditions.

Theorem 5.26 (Global/Boundary HZ2-regularity). Assume that a;; € C*(Q), b;,c € L>=(2) and take
f € L%(Q). Suppose that u € H}(Q) is a weak solution of

Lu=finQ, u=0 ondf.
Then u € H%(Q)), and there exists C = C(2, L) such that
lullmr20) < O (I1f 20 + lullr2)) -
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For a proof, see [5, Section 6.3.2].

Remark 5.27. Under the assumptions of the previous theorem, assume that the bilinear form B(u,v)
associated with L satisfies Lax-Milgram’s Theorem. Then, also by Poincaré’s inequality,

CHUH%Z(Q) < 5”“”%13(9) < B(u,u) = /qu < ||fHL2(Q)||uHL2)(Q)7
and the estimate in Theorem 5.26 can be improved to

lull zr2(0) < C fllL2(0)-

A typical example that falls under the scope of the scope of the previous remark is the bilinear form
associated with Lu = —A. Then, given f € L?(Q), if we apply Theorem 5.26 to the unique solution in
HY(Q) of

{—Au =f nQ,

u=20 on 01,

we find that u € H?(Q), and there exists C' = C(€2) such that |[ul| z2(q) < C||f]lL2(0)-
As a consequence of these considerations, we have the following result.

Corollary 5.28. Let Q be an bounded domain of class C?. There exists C1,Co > 0 such that, for every
u e H?*(Q)NHF(Q),
Cillullg2(e) < [[Aullr20) < C2llullg2(q)- (5.19)
In particular,
U — HAUHLZ(Q)

is a norm in H*(Q) N H (), equivalent to | - || g2(q).

Proof. The existence of Co > 0 in (5.19) follows directly from the definitions, while the inequality
involving C; > 0 is a consequence of the previous remark, applied to Lu = —Awu and f := —Au. O

5.4 Further reading

Here we say a few words about general existence and regularity theory for linear elliptic equations.
Take, as always, the problem
—Au= fin Q, u =0 on 0. (5.20)

Theorem 5.29 (Existence and regularity theory). Let Q2 be a bounded domain.

1. (LP theory) Let f € LP(Q), p € (1,00) and assume that ) is of class C*. Then (5.20) admits a
unique solution u € Wy P(Q) N W?2P(2), and there exists C = C(p,Q) > 0 such that

lullwzr < Cllfllze-

2. (Schauder theory) For a € (0,1), let f € C%*(Q) and assume that 0 is of class C*>*. Then the
unique solution to (5.20) belongs to C*>*(Q), and there exists C = C(a, ) > 0 such that

HUHcM(ﬁ) < C”f“co,a(ﬁ)'

The LP—theory (i.e., the theory of strong solutions) is presented in [6, Chapter 9], for general elliptic
operators of second order:

N N
Lu=— Z i (T) U z; + Zbi(as)ugm + ¢(2)u,
ij=1 i=1

with a;; € C(Q), b;,c € L>(2), ¢ > 0. The existence is done in [6, Theorem 9.15], while the estimates
are presented in [6, Lemma 9.17]. The starting point is the use of the Newtonian potential

w(zx) = / O(x —y)f(y)dy, (P being the fundamental solution of the Laplacian),
Q
and the proof that f € L? implies w € W2P, | D2f||1» < C||f||z» and —Aw = f a.e.
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The Schauder theory is presented in |6, Chapter 6], for elliptic operators L with coefficients in C%%(Q),
and ¢ > 0. The regularity is done in [6, Theorem 6.14], while the estimates are presented in [6, Theorem

6.6]. Once again, the starting point is the use of the Newtonian potencial.

This theorem, combined with Sobolev embeddings, allows to prove regularity results for weak solution

of nonlinear problems as well. The following result is a typical example.

Theorem 5.30. Let Q be a bounded domain of class C%® and take g : Q@ x R = R a function of class

C%8 such that

2N
lg(z,t)| < C(L+[t|P™")  for every t € R, for some 2 < p < 2* := {N_2
00
Assume that u € HZ(Q) is a weak solution of
—Au=g(z,u) in Q, u=0 on 0.
Then u € C*7(Q) for some v € (0,1), and u is a classical solution.

A proof can be found in [1, Section 1.4.2 - Theorem 1.16].
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