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Chapter 1

Introduction and Preliminaries

Mathematical modelling is one of the most e�cient and powerful ways to understand observable
phenomena and predict future developments. Many of these models are formulated with the aid of
Partial Di�erential Equations (PDEs), which are mathematical tools that capture the essence of change
with respect to continuous variables (e.g. time, space or price) of certain phenomena subject to some
laws such as di�usion, reaction, competition/cooperation, etc. Thus, PDEs can model a huge variety of
situations with applications to biology (population dynamics, transmission of neural impulses, . . . ), to
physics (waves, quantum mechanics, relativity theory, electromagnetism, elasticity, . . . ); to engineering
(bridge vibrations; �uid dynamics; . . . ) and �nance, just to name some. Moreover, they also appear in
theoretical areas like Geometry, Calculus of Variations or Stochastic Analysis.

In order to arrive to a general de�nition of what is a PDE, we start by introducing some notation.
Given a function de�ned in an open set of RN , we denote by ∂u

∂xi
, uxi or ∂iu the partial derivative of u with

respect to the i-th variable. Given a multi-index α := (α1, . . . , αN ) ∈ NN0 , we de�ne |α| = α1 + . . .+αN ,
and

Dαu :=
∂|α|u

∂xα1
1 . . . ∂xαNN

.

When k ∈ N,
Dku := {Dαu : |α| = k}.

For x ∈ Ω, Dku(x) can be considered to be an element of RNk after ordering the elements of the set.
Thus, for example,

Du = ∇u = (ux1
, . . . , uxN ) denotes the gradient,

D2u = H(u) = (uxixj )i,j=1,...,N denotes the Hessian matrix,

and so on.

A partial di�erential equation is a relation of the form

F (x, u(x), Du(x), D2u(x), . . . , Dku(x)) = 0 (1.1)

where x belongs to an open set Ω ⊂ RN , u : Ω→ R is the unknown, and F : Ω×RN × . . .×RNk → R is
given. The order of the equation is the highest order of di�erentiation that appears in it. The equation
is called linear if F is linear with respect to u and all its derivatives, that is, if it has the form∑

|α|6k

aα(x)Dαu = f(x);

otherwise, it is called nonlinear. A nonlinear equation is called semilinear when F is linear with respect
to all the derivatives of higher order of u, with coe�cients that depend only on x, i.e.∑

|α|=k

aα(x)Dαu = f(x, u, . . . , Dk−1u).
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A nonlinear equation is called quasilinear when F is linear with respect to all derivatives of higher order
of u, with coe�cients that depend on x, u, . . . , Dk−1u:∑

|α|=k

aα(x, u, . . . , Dk−1u)Dαu = f(x, u, . . . , Dk−1u).

If F is not linear with respect to the derivatives of higher order of u, the equation is called fully nonlinear.

Some classical examples of linear PDEs are:

1. Transport equation (�rst order):

ut + b · ∇xu = 0, (x, t) ∈ RN × R+.

Here u = u(x, t) represents the concentration of a substance that is being transported with velocity
b ∈ RN . It is common to simply write ut + b · ∇u = 0 (the operator ∇ only a�ects the space variables).

2. Di�usion or heat equation (second order):

ut − c∆u = 0 (c > 0), (x, t) ∈ RN × R+,

where u = u(x, t) represents the density function of a quantity subject to di�usion, or the temperature
in a homogeneous and isotropic medium. Here, c represents the di�usivity of the relevant quantity (how
quickly its spreads), and ∆ = ∆x (the Laplace operator) only a�ects the space variables:

∆u = divx(∇xu) = trace(Hx(u)) =

N∑
i=1

uxixi .

3. Wave Equation (second order):

utt − c2∆u = 0, (x, t) ∈ RN × R+,

which models the small transversal waves on an elastic homogeneous material. The positive constant c
represents the wave speed.

4. The Laplace equation (second order):

∆u = 0, x ∈ RN ,

with u = u(x), describes the equilibrium states of the di�usion/heat equation, and in dimension N = 2
is also satis�ed by the real and imaginary parts of a holomorphic function. The nonhomogeneous version
−∆u = f (the Poisson's equation) appears in electrostatics, and also models the position of a membrane
in equilibrium subject to an external load f .

5. Black-Scholes equation (second order):

ut +
1

2
σ2x2uxx + rxux − ru = 0 for (x, t) ∈ R+ × R+.

Here u = u(x, t) represents the price of an option (�nancial derivative) based on an underlying asset x
(stock, currency, goods, etc), and the positive constants r and σ are the risk-free interest rate and the
volatility of the asset.

6. Vibrating Plate (fourth order):

utt −∆2u = 0, (x, t) ∈ RN × R+.

When N = 2, this models the transversal waves of small amplitude on a homogeneous isotropic plate;
∆2 := ∆(∆·) is the biharmonic operator.

7. Schrödinger Equation (second order):

i~ut +
~

2m
∆u− qV (x)u = 0, (x, t) ∈ RN × R,

appears in quantum mechanics to describe a single particle moving in an electric �eld, where V is the
electric potential, ~ is the Planck constant, m and q are the particle's mass and electric charge, and
u : RN+1 → C is the wave function, so that |u|2 represents the probability density of the particle's
position in space.
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8. Maxwell's equations in the vacuum (system of linear equations, �rst order):
Et = curlB

Bt = − curlE

divB = divE = 0.

(x, t) ∈ R3 × R,

appears in electromagnetic theory. The vector function E is the electric �eld while B is the magnetic
induction �eld.

As for nonlinear equations, six examples are:

a. Nonlinear Conservation Laws (�rst order):

ut + (q(u))x = 0, (x, t) ∈ R× R+,

where q(u) is a �ux function. When q(u) = au(1−bu), this equation appears, for instance, in the context
of tra�c dynamics, where u = u(x, t) represents the density of cars at time t and position x in a one-lane

straight road. When q(u) = u2

2 we are in the presence of the Burgers equation, which models for instance
a nonviscous �uid; in this context, u = u(x, t) represents the velocity of the �uid.

b. Fisher's Equation (second order, semilinear):

ut − d∆u = u(a− bu), (x, t) ∈ RN × R+,

where a, b, d are positive constants, and u = u(x, t) represents the density of a population at the point
x and time t, subject to di�usion and following a logistic law of growth (compare with the ordinary
di�erential equation version: u′ = u(a− bu)).

c. Nonlinear Schrödinger equation (second order, semilinear):

iut + ∆u = V (x)u+ ku|u|2, (x, t) ∈ RN × R,

appears in nonlinear optics and in the theory of Bose�Einstein condensation.

d. Minimal surface equation (second order, quasilinear):

div

(
∇u√

1 + ‖∇u‖2

)
= 0, x ∈ RN

This equation is a necessary condition for a graph of a function u to be a �minimal surface�, that is, to
locally minimize the �area�. A hypersurface G ⊂ RN+1 is called a minimal surface if, for every x0 ∈ G
and any Vx0 small closed neighbourhood of x0, the set G∩Vx0 is the hypersurface that has least N -surface
measure among all hypersurfaces in RN+1 whose boundary is G ∩ ∂Vx0 .

e. The Yamabe problem (second order, semilinear):

− 4(N − 1)

N − 2
∆gu+ Sg(x)u = Sg0u

2∗−1 where 2∗ =
2N

N − 2
. (1.2)

Here g is a Riemannian metric on a compact manifold M of dimension N > 3 with scalar curvature
Sg. In 1960, Yamabe made the conjecture that there always exist a conformal metric g0 with constant
scalar curvature (actually he �proved it�, but the proof was not correct). The �nal proof was given in the

1980s: the previous equation has a positive solution u, and for the metric g0 := u
4

N−2 g the manifold has
constant scalar curvature Sg0

. The exponent 2∗ is called the Sobolev exponent, and plays a crucial role
in the theory of Sobolev spaces and Weak Solutions (we will meet it in Chapter 3). In local coordinates,
(1.2) reads as

− 1

a(x)
div(A(x)∇u) + Sg(x)u = Sg0

u2∗−1

in an open bounded domain Ω, a(x) =
√
|g(x)| :=

√
det gij(x) and A(x) =

√
g(x)(gij(x))ij , where

(gij(x))ij is the inverse matrix of the metric (gij(x))ij .
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f. Monge-Ampère equation (fully nonlinear. . . and extremely di�culty):

det(D2u) = f,

which appears in Optimal Transport and also in Riemannian Geometry. For instance, given a function

K(x), the graph of the solution u of det(D2u) = K(x)(1 + |∇u|2)
N+2

2 is a hypersurface that, at each
point (x, u(x)), has Gauss curvature K(x).

For more examples of linear and nonlinear problems, see [5, �1.2] and [13, �1.2].

The theory for linear equations is by now more or less well established, while nonlinear PDEs, due
to their increased complexity, are nowadays a very active �eld of research. Clearly, since PDEs are such
a vast domain, and are used to model so many di�erent phenomena, each type of equation has its own
methods, and its solutions have speci�c qualitative properties.

Typically, we are interested in problems that are well-posed, which (informally) means that we look
for models which satisfy the following three conditions:

Existence: There exists at least one solution

Uniqueness: The solution is unique

Continuous Dependence: The solution depends continuously on the initial/boundary data.

In general, in order to have well-posedness, we need to consider extra information together with the
equation, typically in the form of boundary and/or initial data, which in almost all situations are in
agreement with what is expected from the observable phenomena.

What does it mean to solve the PDE (1.1)? A natural de�nition is to look for u ∈ Ck(Ω) satisfying
the equation at every point x ∈ Ω. This is a perfectly reasonable de�nition, and we will use it many
times. However, as it will become evident, a more general de�nition will be needed, mainly for two
reasons:

a) In many applications, a regular solution is not expected (in some cases not even a continuous one!).
This may be the result of noncontinuous initial/boundary data, the formation of shocks, etc.

b) Mathematically speaking, it is in general hard to �nd solutions in the space Ck(Ω) (for instance,
the tools from functional analysis may be hard or impossible to apply).

These notes are structured as follows.

In the �rst chapter we study �rst order PDEs (linear and quasilinear), and focus on the method of
characteristics. We will see that in some situations solutions will develop shocks, and will cease to be
regular.

Then, in the second chapter, we jump to second order PDEs, making a classical study of three
important equations: the Laplace, Heat/Di�usion and Wave Equations. The main objective will be to
deduce qualitative properties of the solutions and, whenever possible, to get representation formulas for
them. Along this chapter, we illustrate why the notion of generalized solution is needed and natural.

After this part, we introduce and work with weak (aka generalized or variational) solutions, which
are the modern language of PDEs and will be the core of this course. In chapter 3 we work with Sobolev
Spaces, which are the function spaces where we will look for solutions, and in chapter 4 we apply the
theory to have existence, uniqueness and regularity results for some second order elliptic problems (for
instance, for the Poisson equation).

The notes are highly inspired on the three wonderful books by Brézis [2], Evans [5] and Salsa [13]. My
purpose is to combine the best of what each one of the three books has, adding extra details, examples
and other points of view. Comments are welcome.

To start with, we survey some important notions from measure theory, functional analysis and inte-
gration on manifolds that will be needed along the course (mostly in Chapters 3 and 4).
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1.1 Basic results about Measure Theory and Functional Analysis

Lebesgue Spaces

For more details and the proofs of most statements, we recommend [2, �4]. A reference for more
general results (i.e. working in general measure spaces instead of subsets of RN ) is [12], and a very, very
pedagogical one is [11, �8] (see in particular sections 8.5 to 8.9).

Let Ω ⊂ RN . We recall that a property P (x) holds for almost every x ∈ Ω (a.e. x ∈ Ω) if

|{x ∈ Ω : P (x) is false}| = 0, where | · | denotes the Lebesgue measure.

For instance, f = g a.e. in Ω means that |{x ∈ Ω : f(x) 6= g(x)}| = 0.
For 1 6 p <∞, we de�ne

Lp(Ω) = {f : Ω→ R measurable ,

∫
Ω

|f |p <∞}

which is a Banach space when equipped with

‖f‖p :=

(∫
Ω

|f(x)|p dx
) 1
p

.

The case p = 2 is special, since we have an inner product:

〈f, g〉L2 :=

∫
Ω

f(x)g(x) dx,

and L2(Ω) is a Hilbert space. Cauchy-Schwarz inequality reads: for every f, g ∈ L2(Ω),

|〈f, g〉L2 | 6 ‖f‖L2‖g‖L2 , i.e.,

∣∣∣∣∫
Ω

f(x)g(x) dx

∣∣∣∣ 6 (∫
Ω

|f(x)|2
) 1

2
(∫

Ω

|g(x)|2
) 1

2

.

The set of (essentially) bounded functions is

L∞(Ω) = {f : Ω→ R measurable : ∃ C such that|f(x)| 6 C a.e. in Ω},

which is a Banach space with the norm

‖f‖∞ = ess sup
Ω
|f | := inf{C ∈ R : |f(x)| 6 C for a.e. x in Ω}.

Recall that |f(x)| 6 ‖f‖∞ for a.e. x. We will often use the space

L1
loc(Ω) = {f : Ω→ R measurable : f |K ∈ L1(K), ∀K compact of Ω}

and use the following notation: given A,B in RN , A b B when A is compact and A ⊂ B.
Given p ∈ [1,∞], we denote by p′ its conjugate, that is:

1

p
+

1

p′
= 1 (with the de�nition that p′ =∞ if p = 1, and p′ = 1 if p =∞).

Lemma 1.1 (Hölder's inequality). Take p ∈ [1,∞] and let p′ denote its conjugate. Then fg ∈ L1(Ω)
and ∫

Ω

|fg| dx 6 ‖f‖p‖g‖p′ .

Corollary 1.2 (Interpolation inequality). Let 1 6 p < q 6∞ and f ∈ Lp(Ω) ∩ Lq(Ω). Then, for every
r ∈ (p, q), we have f ∈ Lr(Ω) and

‖f‖Lr 6 ‖f‖θLp‖f‖1−θLq , where θ ∈ (0, 1) is such that
1

r
=
θ

p
+

1− θ
q

.
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Recall that, for 1 6 p <∞, Lp(Ω) is separable1. For 1 < p <∞, Lp(Ω) is re�exive2 and (Lp(Ω))′ =
Lp
′
(Ω), the latter equality being understood with the identi�cation coming from Riesz' representation

theorem: for every F ∈ (Lp(Ω))′ there exists a unique f ∈ Lp′(Ω) such that

〈F, g〉(Lp)′×Lp =

∫
Ω

f(x)g(x) dx ∀g ∈ Lp(Ω), and ‖f‖Lp′ = ‖F‖(Lp)′ .

Moreover, we have that (L1(Ω))′ = L∞(Ω) and L1(Ω) ( (L∞(Ω))′.
Lebesgue integration is particularly helpful when dealing with limits of integrals.

Lemma 1.3 (Fatou's Lemma). Let fn be a sequence of nonnegative measurable functions in Ω. Then∫
Ω

lim inf
n

fn 6 lim inf
n

∫
Ω

fn.

The most useful convergence result is the following.

Theorem 1.4 (Lebesgue's Dominated Convergence theorem). Let (fn) be a sequence of measurable
functions in Ω satisfying:

(a) fn → f a.e. in Ω;

(b) there exists h ∈ L1(Ω) such that, for all n, |fn(x)| 6 h(x) a.e. in Ω.

Then f ∈ L1(Ω) and

lim
n

∫
Ω

fn(x) dx =

∫
Ω

f(x) dx.

Corollary 1.5 (Di�erentiation under the integral sign). Let U ⊂ Rn, Ω ⊂ Rm be open sets and f :
U × Ω→ R be such that

(a) f(x, ·) ∈ L1(Ω) for every x ∈ U ;

(b) for a.e. y ∈ Ω, the partial derivative ∂u
∂xi

(x, y) exists for every x ∈ U ;

(c) there exists h ∈ L1(Ω) such that | ∂u∂xi (x, y)| 6 h(y) for every x ∈ U , a.e. y ∈ Ω.

Then there exists the partial derivative in the direction xi of the map

x 7→
∫

Ω

f(x, y) dy, and
∂

∂xi

∫
Ω

f(x, y) dy =

∫
Ω

∂f

∂xi
(x, y) dy.

Theorem 1.6 (Lebesgue's Di�erention theorem). Let f ∈ L1
loc(Ω). Then

lim
r→0

1

|Br(x)|

∫
Br(x)

|f(y)− f(x)| dy = 0 for a.e. x ∈ Ω.

In particular,

f(x) = lim
r→0

1

|Br(x)|

∫
Br(x)

f(y) dy for a.e. x ∈ Ω.

Test Functions, Convolution and Molli�ers

For more details in this section, I recommend [2, �4.4], [13, �7.2] or [11, �8.7]. The wikipedia pages
on �convolution� and �molli�er� are particularly well written, and are quite nice to have an intuition on
the subject.

Given u ∈ C(Ω), we de�ne its support as

suppu := {x ∈ Ω : u(x) 6= 0}
Ω
.

1That is, it contains a dense countable subset
2Recall that, for a Banach space X, its dual is de�ned as X′ = {f : X → R, linear and continuous}, which is also a

Banach space when equipped with the norm ‖f‖X′ = supu6=0 |〈f, u〉X′×X |/‖u‖. We say that X is re�exive if the canonical
injection J : X → X′′ = (X′)′, J(u)(f) := 〈f, u〉X′×X is actually a bijection.
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On the other hand if u ∈ L1
loc(Ω), denoting by Z the union of all open sets of Ω where u = 0 a.e., then

u = 0 a.e. in Z, and we de�ne

suppu := Ω \ Z (the complement of the largest open set where u = 0 a.e.).

The set of C∞�functions with compact support is denoted by

D(Ω) = C∞c (Ω) = {u ∈ C∞(Ω) : suppu is compact in Ω}.

Its elements are usually called test functions, and a typical example is

ϕ(x) =

{
e

1
|x|2−1 if 0 6 |x| < 1

0 if |x| > 1.
(1.3)

This function belongs to D(Rn), and suppϕ = B1(0).

-2 -1 1 2

0.1

0.2

0.3

Figure 1.1: Test function (1.3) in dimensions 1 and 2.

Given two functions f, g : RN → R, the convolution is de�ned (whenever it makes sense) by

(f ∗ g)(x) =

∫
RN

f(x− y)g(y) dy.

Recall that, by Young's theorem, f ∗ g ∈ Lp(RN ) whenever f ∈ L1(RN ) and g ∈ Lp(RN ) (1 6 p 6 ∞),
and ‖f ∗ g‖p 6 ‖f‖1‖g‖p. Moreover, given k ∈ N, when f ∈ Ckc (RN ) and g ∈ L1

loc(RN ) we have
f ∗ g ∈ Ck(RN ) with Dα(f ∗ g) = (Dαf) ∗ g for every α such that |α| 6 k.

Let ρ := Cϕ, with ϕ as in (1.3) and C > 0 chosen in such a way that
∫
RN ρdx = 1. Given ε > 0, we

de�ne the molli�ers

ρε(x) =
1

εN
ρ
(x
ε

)
ε > 0, (1.4)

which satisfy

ρε ∈ D(RN ), supp ρε = Bε(0), ρε > 0, and

∫
RN

ρε = 1.

The molli�ers allow to de�ne regular approximations of functions.

Figure 1.2: Molli�ers in dimension 1.

Lemma 1.7. For f ∈ L1
loc(RN ), de�ne fε = ρε ∗ f . Then

13



1. fε ∈ C∞(RN ),

2. supp fε ⊂ {x ∈ RN : dist(x, supp (f)) 6 ε},

3. If f ∈ C(Ω) then fε → f uniformly on compact sets of Ω, as ε→ 0,

4. If f ∈ Lp(Ω) with 1 6 p <∞ then fε ∈ Lp(Ω)

‖fε − f‖p → 0 as ε→ 0.

Corollary 1.8. The space D(Ω) is dense in Lp(Ω), for 1 6 p <∞.

Another (less obvious) consequence is the following.

Lemma 1.9. (Fundamental Lemma of the Calculus of Variations) Let f ∈ L1
loc(Ω) be such that∫

Ω

fφ = 0 ∀φ ∈ D(Ω).

Then f = 0 a.e. in Ω.

1.2 Divergence Formula and consequences

Regular Domains and Divergence Theorem

Lemma 1.10 (Partition of Unity). Let Ω be an open bounded set, and Γ := ∂Ω. Let U1, . . . , Uk be a

�nite open covering of Γ, i.e., Γ ⊂
k⋃
i=1

Ui. Then there exist θ0, θ1, . . . , θk ∈ C∞(RN ) such that

1. 0 6 θi(x) 6 1 for every i = 1, . . . , k, x ∈ RN ;

2.
k∑
i=0

θi(x) = 1 for every x ∈ RN ;

3. supp θ0 b Ω, and supp θi b Ui for every i = 1, . . . , k.

Recall that Ck(Ω) represents the set of functions in Ck(Ω) whose derivatives up to order k can be
extended continuously up to ∂Ω. We will use the notations:

Q = {x = (x′, xN ) ∈ RN−1 × R : |x′| < 1, |xN | < 1},
Q+ = Q ∩ {xN > 0}
Q0 = Q ∩ {xN = 0}.

De�nition 1.11 (Ck Domain). Let Ω be an open bounded set of RN . We say that Ω is of class Ck (or
that ∂Ω is Ck) if for every x ∈ ∂Ω there exists U � an open neighborhood of x in RN � and a bijective
map H : Q→ U such that

(i) H ∈ Ck(Q), H−1 ∈ Ck(U),

(ii) H(Q+) = U ∩ Ω,

(iii) H(Q0) = U ∩ ∂Ω.

The pair (H,U) is called a local chart.

Remark 1.12. In the literature we sometimes see the following alternative de�nition: Ω is Ck if, locally,
∂Ω is the graph of a Ck function and Ω is placed on one side of the boundary. This de�nition is equivalent
to the one given before [why?].
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Given an open bounded set Ω of class C1, we may de�ne its (N − 1)-surface measure in the following
way: given a �nite number of local charts (Hi, Ui) such that Γ ⊂ U1 ∪ . . . ∪ Uk, consider an associated
partition of the unity θ0, . . . , θk. Given a Borel set S of ∂Ω with characterist function χS , its (N − 1)-
surface measure is

σ(S) =

k∑
i=1

∫
Q0

θi(ϕi(x
′))χS(ϕi(x

′))

∥∥∥∥∂ϕi∂x1
(x′)× . . .× ∂ϕi

∂xN−1
(x′)

∥∥∥∥ dx′.
where ϕi(x

′) = (ϕi1(x′), . . . , ϕiN (x′)) := H(x′, 0) and

∂ϕi
∂x1

(x′)× . . .× ∂ϕi
∂xN−1

(x′) =

∣∣∣∣∣∣∣∣∣∣∣∣

e1 . . . eN
∂ϕi1
∂x1

. . .
∂ϕiN
∂x1

...
. . .

...
∂ϕi1
∂xN−1

. . .
∂ϕiN
∂xN−1

∣∣∣∣∣∣∣∣∣∣∣∣
,

e1, . . . , eN being the canonical basis of RN . When S is a graph of a function u, the (N − 1)-surface
element is given by dσ =

√
1 + |∇u|2 dx.

Finally, recall the all-important Divergence Theorem.

Theorem 1.13 (Gauss' Divergence Formula). Let Ω ⊂ RN be an open bounded set of class C1, and let
F ∈ C1(Ω,RN ) be a vector �eld. Then ∫

Ω

divF dx =

∫
Γ

F · ν dσ,

where ν denotes the exterior unit normal.

Some straightforward consequences are:

Corollary 1.14 (Integration by parts formula). Let u, v ∈ C1(Ω), Ω ⊂ RN an open bounded set of class
C1. Then ∫

Ω

uxiv dx = −
∫

Ω

uvxi dx+

∫
∂Ω

uvνi dσ.

Corollary 1.15 (Green's Formulas). Let Ω ⊂ RN be an open bounded set of class C1, and u, v ∈ C2(Ω).
Then

1.
∫

Ω
∆u dx =

∫
∂Ω

∂u
∂ν dσ,

2.
∫

Ω
(∆u)v dx = −

∫
Ω
∇u · ∇v dx+

∫
∂Ω

∂u
∂ν v dσ,

3.
∫

Ω
(∆u)v − u∆v dx =

∫
∂Ω

∂u
∂ν v −

∂v
∂νu dσ.

Generalized Polar Coordinates.

Consider the di�eomorphism

ϕ : (0,∞)× ∂B1(0)→ RN \ {0}; (r, x) 7→ rx = y

with inverse ϕ−1(y) = (‖y‖, y
‖y‖ ). Observe that the transformation rule for the N -volume element is

given by dy = rN−1dσ(x)dr, and that the (N − 1)-surface element of spheres of constant ‖y‖ is given by
dσ(y) = rN−1dσ(x). We have, for r > 0 and f ∈ C(B1(0)),∫

Br(x0)

f(y) dy =

∫ r

0

(∫
∂Bs

f(y) dσ(y)

)
ds =

∫ r

0

(∫
∂B1

f(sx) sN−1 dσ(x)

)
ds.

In particular, this implies that

|Br| = rN |B1|, |∂Br| = rN−1|∂B1|, and N |B1| = |∂B1|.
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Chapter 2

First order Partial Di�erential

Equations

In this chapter we give a (very) brief introduction to �rst order partial di�erential equations: linear
and quasilinear. Included in the latter are the so called (�rst order) conservation laws, where shocks
might occur and a more general notion of solution is needed.

Before jumping to the theory we start by formally deriving a general conservation law, and from
that we deduce the transport equation and the di�usion/heat equation (which is actually a second order
equation). Assume that u = u(x, t) represents the density or the concentration of a physical quantity Q
(e.g. a density of mass, or the concentration of a chemical) at a point x of a certain domain Ω ⊂ RN ,
at time t ∈ R. Given a region U ⊂ Ω, the amount of Q inside U is given by

∫
U
u(x, t) dx. The rate of

change of Q inside U is determined by the net �ux through the boundary of U plus/minus the amount
of Q added/subtracted by an external source/sink. If the �ux per unit of (N − 1)-area is given by a
vector �eld q (which may depend on time and x, u, ∇u,. . . ), and the external source/sink by f , then in
mathematical terms this leads to

d

dt

∫
U

u(x, t) dx = −
∫
∂U

q · ν dσ +

∫
U

f dx.

By formally moving the time derivative inside the integral and using the divergence theorem we deduce
that ∫

U

(ut + divx q − f) dx = 0.

Since this holds for every U ⊂ Ω, we get the equation

ut + divx q = f, ∀x ∈ Ω, t ∈ R. (2.1)

This is a conservation law. Particular choices of q model di�erent situations.

Transport: The constitutive law of pure transport is

q = bu,

for some constant vector b ∈ RN . In this situation, we are transporting a quantity Q along the direction
b. The transport equation is

ut + b · ∇xu = f.

Di�usion: Di�usion is the transport of �material� (atoms, population, etc) caused by random movement,
from regions of higher concentration to regions of lower concentration. A typical constitutive law is to
assume that the �ux is proportional to the gradient:

q = −c∇xu (c > 0), (2.2)

the so called Fick's law, which leads to the di�usion equation

ut − c∆xu = f.
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This is also called the heat equation; in such context, u represents the temperature, f an external heat
source/sink, and Q is the thermal energy, which is assumed to be proportional to the temperature.
Equation (2.2) then corresponds to the Fourier law of heat conduction.

We recommend the reading of [13, �2.1.2] for more details, and we also recall that it is common to
drop the index x from ∇x and ∆x (unless explicitly said, the operators only act in the space variables).

2.1 Transport Equation

2.1.1 The homogeneous problem

Without external sources or sinks, we have

ut + b · ∇u = 0, x ∈ RN , t ∈ R. (2.3)

Our goal is to compute a solution to this problem. As it is often done in mathematics, we start by
assuming the existence of a regular solution, then deduce its shape, and at the end we show that such
function is indeed a solution. Following this strategy, assuming that u is a regular solution (say, of class
C1), we rewrite the equation as

(∇xu, ∂tu) · (b, 1) = 0,

which shows that the directional derivative of u along (b, 1) is zero. Thus u is constant along the direction
(b, 1). To see this analitically, given (x, t) ∈ RN × R, we compute u along the line passing at (x, t) with
direction (b, 1):

z(s) = u(x+ bs, t+ s), s ∈ R.

Then
d

ds
z(s) = ∇u(x+ bs, t+ s) · b+ ut(x+ bs, t+ s) = 0, (2.4)

and so z(s) is constant. To have well posedness, we need additional conditions. Observe that u will be
uniquely determined in RN × R once we know the value of u along a hypersurface that intersects each
line s 7→ (x+bs, t+s) exactly once. These lines (contained in RN+1), are called projected characteristics,
while the lines (in RN+2) given by

s 7→ (x+ bs, t+ s, k), for k ∈ R,

are called the characteristics of (2.3). Along each projected characteristic, the PDE is transformed into
the (much easier) ODE (2.4).

It is natural to consider the initial value problem{
ut + b · ∇u = 0 in RN × R,
u(x, 0) = g(x).

(2.5)

If this problem has a solution, then necessarily

z(0) = z(−t) =⇒ u(x, t) = u(x− bt, 0) = g(x− bt) (a travelling wave, see Figure 2.1).

It is now an easy exercise to check that, conversely, given g ∈ C1(R), u(x, t) = g(x − bt) is indeed a
solution. Therefore we have shown the following result.

Theorem 2.1. Given g ∈ C1(RN ), problem (2.5) has a unique (classical) solution, which is given by

u(x, t) = g(x− bt).

Remark 2.2. For future reference, we point out that the projected characteristics are given in implicit
form by

xi − bit = ci, i = 1, . . . , N, for some c1, . . . , cN ∈ R.

The curves are contained in the level sets of the functions ϕ(x, t) = xi − bit, i = 1, . . . , N .
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Figure 2.1: Graph of the solution (seen from above and from the side) of the transport problem with

b = 1 and initial condition u(x, 0) = 3e−x
2

. The projected characteristics are x − t = c, for c ∈ R, the
solution is u(x, t) = 3e−(x−t)2

.

2.1.2 Nonhomogeneous problem

We consider now the nonhomogeneous initial value problem{
ut + b · ∇u = f(x, t), (x, t) ∈ RN × R,
u(x, 0) = g(x), x ∈ RN .

(2.6)

Following the previous strategy, this time we see that

d

ds
z(s) = ∇u(x+ bs, t+ s) · b+ ut(x+ bs, t+ s) = f(x+ sb, t+ s).

Observe that, once again, the PDE is transformed into an ODE along the projected characteristics.
Integrating between −t and 0:

u(x, t) = g(x− bt) +

∫ 0

−t
f(x+ sb, t+ s) ds = g(x− bt) +

∫ t

0

f(x+ (s− t)b, s) ds

which, if g ∈ C1(RN ) and f ∈ C1(RN ×R), is the unique solution of the initial value problem [check it!].
More precisely, we have:

Theorem 2.3. Given f ∈ C(RN × R) with fxi ∈ C(RN × R) for every i = 1, . . . , N , and g ∈ C1(RN ),
then

u(x, t) = g(x− bt) +

∫ t

0

f(x+ (s− t)b, s) ds (2.7)

is the unique (classical) solution of (2.6).

Expression (2.7) makes sense even for f, g discontinuous. Actually, discontinuous data are natural in
mathematical modelling, as we see in the following example.

Example 2.4. (adapted from [13, �4.2.3]) Consider a water canal (which we identify with the interval
[0,∞) ⊂ R), where clean water is coming out from a pipe placed at the point x = 0, with constant
velocity b > 0. After time t = 0, the water coming out from the pipe becomes polluted, with the
concentration of pollutant being β > 0. This situation can be modelled by

ut + bux = 0 x ∈ R, t > 0,

u(0, t) = β t > 0,

u(x, 0) = 0 x > 0,

(2.8)

where u(x, t) denotes the concentration of pollutant at position x and time t. Since u must be constant
along the characteristics, then the solution is necessarily

u(x, t) = βχ(−∞,0](x− bt) =

{
β, x < bt

0 x > bt
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(χ(−∞,0] is the characterist/indicator function of the set (−∞, 0], that is χ(−∞,0](x) = 1 if x ∈ (−∞, 0],
χ(−∞,0](x) = 0 if x /∈ (−∞, 0]). Observe that the solution is the same if we think about the problem{

ut + bux = 0 t > 0,

u(x, 0) = βχ(−∞,0](x) x ∈ R.

However, the function u is not di�erentiable (not even continuous!), so what does it mean to say that
it solves (2.8)?

This simple example starts to show us that, if we do not want to rule out real applications, then we
need to enlarge our notion of solution. The correct notion (for now, a bit misterious) is the following.

De�nition 2.5. Let f ∈ L∞(RN ×R+), g ∈ L∞(RN ) and b ∈ RN . A function u ∈ L∞(RN × (0,∞)) is
called a weak solution of {

ut + b · ∇u = f(x, t), x ∈ RN , t > 0

u(x, 0) = g(x), x ∈ RN

if, for every ϕ ∈ C∞c (RN × [0,∞)),∫ ∞
0

∫
RN

(u(x, t)ϕt(x, t) + u(x, t)b · ∇ϕ(x, t)) dxdt+

∫
RN

g(x)ϕ(x, 0) dx+

∫ ∞
0

∫
RN

f(x, t)ϕ(x, t) dxdt = 0

In case f = 0 and g ∈ L∞(RN ), for instance, it can be easily seen that u(x, t) = g(x− bt) is, indeed,
a weak solution [exercise].

2.2 Linear Equations with variable coe�cients

A general �rst order linear equation has the form

N∑
i=1

ai(x1, . . . , xN )uxi + c(x1, . . . , xN )u = d(x1, . . . , xN ).

In order not to get distracted with too general situation from the start, we �rst focus on the case c, d = 0
(the cases c 6= 0 or d 6= 0 will be treated in the upcoming section under the framework of quasilinear
equations) and in the two dimensional case N = 2. Henceforth, we deal with

a(x, y)ux + b(x, y)uy = 0, (x, y) ∈ Ω, (2.9)

where Ω is an open set of R2 and a, b ∈ C1(Ω) are such that (a(x, y), b(x, y)) 6= (0, 0) for every (x, y) ∈ Ω.
Recall the notation for partial derivatives, ux = ∂u

∂x , uy = ∂u
∂y . Even though in many applications one of

the variables will represent time, within this section we use (x, y) as variables, reserving t as a parameter
of some special curves.

As we did for the transport equation in the previous section, we rewrite (2.9) as

(a(x, y), b(x, y)) · ∇u(x, y) = 0,

that is, at each point (x, y), the directional derivative of u in the direction (a(x, y), b(x, y)) is zero.
Therefore, the solution should be constant along curves γ of the plane having the following property:
given (x, y) ∈ γ, the vector (a(x, y), b(x, y)) is tangent to γ at that point. We call those curves projected
characteristics, which can be parametrized locally by the solutions of the following system of ODEs:

dx

dt
= a(x, y),

dy

dt
= b(x, y). (2.10)

Observe that it is equivalent to solve instead the equation:

dy

dx
=
b(x, y)

a(x, y)
, in a neighbourhood of a point (x0, y0) such that a(x0, y0) 6= 0,
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or
dx

dy
=
a(x, y)

b(x, y)
in a neighbourhood of a point (x0, y0) such that b(x0, y0) 6= 0.

Since a, b are of class C1, by the Existence and Uniqueness Theorem for ODEs (aka Picard-Lindelöf
Theorem) we have that, given (x0, y0) ∈ R2, there exists a unique solution of (2.10) such that x(0) = x0,
y(0) = y0. In other words, there exists a unique projected characteristic containing the point (x0, y0).

If u is a solution of (2.9), then

d

dt
(u(x(t), y(t))) = x′(t)ux(x(t), y(t)) + y′(t)uy(x(t), y(t))

= a(x(t), y(t))ux(x(t), y(t)) + b(x(t), y(t))uy(x(t), y(t)) = 0,

which is an analitical proof that u is constant along the projected characteristics. We now describe two
methods to solve (2.9), each one with advantages and disadvantages.

Lagrange's method. Assume that (2.10) admits a �rst integral ϕ ∈ C1(Ω), and that ∇ϕ(x, y) 6= (0, 0)
for every (x, y) ∈ Ω. In particular, observe that a(x, y)ϕx + b(x, y)ϕy = 0, i.e., ϕ is a particular solution
of (2.9).1 Then there exists ε > 0 such that, in Bε(x0, y0), each projected characteristic corresponds to
a di�erent level set of ϕ; in other words, we are saying that locally the general solution of (2.10) is given
in implicit form by

ϕ(x, y) = c, for c ∈ R.2

Given any projected characteristic parametrized by (x(t), y(t)), we have the existence of c, d ∈ R such
that u(x(t), y(t)) = d and ϕ(x(t), y(t)) = c, and we de�ne a function f such that

u(x(t), y(t)) = d =: f(c) = f(ϕ(x(t), y(t))).

Therefore, u(x, y) = f(ϕ(x, y)) in Bε(x0, y0), for a certain f . Since ∇ϕ(x, y) 6= (0, 0), then necessarily f
is of class C1 [why?]. Conversely, if ϕ is a �rst integral and u(x, y) = f(ϕ(x, y)) for f of class C1, then

a(x, y)ux + b(x, y)uy = f ′(ϕ(x, y))(a(x, y)ϕx(x, y) + b(x, y)ϕy(x, y)) = 0,

that is, u is a solution of (2.9).
In conclusion, we deduced that, in a neighbourhood of each point, if we can �nd a �rst integral ϕ of

(2.10) with nonzero gradient, then the solution has the general form

u(x, y) = f(ϕ(x, y)), for f of class C1.

The function f is obtained from additional data of the problem.

Example 2.6. Let us go back to the transport equation:

ut + bux = 0 in R2.

The projected characteristics are given by

dx

dt
=
b

1
⇐⇒ x− bt = constant,

hence the general solution is u(x, t) = f(x− bt), as shown before.

Example 2.7. Consider the equation

ux + yuy = 0 in R2. (2.11)

1In this context, ϕ being a �rst integral means that ϕ is constant on the solutions of (2.9), that is, each characteristic is
contained in a level set of ϕ. Observe that necessarily ∇ϕ(x(t), y(t)) · (x′(t), y′(t)) = 0, and ∇ϕ(x, y) · (a(x, y), b(x, u)) = 0.

2Given (x0, y0) ∈ Ω, since ∇ϕ(x0, y0) 6= (0, 0), then by the Implicit Function Theorem each level set of ϕ is locally a
curve. Therefore we may take a su�ciently small neighborhood of (x0, y0) where the level sets of ϕ are connected, and
where each characteristic coincides exactly with a level set of ϕ.
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Figure 2.2: On the left: vector �eld (x, y) 7→ (1, y); on the right: projected characteristics for the problem
considered in Example 2.7.

Figure 2.3: Plot of the graph of the solution u(x, y) = cos(ye−x), considered in Example 2.7.

The system of projected characteristics is given by

dx

dt
= 1,

dy

dt
= y, or simply

dy

dx
= y,

which has general solution y(x) = cex, for c ∈ R (see Figure 2.2). Therefore ϕ(x, y) = ye−x is a �rst
integral (and ∇ϕ(x, y) = (−ye−x, e−x) 6= (0, 0)), and the general solution of (2.11) is

u(x, y) = f(ye−x), for f of class C1.

(in this case we can make this �global statement� since the level curves are connected!). If we require
that u(0, y) = cos y, then u(x, y) = cos(ye−x), de�ned in the whole R2 (observe that we are prescribing
the value of u on the axis Oy, which crosses each projected characteristic transversely exactly once); see
Figure 2.2. If we ask instead that u(x, 1) = x, then f(e−x) = x, from which f(r) = − log r (r > 0) and
the solution is u(x, y) = − log(ye−x), de�ned in the half space {(x, y) ∈ R2 : y > 0}. Observe that in
the later case, even if the equation is de�ned in the whole R2, the solution is not global. In general, as
we will see, one is only able to prove that the solution exists in a neighborhood of the curve on which
we prescribe the data.

There is no solution satisfying u(x, 0) = x, and there are in�nitely many solutions satisfying u(x, 0) =
1. Observe that x 7→ (x, 0) parametrizes a projected characteristic.

[Extra: What happens if we impose u(cos s, sin s) = s, for s ∈ [0, 2π[?]

Example 2.8. For (1 + x2)ux + uy = 0 in R2, we have that the projected characteristic are of the form
y − arctanx = c, hence the general solution is of the form

u(x, y) = f(y − arctanx).

Example 2.9. For the equation ux + 2xy2uy = 0 in R2, we have dy
dx = 2xy2, with general solution

x2 + 1
y = c or y = 0 (see Figure 2.4). In a neighbourhood of each point in R2 \Ox, the general solution

is of the form:

u(x, y) = f

(
x2 +

1

y

)
, with f of class C1.
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Figure 2.4: Projected characteristics for the problem in Example 2.9.

Remark 2.10. Lagrange's method has a big drawback: it relies on �nding a �rst integral of the equation
(2.9) (which is equivalent to �nding a particular solution of it!) with nonzero gradient.

The method of characteristics In order to get existence and uniqueness of solution (and also from
the point of view of applications), it is natural to solve a Cauchy problem: to �nd a solution of (2.9)
having prescribed values along a curve. Take f, g, h ∈ C1(I), where I is an open set of R. Let γ ⊂ Ω be
the curve parametrized by

x = f(s), y = g(s), s ∈ I.
We are concerned with solving the Cauchy problem:{

a(x, y)ux + b(x, y)uy = 0 in Ω,

u(f(s), g(s)) = h(s),
(2.12)

Remark 2.11. In the case when one of the variables (let us say, y) represents time, it is natural to
prescribe the initial value of the solution: u(x, 0) = h(s), which amounts to take f(s) = s, g(s) = 0. In
this case, we also call (2.12) an initial value problem.

The idea of the method of characteristics is quite simple and straightforward: for a �xed s ∈ I and
for each point (x0, y0) := (f(s), g(s)), we consider the (unique) projected characteristic passing through
that point. Along that curve, a solution u of (2.12) will assume the value h(s). By varying s ∈ I, we
will be able in many situations to (locally) construct the solution.

Let us formalize the ideas of the previous paragraph: for each s ∈ I �xed, one de�nes (X(s, t), Y (s, t))
to be the unique solution of (2.10) with initial value (f(s), g(s)):

Xt(t, s) = a(X(t, s), Y (t, s)),

Yt(s, t) = b(X(t, s), Y (t, s)),

X(s, 0) = f(s), Y (s, 0) = g(s),

(2.13)

(where we recall that the index t represents partial derivation with respect to t). By the Existence and
Uniqueness Theorem, for each s there exists a solution which is de�ned for t ∼ 0.

Assume that (2.12) has a solution u of class C1. For each s ∈ I �xed, we have that ∂t(u(X(t, s), Y (t, s))) =
0, hence t 7→ u(X(t, s), Y (t, s)) is constant and

u(X(t, s), Y (t, s)) = u(X(0, s), Y (0, s)) = u(f(s), g(s)) = h(s).

Therefore, a natural candidate for parametrization of the graph of the solution1 is given by

x = X(t, s), y = Y (t, s), z = h(s).

Observe that this is a graph of a function if we can write s as a function of (x, y); this is for instance the
case if we are able to invert the �rst two equations. We are interested in doing this at least close to the
curve γ. By the Inverse Function Theorem, this is possible for instance if

J(s) :=

∣∣∣∣Xs(s, 0) Xt(s, 0)
Ys(s, 0) Yt(s, 0)

∣∣∣∣ =

∣∣∣∣f ′(s) a(f(s), g(s))
g′(s) b(f(s), g(s))

∣∣∣∣ 6= 0. (2.14)

1In general, we call the graph of a solution an integral surface.
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Indeed, if J(s) 6= 0 for some s ∈ I, then there exist open sets U, V ⊂ R2 with (s, 0) ∈ U and (f(s), g(s)) ∈
V , and C1 functions S, T : V → U such that{

x = X(s, t)

y = Y (s, t)
⇐⇒

{
s = S(x, y)

t = T (x, y)
.

Therefore, under the assumption that J(s) 6= 0, we concluded that if u is a solution then it necessarily
has the form u(x, y) = h(S(x, y)).

Conversely, under (2.14), a function of this form is a solution to (2.12) in a neighborhood of (f(s), g(s)).
In fact,

a(x, y)ux + b(x, y)uy = h′(S)(aSx(x, y) + bSy(x, y)) = 0. (2.15)

The last equality can be justi�ed has follows: since X(S(x, y), T (x, y)) = x and Y (S(x, y), T (x, y)) = y,
by taking the derivative with respect to x and to y we see that

A(x, y)

[
Sx(x, y)
Tx(x, y)

]
=

[
1
0

]
, A(x, y)

[
Sy(x, y)
Ty(x, y)

]
=

[
0
1

]
,

where

A(x, y) :=

[
Xs(S(x, y), T (x, y)) Xt(S(x, y), T (x, y))
Ys(S(x, y), T (x, y)) Yt(S(x, y), T (x, y))

]
This matrix has nonzero determinant in a su�ciently small neighborhood of (f(s), g(s)). In particular,
this fact implies that

Sx(x, y) =
Yt(S(x, y), T (x, y))

det(A(x, y))
=

b(x, y)

det(A(x, y))
, Sy(x, y) = −Xt(S(x, y), T (x, y))

det(A(x, y))
= − a(x, y)

det(A(x, y))
,

from which (2.15) follows.
We have just proved the following theorem.

Theorem 2.12. Let Ω ⊂ R2 and I ⊂ R be open sets, a, b ∈ C1(Ω) and f, g, h ∈ C1(I) such that
{f(s), g(s)) : s ∈ I} ⊂ Ω. Assume that J(s0) 6= 0 for some s0 ∈ I (recall (2.14)). Then there exists a
neighborhood of (f(s0), g(s0)) where the Cauchy problem (2.12) admits a unique solution u. Moreover,
the graph of u can be parametrized by

x = X(s, t), y = Y (s, t), z = h(s), s ∼ s0, t ∼ 0,

where X,Y are the solutions of (2.13).

Remark 2.13. Clearly, if J(s) 6= 0 for every s ∈ I, then we have a solution to (2.12) in a neighborhood
of each compact set of γ. Note however that the �width� of that neighbourhood may vary from point to
point.

Before giving an example, let us make a geometric interpretation of the condition J(s) 6= 0. It is
equivalent to

J(s) = (a(f(s), g(s)), b(f(s), g(s))) · (−g′(s), f ′(s)) 6= 0.

Since the vector (a(f(s), g(s)), b(f(s), g(s))) is tangent to the projected characteristic that passes through
(f(s), g(s)), and the vector (−g′(s), f ′(s)) is orthogonal to γ, this condition amounts to say the projected
characteristic crosses γ transversely. Observe that if the crossing is not transversal, ie, if J(s) = 0, then
it is possible that the Cauchy problem does not have a solution, that it has exactly one solution, or that
it has in�nitely many solutions. [Think about speci�c examples.]

Example 2.14. (adapted from [3, pp. 80�82]) Consider the Cauchy problem

− yux + xuy = 0, u(x, x2) = x3 (x > 0). (2.16)

We have f(s) = s, g(s) = s2 and h(s) = s3, and

J(s) =

∣∣∣∣ 1 −s2

2s s

∣∣∣∣ = s+ 2s3 > 0 for s > 0,
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therefore we have the existence of a solution, at least locally. The projected characteristics can be
obtained by solving

Xt(s, t) = −Y (s, t), Yt(s, t) = X(s, t) (2.17)

subject to the condition X(s, 0) = s, Y (s, 0) = s2. Then Xtt(s, t) = −X(s, t), whose general solution is
X(s, t) = c1(s) cos(t) + c2(s) sin(t). Going back to the �rst equation in (2.17), we �nd that

Y (s, t) = −Xt(s, t) = c1(s) sin(t)− c2(s) cos(t),

hence s = X(s, 0) = c1(s) and s2 = Y (s, 0) = −c2(s). In conclusion,

x = X(s, t) = s cos(t)− s2 sin(t), y = Y (s, t) = s sin(t) + s2 cos(t), z = s3.

is the solution of (2.16) in parametric form.

In order to have an explicit solution, it is perhaps better to rely on Lagrange's method. In an open
set where y 6= 0, the projected characteristics can be written as

dy

dx
= −x

y
⇐⇒

∫
y dy = −

∫
−x dx ⇐⇒ x2 + y2 = c

Therefore, at least for y 6= 0, we have that the general solution if of the form

u(x, y) = f(x2 + y2), for f of class C1.

A direct computation shows that this extends to the whole R2. Since we are asking that u(x, x2) = x3,
we have f(x2 + x4) = x3. By making the change of variables

r = x2 + x4, (x > 0)

we end up with x2 = −1+
√

1+4r
2 and f(r) = (−1 +

√
1 + 4r)3/2/

√
8. Therefore the solution is given by

u(x, y) =
1√
8

(
−1 +

√
1 + 4(x2 + y2)

) 3
2

in the whole R2.

The parametric form of a solution is of particular importance in a situation where the explicit form
is not easy to obtain: once we know theoretically the existence (and uniqueness) of a solution, then we
can plot its graph by using this method (try for instance the situation where u(s, s7) = s3).

2.2.1 Generalisation to higher dimensions

We apply the previous reasoning to

N∑
i=1

ai(x)uxi = 0, x ∈ Ω ⊂ RN , (2.18)

where a1, . . . , aN ∈ C1(Ω) with (a1(x), . . . , aN (x)) 6= (0, . . . , 0) at every point, and Ω is an open set.
Again, this is equivalent to

(a1(x), . . . , aN (x)) · ∇u(x) = 0,

and we de�ne the projected characteristics through the system of ODEs

dx1

dt
= a1(x1, . . . , xN ), . . . ,

dxN
dt

= aN (x1, . . . , xN ), (2.19)

along which a solution u is constant.
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Theorem 2.15 (Lagrange's method). Assume we have N − 1 �rst integrals of (2.19) which are func-
tionally independent, i.e.,

car

 ∇ϕ1(x)
...

∇ϕN−1(x)

 := car


∂ϕ1

∂x1
(x) . . . ∂ϕ1

∂xN
(x)

...
. . .

...
∂ϕN−1

∂x1
(x) . . . ∂ϕN−1

∂xN
(x)

 = N − 1 ∀x ∈ Ω.

Then, in a small open neighborhood of each point, the general solution of (2.18) is given by

u(x) = f(ϕ1(x), . . . , ϕN−1(x)), for f ∈ C1.

The proof of this theorem is left to the reader. Observe that the condition of being functionally
independent implies that, by the Implicit Function Theorem, the solution of the system (2.19) is locally
given in implicit form by ϕ1(x) = c1, . . . , ϕN−1(x) = cN−1, for c1, . . . , cN−1 ∈ R.

Example 2.16. Consider the Cauchy problem{
ux + zuy = 0 in R3,

u(x, y, x) = x+ y.

The system of the projected characteristics is

dx

dt
= 1,

dy

dt
= z,

dz

dt
= 0,

that is, we have the existence of c1, c2, c3 ∈ R such that

x(t) = t+ c1, y(t) = c3t+ c2, z(t) = c3, t ∈ R.

Then ϕ1(x, y, z) = z, ϕ(x, y, z) = y−xz are �rst integrals, being also functionally independent. Therefore
the general solution of the equation is

u(x, y, z) = f(z, y − xz), for f ∈ C1.

Since x + y = u(x, y, x) = f(x, y − x2), then f(ξ, η) = ξ + ξ2 + η. In conclusion, the unique solution of
the Cauchy problem is

u(x, y, z) = z + z2 + y − xz, de�ned for (x, y, z) ∈ R3.

Regarding now the method of characteristics, we aim at solving the Cauchy problem:{∑N
i=1 ai(x)uxi = 0 x ∈ Ω

u(f1(s), . . . , fN (s)) = h(s), s = (s1, . . . , sN−1) ∈ I ⊂ RN−1,
(2.20)

where f1, . . . , fN , h ∈ C1(I), that is, we prescribe the value of u on a hypersurface. Again, for each s ∈ I,
we denote by (X1(s, t), . . . , XN (s, t)) the unique solution of

∂X1

∂t (s, t) = a1(X1(s, t), . . . , XN (s, t)),
...

∂XN
∂t (s, t) = aN (X1(s, t), . . . , XN (s, t)),

X1(s, 0) = f1(s), . . . , XN (s, 0) = fN (s).

We have the following result.

Theorem 2.17. Let Ω ⊂ RN and I ⊂ RN−1 be open sets, a1, . . . , aN ∈ C1(Ω) and f1, . . . , fN , h ∈ C1(I)
such that {(f1(s), . . . , fN (s)) : s ∈ I} ⊂ Ω. Under the previous conditions, assume that for some
s0 = (s1,0, . . . , sN−1,0) ∈ I we have that

J(s0) :=

∣∣∣∣∣∣∣∣
∂f1

∂s1
(s0) . . . ∂f1

∂sN−1
(s0) a1(f1(s0), . . . , fN (s0))

...
. . .

...
...

∂fN
∂s1

(s0) . . . ∂fN
∂sN−1

(s0) aN (f1(s0), . . . , fN (s0))

∣∣∣∣∣∣∣∣ 6= 0. (2.21)
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Then, in an open neighborhood of (f1(s0), . . . , fN (s0)), the Cauchy problem (2.20) admits a unique
solution u of class C1, whose graph can be parametrized by

x1 = X1(s, t), . . . , xN = XN (s, t), z = h(s). (2.22)

The proof follows exactly as in the 2-dimensional case. [It is a tedious but important exercise to do.]
Condition (2.21) implies that (locally) we can invert the �rst N equations in (2.22).

2.3 Quasilinear equations

As in the previous section, we start with the two dimensional case. The general form of a quasilinear
equation is

a(x, y, u)ux + b(x, y, u)uy = c(x, y, u), (2.23)

for a, b, c ∈ C1(Ω), with Ω an open set of R3. We assume that (a(x, y, z), b(x, y, z)) 6= (0, 0) at every
point of Ω. We say that u is a solution if it belongs to C1(D), where D ⊂ Proj(x,y)(Ω), and satis�es
(2.23) at each (x, y) ∈ D.

Assume we have a solution u = u(x, y), and denote its graph (an integral surface) by

G := Graphu = {(x, y, z) ∈ R3 : (x, y) ∈ D, z = u(x, y)}.

For a �xed (x, y, z) ∈ G, we may rewrite (2.23) as

(a(x, y, z), b(x, y, z), c(x, y, z)) · (ux(x, y), uy(x, y),−1) = 0. (2.24)

Observe that (ux(x, y), uy(x, y),−1) is normal to G at the point (x, y, z), hence (2.24) means that

(a(x, y, z), b(x, y, z), c(x, y, z)) ∈ T(x,y,z)G ∀(x, y, z) ∈ G,

that is, any integral surface is tangent at each point to the vector �eld (a, b, c). It is now natural to
consider curves in R3 which are tangent to (a, b, c) at each point. Having this in mind, we de�ne the
characteristic curves as the curves parametrized by (x(t), y(t), z(t)), which solve the system of ordinary
di�erential equations

dx

dt
= a(x, y, z),

dy

dt
= b(x, y, z),

dz

dt
= c(x, y, z). (2.25)

For each (x0, y0, z0) ∈ R3, since the functions a, b, c are of class C1, by the Existence and Uniqueness
Theorem there exists a unique solution of (2.25) such that (x(0), y(0), z(0)) = (x0, y0, z0).

Proposition 2.18. 1) Let u be a solution to (2.23) and let (x0, y0, z0) ∈ G. Then the characteristic
curve passing through (x0, y0, z0) is entirely contained in G.

2) Conversely, let u ∈ C1(D) be a function such that its graph G is a union of characteristics. Then
u is a solution of (2.23).

Proof. 1) Let u a solution to (2.23), (x0, y0, z0) a point in its graph, and let (x(t), y(t), z(t)) be the
solution to (2.24) with (x(0), y(0), z(0)) = (x0, y0, z0). De�ning h(t) := u(x(t), y(t)), our aim is to show
that z(t) = h(t). We have h(0) = u(x0, y0) = z(0), and

h′(t) = ux(x(t), y(t))x′(t) + uy(x(t), y(t))y′(t)

= ux(x(t), y(t))a(x(t), y(t), z(t)) + uy(x(t), y(t))b(x(t), y(t), z(t)),

z′(t) = c(x(t), y(t), z(t)).

Taking U(t) := h(t)− z(t), this function is a solution to the initial value problem

U ′(t) = F (t, U(t)), U(0) = 0,

where

F (t, U) := ux(x(t), y(t))a(x(t), y(t), h(t)−U)+uy(x(t), y(t))b(x(t), y(t), h(t)−U)−c(x(t), y(t), h(t)−U),

which is continuous in t and C1 in U . Since U(t) ≡ 0 is a solution (because of (2.23)), by the Existence
and Uniqueness Theorem we have U(t) ≡ 0 and h(t) ≡ z(t), as required.
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2) Take (x0, y0, z0) ∈ G and let (x(t), y(t), z(t)) be a parametrization of the characteristic passing
through that point at t = 0. Since the characteristic is contained in G, then z(t) = u(x(t), y(t)), hence

c(x(t), y(t), z(t)) = z′(t) =
d

dt
(u(x(t), y(t))) = ux(x(t), y(t))x′(t) + uy(x(t), y(t))y′(t)

= ux(x(t), y(t))a(x(t), y(t), z(t)) + uy(x(t), y(t))b(x(t), y(t), z(t)).

Taking t = 0, this shows that

c(x0, y0, u(x0, y0)) = ux(x0, y0)a(x0, y0, u(x0, y0)) + uy(x0, y0)b(x0, y0, u(x0, y0)),

that is, u is a solution.

Remark 2.19. In order to prove Part 2, we could have argued in a more geometric way: given
(x0, y0, z0) ∈ G, there is a unique characteristic curve Γ0 passing through that point; therefore, by
de�nition of characteristic, (a(x0, y0z0), b(x0, y0, z0), c(x0, y0, z0)) is tangent to Γ0; in particular, it is
tangent to the integral surface, and (2.24) holds true, which is equivalent to the equation (2.23)].

We have just shown that, for a function u ∈ C1, u is a solution of (2.23) if and only if its graph G is
a union of characteristics. Clearly the challenge is to be able to take union of characteristics in such a
way that the result is the graph of a C1 function.

Remark 2.20. Observe that, unless c ≡ 0, solutions of (2.23) are not constant along the projected
characteristics (x(t), y(t)). Nevertheless, along them the PDE turns into the ODE:

z′(t) = c(x(t), y(t), z(t)).

Therefore, quasilinear equations can be considered a wave equation, since there is �information traveling
with �nite speed along speci�c curves�.

The Cauchy problem The Cauchy problem for (2.23) is the problem of �nding a solution u such that
its graph contains a given curve Γ ⊂ R3. Assuming that Γ is parametrized by s ∈ I 7→ (f(s), g(s), h(s))
for C1 functions f, g, h : I → R (I an open interval of R), the Cauchy problem is then{

a(x, y, u)ux + b(x, y, u)uy = c(x, y, u),

u(f(s), g(s)) = h(s).
(2.26)

We repeat the procedure followed in the linear case, this time leading with a system of three equations.
For each s �xed, we denote by (X(s, t), Y (s, t), Z(s, t)) the solution to the system

Xt(s, t) = a(X(s, t), Y (s, t), Z(s, t)),

Yt(s, t) = b(X(s, t), Y (s, t), Z(s, t)),

Zt(s, t) = c(X(s, t), Y (s, t), Z(s, t)),

X(s, 0) = f(s), Y (s, 0) = g(s), Z(s, 0) = h(s).

(2.27)

Theorem 2.21. Let Ω ⊂ R3 and I ⊂ R be connected open sets, and take functions a, b, c ∈ C1(Ω) and
f, g, h ∈ C1(I) such that {(f(s), g(s), h(s)) : s ∈ I} ⊂ Ω. Asssume there exists s0 ∈ I such that

J(s0) :=

∣∣∣∣f ′(s0) a(f(s0), g(s0), h(s0))
g′(s0) b(f(s0), g(s0), h(s0))

∣∣∣∣ 6= 0. (2.28)

Then there exists an open neighborhood of (x0, y0, z0) := (f(s0), g(s0), h(s0)) where the Cauchy problem
(2.26) admits a unique solution u = u(x, y). In such a neighborhood, the graph of u is given in parametric
form by

x = X(s, t), y = Y (s, t), z = Z(s, t). (2.29)
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Proof. Consider (2.29) which corresponds to the unique solution of the system (2.27). Since J(s0) 6= 0,
then by the Inverse Function Theorem we can locally invert the �rst two equations:{

x = X(s, t)

y = Y (s, t)
⇐⇒

{
s = S(x, y)

t = T (x, y),

for functions S, T ∈ C1. Then

z = Z(S(x, y), T (x, y)), (2.30)

which is the equation of the graph of the C1 function u(x, y) = Z(S(x, y), T (x, y)). We are left with the
proof of the following two facts:
a) u is a solution. b) u is the unique solution in a neighborhood of (f(s), g(s), h(s)).

Item a) can be shown using two di�erent arguments:

� Argument no. 1: One can directly compute the partial derivatives of u, as we did for the proof of
Theorem 2.12.

� Argument no. 2: By construction, the graph of u is the union of the characteristics that intersect
Γ in a neighborhood of (f(s), g(s), h(s)). Then, by Proposition 2.18-2), u is a solution.

As for item b), let Σ be an integral surface which contains Γ in a neighborhood of (f(s0), g(s0), h(s0))
(without loss of generality, assume that the whole Γ is contained in Σ). Then, by Proposition 2.18-1, Σ
should contain every characteristic that intersects Γ, hence Graph u ⊂ Σ. Since both sets are graphs,
then they coincide in a small open neighborhood of (f(s), g(s), h(s)).

Example 2.22 (adapted from [8, p. 16]). This example is related with Euler's Homogeneous Function
Theorem. Consider the Cauchy Problem

xux + yuy = αu, u(x, 1) = h(x),

for a �xed constant α 6= 0. Since

J(s) =

∣∣∣∣1 s
0 1

∣∣∣∣ = 1 6= 0,

we have existence and uniqueness of solution in a neighborhood of each point (s, 1, h(s)). System (2.27)
becomes

Xt = X, Yt = Y, Zt = αZ,

with X(s, 0) = s, Y (s, 0) = 1, Z(s, 0) = h(s). Thus

X(s, t) = set, Y (s, t) = et, Z(s, t) = h(s)eαt

and u(x, y) = h(x/y)yα. Note that this solution is homogeneous of degree α since, for every λ > 0,

u(λx, λy) = h

(
x

y

)
λαyα = λαu(x, y).

Observe also that the projected characteristics are the straight lines x = sy and that, for each s ∈ I,
u(sy, y) = h(s)yα.

If α < 0, let us check that any solution u of xux + yuy = αu whose domain contains the origin is
necessarily identically zero. Indeed, given any (c1, c2) ∈ R2 \ {(0, 0)},

d

dt
(u(c1t, c2t)) = c1ux(c1t, c2t) + c2uy(c1t, c2t) =

1

t
(c1tux(c1t, c2t) + c2tuy(c1t, c2t)) =

α

t
u(c1t, c2t).

Then there exists a constant d, depending on (c1, c2), such that u(c1t, c2t) = d|t|α. By letting t→ 0, we
have necessarily that d = 0 and u ≡ 0.

29

https://mathworld.wolfram.com/EulersHomogeneousFunctionTheorem.html
https://mathworld.wolfram.com/EulersHomogeneousFunctionTheorem.html


Example 2.23 (Burgers' equation without viscosity term). Consider a �ux of particles in a thin tube,
which we identify with the x-axis. Let u = u(x, t) be the velocity �eld at point x and time t, and assume
that each particle travels at constant speed. Then, if x(t) represents the path of a particle,

0 =
d

dt
(u(x(t), t)) = x′(t)ux(x(t), t)) + ut(x, t) = u(x(t), t)ux(x(t), t)) + ut(x, t).

Hence, u is a solution to the Burgers equation

uux + ut = 0,

which is quasilinear. Assume that the initial velocity �eld is known: u(x, 0) = h(x). Since

J(s) =

∣∣∣∣1 h(s)
0 1

∣∣∣∣ = 1 6= 0,

we have (locally) a unique solution, whose graph can be parametrized by

x = X(s, τ), t = T (s, τ), z = Z(s, τ),

with

Xτ = Z, Tτ = 1, Zτ = 0, and X(s, 0) = s, T (s, 0) = 0, Z(s, 0) = h(s).

Hence, we have the following parametric representation of the integral surface:

x = τh(s) + s, t = τ, z = h(s). (2.31)

For each s �xed, τ 7→ (τh(s)+s, τ, h(s)) parametrizes a characteristic and τ 7→ (τh(s)+s, τ) parametrizes
a projected characteristic. Observe that we can write the latter as x = h(s)t + s, which shows that
the slope of each projected characteristic depends on the initial data; along each one of these lines,
u(x, t) = h(s).

Since s = x − tz, the surface is given by the equation z = h(x − tz); in other words, the solution
(wherever it exists) is given in implicit form by

u(x, t) = h(x− tu(x, t)). (2.32)

[Note the extraordinary similarity with the solution of the homogeneous transport equation in Section
2.1.1!]

Typically we are interested in the dynamics for t > 0. Depending on the initial con�guration h, from
what we have said above it is possible (and natural) that the solution (2.32) does not exist for all positive
times. We consider two speci�c and illustrative situations:

a) If u(x, 0) = x, then the solution is u(x, t) = x− tu(x, t) ⇐⇒ u(x, t) = x
1+t , de�ned for every t > 0.

b) If u(x, 0) = −x, then the solution is u(x, t) = −x + tu(x, t) ⇐⇒ u(x, t) = − x
1−t , which ceases to

exist at time t = 1.

What happens in the general case? Assume for simplicity that h′ has an absolute minimum in R.
Two projected characteristics corresponding to s1 6= s2 intersect whenever h(s1) 6= h(s2), and they do it
at time

t∗ = − s2 − s1

h(s2)− h(s1)
.

Restricting again our considerations to t > 0, we see that:

(a) if h is nondecreasing in R, projected characteristics never intersect for t > 0 (for convenience, let
us de�ne t∗ :=∞ in this situation);

(b) if h is not nondecreasing, then mins h
′(s) < 0, and the �rst time where two characteristics intersect

is

t∗ := inf
s1 6=s2

− s2 − s1

h(s2)− h(s1)
= − 1

mins h′(s)
> 0.
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Complementing the above considerations with the fact that∣∣∣∣Xs(s, τ) Xτ (s, τ)
Ts(s, τ) Tτ (s, τ)

∣∣∣∣ =

∣∣∣∣1 + th′(s) h(s)
0 1

∣∣∣∣ = 1 + th′(s) 6= 0

for 0 < t < t∗ shows that
x = X(s, τ), t = T (s, τ), z = Z(s, τ)

parametrizes a C1 graph for 0 < t < t∗.
In situation (b), where two projected characteristics intersect, let us check that a blowup phenomena

(or gradient catastrophe) occurs: by taking the derivative with respect to x in (2.32) we have

ux(x, t) = h′(x− tu(x, t))(1− tux(x, t)) ⇐⇒ ux(x, t) =
h′(x− tu(x, t))

1 + th′(x− tu(x, t))
.

Let s0 be the absolute minimizer of h′ in R. Along the characteristic x = h(s0)t+ s0, we have u(x, t) =
h(s0), but

ux(x, t) =
h′(s0)

1 + th′(s0)
→ −∞ as t→ (−1/h′(s0))

−
.

2.3.1 The higher dimensional case

Consider now a general quasilinear equation in dimension N :

N∑
i=1

ai(x, u)uxi = c(x, u), x = (x1, . . . , xN ) ∈ Ω ⊂ RN , (2.33)

for a1, . . . , aN , c ∈ C1(Ω× R) with a2
1(x) + . . .+ a2

N (x) 6= 0. Then

(a1(x, u), . . . , aN (x, u), c(x, u))·(∇u(x),−1) = 0 ⇐⇒ (a1(x, u), . . . , aN (x, u), c(x, u)) ∈ T(x,u(x))(Graph u).

The characteristic curves are given through the system

dx1

dt
= a1(x1, . . . , xN , z), . . . ,

dxN
dt

= aN (x1, . . . , xN , z),
dz

dt
= c(x1, . . . , xN , z).

The graph of a solution will be a hypersurface in RN+1. The Cauchy problem corresponds to ask for a
solution of (2.33) whose graph contains an (N − 1)-manifold Γ. If Γ is parametrized by

x1 = f1(s1, . . . , sN−1), . . . , xN = fN (s1, . . . , sN−1), z = h(s1, . . . , sN−1),

for s = (s1, . . . , sN−1) ∈ U ⊂ RN−1, then we aim to solve{∑N
i=1 ai(x, u)uxi = c(x, u),

u(f1(s), . . . , fN (s)) = h(s).
(2.34)

Once again, for each s ∈ U , we denote by (X1(s, t), . . . , XN (s, t), Z(s, t)) the unique solution of

∂X1

∂t (s, t) = a1(X1(s, t), . . . , XN (s, t), Z(s, t))
...

∂XN
∂t (s, t) = aN (X1(s, t), . . . , XN (s, t), Z(s, t))
∂Z
∂t (s, t) = c(X1(s, t), . . . , XN (s, t), Z(s, t))

X1(s, 0) = f1(s), . . . , XN (s, 0) = fN (s), Z(s, 0) = h(s).

Theorem 2.24. Under the previous conditions, assume that for some s ∈ U we have that

J(s) :=

∣∣∣∣∣∣∣∣
∂f1

∂s1
(s) . . . ∂f1

∂sN−1
(s) a1(f1(s), . . . , fN (s), h(s))

...
. . .

...
...

∂fN
∂s1

(s) . . . ∂fN
∂sN−1

(s) aN (f1(s), . . . , fN (s), h(s))

∣∣∣∣∣∣∣∣ 6= 0. (2.35)
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Then there exists an open neighborhood of the point (f1(s), . . . , fN (s), h(s)) where the Cauchy problem
(2.34) admits a unique solution u = u(x) of class C1. In such a neighborhood, the graph of u is given in
parametric form by

x1 = X1(s, t), . . . , xN = XN (s, t), z = Z(s, t).

The proof follows exactly as in the 2-dimensional case. Condition (2.35) implies that we can invert
the �rst N equations, obtaining

s1 = S1(x), . . . , sN−1 = SN−1(x), t = T (x),

and the solution is given by u(x) = Z(S1(x), . . . , SN−1(x), T (x)).

Example 2.25. Consider the Cauchy problem in three space dimensions:{
ux + uy + uz = u2,

u(x, y, 0) = x2 + y2,

which amounts to say that the graph of a solution u contains the 2-manifold

Γ := {(x, y, z, w) ∈ R4 : z = 0, w = x2 + y2}.

We have f1(s1, s2) = s1, f2(s1, s2) = s2, f3(s1, s2) = 0, h(s1, s2) = s2
1 + s2

2, and

J(s) =

∣∣∣∣∣∣
1 0 1
0 1 1
0 0 1

∣∣∣∣∣∣ = 1 6= 0.

In order to parametrize the graph of the solution, we aim at solving

Xt = 1, Yt = 1, Zt = 1, Wt = W 2,

with

X(s1, s2, 0) = s1, Y (s1, s2, 0) = s2, Z(s1, s2, 0) = 0, W (s1, s2, 0) = s2
1 + s2

2.

After some computations, we obtain
x = X(s1, s2, t) = s1 + t,

y = Y (s1, s2, t) = s2 + t,

z = Z(s1, s2, t) = t,

w = W (s1, s2, t) =
s21+s22

1−(s21+s22)t
,

or, in explicit form,

u(x, y, z) =
(x− z)2 + (y − z)2

1− ((x− z)2 + (y − z)2) z
.

2.4 A (very) brief introduction to conservation laws.

From now on we consider a particular case of (2.1) in one space dimension, f = 0, for a �ux depending
only on the solution: q = q(u). In this section we follow closely [13, �4], to which we refer for more
examples, insights and material.

We will focus our attention in the initial value problem{
(q(u))x + ut = 0, x ∈ R, t > 0,

u(x, 0) = h(x), x ∈ R.
(2.36)

For now, consider h, q ∈ C1(R). The equation can be rewritten as q′(u)ux + ut = 0, hence we are in the
presence of a quasilinear equation.
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Observe that Burgers' equation, considered in Example 2.23, is a particular case of a conservation
law of this type, for q(u) = u2/2. Reasoning exactly as we did back then, we obtain a solution of (2.36)
in implicit form:

u(x, t) = h(x− q′(u(x, t))t),

de�ned for 0 < t < t∗ for a certain t∗ 6∞. The projected characteristics in this situation are

x = q′(h(s))t+ s, and on them we have u(x, t) = h(s).

Example 2.26 (Tra�c dynamics). Assume we have a one way long road, without entries or exits.
Identify that road with the x-axis and assume the cars move in the positive direction. Let u = (x, t)
represent the density of cars at point x and instant t (units: cars/length). Consider the (unrealistic)
assumption that the velocity only depends on the density of cars, v = v(u), having the expression

v(u) = vM

(
1− u

uM

)
,

where vM is the speed limit and uM the maximum possible density (�bumper to bumper tra�c�). Observe
that we are assuming that there are no cars driving above the speed limit (let us abstain from making
further comments regarding this assumption. . . ). The �ux of cars at a point x and time t (units:
cars/time) is given by

q(u) = v(u)u = vMu

(
1− u

uM

)
.

We are in the presence of a conservation law:

(q(u))x + ut = 0 ⇐⇒ q′(u)ux + ut = 0 ⇐⇒ vM

(
1− 2u

uM

)
ux + ut = 0.

We wish, as usual, to solve this problem after knowing the initial density pro�le of cars: u(x, 0) = h(x).
Let us consider two situations:

The green light problem

Assume we have a tra�c light at x = 0 that turns green at t = 0. This can be modelled by taking

h(x) =

{
uM , x < 0,

0, x > 0.

Since q′(0) = vM and q′(uM ) = −vM , by following the method of characteristics, we arrive at

u(x, t) =

{
uM , x < −vM t,
0, x > vM t.

What happens in the region {(x, t) : −vM t < x < vM t, t > 0}?
Tra�c jam ahead

Assume we have a tra�c jam for x > 0, and there is a group of cars arriving at x = 0. Say that we
take

h(x) =

{
uM
8 , x < 0,

uM x > 0.

The projected characteristics which intersect the x-axis at negative values are of the form x = 3uM
4 t+ s

(for s < 0), while the ones which intersect the x-axis at positive values are of the form x = −vM t + s
(for s > 0). Clearly there are intersections, some which even happen instantaneously. How should we
build a solution to this problem?

The above considerations showed that we need a weaker notion of solution, mainly for two reasons:

� we might want to treat situations with non regular initial conditions, like in the example of the
tra�c light or the tra�c jam (recall also the last example in the section about the transport
equation);
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� shocks might occur, even if the initial data is regular (recall the discussion about Burgers' equation).

De�nition 2.27. We say that u ∈ L∞(R× (0,∞)) is a weak solution of (2.36) if∫ ∞
0

∫
R

(u(x, t)ϕt(x, t) + q(u)ϕx(x, t)) dxdt+

∫
R
h(x)ϕ(x, 0) dx = 0 ∀ϕ ∈ C∞c (R× [0,∞)) (2.37)

One motivation for this was seen in an exercise: if q, h ∈ C1(R) and u is of class C1, then u is
a solution in the classical sense (i.e., it satis�es the equations pointwise) if and only if it is a weak
solution. This equivalence, in turn, has two important ingredients: the Fundamental Lemma of Calculus
of Variations (Lemma 1.9), and an integration by parts formula (Corollary 1.14). The idea is to go from
a pointwise identity to in�nitely many integral conditions, where the �hard work� of taking derivatives
is passed to the test functions, which are regular.

It is hard to understand directly the implications of this de�nition. The following result will clarify
what happens in a simple situation which appears frequently in practice.

De�nition 2.28. We say that a function u : R × [0,∞) → R is a piecewise-C1 function if there exists
k ∈ N and a �nite number of curves Γ1, . . . ,Γk, mutually disjoint, and parametrized by

x = sj(t), where sj : [0,∞)→ R is a C1 function,

such that:

a) u ∈ C1(R× [0,∞) \ ∪kj=1Γj);

b) u is C1 up to each Γj from the left and from the right, that is, given (x0, t0) ∈ Γj , the following
limits exist:

u+(x0, t0) := lim
(x,t)→(x0,t0)

x>sj(t)

u, u−(x0, t0) := lim
(x,t)→(x0,t0)

x<sj(t)

u,

and the same happens for ux and ut.

Theorem 2.29 (Rankine-Hugoniot jump condition). Let u : R× [0,∞)→ R be a piecewise-C1 function,
and let Γ1 . . . ,Γk be curves as in the De�nition 2.28. Then u is a weak solution of the initial value
problem (2.36) if and only if the following two conditions are satis�ed:

(a) u satis�es (2.36) at every point where u is of class C1;

(b) along Γj ∩ (R× (0,∞)), the Rankine-Hugoniot jump condition is satis�ed:

s′j(t) (u+(sj(t), t)− u−(sj(t), t)) = q(u+(sj(t), t))− q(u−(sj(t), t)). (2.38)

Remark 2.30. Condition (2.38) is immediately satis�ed at points where u is continuous. At points
where u is discontinuous, we have

s′j(t) =
q(u+(sj(t), t))− q(u−(sj(t), t))

u+(sj(t), t)− u−(sj(t), t)
.

If we interpret sj(t) as the path of a one-dimensional particle, then s′j(t) represents the speed of such
particle. Whenever Γj represents a shock, we say that s′j(t) is the velocity of the shock. This theorem
tells us, roughly speaking, which shocks are admissible for weak solutions of (2.36).

Proof of Theorem 2.29. Assume u is a piecewise-C1 weak solution of (2.36), and let us prove it satis�es
(a) and (b).

Regarding (a), given an open set in R× [0,∞) where u is of class C1, we can reason exactly as we did
for Exercise 2 of the second exercise sheet and obtain that u is indeed a solution in the classical sense
(i.e., it solves the equation and the initial condition pointwise).

Let us now focus in the proof of (b). For future use, let us point out that

n(x, t) :=
(−1, s′j(t))√
1 + (s′j(t))

2
, for (x, t) ∈ Γj ,
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is a unit normal to Γj and points to the left of the curve. Now take (x0, t0) ∈ Γj for some j, and let
ε > 0 be su�ciently small so that B := Bε(x0, t0) ⊂ R× (0,∞), and B ∩ Γi = ∅ for every i 6= j. De�ne

B+ := Bε(x0, t0) ∩ {(x, t) : x > sj(t)}, B− := Bε(x0, t0) ∩ {(x, t) : x < sj(t)},

that is, respectively the right and left side of Γj in B. Take ϕ ∈ C∞c (B). By de�nition of weak solution
and integrating by parts,

0 =

∫ ∞
0

∫
R

(uϕt + q(u)ϕx) dxdt =

∫∫
B+

(uϕt + q(u)ϕx) dxdt+

∫∫
B−

(uϕt + q(u)ϕx) dxdt

=−
∫∫

B+

(ut + q(u)x)ϕdxdt+

∫
∂B+

(u+ϕν2 + q(u+)ϕν1) ds

−
∫∫

B−
(ut + q(u)x)ϕdxdt+

∫
∂B−

(u−ϕν2 + q(u−)ϕν1) ds

=

∫
B∩Γj

((u+ − u−)n2 + (q(u+)− q(u−))n1)ϕds.

Observe that we used point (a) together with the fact that u is C1 in B+ and B− to cancel the �rst
integrals in the second and third lines, we used the fact that u is C1 up to Γj from the left and from the
right (which allows the integration by parts), and we have denoted by ν = ν(x, t) = (ν1(x, t), ν2(x, t)) ∈
R2 the exterior unit normal of the boundary of a set: therefore, on ∂B+ we have ν(x, t) = n(x, t), while
on ∂B− we have ν(x, t) = −n(x, t). To conclude, note that since the previous identities hold for every
ϕ ∈ C∞c (B), this yields

(u+ − u−)n2 + (q(u+)− q(u−))n1 = 0 ⇐⇒ (u+ − u−)s′j(t)− (q(u+)− q(u−)) = 0,

the Rankine-Hugoniot condition.

Conversely, the fact that (a) and (b) together imply that u is a weak solution can be done quite
similarly to what has been just presented and/or to Exercise 2 of the second exercise sheet, with the
extra care that a support of a function ϕ ∈ C∞c (R× [0,∞)) might intersect more than one Γj .

Going back to the examples of �the green light problem� and �tra�c jam ahead�, we may check (using
Theorem 2.29) that

u(x, t) =


uM , x 6 −vM t,
uM
2 (1− x

vM t
), −vM t < x < vM t,

0, x > vM t

is a weak solution to the former, while

u(x, t) =

{
uM
8 , x < −vM8 t,

uM , x > −vM8 t

is a weak solution of the latter.

2.5 Further reading

In this Chapter we have studied quasilinear equations, leaving out nonlinear equations like

|∇u(x, y)| = 1, that is, u2
x + u2

y = 1,

which is a particular case of the eikonal equation (see [13, p. 248] for its deduction and interpretation).
A general nonlinear �rst order PDE in two dimensions has the form

F (x, y, u, ux, ux) = 0,

for a regular function F . For methods to study such general equations (in two or higher dimension), we
recommend [8, �1.7 & 1.8] or [13, �4.8] (the second reference is better if you simply want to take a look
at what happens, the �rst one is better for a full and detailed description).
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Regarding conservation laws, after what we learned in this course, the natural question would be which
extra conditions one should impose in order to guarantee uniquess of weak solutions. This is related with
something called entropy condition, and we recommend [13, �4.5] (actually the whole section 4 is a must
read!) or [5, �3.4]. From here, more general situations would be to consider systems of conservation laws
in higher space dimensions.

Both topics are part of the program of the PhD course Problemas de Evolução at IST.
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Chapter 3

Linear second order Partial Di�erential

Equations: the Laplace, heat and wave

equations

In this chapter we perform a classical study of three important second order PDEs: the Laplace, heat
and wave equations. Before that, we explain that, beyond their physical applications, they are also the
prototypes of three important classes of equations: elliptic, parabolic and hyperbolic.

3.1 Classi�cation of second order linear problems in dimension
two

Consider a general second order linear PDE in dimension two:

a(x, y)uxx + 2b(x, y)uxy + c(x, y)uyy + d(x, y)ux + e(x, y)uy + σ(x, y)u = F (x, y), (3.1)

where (x, y) ∈ Ω, an open domain in R2, and the functions a, b, c, d, e, σ, F are of class C1 in Ω. A
classical solution is a function u ∈ C2(Ω) satisfying (3.1) pointwise. The purpose of this section is to
show how some properties of equation (3.1) depend on the second order linear operator

Lu := a(x, y)uxx + 2b(x, y)uxy + c(x, y)uyy,

and how the Laplace, heat and wave equations are prototypes of three important classes of PDEs.
Following the framework of �rst order linear problem, it is natural to solve a Cauchy problem (al-

though, as we will see in the upcoming sections, in some applications this is not of special interest). The
Cauchy problem reads as follows: assume we are given a regular curve γ ⊂ R2, parametrised as follows:

γ = {(f(s), g(s)) : s ∈ I} ⊂ Ω,

where I is an open interval of R, and f, g ∈ C1(I) are given. We wish to �nd a classical solution u of
(3.1) satisfying

u(f(s), g(s)) = h(s), ux(f(s), g(s)) = ϕ(s), uy(f(s), g(s)) = ψ(s), (3.2)

for h, ϕ, ψ ∈ C1(I). Observe that, from (3.2), the data needs to satisfy the compatibility condition

h′(s) = ux(f(s), g(s))f ′(s) + uy(f(s), g(s))g′(s)

= ϕ(s)f ′(s) + ψ(s)g′(s).

Having in mind the ultimate goal of solving the Cauchy problem, let us �rst try to answer an easier
intermediate question:
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If u is a solution, can we recover only from the data the values of the second order derivatives
uxx, uyy, uxy on γ? In other words, can we recover uxx(f(s), g(s)), uxy(f(s), g(s)) and
uyy(f(s), g(s)) only from (3.1) and (3.2)?

Using (3.1), we have

a(f(s), g(s))uxx + 2b(f(s), g(s))uxy + c(f(s), g(s))uyy =

− d(f(s), g(s))ux − e(f(s), g(s))uy − σ(f(s), g(s))u+ F (f(s), g(s)).

We have three unkowns, so we are missing two equations. Taking the derivative with respect to s in the
last two conditions of (3.2), we �nd:

uxx(f(s), g(s))f ′(s) + uxy(f(s), g(s))g′(s) = ϕ′(s), uyx(f(s), g(s))f ′(s) + uyy(f(s), g(s))g′(s) = ψ′(s).

In conclusion, we have the following system with three equations and three unkowns:a(f(s), g(s)) 2b(f(s), g(s)) c(f(s), g(s))
f ′(s) g′(s) 0

0 f ′(s) g′(s)

uxxuxy
uyy


=

−d(f(s), g(s))ϕ(s)− e(f(s), g(s))ψ(s)− σ(f(s), g(s))h(s) + F (f(s), g(s))
ϕ′(s)
ψ′(s)

 .

Therefore, the answer to our previous question is positive if∣∣∣∣∣∣
a(f(s), g(s)) 2b(f(s), g(s)) c(f(s), g(s))

f ′(s) g′(s) 0
0 f ′(s) g′(s)

∣∣∣∣∣∣ 6= 0,

that is,

a(f(s), g(s))g′(s)2 − 2b(f(s), g(s))f ′(s)g′(s) + c(f(s), g(s))f ′(s)2 6= 0.

De�nition 3.1. A C1 curve γ = {(x(s), y(s)) : s ∈ I} is called characteristic for the linear second order
equation (3.1) if

∆(s) := a(x(s), y(s))y′2(s)− 2b(x(s), y(s))x′(s)y′(s) + c(x(s), y(s))x′2(s) = 0 for every s ∈ I. (3.3)

On the other hand, γ is called noncharacteristic if ∆(s) 6= 0 for every s ∈ I.

The ODE (3.3) has two unknowns; however, we can reduce the problem in most situations. For
example, in an interval where x′(s) 6= 0, we have y = y(x) and we can write (3.3) as

a(x, y)

(
dy

dx

)2

− 2b(x, y)
dy

dx
+ c(x, y) = 0.

If a(x, y) 6= 0, then we have a single ODE with unknown y = y(x):

dy

dx
=
b±
√
b2 − ac
a

(note that we don't have real solutions if b2 − ac < 0). If y′(s) 6= 0 and c(x, y) 6= 0, then we have

a(x, y)− 2b(x, y)
dx

dy
+ c(x, y)

(
dx

dy

)2

= 0 and
dx

dy
=
b±
√
b2 − ac
c

.

De�nition 3.2. The equation (3.1) is called:

� elliptic in Ω if b2 − ac < 0;

� parabolic in Ω if b2 − ac = 0;
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� hyperbolic if b2 − ac > 0.

Remark 3.3. Another way of looking at this de�nition is to consider the (symmetric) matrix

A(x, y) :=

[
a b
b c

]
The equation (3.1) is elliptic in Ω if the eigenvalues of A have the same sign; it is parabolic if A admits
a zero eigenvalue, and it is hyperbolic if the eigenvalues of A have opposite signs. The nomenclature
arises from an analogy with the study of conics (see the second to last paragraph of this section for more
details).

In conclusion, whenever a(x, y) 6= 0 or c(x, y) 6= 0, by the existence and uniqueness theorem for
ODEs, through each point (x0, y0) ∈ Ω:

� there passes no characteristic in the elliptic case;

� there passes exactly one characteristic in the parabolic case;

� there pass exactly two characteristics in the hyperbolic case.

In general, an equation might be of one type in one region, and of a di�erent type in another region.

Example 3.4. Typical examples are uxx + uyy = 0 (Laplace equation, elliptic), ut − uxx = 0 (heat
Equation, parabolic), utt − uxx = 0 (wave equation, hyperbolic). [Exercise: compute the characteristic
curves for these equations.]

The interest of de�ning characteristics in this context is clari�ed in the following result.

Theorem 3.5. Assume that the functions a, b, . . . , e, σ, F are analytic. Take f, g, h, ϕ, ψ to be analytic
functions in an open interval I, and assume that the curve γ = {(f(s), g(s) : s ∈ I} ⊂ Ω is non-
characteristic. Then the Cauchy problem (3.1)�(3.2) admits a unique solution close to any point of Γ.
Moreover, this solution is analytic.

Comments on the proof. The existence part in this theorem is a consequence of a result for systems of
(possibly quasilinear) �rst order PDES, the Cauchy-Kowalevski1 theorem. To reduce the equation to a
system of �rst order equations, it is enough to make

u1 := u, u2 = ux, u3 := uy,

obtaining 
∂u1

∂y = u3,
∂u2

∂y = ∂u3

∂x ,

a∂u2

∂x + b∂u3

∂x + b∂u2

∂y + c∂u3

∂y + fu1 + du2 + eu3 = F

which in matrix form and for u =
[
u1 u2 u3

]T
, reads as0 0 0

0 0 −1
0 a b

 ∂u
∂x

+

1 0 0
0 1 0
0 b c

 ∂u
∂y

+

0 0 1
0 0 0
σ d e

u =

0
0
F

 (3.4)

The Cauchy-Kowalevski theorem provides existence of a solution, which is unique among the set of
analytic functions. Uniqueness in the set of C2 functions is provided by Holmgren's Uniqueness Theorem,
which holds for linear equations of any order.

Proving this result is out of the scope of this course, as we are never going to need it later. However,
we can give an insight on why it is true. We have seen before that, on a noncharacteristic curve, we can
recover uxx, uyy, uxy on γ from the data. If we are allowed to take again derivatives with respect to s
in all of the equations, we can recover all partial derivatives of u along γ. Therefore, from this we can
write a formal power series. It can be proved that, if all the data are analytic, this series converges in a
neighborhood of each point of Γ and that it corresponds to a solution. For more details about this, one
of the best places to look is [8, �3].

1Sophie Kowalevski (1850�1891) was the �rst woman in modern Europe to gain a doctorate in mathematics, the �rst to
join the editorial board of a scienti�c journal, and the �rst to be appointed professor of mathematics (source: Encyclopaedia
Britannica).
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Remark 3.6. This result is one of the few general statements available for equations of di�erent types.
Unfortunately, it is most of the times useless. We use a quote from Fritz John's book, which captures in a
wonderful way the limitations of Theorem 3.5: Many physical problems lead to analytic partial di�erential
equations. But the restriction to analytic Cauchy data and solutions is unrealistic. It implies that the
solution is determined globally by local conditions near one point, and makes it impossible to describe
phenomena that do not interact instantaneously with the whole universe (hence it excludes boundary-
initial value problems). The Cauchy problem is �ill-posed� except for hyperbolic equations. Real analytic
solutions, however, are useful in discussing more general solutions. In addition, some equations (the
elliptic analytic ones) have the property that all solutions are analytic in the interior of their domain of
existence. [8, p. 77] Moreover, as we will see ahead, in the case of the heat equation, it is natural to take
a Cauchy data precisely on a characteristic!

We now show that, after a change of variable, any second order equation can be transformed
(via a change of variables) into another one whose second order operator is the one appearing in the
Laplace/heat/wave equation.

De�nition 3.7. The equation (3.1) is in the canonical form when it it is of the form

(i) uxx + uyy + l[u] = g(x, y) if the equation is elliptic;

(ii) uxx + l[u] = g(x, y) if the equation is parabolic;

(iii) uyy − uxx + l[u] = g(x, y) or uxy + l[u] = g(x, y), if the equation is hyperbolic;

where l[u] only contains the terms with derivatives of order zero or one of u.

Observe that the Laplace, heat and wave equations are already in canonical form. In the de�nition
of the canonical form of hyperbolic equations, note that the two forms are equivalent via the change of
variables x′ = x+ y, y′ = x− y

Theorem 3.8. Assume a, b, . . . , e, σ, F ∈ C1(Ω) and that a, b, c are analytic. Let u = u(x, y) be a
solution of (3.1). Then there exists a change of variables

ξ = ϕ(x, y), η = ψ(x, y)

which reduces the equation to its canonical form. In other words, if v(ξ(x, y), η(x, y)) := u(x, y) then v
satis�es an equation of type (i), (ii) or (iii) in De�nition 3.7 whenever it is, respectively, elliptic, parabolic
or hyperbolic.

Idea of the proof. Assume for simplicity that a(x, y) 6= 0. For hyperbolic equations, we have two equa-
tions for the characteristics:

dy

dx
=
b+
√
b2 − ac
a

,
dy

dx
=
b−
√
b2 − ac
a

,

to which correspond two �rst integrals ϕ(x, y), ψ(x, y) which are functionally independent. In this case,
we take ξ = ϕ(x, y), η = ψ(x, y).

In the parabolic case, we take ϕ a �rst integral of the ODE

dy

dx
=
b

a
,

satisfying ∇ϕ(x, y) 6= (0, 0). Then we can take η = ϕ(x, y), η = ψ(x, y), where ψ is any other function
which is functionally independent from ϕ.

Finally, in the elliptic case (where there are no real characteristics), one takes the complex ODE

dy

dx
=
b+ i
√
ac− b2
a

.

If the right-hand side is analytic (this is where we need the analyticity assumption of the statement),
then it can be shown that the general solution of the ODE is of the form φ(x, y) = constant, and we take
the change of variables ξ = Re(φ), η = Im(φ). For the details, see for instance [10, �2.5.2].
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Analogy with the study of conics The names elliptic, parabolic and hyperbolic arise from an analogy
with the study of conics. Consider the following quadratic equation in R2:

ax2 + 2bxy + cy2 + dx+ ey + f = 0, for a, b, c, d, e, f ∈ R,

which we can rewrite as [
x y

] [a b
b c

] [
x
y

]
+
[
d e

] [x
y

]
+ f = 0

Then this corresponds to an elipse, a parabola or a hyperbola (perhaps degenerate) if, respectively, we
have b2 − ac < 0, b2 − ac = 0, b2 − ac > 0. This is directly related with the eigenvalues of the matrix

A =

[
a b
b c

]
.

Since A is symmetric, is is diagonalisable with real eigenvalues: we may have, respectively, two eigenvalues
of the same sign (if b2 − ac < 0), one eigenvalues which is zero (b2 − ac = 0) and two eigenvalues of
distinct sign (b2 − ac > 0). In each case, observe that, by using the diagonalising matrix O (such that
O−1AO is a diagonal matrix), we can reduce, after a change of variables, the system to one of these
forms:

x2 + y2 + lower order terms = 0, x2 + l.o.t = 0, x2 − y2 + l.o.t. = 0.

Final comment We have classi�ed all equations of the form (3.1), and this could give the wrong
impression that we can classify all existing equations. This is far from the truth. We were able to do it
in this section because we were dealing with a linear case in two dimensions.

There is absolutely no general theory regarding PDEs. In more complicated situations like nonlinear
equations, higher space dimensions, higher order equations and/or situations with systems of PDEs, we
try to gather di�erent equations into groups. Solutions to equations within each group share similar
properties and model certain types of phenomena. Elliptic, Parabolic and Hyperbolic equations can be
de�ned in a much more general framework than the one we just described. In the next chapter we make
a classical study of the Laplace, Heat and Wave equations; on the one hand because of their applications,
on the other because they are the standard prototypes of the three groups mentioned above.

3.2 The Laplace Equation

Consider the Laplace equation
∆u = 0

in an open set Ω of RN . Its solutions are called harmonic functions (in Ω). We consider also the more
general Poisson equation

−∆u = f.

These equations appear associated to equilibrium states of the heat/di�usion equation, or as the equi-
librium equation of an elastic membrane subject to a load f . In these situations, recall that u represents
the temperature or the vertical displacement of an elastic membrane, respectivelly. If Ω is a bounded
set, in order to obtain a well posed problem it is natural to consider boundary conditions, which can be
of several types. Given g, h de�ned on ∂Ω, we have:

a) Dirichlet boundary conditions:
u(x) = g(x) on ∂Ω

(e.g.: prescribe the temperature at the boundary, or the displacement of a membrane at the
boundary).

b) Neumann boundary condition
∂u

∂ν
= g on ∂Ω

(e.g.: prescribe the heat �ux on the boundary; if g = 0, then the medium is isolated from the
exterior).
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c) Robin boundary conditions
∂u

∂ν
+ αu = g (α > 0).

d) Mixed boundary conditions, e.g.,

u = g on ΓD,
∂u

∂ν
= h on ΓN ,

where ΓD,ΓN are relatively open in ∂Ω, ΓD ∩ ΓN = ∅, and ΓD ∪ ΓN = ∂Ω.

If the given boundary data is 0, the conditions are called homogeneous; if not, they are called nonhomo-
geneous.

3.2.1 Qualitative Properties

In dimension 1, harmonic functions are solutions of u′′ = 0, thus they are a�ne functions u(x) = ax+b,
a, b ∈ R. We are interested in describing some properties of harmonic functions in dimension N > 2.
From now on, we assume that Ω ⊂ RN is an open bounded set.

Figure 3.1: Plot of the graph of the harmonic function u(x, y) = x2 − y2.

Theorem 3.9 (Mean-Value Formulas). Let u ∈ C2(Ω) be a harmonic function. Then, for each ball
Br(x) b Ω,

u(x) =
1

|Br|

∫
Br(x)

u(y) dy =
1

|∂Br|

∫
∂Br(x)

u(y) dσ(y).

Proof. Take a harmonic function u ∈ C2(Ω) and x ∈ Ω. For 0 < r < dist(x, ∂Ω), consider the function

ϕ(r) :=
1

|∂Br|

∫
∂Br(x)

u(y) dσ(y) =
1

|∂B1|rN−1

∫
∂Br(x)

u(y) dσ(y) =
↓

y = x+ zr

1

|∂B1|

∫
∂B1(0)

u(x+ rz) dσ(z).

Then

ϕ′(r) =
1

|∂B1|

∫
∂B1(0)

∂

∂r
(u(x+ rz)) dσ(z) =

1

|∂B1|

∫
∂B1(0)

∇u(x+ rz) · z dσ(z)

=
↓

y = x+ rz

1

|∂Br|

∫
∂Br(x)

∇u(y) · y − x
r︸ ︷︷ ︸
ν(y)

dσ(y) =
1

|∂Br|

∫
∂Br(x)

∂u

∂ν
dσ =

1

|∂Br|

∫
Br(x)

∆u = 0
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(where we have used Green's formula from Corollary 1.15-1). Thus, for every 0 < ε < r < dist(x, ∂Ω),
we have ϕ(r) = ϕ(ε). Since ϕ(ε) → u(x) as ε → 0 [why?], the second formula of the statement follows
directly.

We can rewrite the second formula in the following way:

u(x)tN−1|∂B1| =
∫
∂Bt(x)

u(y) dσ(y) for 0 < t < dist(x, ∂Ω).

By integrating this expression with respect to t between 0 and r and recalling that |Br| = rN |B1| =
rN |∂B1|

N , we obtain the �rst formula of the statement.

This result has very important consequences.

Theorem 3.10 (Weak and Strong Maximum Principle). Let u ∈ C2(Ω)∩C(Ω) be harmonic in Ω. Then:

i) max
Ω

u = max
∂Ω

u.

ii) If furthermore Ω is connected and there exists x0 ∈ Ω such that u(x0) = maxΩ u, then u is constant
in Ω. In other words, a nonconstant harmonic function can only achieve a maximum at the
boundary.

Observe that, since u ∈ C(Ω) and Ω is compact (because Ω is bounded), the function u achieves a
maximum both on ∂Ω and Ω. We always have the relation max∂Ω u 6 maxΩ u.

Proof. We start by proving the second statement.
(ii) Assume Ω is connected, and assume there exists x0 ∈ Ω such that

u(x0) = max
Ω

u := M.

Given Br(x0) ⊂ Ω, since u is harmonic,

u(x0) =
1

|Br|

∫
Br

u.

Thus
1

|Br|

∫
Br(x0)

(u(x)− u(x0)) dx = 0

and, since u(x)− u(x0) is a nonpositive continuous function, then u(x) = u(x0) for every x ∈ Br(x0).
Therefore, the set

UM := {x ∈ Ω : u(x) = M}

is:

- nonempty, since x0 ∈ UM ;

- open, since we just proved that if x ∈ UM and Br(x) ⊂ Ω, then Br(x) ⊂ UM ;

- closed, since UM = u−1(M) and u is continous.

Since Ω is connected, we conclude that UM = Ω, so that u ≡ u(x0) in Ω.

(i) If Ω is connected, we are done. If not, we can write it as the union of connected components, and
there exists one � denote it by ω � where

max
Ω

u = max
ω

u=
↓

(ii)

max
∂ω

u 6 max
∂Ω

u.

The second statement is stronger than the �rst one. The �rst result is called the weak maximum
principle, while the second is the strong maximum principle.
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Remark 3.11. If Ω is not connected, then (ii) is false in general. Indeed, consider Ω = (0, 1) ∪ (2, 3),
u : Ω→ R de�ned by u(x) = 1 if x ∈ (0, 1), u(x) = 0 if x ∈ (2, 3). Then u is harmonic, nonconstant, and
it achieves its maximum in (0, 1) ⊂ int Ω.

By applying Theorem 3.10 to −u, we obtain a corresponding weak and strong minimum principles.
In conclusion:

Corollary 3.12. Let u ∈ C2(Ω) ∩ C(Ω) be harmonic in Ω. Then:

max
Ω

u = max
∂Ω

u, and min
Ω
u = min

∂Ω
u.

Furthermore, if Ω is connected and u is non constant,

min
∂Ω

u < u(x) < max
∂Ω

u ∀x ∈ Ω.

From now on, Ω is a bounded domain (i.e., open and connected). Given f de�ned in Ω and g on
∂Ω, consider the boundary value problem:{

−∆u = f in Ω

u = g on ∂Ω.
(3.5)

The maximum principle is the key tool to have uniqueness and stability of solutions, as well as a com-
parison principle.

Theorem 3.13. Let f ∈ C(Ω) and g ∈ C(∂Ω). Then

i) (Uniqueness) There exists at most one solution u ∈ C2(Ω) ∩ C(Ω) of (3.5).

Consider u1 and u2 solutions of −∆u = f with Dirichlet boundary conditions g1 and g2, respectively.

ii) (Stability) We have
max

Ω
|u1(x)− u2(x)| 6 max

∂Ω
|g1(x)− g2(x)|.

iii) (Comparison) If g1 6 g2, then u1 6 u2. If moreover g1 6≡ g2 then actually u1 < u2 in Ω.

Proof. i) If u1, u2 solve (3.5), then the di�erence v := u1 − u2 solves

∆v = 0 in Ω, v = 0 on ∂Ω.

By Corollary 3.12, we have v ≡ 0, that is, u1 ≡ u2.

ii) and iii) For u1, u2 as in the statement, v := u1 − u2 satis�es

∆v = 0 in Ω, v = g1 − g2 on ∂Ω,

and by the maximum principle

v(x) = u1(x)− u2(x) 6 max
∂Ω

(g1 − g2) 6 max
∂Ω
|g1 − g2| ∀x ∈ Ω. (3.6)

The �rst inequality implies that, if g1 6 g2 on ∂Ω, then u1 6 u2 in Ω. If moreover g1 6≡ g2, then v
is non constant and iii) follows from the strong maximum principle. To conclude the proof of ii) take
w = u2 − u1, which solves

∆w = 0 in Ω, w = g2 − g1 on ∂Ω.

Again by the maximum principle,

w(x) = u2(x)− u1(x) 6 max
∂Ω

(g2 − g1) 6 max
∂Ω
|g1 − g2| ∀x ∈ Ω. (3.7)

Combining (3.6) and (3.7) we obtain

|u1(x)− u2(x)| 6 max
∂Ω
|g1 − g2| ∀x ∈ Ω.
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Remark 3.14. We present an alternative proof (via energy methods1) of the uniqueness result under
stronger regularity assumptions on the solutions. More precisely, let us prove that

There exists at most one solution u ∈ C2(Ω) of (3.5).

As before, we can reduce the problem to show that, if v ∈ C2(Ω) satis�es ∆v = 0 in Ω, v = 0 on ∂Ω,
then v ≡ 0 in Ω. This time, we multiply the equation of v by v itself, integrate in Ω, and use one of
Green's identities:

0 =

∫
Ω

∆vv = −
∫

Ω

|∇v|2 +

∫
∂Ω

∂v

∂ν
v dσ = −

∫
Ω

|∇v|2.

Thus |∇v|2 = 0 in Ω, so that v is constant (recall that Ω is connected). Since v = 0 on ∂Ω, then
necessarily v ≡ 0.

We saw that, if u ∈ C2(Ω) is such that ∆u = 0 in Ω, then u satis�es the following mean value
property

u(x) =
1

|∂Br|

∫
∂Br(x)

u(y) dσ(y) for every ball Br(x) b Ω,

which implies (it is actually equivalent, see the next theorem!)

u(x) =
1

|Br|

∫
Br(x)

u(y) dy for every ball Br(x) b Ω.

We say that u satis�es the mean value property if one of the previous statements hold true. Observe
that these only require u to be continuous to make sense. The following statement shows that u being
harmonic is actually equivalent to satisfy a mean value property. To show this we will �rst see that u is
actually of class C∞.

Theorem 3.15 (Regularity). If u ∈ C(Ω) satis�es the mean value property for each ball Br(x) b Ω,
then u ∈ C∞(Ω) and is harmonic.

Proof. 1) Let us start by the regularity result. Extend u by 0 to the whole RN (and keep denoting the
resulting function by u). Let ρε be the molli�ers introduced in the previous chapter. Observe that ρε
are radially symmetric: ρε(x) = ρε(y) for every x, y ∈ RN with |x| = |y| (with some abuse of notation,
we write ρε(x) = ρε(r)).

De�ne
uε := ρε ∗ u

and, for ε > 0 small, take
x ∈ Ωε := {y ∈ Ω : dist(y, ∂Ω) > ε}

(the set was chosen in such a way that Bε(x) b Ω). We have

uε(x) =

∫
RN

ρε(x− y)u(y) dy =

∫
Bε(x)

ρε(x− y)u(y) dy

=

∫ ε

0

∫
∂Br(x)

ρε(|x− y|︸ ︷︷ ︸
r

)u(y) dσ(y) dr

=

∫ ε

0

ρε(r)

(∫
∂Br(x)

u(y) dσ(y)

)
dr

=

∫ ε

0

ρε(r)|∂Br|u(x) dr (by the mean value property)

= u(x)

∫
Bε(0)

ρε(y) dy = u(x).

Thus, since uε ∈ C∞(Ωε), also u ∈ C∞(Ωε). Since ε was taken arbitrarily small, actually u ∈ C∞(Ω).

1The name comes from the fact that we are evaluating L2�norms of several quantities which typically represent energy
terms. For instance, if u represents the vertical displacement of an elastic membrane, then

∫
Ω |∇u|

2 represents the elastic
potential energy, coming from tension forces.
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2) Let us now check that ∆u = 0 in Ω. By the mean value property, given x ∈ Ω, we have that

ϕ(r) :=
1

|∂Br|

∫
∂Br(x)

u(y) dσ(y) ≡ constant.

Thus, repeating some of the computations used in the proof of Theorem 3.9,

0 = ϕ′(r) =
1

|∂Br|

∫
∂Br(x)

∂u

∂ν
dσ=
↓

since u ∈ C2(Ω)

1

|∂Br|

∫
Br(x)

∆u.

Thus, again because u ∈ C2(Ω), and since |∂Br| = N
r |Br| [check it!],

∆u(x) = lim
r→0+

N

r
ϕ′(r) = 0.

Theorem 3.16 (Local Estimates). Let u be harmonic in Ω. Then for every x ∈ Ω and 0 < r <
dist(x, ∂Ω),

|uxi(x)| 6 N

r
max
∂Br(x)

|u|, i = 1, . . . , N.

Proof. Since u is harmonic, it is a C∞�function and 0 = (∆u)xi = ∆uxi in Ω for i = 1, . . . , N . By the
mean value property applied to uxi and one of Green's identities:

uxi(x) =
1

|Br|

∫
Br(x)

uxi =
1

|Br|

∫
∂Br(x)

uνi dσ,

so that

|uxi(x)| 6 1

|Br|

∫
∂Br(x)

|u| |νi|︸︷︷︸
61

dσ 6 max
∂Br(x)

|u| |∂Br|
|Br|

=
N

r
max
∂Br(x)

|u|.

Corollary 3.17 (Liouville's Theorem, weak version). Let u be a harmonic function in RN . If u is
bounded, then u is constant.

Proof. Given x ∈ RN and M > 0 such that |u| 6M in RN ,

|uxi(x)| 6 N

r
max
∂Br(x)

|u| 6M
N

r
→ 0 as r →∞.

Thus ∇u ≡ 0 in RN , which implies that u is constant.

We can actually deduce a stronger Liouville theorem. For that, inspecting the proof of Theorem 3.16
we see that, if u > 0, then

|uxi(x)| 6 1

|Br|

∫
∂Br(x)

|u|︸︷︷︸
=u

|νi|︸︷︷︸
61

dσ 6
1

|Br|

∫
∂Br(x)

u dσ =
N

r
u(x),

whenever Br(x) b Ω.

Corollary 3.18 (Improved Liouville's Theorem). Let u be a harmonic function in RN which is bounded
from below or from above. Then u is constant.

Proof. If u > 0, then for x ∈ RN and i = 1, . . . , N ,

|uxi(x)| 6 N

r
u(x)→ 0 as r →∞,

and we conclude that u is constant.
If u > C for some C ∈ R, we apply the previous reasoning to the harmonic nonnegative function

u− C. If u 6 C, we apply it to the function C − u.
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Proposition 3.19 (Higher order local estimates). Let u be harmonic in Ω and k ∈ N. Then, for every
x ∈ Ω and 0 < r < dist(x, ∂Ω),

|Dαu(x)| 6 Nkek−1k!

rk
max
Br(x)

|u|, ∀α ∈ NN0 : |α| = k.

Proof. We argue by induction in k. For k = 1, the result is a direct consequence of Theorem 3.16.
Assume now that the result holds for a certain k, and let α = (α1, . . . , αN ) ∈ NN0 be a multi-index such
that |α| = k + 1. Assuming without loss of generality that α1 > 0, let α′ = (α1 − 1, α2, . . . , αN ), which
is such that |α′| = k. Take r1 = k

k+1r and r2 = 1
k+1r (note that r1 + r2 = 1). Then, by the induction

hypothesis and Theorem 3.16,

|Dαu(x)| = |Dα′∂x1
u(x)| 6 Nkek−1k!

rk1
max
Br1 (x)

|∂x1u| 6
Nkek−1k!

rk1

N

r2
max
Br(x)

|u|

=
Nk+1ek−1k!

rk+1

(
1 +

1

k

)k
︸ ︷︷ ︸

6e

(k + 1) max
Br(x)

|u| 6 Nk+1ek(k + 1)!

rk+1
max
Br(x)

|u|,

as required.

The previous estimates allow to show that solutions are even more regular than shown in Theorem
3.15.

Theorem 3.20. Every harmonic function is analytic.

Proof. Let x ∈ Ω and take r > 0 such that B2r(x) b Ω. Since u ∈ C∞, we can use Taylor's Formula
with Lagrange remainder: for h ∈ RN su�ciently small (|h| < r),

u(x+ h) =
∑
|α|6k

1

α1! . . . αN !
Dαu(x)hα1

1 . . . hαNN +Rk(h),

where

Rk(h) =
∑

|α|=k+1

1

α1! . . . αN !
Dαu(x1 + s1h1, . . . , xN + sNhN )hα1

1 . . . hαNN

for some s1, . . . , sN ∈ (0, 1). We have the estimate

|Rk(h)| 6 |h|k+1N
k+1ek

rk+1

∑
|α|=k+1

(k + 1)!

α1! . . . αN !︸ ︷︷ ︸
=Nk+1

max
Br(x)

|u| 6 1

e

(
|h|N2e

r

)k+1

max
Br(x)

|u|,

since, by the Multinomial Theorem,

Nk+1 = (1 + . . .+ 1︸ ︷︷ ︸
N times

)k+1 =
∑

|α|=k+1

(k + 1)!

α1! . . . αN !
.

Therefore the remainder term goes uniformly to 0 for |h| < r̄ := r
2N2e . Since x is arbitrary in Ω, u is

analytic.

Remark 3.21. A common notation for the space of analytic functions in Ω is Cω(Ω).

Remark 3.22. Observe that Theorem 3.20 is consistent with a standard result from complex analysis:
holomorphic functions are analytic.
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3.2.2 Representation Formulas

Fundamental Solution. We know that any a�ne function u(x) = a·x+b, with a, b ∈ RN , is harmonic.
Another example is, for instance, u(x) = x2

1 − x2
2. Let us look for other kind of harmonic functions in

the whole space RN . Since the Laplace equation is invariant under rotations1, it makes sense to look for
a harmonic function u which is radially symmetric:

u(x) = v(|x|), for some v : R+
0 → R. (3.8)

In what follows we work with N > 2, and denote the radial variable by r := |x|. Since

∂u

∂xi
= v′(r)

xi
|x|

and
∂2u

∂x2
i

= v′′(r)
x2
i

|x|2
+ v′(r)

(
1

|x|
− x2

i

|x|3

)
,

then

∆u =

N∑
i=1

∂2u

∂x2
i

= v′′(r)
|x|2

|x|2
+ v′(r)

(
N

|x|
− |x|

2

|x|3

)
= v′′(r) +

N − 1

r
v′(r) = 0.

Therefore, for a function of the form (3.8), u is harmonic in RN \ {0} if and only if

v′′ +
N − 1

r
v′ = 0, r > 0.

By multiplying this ODE by the integral factor exp(
∫
N−1
r dr) = rN−1, we obtain

(rN−1v′)′ = 0 ⇐⇒ rN−1v′ = C ⇐⇒ v′ = Cr1−N ,

and

v(r) =

{
a log r + b if N = 2

ar2−N + b if N > 3
.

We now choose a, b in order to have∫
∂Br(0)

∂u

∂ν
dσ = −1 ∀r > 0.

We take b = 0 and, since∫
∂Br(0)

∂u

∂ν
dσ =

∫
∂Br(0)

∇u(x) · x
r
dσ(x) =

∫
∂Br(0)

v′(r)
x

r
· x
r
dσ(x) = |∂B1|rN−1v′(r),

we choose

a = − 1

|∂B1|
= − 1

2π
if N = 2, and a =

1

(N − 2)|∂B1|
if N > 3.

De�nition 3.23. The function Φ : RN \ {0} → R given by

Φ(x) :=


− 1

2π
log |x| if N = 2

1

(N − 2)|∂B1|
1

|x|N−2
if N > 3

is called the fundamental solution of the Laplace equation. It is a radially symmetric, harmonic function
in RN \ {0}, and satis�es ∫

∂Br(0)

∂Φ

∂ν
dσ = −1 ∀r > 0.

We leave as an exercise proving the fact that Φ ∈ L1
loc(RN ).

1In fact, if u is harmonic in RN and O is an orthonormal N ×N matrix, then v(x) := u(Ox) is also harmonic in RN .
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Theorem 3.24 (Representation Formula in RN ). Let f ∈ C2
c (RN ). Then the function1

u(x) := (Φ ∗ f)(x) =

∫
RN

Φ(x− y)f(y) dy

is of class C2(RN ) and satis�es the equation

−∆u = f in RN .

Proof. We present the proof for N > 3. Observe that it is not true that ∆u = (∆Φ) ∗ f (which is 0)
since Φ is only of class C2 in RN \ {0}, and ∆Φ /∈ L1

loc(RN ) [check it!]. However, since u = Φ ∗ f = f ∗Φ,
with f ∈ C2

c (RN ), then u ∈ C2(RN ) and

∆u = ∆f ∗ Φ.

Take x ∈ RN and let BR(0) be such that x− supp f ⊂ BR(0). Then2

∆u(x) =

∫
RN

∆f(x− y)Φ(y) dy =

∫
BR(0)

∆y[f(x− y)]Φ(y) dy

= lim
ε→0+

∫
BR(0)\Bε(0)

∆y[f(x− y)]Φ(y) dy,

by Lebesgue's Dominated Convergence Theorem. Applying Green's identity to the functions Φ and
f(x− ·) in BR(0) \Bε(0), and recalling that ∆Φ = 0 in RN \ {0},∫

BR(0)\Bε(0)

∆y[f(x− y)]Φ(y) dy =

∫
∂(BR(0)\Bε(0))

∂

∂νy
[f(x− y)]Φ(x)− f(x− y)

∂Φ

∂ν
(y) dσ(y).

By the choice of R, we have f(x− y) = 0 for y in an open neighborhood of ∂BR(0), thus∫
∂BR(0)

∂

∂νy
[f(x− y)]Φ(x)− f(x− y)

∂Φ

∂ν
(y) dσ(y) = 0.

Since the external normal at x ∈ ∂Bε(0) with respect to the set BR(0) \ Bε(0) is symmetric to the
external normal with respect to the set Bε(x), we have

∆u(x) = − lim
ε→0+

∫
∂Bε(0)

∂

∂νy
[f(x− y)]Φ(y)− f(x− y)

∂Φ

∂ν
(y) dσ.

Now, as ε→ 0+, ∣∣∣∣∣
∫
∂Bε(0)

∂

∂νy
[f(x− y)]Φ(y)

∣∣∣∣∣ 6 C

∫
∂Bε(0)

1

|y|N−2
dσ(y) = C|∂B1|ε→ 0,

while ∫
∂Bε(0)

f(x− y)
∂Φ

∂ν
(y) dσ(y) =

∫
∂Bε(0)

(f(x− y)− f(x))
∂Φ

∂ν
(y) dσ(y)− f(x)→ −f(x),

as ε→ 0+, since ∫
∂Bε(0)

∂Φ

∂ν
dσ = −1

and ∣∣∣∣∣
∫
∂Bε(0)

(f(x− y)− f(x))
∂Φ

∂ν
(y) dσ(y)

∣∣∣∣∣ 6 max
|y|=ε

|f(x− y)− f(x)| → 0 as ε→ 0+.

1This is called the Newtonian Potential of f , since for N = 3 it is, up to a constant, the potential of the gravitational
force generated by a mass distribution with mass density f .

2Don't be confused by the notation: ∆f(x − y) represents the function ∆f evaluated at x − y, while ∆y [f(x − y)]
represents the Laplacian of the function y 7→ f(x− y).
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Remark 3.25. De�ne the �Dirac Delta operator� δx through the expression f 7→ δx(f) := f(x). We
will give, in the next chapter, a sense to the equation

−∆y[Φ(x− y)] = δx

and to the computations

∆

(∫
RN

Φ(x− y)f(y) dy

)
=

∫
RN

∆x[Φ(x− y)]f(y) dy

=

∫
RN

∆y[Φ(x− y)]f(y) dy = −δx(f) = −f(x).

A natural question is if the solution found in Theorem 3.24 for the problem −∆u = f in RN is unique.
The (obvious) answer is NO: if u is a solution, then u+ c is a solution for every constant c, or u+ p1(x)
where p1(x) is a �rst order polynomial in the variables x1, . . . , xN . The answer is, on the other hand,
YES, if we prescribe the asymptotic behavior of the solutions as |x| → ∞ (which replaces the �boundary
conditions�)

Theorem 3.26. Let N > 3 and f ∈ C2
c (RN ) The function u = Φ ∗ f is the unique (classical) solution

of the problem {
−∆u = f in RN

u(x)→ 0 as |x| → ∞.
(3.9)

Proof. We have seen in Theorem 3.24 that u := Φ ∗ f solves −∆u = f . Moreover, denoting by K the
support of f ,

u(x) =
1

(N − 2)|∂B1|

∫
K

f(y)

|x− y|N−2
dy 6

1

(N − 2)|∂B1|
1

dist(x,K)N−2

∫
K

f(y) dy → 0

as |x| → ∞. As for the uniqueness results, if v is a solution of (3.9), then w := v − u satis�es

∆w = 0 in RN , w → 0 as |x| → ∞.

In particular, w is bounded and harmonic, and by Liouville's theorem w is constant. Since w → 0 as
|x| → ∞, then w ≡ 0.

Observe that, given a prescribed asymptotic behavior at in�nity, the last argument used in the proof
shows that there exists at most one solution with that rate.

Remark 3.27. In dimension 2 one can prove that u is the unique solution of −∆u = f in RN with the
asymptotic behavior

u(x) = − 1

2π

(∫
R2

f(y) dy

)
log |x|+ O

(
1

|x|

)
as |x| → ∞.

(see [13, Problem 3.11]).

Green's function Let Ω be a bounded domain of class C1. We want to deduce a representation
formula for the solution of (3.5). In other words, the question is: if u ∈ C2(Ω) is a solution, what is the
expression of u? We start with some preliminary results.

Lemma 3.28. Take u ∈ C2(Ω). Then, for every x ∈ Ω,

u(x) = −
∫

Ω

Φ(x− y)∆u(y) dy +

∫
∂Ω

Φ(x− y)
∂u

∂ν
(y)− ∂

∂νy
[Φ(x− y)]u(y) dσ(y).
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Proof. This proof has a lot in common with the one of Theorem 3.24, so we skip here some details. Fix
x ∈ Ω and take ε > 0 small in such a way that Bε(x) ⊂ Ω. By Green's identity applied to u and Φ(x−·)
on Ω \Bε(x), and recalling that ∆y[Φ(x− y)] = 0 in RN \ {x}:

−
∫

Ω\Bε(x)

∆u(y)Φ(x− y) dy =

∫
∂(Ω\Bε(x))

∂

∂νy
[Φ(x− y)]u(y)− ∂u

∂ν
(y)Φ(x− y) dσ(y)

=

∫
∂Ω

∂

∂νy
[Φ(x− y)]u(y)− ∂u

∂ν
(y)Φ(x− y) dσ(y)−

∫
∂Bε(x)

∂

∂νy
[Φ(x− y)]u(y)− ∂u

∂ν
(y)Φ(x− y) dσ(y).

We can conclude observing that, as ε→ 0,

−
∫

Ω\Bε(x)

∆u(y)Φ(x− y) dy → −
∫
Ω

∆u(y)Φ(x− y) dy

(by Lebesgue's Dominated Convergence Theorem)

−
∫
∂Bε(x)

∂

∂νy
[Φ(x− y)]u(y) dσ(y) =

∫
∂Bε(x)

∇Φ(x− y) · y − x
ε

u(y) dσ(y)

= −
∫
∂Bε(0)

∇Φ(z) · z
ε
u(x+ z) dσ(z) = −

∫
∂Bε(0)

∂Φ

∂ν
(z)u(x+ z) dz → u(x)

and ∣∣∣∣∣
∫
∂Bε(x)

∂u

∂ν
(y)Φ(x− y) dσ(y)

∣∣∣∣∣ 6 C

∫
∂Bε(0)

|Φ(y)| dσ(y)→ 0.

Using this result, we can conclude that, if u ∈ C2(Ω) solves (3.5), then

u(x) =

∫
Ω

Φ(x− y)f(y) dy +

∫
∂Ω

Φ(x− y)
∂u

∂ν
(y)− ∂

∂νy
[Φ(x− y)]g(y) dσ(y). (3.10)

In order to obtain a useful representation formula, we need to take care of the term∫
∂Ω

Φ(x− y)
∂u

∂ν
(y) dσ(y) (3.11)

which still depends on u and not on the data of the problem.
Let us make the following assumption on Ω from now on:

For each x ∈ Ω �xed, there exists ϕ(x, ·) ∈ C2(Ω) satisfying

{
∆yϕ = 0 if y ∈ Ω

ϕ(x, y) = Φ(x− y) if y ∈ ∂Ω.
(A)

Observe that Φ(x − y) is never singular for x ∈ Ω, y ∈ ∂Ω. It is known that there exists a solution
ϕ ∈ C2(Ω) ∩ C(Ω) under the assumptions of this section: Ω a C1 bounded domain (see [6, �2.8] or [13,
�3.5]). However, the question on wether ϕ ∈ C2(Ω) is much more delicate and is out of the scope of this
course.

Let us see why ϕ is important for our purposes. Using this time Green's identity for ϕ and u in Ω,∫
Ω

∆yϕ(x, y)u(y)︸ ︷︷ ︸
=0

−ϕ(x, y)∆u(y) dy =

∫
∂Ω

∂

∂νy
ϕ(x, y)u(y) dy − ϕ(x, y)

∂u

∂ν
(y) dσ(y),

so that, if u satis�es (3.5), we see that∫
∂Ω

Φ(x− y)
∂u

∂ν
(y) dσ(y) =

∫
Ω

ϕ(x, y)∆u(y) dy +

∫
∂Ω

∂

∂νy
ϕ(x, y)u(y) dσ(y)

= −
∫

Ω

ϕ(x, y)f(y) dy +

∫
∂Ω

∂

∂νy
ϕ(x, y)g(y) dσ(y). (3.12)
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Thus, as we wanted, we have written (3.11) as a function of the data f and g. Combining (3.10) with
(3.12) we have that, if u ∈ C2(Ω) solves (3.16), then

u(x) =

∫
Ω

(Φ(x− y)− ϕ(x, y))f(y) dy +

∫
∂Ω

∂

νy
[ϕ(x, y)− Φ(x− y)]g(y) dσ(y).

This motivates the following.

De�nition 3.29. Assume (A). The Green's function of Ω is de�ned as

G(x, y) := Φ(x− y)− ϕ(x, y), ∀x ∈ Ω, y ∈ Ω, x 6= y.

The fundamental solution Φ(x− y) is called the singular part of G, while ϕ(x, y) is its regular part.

We have thus showed the following result.

Theorem 3.30 (Representation Formula). Let Ω be a bounded domain of class C1 where (A) holds, and
let G be its Green function. Then, for every u ∈ C2(Ω), we have

u(x) =

∫
Ω

G(x, y)(−∆u(y)) dy −
∫
∂Ω

∂G

∂νy
(x, y)u(y) dσ(y).

In particular, if u solves the boundary value problem

−∆u = f in Ω, u = g on ∂Ω,

then

u(x) =

∫
Ω

G(x, y)f(y) dy −
∫
∂Ω

∂G

∂νy
(x, y)g(y) dσ(y).

Remark 3.31. Observe that

x 7→
∫

Ω

G(x, y)f(y) dy

is a formula for the solution of
−∆u = f in Ω, u = 0 on ∂Ω

while

x 7→ −
∫
∂Ω

∂G

∂νy
(x, y)u(y) dσ(y)

is a formula for the solution of
∆u = 0 in Ω, u = g on ∂Ω.

The term − ∂G
∂νy

(x, y) is called the Poisson kernel.

Let us compute the Green function in one particular case: when Ω is a ball.

Green's function on BR(0), N > 3 We want to solve, for x ∈ BR(0) �xed, the problem{
∆yϕ(x, y) = 0 for y ∈ Ω = BR(0)

ϕ(x, y) = 1
(N−2)|∂B1|

1
|x−y|N−2 when |y| = R.

Lemma 3.32. The (unique) solution of this problem is given by

ϕ(x, y) =
1

(N − 2)|∂B1|
1∣∣∣ R|x|x− |x|R y∣∣∣N−2

, x ∈ BR(0) \ {0}, y ∈ BR(0),

while

ϕ(0, y) =
1

(N − 2)|∂B1|
1

RN−2
.

Moreover, ϕ(x, ·) ∈ C2(BR(0)) for every x ∈ BR(0).
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Proof. For x = 0 the claim is immediate, so we focus on the case x 6= 0.

1. We have

ϕ(x, y) =
1

(N − 2)|∂B1|
RN−2

|x|N−2

1

|x∗ − y|N−2
,

where x∗ := R2

|x|2x, for x ∈ RN \ {0}. The transformation x 7→ x∗ leaves the sphere ∂BR(0) invariant,

mapping BR(0) \ {0} to RN \ BR(0) (the origin to in�nity) and vice-versa. Thus, for x ∈ BR(0) \ {0},
1

|x∗−y|N−2 is of class C2 and harmonic in BR(0) ⊂ RN \ {x∗}.

2. If |y| = R, then ∣∣∣∣ R|x|x− |x|R y

∣∣∣∣2 = R2 + |x|2 − 2x · y = |x− y|2,

thus ϕ(x, y) = Φ(x− y) for x ∈ BR(0), y ∈ ∂BR(0).

Remark 3.33. Let Ω = BR(0). Since
∣∣∣ R|x|x− |x|R y∣∣∣2 = R2 + |x|2|y|2

R2 − 2x · y, we can write

ϕ(x, y) =
1

(N − 2)|∂B1|
1∣∣∣R2 + |x|2|y|2

R2 − 2x · y
∣∣∣N−2

2

,

for every x ∈ BR(0) and y ∈ BR(0).

Corollary 3.34. The Green's function of BR(0), for N > 3, is given by

G(x, y) =


1

(N − 2)|∂B1|

 1

|x− y|N−2
− 1∣∣∣R x

|x| −
|x|
R y
∣∣∣N−2

 if x ∈ BR(0) \ {0}, y ∈ BR(0)

1

(N − 2)|∂B1|

(
1

|x− y|N−2
− 1

RN−2

)
if x = 0, y ∈ BR(0)

=
1

(N − 2)|∂B1|

 1

|x− y|N−2
− 1∣∣∣R2 + |x|2|y|2

R2 − 2x · y
∣∣∣N−2

2

 .

With some patience, we can deduce that

∂G

∂νy
(x, y) := ∇yG(x, y) · y

R
= − R2 − |x|2

|∂B1|R|x− y|N
for x ∈ BR(0), y ∈ ∂BR(0).

Thus, if u ∈ C2(BR(0)) is a solution of

−∆u = f in BR(0), u = g on ∂BR(0), (3.13)

then

u(x) =
1

(N − 2)|∂B1|

∫
BR(0)

 1

|x− y|N−2
− 1∣∣∣R2 + |x|2|y|2

R2 − 2x · y
∣∣∣N−2

2

 f(y) dy

+
R2 − |x|2

|∂B1|R

∫
∂BR(0)

g(y)

|x− y|N
dσ(y). (3.14)

Let us check that, under suitable assumptions on f and g, this is indeed a solution of the boundary value
problem (3.13).
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Lemma 3.35. Let f ∈ C2
c (BR(0)). Then

u(x) =

∫
BR(0)

G(x, y)f(y) dy

=
1

(N − 2)|∂B1|

∫
BR(0)

 1

|x− y|N−2
− 1∣∣∣R2 + |x|2|y|2

R2 − 2x · y
∣∣∣N−2

2

 f(y) dy

is a C2(BR(0)) ∩ C(BR(0)) function, and

−∆u = f in BR(0), u = 0 on ∂BR(0).

Proof. 1. Since f ∈ C2
c (BR(0)), by extending it by 0 to the whole RN and still denoting the extension

by f , we have f ∈ C2
c (RN ). Therefore we have

u(x) = (Φ ∗ f)(x)−
∫
BR(0)

ϕ(x, y)f(y) dy

and so u ∈ C2(BR(0)) with

−∆u(x) = −∆(Φ ∗ f)(x) +

∫
BR(0)

∆xϕ(x, y)f(y) dy = f(x)

since −∆(Φ∗f)(x) = f(x) by Theorem 3.24, while ∆xϕ(x, y) = ∆yϕ(x, y) = 0 because ϕ(x, y) = ϕ(y, x).

2. Since G(x, y) = 0 for |x| = R, then u = 0 on ∂BR(0).

3. Let us check that u is continuous up to the boundary. Firstly, we have Φ ∗ f ∈ C(RN ). Secondly,
since f ∈ C2

c (BR(0)), for su�ciently small ε > 0 we have

x 7→
∫
BR(0)

ϕ(x, y)f(y) dy =
1

(N − 2)|∂B1|

∫
BR−ε(0)

f(y)∣∣∣R2 + |x|2|y|2
R2 − 2x · y

∣∣∣N−2
2

dy,

which is continuous on BR(0) by Lebesgue's Dominated Convergence Theorem, since on BR−ε(0)

R2 +
|x|2|y|2

R2
− 2x · y > R2 +

|x|2|y|2

R2
− 2|x||y| >

(
R− |x||y|

R

)2

> ε2.

Lemma 3.36 (Poisson's Formula for the Ball, N > 3). Let g ∈ C(∂BR(0)). Then

u(x) =


R2 − |x|2

|∂B1|R

∫
∂BR(0)

g(y)

|x− y|N
dσ(y) if x ∈ BR(0),

g(x) if x ∈ ∂BR(0)

is a C2(BR(0)) ∩ C(BR(0))�function, being the unique solution of

∆u = 0 in BR(0), u = g on ∂BR(0).

Proof. De�ne

K(x, y) := − ∂G
∂νy

(x, y) =
R2 − |x|2

|∂B1|R
1

|x− y|N
.

1. For |y| = R, a direct computation shows that

K(·, y) ∈ C∞(BR(0)) and ∆xK(x, y) = 0 in BR(0).
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Thus u ∈ C2(BR(0)) and

∆u(x) =

∫
∂BR(0)

∆xK(x, y)g(y) dσ(y) = 0.

2. Using Lebesgue's dominated convergence theorem it is easy to check that u ∈ C(BR(0)) (observe that
1/|x− y|N never becomes singular for x ∈ BR(0), y ∈ ∂BR(0)). To end the proof, we need to check that,
given x0 ∈ ∂BR(0) and xn ∈ BR(0) such that xn → x0, it holds

u(xn) =

∫
∂BR(0)

K(xn, y)g(y) dσ(y)→ g(x0) as n→∞.

2a) Using the formula (3.14) for u ≡ 1 (which is a C2(BR(0)) function), we deduce that∫
∂BR(0)

K(x, y) dσ(y) = 1, for every x ∈ BR(0).

2b) First, we have the following estimate∣∣∣∣∣
∫
∂BR(0)

K(xn, y)g(y) dσ(y)− g(x0)

∣∣∣∣∣ 6
∫
∂BR(0)

K(xn, y)|g(y)− g(x0)| dσ(y)

=
R2 − |xn|2

|∂B1|R

∫
∂BR(0)

|g(y)− g(x0)|
|xn − y|N

dσ(y). (3.15)

Given ε > 0, we choose δ in such a way that

|y − x0| 6 δ, y ∈ ∂BR(0) =⇒ |g(y)− g(x0)| < ε.

We analyse (3.15) by considering the splitting

∂BR(0) = (∂BR(0) ∩Bδ(x0))∪̇(∂BR(0) ∩Bcδ(x0)).

We have∫
∂BR(0)
|y−x0|6δ

K(xn, y)|g(y)− g(x0)| dσ(y) 6 max
y∈∂BR(0)

|y−x0|6δ

|g(y)− g(x0)|
∫
∂BR(0)

K(xn, y) dσ(y) 6 ε

while in the second region, since |xn − y| > |y − x0| − |xn − x0| > δ/2 for n large,∫
∂BR(0)
|y−x0|>δ

R2 − |xn|2

|∂B1|R
|g(y)− g(x0)|
|xn − y|N

dσ(y) 6 max
y∈∂BR(0)

|g(y)− g(x0)|
(

2

δ

)N
(R+ |xn|)(R− |xn|)

|∂B1|R
6 ε

for large n.

By combining Lemmas 3.35 and 3.36, we have

Corollary 3.37. Let f ∈ C2
c (Ω) and g ∈ C(∂Ω). Then u given by (3.14) for x ∈ BR(0), u(x) = g(x)

for x ∈ ∂BR(0), is a C2(BR(0)) ∩ C(BR(0)) function, being the unique (classical) solution of (3.13).

Remark 3.38. It is hard, in general, to obtain a representation formula (we did it for the ball only).
Moreover, even in a case where we had an explicit formula, it order to check that it was indeed a solution
required strong assumptions on the data. On Chapter 4 we will use other methods to �nd solutions.

A very important application of Poisson's formula is Harnack's inequality.

Theorem 3.39 (Harnack's inequality I, N > 3). Let u be harmonic and nonnegative in a domain
Ω ⊂ RN , where N > 3, and take BR(z) b Ω. Then

RN−2(R− |x− z|)
(R+ |x− z|)N−1

u(z) 6 u(x) 6
RN−2(R+ |x− z|)
(R− |x− z|)N−1

u(z) ∀x ∈ BR(z).
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Proof. It is enough to consider the case z = 0, since we can always reduce to this case by considering
the harmonic function v(x) = u(z − x). Therefore, our goal from now on is to prove that

RN−2(R− |x|)
(R+ |x|)N−1

u(0) 6 u(x) 6
RN−2(R+ |x|)
(R− |x|)N−1

u(0) ∀x ∈ BR(0).

Poisson's formula yields

u(x) =
R2 − |x|2

|∂B1|R

∫
∂BR(0)

u(y)

|x− y|N
dσ(y) ∀x ∈ BR(0).

In particular, for x = 0,

u(0) =
1

|∂B1|RN−1

∫
∂BR(0)

u(y) dσ(y).

Since |y| − |x| 6 |x− y| 6 |x|+ |y|, we have

u(x) 6
R2 − |x|2

|∂B1|R(R− |x|)N

∫
∂BR(0)

u(y) dσ(y) =
RN−2(R+ |x|)
(R− |x|)N−1

u(0)

and

u(x) >
R2 − |x|2

|∂B1|R(R+ |x|)N

∫
∂BR(0)

u(y) dσ(y) =
RN−2(R− |x|)
(R+ |x|)N−1

u(0)

and the claim follows.

Theorem 3.40 (Harnack's inequality II, N > 3). Let Ω′ b Ω with Ω′ connected, N > 3. Then there
exists C = C(Ω′,Ω) such that

sup
Ω′

u 6 C inf
Ω′
u, for all nonnegative harmonic functions u in Ω.1

In particular,

1

C
u(y) 6 u(x) 6 Cu(y) ∀x, y ∈ Ω′, u nonnegative harmonic function in Ω.

Proof. Let d := dist(Ω′, ∂Ω) > 0, and let zm, zM ∈ Ω′ be such that

u(zm) = min
Ω′

u, u(zM ) = max
Ω′

u.

Since Ω′ is connected, there exists a �nite sequence of points x1, . . . , xk ∈ Ω′ such that x1 = zM , xk = zm
and |xj+1 − xj | 6 d/4 for j = 1, . . . , k − 1 (observe that k depends on Ω′ and Ω). Then, by the �rst
inequality in the �rst version of Harnack's inequality applied to the ball Bd/2(xj),

u(xj) 6
(d/2 + d/4)N−1

(d/2)N−2(d/2− d/4)
u(xj+1) = 22−N3N−1u(xj+1) ∀j = 1, . . . , k − 1,

which implies that supΩ′ u = u(x1) 6 (22−N3N−1)k−1u(xk) = (22−N3N−1)k−1 infΩ′ u.

3.2.3 The Dirichlet Principle

Given f ∈ C2(Ω) and g ∈ C(∂Ω), consider once again the boundary value problem{
−∆u = f in Ω

u = g on ∂Ω
(3.16)

We will show a relation between (3.16) and a minimization problem. Take the functional

E(u) =
1

2

∫
Ω

|∇u|2 dx−
∫

Ω

fu dx.

and the set A = {u ∈ C2(Ω) : u|∂Ω = g}.
1The remarkable fact of this statement is that the constant C does not depend on u
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Theorem 3.41 (Dirichlet's Principle). Let u ∈ C2(Ω). Then

u solves (3.16) ⇐⇒

{
E(u) = minAE

u ∈ A
.

Proof. Assume that u ∈ C2(Ω) satis�es (3.16); in particular, u ∈ A. Given v ∈ A, multiplying the
equation −∆u− f = 0 by u− v and integrating in Ω:

0 =

∫
Ω

(−∆u− f)(u− v) dx =

∫
Ω

∇u · ∇(u− v) dx−
∫
∂Ω

∂u

∂ν
(u− v) dσ −

∫
Ω

f(u− v) dx

=

∫
Ω

∇u · ∇(u− v) dx−
∫

Ω

f(u− v) dx

which implies, by using Young's inequality (with exponents 2), that∫
Ω

(|∇u|2 − fu) dx =

∫
Ω

∇u · ∇v dx−
∫

Ω

fv dx 6
1

2

∫
Ω

|∇u|2 dx+
1

2

∫
Ω

|∇v|2 dx−
∫

Ω

fv dx,

and so E(u) 6 E(v).

Conversely, assume that u ∈ C2(Ω) ∩ A is such that E(u) = min{E(v) : v ∈ A}. Let v ∈ D(Ω) and
consider the (real) function ϕ(t) = E(u + tv), t ∈ R. By assumption, ϕ admits a minimum at t = 0,
therefore

0 = ϕ′(0) =

∫
Ω

∇u · ∇v −
∫

Ω

fv =

∫
Ω

(−∆u− f)v.

Since v is arbitrary in D(Ω), we have −∆u = f in Ω by Lemma 1.9.

The previous result makes a connection between a problem in Calculus of Variations and PDEs. In
fact, −∆u = f is the so called Euler-Lagrange equation of the functional E. One is therefore tempted
to look for minimizers of E in order to solve (3.16). However, the existence of a minimizer is not always
guaranteed, as we can see in the following example due to Weierstrass.

Remark 3.42. Consider the minimization problem

inf{I(u) :=

∫ 1

−1

t2(u′(t))2 dt : u ∈ C2([−1, 1]), u(−1) = −1, u(1) = 1} > 0.

Considering

uε(t) :=
arctan

(
t
ε

)
arctan

(
1
ε

) ,
a direct computation show that I(uε)→ 0 as ε→ 0+. Therefore, the in�mum is not achieved [why?].

Therefore, even in a situation where the in�mum is �nite, a minimum does not necessarily exists.
The big obstruction to this, as we will see in a couple of chapters, is the ambient space C2(Ω), which is
not complete for the L2�norm. For now, we suggest the reader to take a look at [13, �6.1].

3.3 The Heat/Di�usion Equation

Consider the heat/di�usion equation

∂u

∂t
(x, t)−∆u(x, t) = f(x, t) for t > 0, x ∈ Ω ⊂ RN ,

where Ω is a bounded domain of RN , ∆u(x, t) = ∆xu(x, t) =
∑N
i=1

∂2u
∂x2
i
(x, t). In order to have well

posedness, we need to prescribe g : Ω→ R and h : ∂Ω× [0,+∞)→ R and to consider:

i) Initial Conditions (time):
u(x, 0) = g(x), x ∈ Ω.
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ii) Boundary Conditions (space), which tipically are one of the following:

� Dirichlet boundary conditions:

u(x, t) = h(x, t), x ∈ ∂Ω, t > 0;

� Neumann boundary conditions:

∂u

∂ν
(x, t) = h(x, t), x ∈ ∂Ω, t > 0;

� Robin boundary conditions: for some α 6= 0,

∂u

∂ν
(x, t) + αu(x, t) = h(x, t), x ∈ ∂Ω, t > 0;

� Mixed boundary conditions: the boundary is splitted in two or more parts, and on each part
we consider one of the previous boundary conditions.

Conditions i) and ii) together imply that we are prescribing information about the solution u(x, t) on
the boundary of the space-time/parabolic in�nite cylinder Ω ∪ [0,+∞).

Before we proceed, let us introduce some notations.

De�nition 3.43. Let T > 0. We de�ne:

1) The parabolic cylinder

ΩT := Ω× (0, T ]

and the parabolic boundary of ΩT :

ΓT := ΩT \ ΩT = (Ω× {0}) ∪ (∂Ω× [0, T ])

(observe that ΓT is precisely were we prescribe conditions to the solutions of our problem).

2) the space of functions twice di�erentiable in space and once di�erentiable in time by:

C2,1(ΩT ) := {u : ΩT → R : u,Dxu,D
2
xu,Dtu exist and are continuous in ΩT }.

Theorem 3.44 (Weak Maximum Principle). Suppose u ∈ C2,1(ΩT ) ∩ C(ΩT ) is a solution of

ut −∆u = 0 in ΩT . (3.17)

Then

max
ΩT

u = max
ΓT

u.

Proof. De�ne

M := max
ΩT

u, m = max
ΓT

u.

We would like to show that m = M . Since m 6 M , assume then by contradiction that m < M ; then
there exists (x0, t0) ∈ ΩT such that u(x0, t0) = M > m. Consider the auxiliary function

v(x, t) := u(x, t) +
M −m

2(diam(Ω))2
|x− x0|2,

where diam(Ω) := sup{|x− y| : x, y ∈ Ω}. Observe that

� v(x0, t0) = u(x0, t0) = M ;

� given (x, t) ∈ ΓT , v(x, t) 6 m+ M−m
2 = M+m

2 < M .
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Since (x0, t0) ∈ ΩT , then the maximum of v on ΩT is achieved at a point (x1, t1) which belongs to ΩT .
If t1 < T , then ∂tv(x1, t1) = 0 and ∆v(x1, t1) 6 0; if t1 = T then ∂tv(x1, t1) > 0 and ∆v(x1, t1) 6 0. In
either case, we have ∂tv(x1, t1)−∆v(x1, t1) > 0; by combining this with (3.17) we deduce that

0 6 ∂tv(x1, t1)−∆v(x1, t1) = ∂tu(x1, t1)−∆u(x1, t1)−N M −m
(diam(Ω))2

= −N M −m
(diam(Ω))2

< 0,

which is a contradiction.

Remark 3.45. In the previous theorem it is enough to assume that u satis�es

ut −∆u 6 0 in ΩT .

Remark 3.46. It is possible to prove, using a mean-value type theorem, the following strong maximum
principle:

Let Ω be a connected bounded open set. Let u ∈ C2,1(ΩT ) ∩ C(ΩT ) be a solution of

ut −∆u = 0 in ΩT .

If there exists (x0, t0) ∈ ΩT such that u(x0, t0) = maxΩT
u, then u is constant in Ωt0 .

(see Theorems 4 and 5 in section 2.3 of [5] for the details).

Remark 3.47. In case u represents a temperature and we are dealing with the heat equation (without
considering external interferences), the explanation for this theorem is the following: since heat �ows
from higher to lower temperature regions, the maximal temperature inside the body can never increase
as time passes.

Remark 3.48. By applying Theorem 3.44 to the function −u, we deduce the following minimum prin-
ciple:

Suppose u ∈ C2,1(ΩT ) ∩ C(ΩT ) is a solution of

ut −∆u = 0 in ΩT .

Then
min
ΩT

u = min
ΓT

u.

From now on we study the following initial and boundary value problem: for f : ΩT → R and
g : ΓT → R, {

ut −∆u = f in ΩT ,

u = g on ΓT .
(3.18)

Theorem 3.49. Let f ∈ C(ΩT ) and g ∈ C(ΓT ).

i) (Uniqueness) There exists at most one solution u ∈ C2,1(ΩT ) ∩ C(ΩT ) of (3.18).

Consider u1, u2 solutions of {
∂tui −∆ui = f in ΩT ,

ui = gi on ΓT .

Then:

ii) (Stability)
max
ΩT

|u1 − u2| 6 max
ΓT
|g1 − g2|;

iii) (Comparison) If g1 6 g2 on ΓT then u1 6 u2 in ΩT .

Proof. The result is straightforward from the maximum and minimum principles (compare with Theorem
3.13).
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Remark 3.50. For future reference, let us prove a uniqueness result like i) using �energy methods�. Let
u1, u2 ∈ C2,1(ΩT ) be two solutions of (3.18); then v := u1 − u2 solves{

∂tv −∆v = 0 in ΩT ,

v = 0 on ΓT .

Multiplying the equation by v and integrating for x ∈ Ω yields:

0 =

∫
Ω

vt(x, t)v(x, t) dx−
∫

Ω

∆v(x, t)v(x, t) dx =

∫
Ω

∂t

(
v2(x, t)

2

)
dx−

∫
Ω

∆v(x, t)v(x, t) dx

=
d

dt

∫
Ω

v2(x, t)

2
dx+

∫
Ω

|∇v(x, t)|2 dx−
∫
∂Ω

∂v

∂ν
(x, t)v(x, t) dσ(x)︸ ︷︷ ︸

=0

>
d

dt

∫
Ω

v2(x, t)

2
dx.

Therefore, for t ∈ (0, T ], ∫
Ω

v2(x, t) dx 6
∫

Ω

v2(x, 0) dx = 0,

and so v ≡ 0.

3.3.1 The Fundamental Solution

Consider the heat equation in the whole space:

ut −∆u = 0 x ∈ RN , t > 0. (3.19)

Consider the following preliminary considerations:

� The equation is invariant under the transformation

(x, t) 7→ (λx, λ2t), λ > 0,

i.e., if u is a solution of the heat equation, so is v(x, t) := u(λx, λ2t). Observe that this transfor-
mation leaves invariant the expression

x√
t
.

Thus, it makes sense to look for solutions of the form

v

(
x√
t

)
.

� If u represents the concentration of a substance subject to di�usion, the integral
∫
RN u(x, t) dx

represents the total mass. Since in (3.19) there are no external interferences, physically relevant
solutions should conserve the mass, that is,∫

RN
u(x, t) dx ≡ C for every t > 0

(formally, we have

d

dt

∫
RN

u(x, t) dx =

∫
RN

ut(x, t) dx =

∫
RN

∆u(x, t) dx = 0).

If u(x, t) = k(t) v
(
x√
t

)
, then we require that

C = k(t)

∫
RN

v

(
x√
t

)
dx = k(t)t

N
2

∫
RN

v(y) dy.

If we choose k(t) = κt−
N
2 , we see that functions of the form

t−
N
2 v

(
x√
t

)
satisfy a conservation of mass property.
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Considering the previous facts, the goal from now on is to look for solutions of (3.19) of the form

u(x, t) = t−
N
2 v(xt−

1
2 ).

Plugging this into equation (3.19) gives (for y = xt−
1
2 ),

−N
2
t−

N
2 −1v(y)− 1

2
t−

N
2 −1(∇v(y) · y)− t−N2 −1∆v(y) = 0,

which is equivalent to
N

2
v(y) +

1

2
∇v(y) · y + ∆v(y) = 0.

Assuming furthermore that v is radial, that is v(y) = w(|y|), we have (using r := |y| as new variable):

∇v(y) · y = w′(r)
y

|y|
· y = rw′(r);

∆v(y) = w′′(r) +
N − 1

r
w′(r).

Therefore
N

2
w(r) +

r

2
w′(r) +

N − 1

r
w′(r) + w′′(r) = 0.

Multiplying both sides of this equation by rN−1, we have

(rN−1w′)′ +
1

2
(rNw)′ = 0 ⇐⇒ rN−1w′ +

1

2
rNw = C,

for some C ∈ R. Making the extra assumptions that limr→∞ rNw(r) = limr→∞ rN−1w′(r) = 0, we have
C = 0, so

w′ +
1

2
rw = 0,

and there exists a ∈ R such that

w(r) = ae−
r2

4 .

In conclusion, we have that

u(x, t) =
a

t
N
2

e−
|x|2
4t , a ∈ R,

solves

ut(x, t)−∆u(x, t) = 0 for x ∈ RN , t > 0,

∫
RN

u(x, t) dx ≡ C.

Recalling that
∫
R e
−z2

dz =
√
π, we choose a = (2

√
π)−N , so that∫

RN
u(x, t) dx = 1.

All this motivates the following.

De�nition 3.51 (Fundamental Solution). The function

Φ(x, t) =
1

(4πt)
N
2

e−
|x|2
4t , x ∈ RN , t > 0

is called the fundamental solution of the heat equation. It solves

∂tΦ(x, t)−∆Φ(x, t) = 0, x ∈ RN , t > 0,

∫
RN

Φ(x, t) dx = 1, for all t > 0.

Theorem 3.52. Let g ∈ C(RN ) ∩ L∞(RN ) and de�ne

u(x, t) = (Φ(·, t) ∗ g)(x) =

∫
RN

Φ(x− y, t)g(y) dy

=
1

(4πt)
N
2

∫
RN

e−
|x−y|2

4t g(y) dy.

Then:
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i) u ∈ C∞(RN × (0,∞));

ii) ut(x, t)−∆u(x, t) = 0 for x ∈ RN , t > 0;

iii) lim
(x,t)→(x0,0)

u(x, t) = g(x0) for every x0 ∈ RN ;

iv) ‖u‖L∞(RN×(0,∞)) 6 ‖g‖L∞(RN ).

Proof. Assertions i) and ii) follow easily from the properties of the fundamental solution and the convo-
lution operation, whereas iv) is a consequence of

|u(x, t)| 6
∫
RN

Φ(y, t)|g(x− y)| dy 6
∫
RN

Φ(y, t)‖g‖L∞(RN ) dy = ‖g‖L∞(RN ).

To prove (iii), we notice that

u(x, t)− g(x0) =

∫
RN

Φ(y, t)
[
g(x− y)− g(x0)

]
dy.

Fix ε > 0. By continuity of g at x0, choose δ > 0 such that

|g(x)− g(x0)| < ε whenever |x− x0| < 2δ.

For |y| < δ, if |x− x0| < δ then |x− y − x0| < 2δ, and so∣∣∣∣∣
∫
|y|<δ

Φ(y, t)[g(x− y)− g(x0)]dy

∣∣∣∣∣ ≤ ε
∫
|y|<δ

Φ(y, t) dy ≤ ε.

On the other hand,∣∣∣∣∣
∫
|y|≥δ

Φ(y, t)[g(x− y)− g(x0)]dy

∣∣∣∣∣ ≤ 2‖g‖L∞(RN )

∫
|y|≥δ

Φ(y, t) dy → 0

as t→ 0. Thus, for (x, t) su�ciently close to (x0, 0) we have

|u(x, t)− g(x0)| ≤ 2ε.

Remark 3.53. The heat equation has an �instantaneous� regularizing e�ect: even if g is not di�eren-
tiable, u(x, t) is smooth for every t > 0.

Remark 3.54. On the next chapter we will interpret the previous result by writing that Φ satis�es the
following initial value problem:{

Φt(x, t)−∆Φ(x, t) = 0 x ∈ RN , t > 0,

Φ(x, 0) = δ0 x ∈ RN .

Remark 3.55. It can be shown that the conclusions i)-ii)-iii) of Theorem 3.52 still hold if there exists
A,B > 0 such that

|g(x)| 6 AeB|x| ∀x ∈ RN , g ∈ C(RN ).

The solution then satis�es

|u(x, t)| 6 2AeB
2teB|x| for every (x, t) ∈ RN × (0,∞).

See [4, pp. 25-30] for the details.

We �nish with the statement of a uniqueness result (see [5, �2.3, Theorem 7]).

De�nition 3.56. Let T > 0. We say that a function u ∈ C(RN × [0, T ]) is in the Tychonov class if
there exist A, a > 0 such that

|u(x, t)| 6 Aea|x|
2

∀x ∈ RN , t ∈ [0, T ].

Theorem 3.57. Let g ∈ C(RN ) and f ∈ C(RN × [0, T ]). Then there exists at most one function
u ∈ C2,1(RN × (0, T ]) ∩ C(RN × [0, T ]) in the Tychonov class that satis�es{

ut −∆u = f in RN × (0, T ),

u = g on RN .
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3.3.2 The Nonhomogeneous Problem

In this section we consider the problem{
ut −∆u = f(x, t) x ∈ RN , t > 0,

u(x, 0) = 0 x ∈ RN .

We start with an existence result.

Theorem 3.58. Let f ∈ C2,1
c (RN × [0,∞)) and de�ne

u(x, t) =

∫ t

0

∫
RN

Φ(x− y, t− s)f(y, s) dyds

=

∫ t

0

1

(4π(t− s))N2

∫
RN

e−
|x−y|2
4(t−s) f(y, s) dyds (3.20)

for x ∈ RN , t > 0. Then:

1. u ∈ C2,1(RN × (0,∞));

2. ut(x, t)−∆u(x, t) = f(x, t) for x ∈ RN , t > 0;

3. lim
(x,t)→(x0,0)

u(x, t) = 0 for every x0 ∈ RN .

Proof. See [5, �2.3, Theorem 2].

Remark 3.59. Consider, for s > 0, the function

u(x, t; s) := (Φ(·, t− s) ∗ f(·, s))(x) =

∫
RN

Φ(x− y, t− s)f(y, s) dy,

which is a solution of {
∂u
∂t (x, t; s)−∆u(x, t; s) = 0 x ∈ RN , t > 0

u(x, s; s) = f(x, s) x ∈ RN .

Then u in (3.20) can be rewritten as

u(x, t) =

∫ t

0

u(x, t; s) ds.

If u represents a temperature, we can interpret this solution as follows:

� initially, we have a body at temperature zero;

� u(x, t; s) describes the evolution of the temperature if we turn on a heat source f(y, s) at time t = s
and turn it o� immediately. Its e�ect is felt for t > s.

� u(x, t) will be the �sum� (superposition) of all these contributions.

This idea for solving nonhomogeneous linear di�erential equations is known as Duhamel's principle.

An immediate consequence of Theorems 3.52 and 3.58 is the following.

Corollary 3.60. Let f ∈ C2,1
c (RN × (0,∞)) and g ∈ C(RN ) ∩ L∞(RN )1. Then

u(x, t) =


∫
RN

Φ(x− y, t)g(y) dy +

∫ t

0

∫
RN

Φ(x− y, t− s)f(y, s) dyds, t > 0

g(x), t = 0.

is a C2,1(RN × (0,∞)) ∩ C(RN × [0,∞)) solution to the problem{
ut −∆u = f(x, t) x ∈ RN , t > 0,

u(x, 0) = g(x) x ∈ RN .
1Or, more generally, |g(x)| 6 AeB|x| for every x ∈ RN .
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3.4 The wave equation

In this section we consider the wave equation

utt(x, t)− c2∆u(x, t) = f(x, t) x ∈ Ω ⊂ RN , t > 0. (3.21)

Here u(x, t) represents the vertical displacement at point x and time t of a string (if N = 1) or a
membrane (if N = 2). Let us do a short deduction in dimension 2: assume we have a membrane evolving
and assume that:

� horizontal displacement is neglected;

� the membrane is �exible and elastic, i.e., there is no resistance to bending but there are tension
forces, which are tangencial to the membrane. We call t(x, t) the vertical component of the tension.

� there is an external force per unit of mass of the form f(x, t)~e3.

Let ρ0(x) represent the density of mass of the membrane at rest. Then Newton's second law says the
following: given ω ⊂ Ω a domain,∫

ω

ρ0(x)utt(x, t) dx =

∫
∂ω

t(x, t) dσ(x) +

∫
ω

ρ0(x)f(x, t) dx.

Assuming small vibrations, we make the physical assumption that the vertical tension t is

t ∼ τ∇u · ν = τ
∂u

∂ν
,

where τ > 0 is a constant depending on the material.1 This leads to (3.21), with c2 := τ
ρ0(x) . Observe

that if c being constant means that the material is homogeneous. For more details on the deduction of
the wave equation we refer to [13, �5].

In order to have well-posedness, the natural conditions to impose are:

� Initial conditions:

u(x, 0) = g(x), ut(x, 0) = h(x);

� Boundary conditions: either Dirichlet, Neumann, Robin or mixed boundary conditions.

3.4.1 The case N = 1: d'Alembert's formula

Given g, h : R→ R, consider the following problem modelling an �in�nite string�:{
utt − c2uxx = 0, x ∈ R, t > 0,

u(x, 0) = g(x), ut(x, 0) = h(x).
(3.22)

Assuming this problem has a regular solution u, let us determine its shape. We can rewrite the equation
as (

∂

∂t
− c ∂

∂x

)(
∂

∂t
+ c

∂

∂x

)
u = 0.

De�ne v(x, t) = ut(x, t) + cux(x, t), which solves the homogeneous transport equation

vt − cvx = 0.

Then v(x, t) = ψ(x+ ct), for some ψ : R→ R. Going back to u, we have the following nonhomogeneous
transport equation

ut + cux = ψ(x+ ct),

1Note that ∂u
∂ν

is the slope of the graph of u in the direction of the unit normal to ω, and so for small slopes τ ∂u
∂ν

is
approximately the component of a constant tangent tension τ in the vertical direction.
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with solution

u(x, t) = ϕ(x− ct) +

∫ t

0

ψ(x+ c(τ − t) + cτ) dτ

= ϕ(x− ct) +

∫ t

0

ψ(x− ct+ 2cτ) dτ

= ϕ(x− ct) +
1

2c

∫ x+ct

x−ct
ψ(s) ds,

for some ϕ : R→ R. From the initial conditions we deduce that

ϕ(x) = g(x), ψ(x) = h(x) + cg′(x).

Therefore,

u(x, t) = g(x− ct) +
1

2c

∫ x+ct

x−ct
(h(s) + cg′(s)) ds

= g(x− ct) +
g(x+ ct)− g(x− ct)

2
+

1

2c

∫ x+ct

x−ct
h(s) ds.

=
g(x+ ct) + g(x− ct)

2
+

1

2c

∫ x+ct

x−ct
h(s) ds. (3.23)

Theorem 3.61 (Existence and Uniqueness). Let g ∈ C2(R) and h ∈ C1(R). Then the function u given
in (3.23) is the unique (classical) solution of (3.22).

Proof. The existence part follows from direct computations; the uniqueness is an immediate consequence
of the previous considerations.

Remark 3.62. The solution u has the form

u(x, t) = F (x+ ct) +G(x− ct),

with

F (a) =
1

2
g(a) +

1

2c

∫ a

0

h(s) ds, G(a) =
1

2
g(a) +

1

2c

∫ 0

a

h(s) ds.

Thus, u is the superposition of solutions of the transport equations

ut − cux = 0, ut + cux = 0.

The lines
x+ ct = constant, x− ct = constant

are called characteristics.

Remark 3.63. From d'Alembert's formula we have that the value of u at a point (x0, t0) is determined
by:

� g at x0 − ct0 and x0 + ct0;

� h on [x0 − ct0, x0 + ct0].

The interval [x0 − ct0, x0 + ct0] is called the domain of dependence of (x0, t0), while the set

C(x0,t0) = {(x, t) : 0 6 t 6 t0, |x− x0| 6 c(t0 − t)}

is called the cone of dependence of (x0, t0).
From a di�erent perspective, we can say that the value of u at (x0, t0) in�uences the values of u on

the cone of in�uence:
{(x, t) ∈ R2 : t > t0, |x− x0| 6 c(t− t0)}.
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From d'Alembert's formula it is also immediate to deduce a stability result.

Corollary 3.64 (Stability). Take g1, g2 ∈ C2(R) and h1, h2 ∈ C1(R), and let u1 and u2 be the unique
solutions of{

(u1)tt − c2(u1)xx = 0, x ∈ R, t > 0,

u1(x, 0) = g1(x), (u1)t(x, 0) = h1(x).

{
(u2)tt − c2(u2)xx = 0, x ∈ R, t > 0,

u2(x, 0) = g2(x), (u2)t(x, 0) = h2(x).

Then for every x ∈ R and t ∈ [0, T ] we have

|u1(x, t)− u2(x, t)| 6 ‖g1 − g2‖L∞(R) + T‖h1 − h2‖L∞(R).

Proof. By taking w := u1 − u2 and using D'Alembert's formula, we have

w(x, t) =
g1(x+ ct)− g2(x+ ct) + g1(x− ct)− g2(x− ct)

2
+

1

2c

∫ x+ct

x−ct
(h1(s)− h2(s)) ds,

and the conclusion follows easily from this.

3.4.2 The nonhomogeneous equation for N = 1

Consider now the nonhomogeneous problem{
utt − c2uxx = f(x, t), x ∈ R, t > 0,

u(x, 0) = ut(x, 0) = 0, x ∈ R.
(3.24)

Theorem 3.65. Let f ∈ C1(R× [0,∞)) and de�ne, for s > 0 �xed,

v(x, t; s) :=
1

2c

∫ x+c(t−s)

x−c(t−s)
f(y, s) dy,

which is the unique solution of{
∂2v
∂t2 (x, t; s)− c2 ∂

2v
∂x2 (x, t; s) = 0, x ∈ R, t > s

v(x, s; s) = 0, ∂v
∂t (x, s; s) = f(x, s).

Then the unique solution of (3.24) is given by

u(x, t) =

∫ t

0

v(x, t; s) ds =
1

2c

∫ t

0

∫ x+c(t−s)

x−c(t−s)
f(y, s) dy ds. (3.25)

Proof. The uniqueness result follows a standard argument [do it!]. As for the existence, given u as in
the statement, we have u(x, 0) = 0 and

∂u

∂t
(x, t) = v(x, t; t)︸ ︷︷ ︸

=0

+

∫ t

0

∂v

∂t
(x, t; s) ds =

∫ t

0

∂v

∂t
(x, t; s) ds,

which implies that ∂u
∂t (x, 0) = 0. Moreover, using the equation,

∂2u

∂t2
(x, t) =

∂v

∂t
(x, t; t)︸ ︷︷ ︸

=f(x,t)

+

∫ t

0

∂2v

∂t2
(x, t; s)︸ ︷︷ ︸

=c2 ∂
2v
∂x2 (x,t;s)

ds

= f(x, t) + c2
∂2

∂x2

∫ t

0

v(x, t; s) ds = f(x, t) + c2
∂2u

∂x2
(x, t).

Equation (3.25) can be seen as another instance of Duhamel's principle.
In conclusion, by combining Theorems 3.61 and 3.65 and since the problem is linear, we are able to

solve, for f ∈ C1(R× [0,∞)), g ∈ C2(R) and h ∈ C1(R), the problem{
utt − c2uxx = f(x, t), x ∈ R, t > 0,

u(x, 0) = g(x), ut(x, 0) = h(x), x ∈ R.
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3.4.3 The cases N = 2 and N = 3: spherical means and the method of descent

Consider the Cauchy problem for the wave equation in R3:{
utt − c2∆u = 0, x ∈ R3, t > 0,

u(x, 0) = g(x), ut(x, 0) = h(x), x ∈ R3.
(3.26)

Fix x ∈ R3 and de�ne the spherical mean

M(r, t) =
1

4πr2

∫
∂Br(x)

u(y, t) dσ(y) =
1

4π

∫
∂B1(0)

u(x+ rz, t) dσ(z).

Note that the second formula allows us to extend the domain of M from R+× [0,∞) to R× [0,∞), with
M an even function of r. We have

Mtt(r, t) =
1

4πr2

∫
∂Br(x)

utt(y, t) dσ(y) =
1

4πr2

∫
∂Br(x)

c2∆u(y, t) dσ(y)

and

Mr(r, t) =
1

4π

∫
∂B1(0)

∇u(x+ rz, t) · z dσ(z) =
1

4πr2

∫
∂Br(x)

∇u(y, t) · ν dσ(y)

=
1

4πr2

∫
Br(x)

∆u(y, t) dy =
1

4πr2

∫ r

0

∫
∂B1(0)

∆u(x+ sz, t) s2dσ(z)ds,

so that

Mrr(r, t) = −2

r
Mr(r, t) +

1

4π

∫
∂B1(0)

∆u(x+ rz, t) dσ(z)

= −2

r
Mr(r, t) +

1

4πr2

∫
∂Br(x)

∆u(y, t) dσ(y),

and consequently

Mtt − c2
(
Mrr +

2

r
Mr

)
= 0.

De�ning v(r, t) = rM(r, t), it is easy to check that v satis�es the one-dimensional wave equation,

vtt − c2vrr = 0,

and is an odd function of r, as well as its time derivative. By d'Alembert's formula,

v(r, t) =
v(r + ct, 0) + v(r − ct, 0)

2
+

1

2c

∫ r+ct

r−ct
vt(s, 0) ds

=
v(ct+ r, 0)− v(ct− r, 0)

2
+

1

2c

∫ r+ct

ct−r
vt(s, 0) ds.

From the initial data, we have

v(r, 0) =
1

4πr

∫
∂Br(x)

g(y) dσ(y) and vt(r, 0) =
1

4πr

∫
∂Br(x)

h(y) dσ(y).

From the equivalent expression

v(r, 0) =
r

4π

∫
∂B1(0)

g(x+ rz) dσ(z)

it is easy to see that

vr(r, 0) =
1

4πr2

∫
∂Br(x)

g(y) dσ(y) +
1

4πr

∫
∂Br(x)

∇g(y) · ν dσ(y).
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To recover u(x, t), note that

u(x, t) = lim
r→0

M(r, t) = lim
r→0

v(r, t)

r
= vr(ct, 0) +

1

c
vt(ct, 0),

that is,

u(x, t) =
1

4πc2t2

∫
∂Bct(x)

g(y) dσ(y) +
1

4πct

∫
∂Bct(x)

∇g(y) · ν dσ(y) +
1

4πc2t

∫
∂Bct(x)

h(y) dσ(y). (3.27)

This is the so-called Kirchho� formula.

Theorem 3.66 (Existence and Uniqueness). Let g ∈ C3(R3) and h ∈ C2(R3). Then the function u
given in (3.27) is the unique (classical) solution of (3.26).

Proof. The existence part follows from direct computations; the uniqueness is an immediate consequence
of the previous considerations.

Remark 3.67. From Kirchho�'s formula it is clear that u(x0, t0) depends only on the values of g,
∇g and h on the sphere ∂Bct0(x0). In other words, the information about the initial data needed to
determine u(x0, t0) propagates along the boundary of the cone of dependence of (x0, t0). This fact is
known as Huygens' principle.

Also, note that g and h are chosen more regular than u and ut. The reason for this loss of derivatives
phenomenon is clear from the Kirchho� formula when written as

u(x, t) =
1

4π

∫
∂B1(0)

g(x+ctz) dσ(z)+
ct

4π

∫
∂B1(0)

∇g(x+ctz)·z dσ(z)+
t

4π

∫
∂B1(0)

h(x+ctz) dσ(z), (3.28)

where it is apparent that we need g ∈ C3(R3) and h ∈ C2(R3) to have u ∈ C2(R3 × R).

Consider now the Cauchy problem for the wave equation in R2:{
utt − c2∆u = 0, x ∈ R3, t > 0,

u(x, 0) = g(x), ut(x, 0) = h(x), x ∈ R3.
(3.29)

This problem can be solved by the so-called method of descent : de�ne a function U in R3 by extending
u as constant in the third variable,

U(x1, x2, x3, t) := u(x1, x2, t),

so that U solves

Utt − c2∆R3U = 0

with initial data independent of x3,

G(x1, x2, x3, t) := g(x1, x2, t) and H(x1, x2, x3, t) := h(x1, x2, t).

By Kirchho�'s formula in R3,

U(x, t) =
1

4πc2t2

∫
∂Bct(x)

G(y) dσ(y) +
1

4πct

∫
∂Bct(x)

∇G(y) · ν dσ(y) +
1

4πc2t

∫
∂Bct(x)

H(y) dσ(y).

Let us write y = (y′, y3) with y′ ∈ R2. Then

|y − x|2 = |y′ − x′|2 + y2
3 ,

and we have the identity∫
∂Bct(x)

φ(y′) dσ(y) = 2ct

∫
Bct(x′)

φ(y′)√
c2t2 − |y′ − x′|2

dy′.
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Therefore we obtain

U(x′, 0, t) =
2ct

4πc2t2

∫
Bct(x′)

g(y′)√
c2t2 − |y′ − x′|2

dy′ +
2ct

4πct

∫
Bct(x′)

∇g(y′) · (y′ − x′)
ct
√
c2t2 − |y′ − x′|2

dy′

+
2ct

4πc2t

∫
Bct(x′)

h(y′)√
c2t2 − |y′ − x′|2

dy′.

Since u(x′, t) = U(x′, 0, t), this gives the solution formula in R2:

u(x, t) =
1

2πct

∫
Bct(x)

g(y)√
c2t2 − |y − x|2

dy +
1

2πct

∫
Bct(x)

∇g(y) · (y − x)√
c2t2 − |y − x|2

dy

+
1

2πc

∫
Bct(x)

h(y)√
c2t2 − |y − x|2

dy. (3.30)

Theorem 3.68 (Existence and Uniqueness). Let g ∈ C3(R2) and h ∈ C2(R2). Then the function u
given in (3.30) is the unique (classical) solution of (3.29).

Proof. The existence part follows from direct computations; the uniqueness is an immediate consequence
of the previous considerations.

Remark 3.69. From (3.30) it is clear that u(x0, t0) depends on the values of g, ∇g and h on the whole
ball Bct0(x0). In other words, the information about the initial data needed to determine u(x0, t0) also
propagates inside the cone of dependence of (x0, t0), and so the Huygens principle is not valid in R2. In
fact, it is possible to obtain Kirchho� formulas in RN for each odd N > 1, and then use the method of
descent for even N ; consequently, the Huygens principle is valid precisely when N > 1 is odd.

3.4.4 General uniqueness results

Let Ω be a bounded domain of class C1. Given T > 0, recall the notation ΩT := Ω× (0, T ].

Theorem 3.70 (Uniqueness). Given f : ΩT → R, g, h : Ω→ R and i : ∂Ω× [0,∞)→ R, there exists at
most one solution u ∈ C2(ΩT ) of

utt − c2∆u = f(x, t) in ΩT ,

u(x, 0) = g(x), ut(x, 0) = h(x), x ∈ Ω,

u(x, t) = i(x, t), x ∈ ∂Ω, t > 0.

Proof. As usual, it is enough to show that if v solves
vtt − c2∆v = 0 in ΩT ,

v(x, 0) = 0, vt(x, 0) = 0, x ∈ Ω,

v(x, t) = 0, x ∈ ∂Ω, t > 0,

then v ≡ 0. Having that in mind, we multiply the equation vtt − c2∆v = 0 by vt and integrate on Ω,
obtaining∫

Ω

∂

∂t

(
(vt(x, t))

2

2

)
dx+ c2

∫
Ω

∇v(x, t) · ∇vt(x, t) dx− c2
∫
∂Ω

∂v

∂ν
(x, t)vt(x, t) dσ(x) = 0.

The last integral is zero since, for x ∈ ∂Ω, v(x, t) = 0 for every t > 0 (hence also vt(x, t) = 0). Therefore

d

dt

(
1

2

∫
Ω

(vt(x, t))
2 dx+

c2

2

∫
Ω

|∇v(x, t)|2 dx
)

= 0,

and there exists C ∈ R such that

E(t) :=
1

2

∫
Ω

(vt(x, t))
2 dx+

c2

2

∫
Ω

|∇v(x, t)|2 dx = C

for every t > 0 (which corresponds to conservation of energy!). By the initial conditions we have E(0) = 0
(∇v(x, 0) = 0 since v(x, 0) = 0 for every x ∈ Ω). Therefore v(·, t) is constant and since v is continuous
and the boundary condition is zero, we have v ≡ 0, as desired.
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We end this chapter with some considerations regarding the domain of dependence in higher dimen-
sions, which imply a uniqueness result for the case Ω = RN . Consider the backward cone

Cx0,t0 := {(x, t) ∈ RN × [0,∞) : |x− x0| 6 c(t0 − t), 0 6 t 6 t0}

and the localized energy

e(t) :=
1

2

∫
Bc(t0−t)(x0)

(u2
t (x, t) + c2|∇u(x, t)|2) dx.

Proposition 3.71. Let u be a C2 solution of

utt − c2∆u = 0 in RN × (0,∞).

Then e′(t) 6 0 for every t > 0.

Proof. By writing

e(t) =
1

2

∫ c(t0−t)

0

∫
∂Br(x0)

(u2
t (x, t) + c2|∇u(x, t)|2) dσ(x)dr,

we see that

e′(t) =− c

2

∫
∂Bc(t0−t)(x0)

(u2
t (x, t) + c2|∇u(x, t)|2) dσ(x)

+

∫
Bc(t0−t)(x0)

(
ut(x, t)utt(x, t) + c2∇u(x, t) · ∇ut(x, t)

)
dx

=− c

2

∫
∂Bc(t0−t)(x0)

(u2
t (x, t) + c2|∇u(x, t)|2) dσ(x)

+

∫
Bc(t0−t)(x0)

ut(x, t)(utt(x, t)− c2∆u(x, t)︸ ︷︷ ︸
=0

) dx+

∫
∂Bc(t0−t)(x0)

c2
∂u

∂ν
(x, t)ut(x, t) dσ(x)

=
c

2

∫
∂Bc(t0−t)(x0)

(2cut(x, t)
∂u

∂ν
(x, t)− u2

t (x, t)− c2|∇u(x, t)|2) 6 0,

since |2cut ∂u∂ν | 6 u2
t + c2|∇u · ν|2 6 u2

t + c2|∇u|2.

Corollary 3.72. Let u ∈ C2(RN × [0,∞)) be a solution of the Cauchy problem{
utt −∆u = 0 in RN × (0,∞),

u(x, 0) = g(x), ut(x, 0) = h(x), x ∈ RN .
(3.31)

If g = h = 0 in Bct0(x0) then u ≡ 0 in Cx0,t0 . In particular, (3.31) admits at most one solution
u ∈ C2(RN × [0,∞)).
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Chapter 4

Distributions and Sobolev Spaces

4.1 Distributions

This section is a crash course on Distributions (also called Generalized Functions). The source of
inspiration is [13, �7.3�7.4].

In what follows, Ω is a domain in RN (possibly the whole RN ). The space of C∞�functions with
compact support will be called the space of test functions:

D(Ω) = C∞c (Ω) = {ϕ ∈ C∞(Ω) : suppϕ is compact in Ω}.

Next, we give an ad-hoc de�nition of what it means for a sequence of elements in D(Ω) to converge.

De�nition 4.1 (Convergence in D(Ω)). Let (ϕk)k ⊂ D(Ω) and ϕ ∈ D(Ω). We say that

ϕk → ϕ in D(Ω)

if the following conditions are satis�ed:

1. There exists K ⊂ Ω compact such that suppϕk ⊂ K for every k;

2. For every multi-index α ∈ NN0 , Dαϕk → Dαϕ uniformly in Ω, i.e., ‖Dαϕk − Dαϕ‖L∞(Ω) → 0 as
k →∞.

Observe that the case α = (0, . . . , 0) is included; hence, convergence in D(Ω) implies uniform conver-
gence. In particular, we have uniqueness of the limit.

Recall from your Topology classes that a topology is not determined by its converging sequences (only
by its converging nets!). Thus, De�nition 4.1 is not equivalent to de�ning a topology in D(Ω), but it is
possible do de�ne a topology associated with the de�nition we gave. This is, however, rather technical
and beyond the scope of this course; we recommend [14, �I.1] to the interested reader.

Let T : D(Ω)→ R be a linear functional. We denote T (ϕ) by 〈T, ϕ〉, and read it the action of T on ϕ.
Having de�ned what is a converging sequence, we can de�ne (sequential) continuity of functionals, and
de�ne the dual space of D(Ω). We say that T is continuous if, for every (ϕk)k ⊂ D(Ω) and ϕ ∈ D(Ω)
such that ϕk → ϕ in D(Ω), we have 〈T, ϕk〉 → 〈T, ϕ〉 as k →∞.

De�nition 4.2 (Distributions). The set

D′(Ω) := {T : D(Ω)→ R : T is linear and continuous}

is called the space of distributions; each element T ∈ D(Ω) is called a distribution.

The set D′(Ω) is a vector space over R by means of the formula:

〈α1T1 + α2T2, ϕ〉 = α1〈T1, ϕ〉+ α2〈T2, ϕ〉, ∀α1, α2 ∈ R, T1, T2 ∈ D′(Ω), ϕ ∈ D(Ω).
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Example 4.3. Given u ∈ L1
loc(Ω), de�ne

Tu : D(Ω)→ R, 〈Tu, ϕ〉 :=

∫
Ω

uϕ.

The functional Tu is a distribution, since:

1. it is linear:

〈Tu, α1ϕ1 + α2ϕ2〉 =

∫
Ω

u(α1ϕ1 + α2ϕ2) = α1

∫
Ω

uϕ1 + α2

∫
Ω

uϕ2 = α1〈Tu, ϕ1〉+ α2〈Tu, ϕ2〉

for every α1, α2 ∈ R, ϕ1, ϕ2 ∈ D(Ω).

2. it is continuous: let ϕk, ϕ ∈ D(Ω) be such that ϕk → ϕ in D(Ω). Take K a compact set of Ω such
that suppϕk ⊂ K for every k. Clearly suppϕ ⊂ K, and

|〈Tu, ϕk〉 − 〈Tu, ϕ〉| =
∣∣∣∣∫

Ω

uϕk −
∫

Ω

uϕ

∣∣∣∣ =

∣∣∣∣∫
K

u(ϕk − ϕ)

∣∣∣∣ 6 ‖ϕk − ϕ‖L∞(Ω)

∫
K

|u| → 0

as k →∞.

The previous example is a key one, since it shows that we can associate to each function u ∈ L1
loc(Ω)

a distribution through the (injective) map u 7→ Tu. Thus we have an embedding of L1
loc(Ω) in D′(Ω).

With some abuse of notations, we write

L1
loc(Ω) ⊂ D′(Ω)

and identify Tu with u. For this reason, distributions are often called generalized functions. The bracket
〈·, ·〉D′(Ω)×D(Ω) generalizes the L

2�inner product.

Remark 4.4. Observe that, for every p ∈ [1,∞],

Lp(Ω) ⊂ L1
loc(Ω) ⊂ D′(Ω).

Example 4.5. Take the space of Radon measures, which can be characterized in the following way:

M(Ω) := (C0(Ω))′ = {L : C0(Ω)→ R, L is linear and continuous },

where C0(Ω) is the closure of Cc(Ω) in L∞(Ω). Since D(Ω) ⊂ C0(Ω) and convergence in D(Ω) implies
convergence in C0(Ω) (uniform convergence), thenM(Ω) ⊂ D′(Ω), i.e., every measure is a distribution.

Example 4.6. De�ne the Dirac delta at x ∈ RN as the functional

δx : D(RN )→ R; 〈δx, ϕ〉 := ϕ(x).

It is easy to check that δx ∈ D′(RN ) (it is actually a measure!).

The following de�nition should be compared with the usual de�nition of weak-∗ convergence de�ned
in dual spaces (see for instance [2, �3.4], in particular Proposition 3.13-1 therein).

De�nition 4.7 (Limit of distributions). Let (Tk)k ⊂ D′(Ω) and T ∈ D′(Ω). We say that

Tk → T in D′(Ω)

(or that �Tk → T in the sense of distributions�) if

〈Tk, ϕ〉 → 〈T, ϕ〉 ∀ϕ ∈ D(Ω).

Example 4.8. We have, as k → 0+,

uk :=
k

2
χ[− 1

k ,
1
k ] → δ0 in D′(R).

Indeed, given ϕ ∈ D(Ω) and since uk ∈ L1
loc(R) ⊂ D′(R),

〈uk, ϕ〉 =

∫
R
ukϕ =

(
2

k

)−1 ∫ 1/k

−1/k

ϕ→ ϕ(0) = 〈δ0, ϕ〉.
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Example 4.9. Let Φ(x, t) be the fundamental solution of the heat equation. We saw on Chapter 2 that,
given g ∈ C(RN ) ∩ L∞(RN ) and x ∈ RN ,∫

RN
Φ(x− y, t)g(y) dy → g(x) as t→ 0+. (4.1)

In particular, this holds for every g ∈ D(Ω) and, in the language of distributions, (4.1) reads as

〈Φ(x− ·, t), g〉 → 〈δx, g〉 as t→ 0+, i.e. Φ(x− ·, t)→ δx in D′(RN ) as t→ 0+.

In particular, by taking x = 0 and since Φ(−y, t) = Φ(y, t) for every y ∈ RN ,

Φ(·, t)→ δ0 as t→ 0+, in the sense of distributions .

We saw that L1
loc(Ω) ⊂ D′(Ω) with the identi�cation u = Tu. Actually we have a continuous

embedding of L1
loc(Ω) in D′(Ω), which we denote as

L1
loc(Ω) ↪→ D′(Ω),

meaning that
uk → u in L1

loc(Ω) ⇒ uk → u in D′(Ω). (4.2)

To see (4.2), take ϕ ∈ D(Ω) and K := suppϕ; then

|〈uk, ϕ〉 − 〈u, ϕ〉| =
∣∣∣∣∫
K

(uk − u)ϕ

∣∣∣∣ 6 ‖ϕ‖∞ ∫
K

|uk − u| → 0.

Remark 4.10. Given p ∈ [1,∞], we have the following continuous embeddings

Lp(Ω) ↪→ L1
loc(Ω) ↪→ D′(Ω).

4.1.1 Calculus in D′(Ω)

We want to de�ne the notion of derivative of a distribution, and in particular a notion of derivative
of an L1

loc�function. Clearly, this notion will have to agree with the usual one, at least when u ∈ C1.
Observe that:

1. A distribution is characterized by its action on every test function ϕ ∈ D(Ω).

2. Given u ∈ C1(Ω) and ϕ ∈ D(Ω), by one of Green's identities,

〈∂xiu, ϕ〉=
↓

∂xiu ∈ L
1
loc(Ω)

∫
Ω

∂xiuϕ = −
∫

Ω

u∂xiϕ+

∫
∂Ω

uϕνi dσ=
↓

ϕ|∂Ω = 0

−
∫

Ω

u∂xiϕ.

These considerations motivate the following de�nition.

De�nition 4.11 (Derivative of a Distribution). Given T ∈ D′(Ω), we de�ne ∂xiT : D(Ω)→ R by

〈∂xiT, ϕ〉 := −〈T, ∂xiϕ〉 ∀ϕ ∈ D(Ω).

The map ∂xiT is linear and continuous [prove it!], and so the derivative of a distribution is still a
distribution: ∂xiT ∈ D′(Ω).

Example 4.12. Take the Heaviside function

H(x) =

{
0 , x < 0

1 , x > 0

which belongs to L1
loc(R). Given ϕ ∈ D(R),

〈H ′, ϕ〉=
↓

by de�nition

− 〈H,ϕ′〉=
↓

H ∈ L1
loc

−
∫
R
H(x)ϕ′(x) dx = −

∫ +∞

0

ϕ′(x) dx = ϕ(0) = 〈δ0, ϕ〉,

which shows that
H ′ = δ0 in the sense of distributions .
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Remark 4.13. Observe that H ′(x) = 0 for every x 6= 0. Thus, even though the derivative of a
distribution coincides with the usual notion of derivative when u ∈ C1, it does not coincide in general
with the a.e. derivative of a function.

Example 4.14. For ϕ ∈ D(Ω),

〈∂xiδ0, ϕ〉 = −〈δ0, ∂xiϕ〉 = −∂xiϕ(0).

More generally, we have the following.

De�nition 4.15. Let T ∈ D′(Ω) be a distribution and α ∈ NN0 a multi-index. We de�ne DαT ∈ D′(Ω)
by the formula

〈DαT, ϕ〉 := (−1)|α|〈T,Dαϕ〉 ∀ϕ ∈ D(Ω).

The derivation operator is continuous with respect to convergence of distributions:

Proposition 4.16. Let (Tk) ⊂ D′(Ω) and T ∈ D′(Ω). Then

Tk → T in D′(Ω) ⇒ DαTk → DαT in D′(Ω) ∀α ∈ NN0 .

Proof. Exercise.

Before showing another example, let us introduce in the context of distributions some standard
di�erential operators. A vector valued distribution is a vector valued functional T = (T1, . . . , Tk) with
T1, . . . , Tk ∈ D′(Ω). We write T ∈ D′(Ω,Rk) and de�ne its action by

〈T,ϕ〉 =

k∑
i=1

〈Ti, ϕi〉 ∀ϕ = (ϕ1, . . . , ϕk) : ϕi ∈ D(Ω).

The gradient of a distribution is de�ned in the following way: for T ∈ D′(Ω), ∇T := (∂x1T, . . . , ∂xNTN ) ∈
D′(Ω,RN ). The divergence of a vector valued distribution T ∈ D′(Ω,RN ) is divT :=

∑N
i=1 ∂xiTi ∈

D′(Ω), while the Laplacian of T ∈ D′(Ω) is ∆T :=
∑N
i=1 ∂xixiT . Directly from the de�nitions we can

check that div∇T = ∆T .

Example 4.17. Let Φ be the fundamental solution of the Laplace equation, whose formula we recall
here:

Φ(x) =

{
− 1

2π log |x| N = 2
1

(N−2)|∂B1|
1

|x|N−2 N > 3

This is an L1
loc(RN )�function, and we have that

−∆Φ = δ0 in D′(RN ). (4.3)

Let us check (4.3) forN > 3. Take ϕ ∈ D(RN ), and let R > 0 be su�ciently large so that suppϕ ⊂ BR(0).
Then

〈∆Φ, ϕ〉 = 〈Φ,∆ϕ〉 =

∫
RN

Φ∆ϕ = lim
ε→0

∫
BR(0)\Bε(0)

Φ∆ϕ

The �rst equality is by de�nition of derivative, the second because Φ ∈ L1
loc(RN ), and the third by

Lebesgue's Dominated Convergence Theorem. By Green's identity, the fact that ∆Φ = 0 in RN \ {0},
and de�ning ν(x) := x/ε on ∂Bε(0), we see that∫

BR(0)\Bε(0)

Φ∆ϕ = −
∫
∂Bε(0)

(
Φ
∂ϕ

∂ν
− ∂Φ

∂ν
ϕ

)
dσ

Repeating the computations done in Chapter 2, we have that∣∣∣∣∣
∫
∂Bε(0)

Φ
∂ϕ

∂ν
dσ

∣∣∣∣∣ 6 Cε→ 0 as ε→ 0
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while ∫
∂Bε(0)

∂Φ

∂ν
ϕ dσ = − 1

|∂Bε|

∫
∂Bε(0)

ϕ→ −ϕ(0).

In conclusion,
〈∆Φ, ϕ〉 = −ϕ(0) = −〈δ0, ϕ〉 ∀ϕ ∈ D(RN ),

which shows (4.3).

One cannot de�ne the product between two distributions in a natural way (see e.g. [13, p. 441]). We
may, however, de�ne the product of a C∞-function by a distribution.

De�nition 4.18. Given T ∈ D′(Ω) and u ∈ C∞(Ω), we de�ne uT : D(Ω)→ R by means of the formula

〈uT, ϕ〉 := 〈T, uϕ〉 ∀ϕ ∈ D(Ω).

Observe that this notion is well de�ned since uϕ ∈ D(Ω) whenever u ∈ C∞(Ω) and ϕ ∈ D(Ω). It is
again an easy exercise to prove that

u ∈ C∞(Ω), T ∈ D′(Ω) ⇒ uT ∈ D′(Ω).

Example 4.19. We have xδ0 = 0 in D′(R), since

〈xδ0, ϕ〉 = 〈δ0, xϕ〉 = 0 ∀ϕ ∈ D(R).

In general, given u ∈ C∞(R), uδ0 = u(0)δ0 in the sense of distributions.

4.2 Fourier Transform and Applications to PDEs

The main references for this section are [4, 14]. The reader might also see [13, �7.6], being aware
that therein the de�nition of Fourier Transform is slightly di�erent from ours1.

In this section, all functions are complex valued: for instance, Lp(RN ) = Lp(RN ;C), D(RN ) =
D(RN ;C).

De�nition 4.20 (Fourier Transform in L1(RN )). Given u ∈ L1(RN ), we de�ne its Fourier transform by

F(u)(ξ) = û(ξ) :=

∫
RN

e−2πix·ξu(x) dx (4.4)

and the �inverse� Fourier transform by

F̄(u)(x) = ǔ(x) =

∫
RN

e2πix·ξu(ξ) dξ. (4.5)

The designation of F̄ by �inverse� will be clear later on. We present below some properties of the
Fourier Transform and of its inverse, whose proof is left as exercise.

Proposition 4.21. Given u, v ∈ L1(RN ), we have:

a) û, ǔ ∈ L∞(RN ) ∩ C(RN );

b) û = ǔ and û = ǔ, where the bar represents the complex conjugate;

c) F(τyu)(ξ) = e−2πiy·ξû(ξ), where τyu(x) := u(x− y) is the translation operator;

d) F(uλ)(ξ) = λN û(λξ) and F̄(uλ)(x) = λN ǔ(λx), for uλ(x) := u(x/λ), λ > 0;

e) u ∗ v ∈ L1(RN ) and û ∗ v = ûv̂ ;

f)

∫
RN

ûv =

∫
RN

uv̂

1There are many di�erent de�nitions of Fourier Transform. A good survey for that is the section Other conventions on
the wikipedia page https://en.wikipedia.org/wiki/Fourier_transform
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Our goal is to de�ne the Fourier Transform of a distribution (in particular, the Fourier Transform of
an Lp function or of a constant). A �rst approach could be the following: we have shown in Proposition
4.21.f) that

〈û, ϕ〉D′×D = 〈u, ϕ̂〉D′×D ∀u ∈ L1(RN ), ϕ ∈ D(RN ).

Thus, we could think of de�ning

〈T̂ , ϕ〉D′×D := 〈T, ϕ̂〉D′×D ∀ϕ ∈ D(RN ).

However, this de�nition does not make sense, since F(D(RN )) 6⊂ D(RN ) [check it!]. So, we work with a
larger space that contains all test functions and that is left invariant by F .

De�nition 4.22. We de�ne the Schwartz test function space (also called the space of functions with
fast decay at in�nity, or rapidly decaying at in�nity) as being

S(RN ) = {u ∈ C∞(RN ) : lim
|x|→∞

|x|k|Dαu(x)| = 0 ∀k ∈ N0, α ∈ NN0 }.

Example 4.23. We have D(RN ) ⊂ S(RN ). Moreover, e−|x|
2 ∈ S(RN ) and does not belong to D(RN ),

hence D(RN ) 6= S(RN ) (i.e., S(RN ) is strictly larger than D(RN )).

Alternative characterizations for this space are

S(RN ) = {u ∈ C∞(RN ) : lim
|x|→∞

P (x)|Dαu(x)| = 0 ∀P polynomial, ∀α ∈ NN0 }

= {u ∈ C∞(RN ) : sup |x|k|Dαu(x)| <∞ ∀k ∈ N0, α ∈ NN0 }
= {u ∈ C∞(RN ) : supP (x)|Dαu(x)| <∞ ∀P polynomial, ∀α ∈ NN0 }

[check it!]. Observe that if u ∈ S(RN ) then also

Dαu ∈ S(RN ) ∀α ∈ NN0 and P (x)u ∈ S(RN ) ∀P polynomial.

De�nition 4.24 (Convergence in S(RN )). We say that

uk → u in S(RN )

if, for every polynomial P (x) and every α ∈ NN0 ,

‖P (x)Dαuk − P (x)Dαu‖L∞(RN ) → 0 as k →∞.

Equivalently, uk → u in S(RN ) if for every α, β ∈ NN0 we have

‖xβDαuk − xβDαu‖L∞(RN ) → 0 as k →∞,

where we are using the notation xβ = xβ1

1 . . . xβNN for x = (x1, . . . , xN ) ∈ RN , β = (β1, . . . , βN ) ∈ NN0 .

Lemma 4.25. We have the following continuous embeddings:

D(RN ) ↪→ S(RN ) ↪→ Lp(RN ) ∀1 6 p 6∞.

which are also dense for 1 6 p <∞.

Proof. i) The statement that embedding D(RN ) ↪→ S(RN ) is continuous means that

uk → u in D(RN ) ⇒ uk → u in S(RN ).

We leave this as an exercise.

ii) Let us check that S(RN ) ↪→ Lp(RN ) for 1 6 p 6 ∞. For p = ∞ it is straightforward, so we just
present the proof for p <∞. Take u ∈ S(RN ) and let k ∈ N be such that kp > N . Then∫

RN
|u(x)|p dx =

∫
RN
|u(x)(1 + |x|k)|p 1

(1 + |x|k)p
dx 6 ‖u(x)(1 + |x|k)‖p

L∞(RN )

∫
RN

1

(1 + |x|k)p
<∞.

This shows that S(RN ) ⊂ Lp(RN ), but also that is is continuous: given un → 0 in S ′(RN ), we have
‖un(x)(1 + |x|k)‖L∞(RN ) → 0, so

∫
Ω
|un(x)|p dx→ 0.
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iii) We know that D(RN ) is dense in Lp(RN ), which shows that S(RN ) is dense in Lp(RN ).

iv) Let us check that D(RN ) is dense in S(RN ) for the convergence in S(RN ): given u ∈ S(RN ), we
want to �nd (ϕk)k ⊂ D(RN ) such that ϕk → u in S(RN ). Take a radially symmetric cut-o� function
ϕ ∈ D(RN ) such that 0 6 ϕ 6 1 in RN , ϕ = 1 in B1(0), ϕ = 0 in RN \B2(0). De�ne

ϕk(x) := u(x)ϕ(x/k) =


u(x) if |x| 6 k

u(x)ϕ(x/k) if k 6 |x| 6 2k

0 if |x| > 2k

,

which belongs to D(RN ). We claim that, for every α, β ∈ NN0 ,

‖xβ(Dαϕk −Dαu)‖L∞(RN ) → 0 as k →∞.

Indeed, for |α| = 0 we have

‖xβ(ϕk − u)‖L∞(RN ) = sup
|x|>k

|xβu(x)(ϕ(x/k)− 1)| 6 sup
|x|>k

|x|β |u(x)| → ∞ as k →∞.

For |α| > 1, the result follows from the Leibniz formula

Dα(fg) =
∑
β6α

(
α
β

)
Dα−βfDβg, where

(
α
β

)
:=

N∏
i=1

(
αi
βi

)
,

and β = (β1, . . . , βN ) 6 (α1, . . . , αN ) = α means that βi 6 αi for every i.

Since S(RN ) ⊂ L1(RN ), both F(u) and F̄(u) are well de�ned for u ∈ S(RN ) through the formulas
(4.4) and (4.5). Next, we show that the space S(RN ) is left invariant by these transformations, which
are continuous with respect to convergence in S(RN ).

Theorem 4.26. We have F(S(RN )) ⊂ S(RN ), F̄(S(RN )) ⊂ S(RN ), and the transformations

F : S(RN )→ S(RN ), F̄ : S(RN )→ S(RN )

are linear and continuous.

Before we prove this result, we need to understand the relation between the Fourier transform and
derivatives.

Lemma 4.27. Given u ∈ S(RN ), we have

1. Dαû(ξ) = F((−2πix)αu)(ξ);

2. F(Dαu)(ξ) = (2πiξ)αû(ξ).

Recall that we are using the notation: (−2πix)α = (−2πi)|α|xα1
1 . . . xαNN , (2πiξ)α = (2πi)|α|ξα1

1 . . . ξαNN .

Proof. Let u ∈ S(RN ). We have

Dαû(ξ) = Dα

∫
RN

e−2πix·ξu(x) dx =

∫
RN

Dα
ξ e
−2πix·ξu(x) dx

=

∫
RN

(−2πix)αe−2πix·ξu(x) dx = F((−2πix)αu)(ξ),

and

F(Dαu)(ξ) =

∫
RN

e−2πix·ξDα
xu(x) dx =

∫
RN

(−1)|α|Dα
x (e−2πix·ξ)u(x) dx

=

∫
RN

(−1)|α|(−2πiξ)αe−2πix·ξu(x) dx = (2πiξ)α
∫
RN

e−2πix·ξu(x) dx.
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The second inequality in the last chain of identities follows by integration by parts, using in a crucial
way the fact that u ∈ S(RN ). Indeed, for α = ei,∫

RN
e−2πix·ξ∂xiu(x) dx = lim

R→∞

∫
BR(0)

e−2πix·ξ∂xiu(x) dx

= lim
R→∞

−
∫
BR(0)

∂xi(e
−2πix·ξ)u(x) dx+ lim

R→∞

∫
∂BR(0)

e−2πix·ξu(x)νi(x) dσ(x)

= −
∫
RN

∂xie
−2πix·ξu(x) dx.

and the general case follows by iterating this result.

Proof of Theorem 4.26. Let u ∈ S(RN ), α, β ∈ NN0 . We want to estimate

ξβDα
ξ û(ξ) = ξβF [(−2πix)αu(x)] =

1

(2πi)|β|
F [Dβ

x((−2πix)αu(x))] = Cα,β

∫
RN

e−2πix·ξDβ
x [xαu(x)] dx.

We have

‖ξβDα
ξ û(ξ)‖L∞(RN ) 6 Cα,β

∫
RN

(1 + |x|)N+1Dβ
x [xαu(x)]

(1 + |x|)N+1
dx

6 Cα,β‖(1 + |x|)N+1Dβ
x [xβu(x)]‖L∞(RN )

∫
RN

1

(1 + |x|)N+1
dx <∞,

so that Fu ∈ S(RN ). This inequality also implies that F is continuous as a map from S(RN ) to itself.
The proof for F̄ is analogous.

Theorem 4.28. For every u ∈ S(RN ),

(F̄ ◦ F)u = u, (F ◦ F̄)u = u.

In particular, F̄ = F−1.

The proof of this result uses the following lemma, whose proof we leave as an exercise.

Lemma 4.29. Let ϕ(x) = e−π|x|
2

. Then ϕ̂ = ϕ, and
∫
RN ϕ(x) dx = 1.

Proof of Theorem 4.28. We want to show that (F̄ ◦ F)u = u, that is,

u(x) =

∫
RN

û(ξ)e2πix·ξ dξ ∀x ∈ RN .

First of all, observe that it is enough to check this identity for x = 0, that is,

u(0) =

∫
RN

û(ξ) dξ (4.6)

In fact, by appling this result to τ−xu ∈ S(RN );

u(x) = τ−xu(0) =

∫
RN

τ̂−xu(ξ) dξ =

∫
RN

e2πix·ξû(ξ) dξ.

Let us now prove (4.6). Taking ϕ(x) = e−π|x|
2

and letting ϕλ(x) := ϕ(xλ ), for λ > 0, we see that∫
RN

û(ξ)ϕ(ξ/λ) dξ =

∫
RN

û(ξ)ϕλ(ξ) dξ =

∫
RN

u(ξ)ϕ̂λ(ξ) dξ =

∫
RN

u(ξ)λN ϕ̂(λξ) dξ

=

∫
RN

u(y/λ)ϕ̂(y) dy =

∫
RN

u(y/λ)ϕ(ξ) dξ.

Passing to the limit as λ→∞ and using Lebesgue's Dominated Convergence Theorem, we conclude that∫
RN

û(ξ) dξ = ϕ(0)

∫
RN

û(ξ) dξ = u(0)

∫
RN

e−π|ξ|
2

dξ = u(0).

The proof that (F ◦ F̄)u = u follows from similar arguments.
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4.2.1 Fourier Transform in L2. Plancherel's and Parseval's Formulas

Lemma 4.30. Given u, v ∈ S(RN ), ∫
RN

uv̄ =

∫
RN

û¯̂v.

In particular, ∫
RN
|u|2 =

∫
RN
|û|2.

Proof. Using the de�nition of Fourier transform, Fubini's theorem, and Theorem 4.28,∫
RN

û(ξ)v̂(ξ) dξ =

∫∫
RN×RN

u(x)e−2πix·ξ v̂(ξ) dξdx =

∫
RN

u(x)

∫
RN

e2πix·ξ v̂(ξ) dξ dx

=

∫
RN

u(x)ˇ̂v(x) dx =

∫
RN

u(x)v(x) dx.

Theorem 4.31. The Fourier transform F : S(RN ) → S(RN ) can be extended (in a unique way) to an
isometry F : L2(RN )→ L2(RN ). For every u ∈ L2(RN ),

〈u, v〉L2 = 〈û, v̂〉L2 (Parseval's Formula),

‖u‖L2 = ‖û‖L2 (Plancherel's Formula).

Proof (sketch). Given u ∈ L2(RN ), by the density statement proved in Lemma 4.25 there exists a
sequence (uk) ⊂ S(RN ) such that uk → u in L2(RN ). We de�ne Fu := limk Fuk. This de�nition
does not depend on the approximating sequence, and we have Parseval's and Plancherel's formulas from
Lemma 4.30. The details are left as exercise.

We started this section with the de�nition of Fourier transform in L1(RN ), and have now de�ned it
for L2(RN ). The following result checks the consistency of these de�nitions.

Proposition 4.32. The extension of F : S(RN ) → S(RN ) to F : L2(RN ) → L2(RN ) veri�es the
formula

Fu =

∫
RN

e−2πix·ξu(x) dx ∀u ∈ L2(RN ) ∩ L1(RN ).

Proof. Let

g(x) =

∫
RN

e−2πix·ξu(ξ) dξ ∈ C(RN ) ∩ L∞(RN ) ⊂ L1
loc(RN )

and take ϕ ∈ D(RN ). We have

〈g, ϕ〉L2 =

∫
RN

g(x)ϕ(x) dx =

∫
RN×RN

e−2πix·ξu(x)ϕ(x) dxdξ =

∫
RN

u(x)

∫
RN

e2πix·ξϕ(x) dξ dx

=

∫
RN

u(x)ϕ̌(x) dx = 〈u, F̄ϕ〉L2 = 〈Fu, (F ◦ F̄)ϕ〉L2 = 〈Fu, ϕ〉L2 .

Thus g = Fu a.e. by Lemma 1.9.

4.2.2 Tempered Distributions

A tempered distribution is an element of the space

S ′(RN ) := {T : S(RN )→ C; T is linear and continuous }.

The continuity of T is with respect to the converge introduced in De�nition 4.24.

Lemma 4.33. We have the continuous embeddings

Lp(RN ) ↪→ S ′(RN ) ↪→ D′(RN ) for 1 6 p 6∞.
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Proof. This is left as exercise.

In particular, a tempered distribution T : S(RN ) → S(RN ) is a distribution, in the sense that
T |D(RN ) ∈ D′(RN ).

De�nition 4.34. We de�ne

F , F̄ : S ′(RN )→ S ′(RN )

by the formulas:

1. 〈Fu, ϕ〉 := 〈u,Fϕ〉 for every u ∈ S ′(RN ), ϕ ∈ S(RN );

2. 〈F̄u, ϕ〉 := 〈u, F̄ϕ〉 for every u ∈ S ′(RN ), ϕ ∈ S(RN ).

Observe that this is well de�ned as a consequence of Theorem 4.26. Is is now easy to see (the hard part
has been done!) that F : S ′(RN )→ S ′(RN ) is linear and continuous, with inverse F̄ : S ′(RN )→ S ′(RN ).

Similarly to what we have done in the space of distributions, we de�ne:

〈Dαu, ϕ〉 := (−1)|α|〈u,Dαϕ〉 ∀u ∈ S ′(RN ), ϕ ∈ S(RN )

〈P (x)u, ϕ〉 := 〈u, P (x)ϕ〉 ∀u ∈ S ′(RN ), ϕ ∈ S(RN ), P (x) polynomial.

Is is straightforward to check that the derivative of a tempered distribution is a tempered distribution,
and that the product of a polynomial by a tempered distribution is still a tempered distribution.

The formulas of Lemma 4.27 extend directly to the context of tempered distributions.

Lemma 4.35. Given u ∈ S ′(RN ),

1. Dα(Fu) = F((−2πix)αu);

2. F(Dαu) = (2πiξ)αFu

Proof. Given u ∈ S ′(RN ) and ϕ ∈ S(RN ),

〈DαFu, ϕ〉 = (−1)|α|〈Fu,Dαϕ〉 = (−1)|α|〈u,F(Dαϕ)〉 = (−1)|α|〈u, (2πix)αFϕ〉
= (−1)|α|〈(2πix)αu,Fϕ〉 = 〈(−2πix)αu,Fϕ〉 = 〈F((−2πix)αu), ϕ〉

and

〈F(Dαu), ϕ〉 = 〈Dαu,Fϕ〉 = (−1)|α|〈u,Dα(Fϕ)〉 = (−1)|α|〈u,F((−2πix)αϕ)〉
= (−1)|α|〈Fu, (−2πix)αϕ〉 = 〈(2πix)αFu, ϕ〉.

Example 4.36. Let us check that

1̂ = δ0 and δ̂0 = 1.

First of all, observe that the constant function f ≡ 1 belongs to L∞(RN ), thus it is a tempered distri-
bution by Lemma 4.33. The fact that δ0 ∈ S ′(RN ) can be checked directly (or, alternatively, using the
fact that F(S ′(RN )) ⊂ S ′(RN ) and F1 = δ0). As for the computations, given ϕ ∈ S(RN ),

〈1̂, ϕ〉 = 〈1, ϕ̂〉 =

∫
RN

ϕ̂(ξ) dξ = ϕ(0) = 〈δ0, ϕ〉;

〈δ̂0, ϕ〉 = 〈δ0, ϕ̂〉 = ϕ̂(0) =

∫
RN

ϕ(x) dx = 〈1, ϕ〉.
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4.3 Sobolev Spaces

The main sources of inspiration for this section are [2, �9] and [5, �5].
From now on, functions go back to being real valued. Unless stated otherwise, Ω will be an open set

in RN . We de�ne the important notion of Sobolev space, which can be seen as a combination of the
following more standard spaces.

Ck(Ω) = {u : Ω→ R; with Dαu ∈ C(Ω) ∀α ∈ NN0 : |α| 6 k}

and

Lp(Ω) = {u : Ω→ R measurable;

∫
Ω

|u|p <∞}.

De�nition 4.37 (Sobolev Spaces). For k ∈ N and 1 6 p 6∞, we de�ne the Sobolev space

W k,p(Ω) = {u ∈ Lp(Ω) : Dαu ∈ Lp(Ω) ∀α ∈ NN0 : |α| 6 k}.

The statement Dαu ∈ Lp(Ω) reads as the derivative in the sense of distributions of u belongs to Lp(Ω)
or as the weak derivative of u belongs to Lp(Ω) � the W in the de�nition stands for weak. This statement
deserves some careful explanations. First of all, since u ∈ Lp(Ω) ⊂ L1

loc(Ω), Dαu is well de�ned as a
distribution, through the formula

〈Dαu, ϕ〉D′×D := (−1)|α|
∫

Ω

uDαϕ ∀ϕ ∈ D(Ω).

When we write Dαu ∈ Lp(Ω), we are saying there exists f ∈ Lp(Ω) such that Dαu = Tf (recall Example
4.3), that is

〈Dαu, ϕ〉D′×D =

∫
fϕ ∀ϕ ∈ D(Ω).

We identify Dαu with f , as usual. Thus, if u ∈ W k,p(Ω), we have the following formula of integration
by parts for |α| 6 k: ∫

Ω

Dαuϕ = (−1)|α|
∫

Ω

uDαϕ ∀u ∈W k,p(Ω), ϕ ∈ D(Ω)

(observe that both expressions coincide with 〈Dαu, ϕ〉D′×D).

Example 4.38. For k = 1 and k = 2 we have

W 1,p(Ω) = {u ∈ Lp(Ω) :
∂u

∂x1
, . . . ,

∂u

∂xN
∈ Lp(Ω)}

W 2,p(Ω) = {u ∈ Lp(Ω) :
∂u

∂xi
,
∂2u

∂xi∂xj
∈ Lp(Ω) ∀i, j = 1, . . . , N}.

De�nition 4.39 (Norms). If u ∈W k,p(Ω), we de�ne the norms1:

� for 1 6 p <∞,

‖u‖Wk,p(Ω) :=

∑
|α|6k

‖Dαu‖pLp(Ω)

1/p

;

� for p =∞,

‖u‖Wk,∞(Ω) := max
|α|6k

‖Dαu‖L∞(Ω).

1The fact that these are norms follows directly from the Minkowski inequality
(∑N

i=1 |ai + bi|p
)1/p

6
(∑N

i=1 |ai|p
)1/p

+(∑N
i=1 |bi|p

)1/p
, which is a particular case of the more general inequality

(∫
|f + g|p dµ

)1/p 6
(∫
|f |p dµ

)1/p
+(∫

|g|p dµ
)1/p

.
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Example 4.40. Some particular cases of the previous de�nitions are:

‖u‖W 1,p(Ω) =

(
‖u‖pLp(Ω) +

N∑
i=1

‖∂xiu‖
p
Lp(Ω)

)1/p

=

(∫
Ω

|u|p +

N∑
i=1

∫
Ω

|∂xiu|
p

)1/p

,

‖u‖W 2,p(Ω) =

∫
Ω

|u|p +

N∑
i=1

∫
Ω

|∂xiu|
p

+

N∑
i,j=1

∫
Ω

∣∣∂xixju∣∣p
1/p

,

‖u‖W 1,∞(Ω) = max
{
‖u‖L∞(Ω), ‖∂x1u‖L∞(Ω) , . . . , ‖∂xNu‖L∞(Ω)

}
.

We sometimes use the equivalent norm

|||u|||Wk,p(Ω) :=
∑
|α|6k

‖Dαu‖Lp(Ω)

(for example, |||u|||W 1,p(Ω) = ‖u‖Lp(Ω) +
∑N
i=1 ‖∂xiu‖Lp(Ω)).

For k = 1, a third (equivalent) norm is(
‖u‖pLp(Ω) + ‖∇u‖pLp(Ω)

)1/p

, (4.7)

where ‖∇u‖Lp(Ω) means ‖|∇u|‖Lp(Ω), that is,

‖∇u‖pLp :=

∫
Ω

|∇u|p =

∫
Ω

[(∂x1u)2 + . . .+ (∂xNu)2]p/2

In the applications we will mostly work with p = 2. In this case, we de�ne

Hk(Ω) := W k,2(Ω)

and have an inner product:

〈u, v〉Hk(Ω) :=
∑
|α|6k

〈Dαu,Dαv〉L2(Ω) =
∑
|α|6k

∫
Ω

DαuDαv.

For k = 1 and p = 2, for instance, we have H1(Ω) := W 1,2(Ω), with inner product

〈u, v〉H1 =

∫
Ω

uv +

∫
Ω

∇u · ∇v

and associated norm

‖u‖H1 =

(∫
Ω

u2 +

∫
Ω

|∇u|2
)1/2

,

which corresponds to (4.7) with p = 2.

Example 4.41. The test function space D(Ω) is contained in W k,p(Ω) for every k ∈ N, p ∈ [1,∞].
When Ω is bounded, Ck(Ω) ⊂W k,p(Ω). More generally, Ckb (Ω) ⊂W k,p(Ω), where Ckb (Ω) is the space of
Ck functions with bounded derivatives.

Example 4.42. In dimension N = 3, let us check that

1

|x|a
∈ H1(B1(0)) for a < 1/2.

First of all, since 2a < 3 = N , it is clear that |x|−a ∈ L2(B1(0)). Let us prove that the gradient of |x|−a
in the sense of distributions coincides with the usual notion of derivative, which in this case is de�ned
for x 6= 0. This in general a delicate topic (recall Remark 4.13). For ϕ ∈ D(B1(0)),

〈∂xi(|x|−a), ϕ〉D′×D = −
∫
B1(0)

|x|−a∂xiϕ = − lim
ε→0

∫
B1(0)\Bε(0)

|x|−a∂xiϕ

= lim
ε→0

∫
B1(0)\Bε(0)

∂xi(|x|−a)ϕ+ lim
ε→0

∫
∂Bε(0)

1

εa+1
xiϕ

= lim
ε→0

∫
B1(0)\Bε(0)

−axi
|x|2+a

ϕ(x) =

∫
B1(0)

−axi
|x|2+a

ϕ(x)
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(observe that 1/|x|a and 1/|x|a+1 are integrable at the origin, so the limits in the second and last
equalities are justi�ed by Lebesgue's Dominated Convergence). Thus

∇(|x|−a) = −a x

|x|a+2
in D′(B1(0)),

which is in L2(B1(0)) since 2a+ 2 < 3 = N .

Example 4.43. Given p ∈ [1,∞], the Heaviside function H(x) de�ned in Example 4.12 does not belong
to W 1,p(]− 1, 1[). Indeed, H ′ = δ0 in D′(]− 1, 1[), and δ0 does not belong to Lp space (i.e., δ0 cannot be
identi�ed with an Lp function). [why?].

We list below some basic properties of Sobolev spaces:

� For k ∈ N and p ∈ [1,∞], W k,p(Ω) is a vector space. Indeed, since

Dα(λu+ µv) = λDαu+ µDαv in D′(Ω), ∀λ, µ ∈ R, u, v ∈W k,p(Ω)

and Lp(Ω) is a vector space for p > 1, then

λu+ µv ∈W k,p(Ω) ∀λ, µ ∈ R, u, v ∈W k,p(Ω).

� Given u ∈W k,p(Ω) and ϕ ∈ D(Ω), we have uϕ ∈W k,p(Ω), because

Dα(uϕ) =
∑
β6α

(
α
β

)
Dα−βu Dβϕ︸︷︷︸

∈L∞(Ω)

.

Proposition 4.44. For every k ∈ N and 1 6 p 6∞, W k,p(Ω) is a Banach space. Moreover:

� it is re�exive for 1 < p <∞;

� it is separable for 1 6 p <∞.

In particular, given k ∈ N, Hk(Ω) is a separable Hilbert space.

Proof. We refer to [2, p. 264] for the proof of the statements regarding re�exivity and separability. Here
we will present the completeness proof. Take (un) a Cauchy sequence. Then, for every α ∈ NN0 with
|α| 6 k, (Dαun) is a Cauchy sequence in Lp(Ω). Since the latter space is complete, there exists uα such
that, as n→∞,

Dαun → uα in Lp(Ω)

[watch out: the limit depends on the multi-index α]. We now claim that Dαu0 = uα in D′(Ω), which
ends the proof. From the de�nition of derivative, we have, for every ϕ ∈ D(Ω),∫

Ω

Dαunϕ = (−1)|α|
∫

Ω

unD
αϕ.

By passing to the limit as n→∞, and since Dαun → uα, un → u0 in Lp(Ω) (and, thus, also in L1
loc(Ω)),∫

Ω

uαϕ = (−1)|α|
∫

Ω

u0D
αϕ = 〈Dαu0, ϕ〉D′×D ∀ϕ ∈ D(Ω).

Hence, Dαu0 = uα in D′(Ω), as claimed.

The space W k,p(Ω) seems hard to understand and to work with, since the notion of weak derivative
is quite abstract. Most of the di�culties, however, will be solved once we understand which �nice� spaces
are dense in W k,p(Ω). We will state and prove the results for Ω = RN , and then give some hints about
the general case.

Theorem 4.45. Let u ∈W k,p(RN ), with 1 6 p <∞. Then there exists (un) ⊂ D(RN ) such that un → u
in W k,p(RN ).
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In particular, this theorem tells us that D(RN ) is dense in W k,p(RN ). Thus, whenever we want to
prove a property for functions in W k,p(RN ), we will prove it for functions in D(RN ), and then argue by
density.

Proof. Let us start to present the proof for the case k = 1, that is, to prove that D(RN ) is dense in
W 1,p(RN ). Let u ∈W 1,p(RN ).

1) Construction of an approximating sequence in C∞(RN ) ∩W 1,p(RN ).
Let ρε be the molli�ers de�ned in (1.4), and de�ne

uε(x) = (ρε ∗ u)(x).

We know that uε ∈ C∞(RN ) and uε → u in Lp(RN ) as ε → 0 (recall Lemma 1.7). Let us check that
∂xiuε = ρε ∗ ∂xiu (both are C1�functions, so this identity is in the usual pointwise sense). Indeed,

∂uε
∂xi

(x) = (
∂ρε
∂xi
∗ u)(x) =

∫
RN

∂ρε
∂xi

(x− y)u(y) dy = −
∫
RN

∂

∂yi
(ρε(x− y))u(y) dy

=
↓

ρε ∈ D(RN )

∫
RN

ρε(x− y)
∂u

∂yi
(y) dy = (ρε ∗

∂u

∂xi
)(x).

Therefore, since ∂xiu ∈ Lp(RN ),

∂uε
∂xi

= ρε ∗
∂u

∂xi
→ ∂u

∂xi
in Lp(RN ) ∀i = 1, . . . , N.

In conclusion, uε → u in W 1,p(RN ).

2) Let us check that each function in C∞(RN ) ∩W 1,p(RN ) can be approximated in W 1,p(RN )�norm
by elements of D(RN ). Given v ∈ C∞(RN ) ∩W 1,p(RN ), take a cut-o� function ϕ ∈ D(RN ) such that
0 6 ϕ 6 1, ϕ = 1 in B1(0), ϕ = 0 in RN \B2(0). Let

vε(x) := ϕ(εx)v(x) ∈ D(RN ),

which satis�es vε = 1 in B1/ε(0), vε = 0 in RN \B2/ε(0). Then∫
RN
|vε(x)− v(x)|p dx =

∫
RN\B1/ε(0)

|v(x)|p|ϕ(εx)− 1|p dx 6
∫
RN\B1/ε(0)

|v(x)|p dx→ 0,

so that vε → v in Lp(Ω). Moreover, for i = 1, . . . , N , we have

∂vε
∂xi

(x) = ε
∂ϕ

∂xi
(εx)v(x) + ϕ(εx)

∂v

∂xi
(x),

which satisfy∫
RN
|ε ∂ϕ
∂xi

(εx)v(x)|p dx 6 Cεp → 0,

∫
RN
|ϕ(εx)

∂v

∂xi
(x)− ∂v

∂xi
(x)|p dx→ 0.

Therefore
∂vε
∂xi
→ ∂v

∂xi
in Lp(RN ) ∀i = 1, . . . , N,

and so
vε → v in W 1,p(RN ) as ε→ 0.

3) By combining 1) and 2), it is now easy to see that

ϕ(εx)(ρε ∗ u)(x)→ u in W 1,p(RN ),

since

‖ϕ(εx)(ρε ∗ u)(x)− u‖W 1,p(RN ) 6 ‖(ϕ(εx)− 1)(ρε ∗ u)‖W 1,p(RN ) + ‖ρε ∗ u− u‖W 1,p(RN ) → 0.

4) The general case for k > 2 follows exactly in the same way, using Leibniz Formula.
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Let Ω be an open set and take u ∈W k,p(Ω). We extend this function to the whole RN by 0:

ũ(x) =

{
u(x) , x ∈ Ω

0 , x 6∈ Ω.

and de�ne uε(x) := ϕ(εx)(ρε ∗ ũ)(x) ∈ C∞(RN ) (observe that ũ ∈ Lp(RN ) ⊂ L1
loc(RN )). This function

has support contained in
Nε(Ω) := {x ∈ RN : dist(x,Ω) 6 ε},

thus, with a similar proof as before (see [2, Theorem 9.2] combined with [5, �5.3 - Theorem 1] for the
details), we have the following result.

Theorem 4.46. Let Ω be an open set in RN , and take u ∈W k,p(Ω). Then there exists (un)n ⊂ D(RN )
such that {

un → u in Lp(Ω)

Dαun → Dαu in Lploc(Ω) for 0 < |α| 6 k.

Making the additional assumption that Ω is a C1 bounded domain, one can prove more:

C∞(Ω) is dense in W k,p(Ω)

(see [5, �5.3 - Theorem 3] for a proof). Ahead in Corollary 4.79 we will present the proof for k = 1.

4.3.1 Sobolev Spaces and Fourier Transform

In this section we give and alternative characterization of the Sobolev spaces Hk(RN ) using the
Fourier transform. This will allow us to better understand these spaces, to provide simpler proofs of
some statements, and to motivate a de�nition of fractional Sobolev space (which we will not need in this
course, but which is widely used in some �elds). The main sources of inspiration for this part are [13,
�7.7.7] and [4].

Here we will work with Ω = RN , k ∈ N and p = 2, dealing with the spaces

Hk(RN ) = W k,2(RN ) = {u ∈ L2(RN ) : Dαu ∈ L2(RN ) ∀α ∈ NN0 : |α| 6 k}.

Recall that F considered as a map from L2(RN ) to itself is invertible, and that for u ∈ L2(RN ) ⊂ S ′(RN ),
also Dαu ∈ S ′(RN ) and F(Dαu) = (2πiξ)αû. Therefore

Dαu ∈ L2(RN ) ⇐⇒ F(Dαu) ∈ L2(RN ) ⇐⇒ ξαû = ξα1
1 . . . ξαNN û ∈ L2(RN ).

This motivates the following result.

Theorem 4.47. Let u ∈ L2(RN ). Then

1. u ∈ Hk(RN ) if and only if (1 + |ξ|k)û ∈ L2(RN ).

2. Moreover, there exists C > 0 (independent of u) such that

1

C
‖u‖Hk(RN ) 6 ‖(1 + |ξ|k)û‖L2(RN ) 6 C‖u‖Hk(RN ).

Proof. Let u ∈ L2(Ω) and k ∈ N.
a) Assume that (1 + |ξ|k)û ∈ L2(RN ) and take α ∈ NN0 such that |α| 6 k. Let us start by checking that

D̂αu = (2πiξ)αû ∈ L2(Ω)∫
Ω

|D̂αu|2 =

∫
RN
|(2πiξ)αû(ξ)|2 dξ = (2π)|α|

∫
RN

(ξ2α1
1 . . . ξ2αN

N )|û(ξ)|2 dξ

6
↓

|ξi|2αi 6 |ξ|2αi

(2π)|α|
∫
RN
|ξ|2|α||û(ξ)|2 dξ6

↓
|ξ||α| 6 1 + |ξ|k

Cα

∫
RN

(1 + |ξ|k)2|û(ξ)|2 dξ <∞.
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Hence D̂αu ∈ L2(Ω), which implies that Dαu ∈ L2(Ω), and ‖Dαu‖L2(RN ) = ‖D̂αu‖L2(RN ) 6 Cα‖(1 +

|ξ|k)u‖L2(RN ). Then there exists C > 0 independent of u such that

‖u‖Hk(RN ) 6 C‖(1 + |ξ|k)û‖L2(RN ).

b) Assume that u ∈ Hk(RN ). We want to estimate ‖û‖L2(RN ) and ‖(1 + |ξ|k)û‖L2(RN ) in terms of
‖u‖Hk(RN ). Since

u,
∂ku

∂xk1
, . . .

∂ku

∂xkN
∈ L2(RN ),

we have ‖u‖L2(RN ) = ‖û‖L2(RN ) and, for every i,∫
RN

∣∣∣∣∂ku∂xki

∣∣∣∣2 =

∫
RN

∣∣∣∣∣ ∂̂ku∂xki

∣∣∣∣∣
2

=

∫
RN
|2πiξi|2k|û(ξ)|2 dξ = (2π)2k

∫
RN
|ξi|2k|û(ξ)|2 dξ.

Therefore, ∫
RN
|ξi|2k|û(ξ)|2 dξ 6 1

(2π)2k

∫
RN

∣∣∣∣∂ku∂xki
(ξ)

∣∣∣∣2 dξ
and we conclude that

‖(1 + |ξ|k)û‖2L2(RN ) =

∫
RN

(1 + |ξ|k)2|û(ξ)|2 6 C

∫
RN

(1 + |ξ|2k)|û(ξ)|2 dξ

6 C

∫
RN
|û(ξ)|2 dξ + C ′

∫
RN

(ξ2k
1 + . . .+ ξ2k

N )|û(ξ)|2 dξ

6 C ′′

(∫
RN
|u|2 +

N∑
i=1

∫
RN

∣∣∣∣∂ku∂xki

∣∣∣∣2
)

6 C ′′‖u‖2Hk(RN ).

Corollary 4.48. For k ∈ N,

Hk(RN ) = {u ∈ L2(RN ) : |ξ|kû ∈ L2(RN )}
= {u ∈ L2(RN ) : (1 + |ξ|k)û ∈ L2(RN )},

and
u 7→ ‖(1 + |ξ|k)û‖L2(RN )

is a norm in Hk(RN ), being equivalent to the standard one.

Remark 4.49. Since there exists C > 0 such that 1
C (1 + |ξ|2)k/2 6 (1 + |ξ|k) 6 C(1 + |ξ|2)k/2 for every

ξ ∈ RN , we also have

Hk(RN ) = {u ∈ L2(RN ) : (1 + |ξ|2)k/2û ∈ L2(RN )}

and u 7→ ‖(1 + |ξ|2)k/2‖L2(RN ) is another equivalent norm.

The alternative characterizations of Hk(RN ) (k ∈ N) we proved in this section motivate the following
de�nition.

De�nition 4.50 (Fractional Sobolev Spaces). Let s ∈ (0,∞). We de�ne

Hs(RN ) :={u ∈ L2(RN ) : |ξ|sû ∈ L2(RN )}
={u ∈ L2(RN ) : (1 + |ξ|s)û ∈ L2(RN )},

which is a normed space with

‖u‖Hs(RN ) =

(∫
RN

(1 + |ξ|s)2|û|2 dξ
)1/2

.
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4.3.2 Sobolev Inequalities

Given u ∈ W 1,p(Ω), we have that u ∈ Lp(Ω) and |∇u| ∈ Lp(Ω). Does the integrability of the weak
derivative of u give extra information about u itself? The answer is yes.

Theorem 4.51 (Sobolev, Gagliardo, Nirenberg). Let 1 6 p < N . Then there exists a constant C =
C(N, p) such that

‖u‖Lp∗ (RN ) 6 C‖∇u‖Lp(RN ) ∀u ∈W 1,p(RN ), (4.8)

where p∗ = Np/(N−p). In particular, ‖u‖Lp∗ (RN ) 6 C‖u‖W 1,p(RN ) and we have a continuous embedding

W 1,p(RN ) ↪→ Lp
∗
(RN ). (4.9)

Remark 4.52. 1) Observe that this result only makes sense for N > 1. We will see ahead some speci�c
results in dimension one.
2) The number p∗ is called the Sobolev exponent and (4.9) is a Sobolev embedding. One can see from a
direct computation that p∗ > p. Observe also that p∗ is such that 1

p∗ = 1
p −

1
N .

3) Let us check that, if (4.8) is satis�ed for some p∗, then necessarily p∗ = Np/(N − p). For that, we
use a scaling argument. Let u ∈ D(RN ), λ > 0, and de�ne uλ(x) = u(λx) ∈ D(RN ). Then, from (4.8),(∫

RN
|uλ|p

∗
)1/p∗

6 C

(∫
RN
|∇uλ|p

)1/p

= C

(
λp
∫
RN
|∇u(λx)|p

)1/p

which, after a change of variables, reads as(
1

λN

∫
RN
|u|p

∗
)1/p∗

6 C

(
λp−N

∫
RN
|∇u|p

)1/p

Therefore,

‖u‖Lp∗ (RN ) 6 Cλ1−Np + N
p∗ ‖∇u‖Lp(RN ) ∀u ∈ D(RN ), λ > 0,

which necessarily implies that

1− N

p
+
N

p∗
= 0 ⇐⇒ p∗ =

Np

N − p
.

In order to prove Theorem 4.51, it is enough to prove the same statement for test functions.

Lemma 4.53. Let 1 6 p < N . Then there exists C = C(N, p) such that

‖u‖Lp∗ (RN ) 6 C‖∇u‖Lp(RN ) ∀u ∈ C1
c (RN ).

Proof. Step 1) Let us prove the result for p = 1; we check that(∫
RN
|u|

N
N−1

)N−1
N

6
∫
RN
|∇u| ∀u ∈ C1

c (RN ). (4.10)

We have

u(x) =

∫ xi

−∞
uxi(x1, . . . , xi−1, t, xi+1, . . . , xN ) dt,

and so

|u(x)| 6
∫ xi

−∞
|uxi(x1, . . . , xi−1, t, xi+1, . . . , xN )| dt

6
∫
R
|uxi(x1, . . . , xi−1, t, xi+1, . . . , xN )| dt =:

∫
R
|uxi | dxi

(a quantity that depends on x1, . . . xi−1, xi+1, . . . , xN by not on xi). Then

|u(x)|
N
N−1 6

(∫
R
|ux1
| dx1

) 1
N−1

· · ·
(∫

R
|uxN | dxN

) 1
N−1

.
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Integrating in x1 and using Fubini's theorem and Hölder's inequality for the product of N − 1 functions
in LN−1(R) gives:∫

R
|u(x)|

N
N−1 dx1 6

(∫
R
|ux1
| dx1

) 1
N−1

∫
R

(∫
R
|ux2
| dx2

) 1
N−1

· · ·
(∫

R
|uxN | dxN

) 1
N−1

dx1

6

(∫
R
|ux1
| dx1

) 1
N−1

(∫
R2

|ux2
| dx1dx2

) 1
N−1

· · ·
(∫

R2

|uxN | dx1dxN

) 1
N−1

.

Integrating next in x2:∫
R2

|u(x)|
N
N−1 dx1dx2

6

(∫
R2

|ux2
| dx1dx2

) 1
N−1

∫
R

(∫
R
|ux1
| dx1

) 1
N−1

(∫
R2

|ux3
| dx1dx3

) 1
N−1

· · ·
(∫

R2

|uxN | dx1dxN

) 1
N−1

dx2

6

(∫
R2

|ux1 | dx1dx2

) 1
N−1

(∫
R2

|ux2 | dx1dx2

) 1
N−1

(∫
R3

|ux3 | dx1dx2dx3

) 1
N−1

· · ·
(∫

R3

|uxN | dx1dx2dxN

) 1
N−1

.

Iterating this procedure, we arrive at

∫
RN
|u(x)|

N
N−1 6

N∏
i=1

∫
RN
|uxi |︸︷︷︸
6|∇u|


1

N−1

6

(∫
RN
|∇u|

) N
N−1

,

which corresponds to (4.10).

Step 2) The case 1 < p < N . Given u ∈ C1
c (RN ), we apply the previous step to the function |u|γ , for

some γ > 1 to choose later. Observe that |u|γ ∈ C1
c (RN ) and that ∇|u|γ = γ|u|γ−2u∇u. This gives(∫

RN
|u|

γN
N−1

)N−1
N

6
∫
RN
|∇|u|γ | = γ

∫
RN
|u|γ−1|∇u|.

Applying Hölder's inequality to the right-hand side, we arrive at(∫
RN
|u|

γN
N−1

)N−1
N

6 γ

(∫
RN
|∇u|p

) 1
p
(∫

RN
|u|

(γ−1)p
p−1

) p−1
p

. (4.11)

Choosing γ such that

γN

N − 1
=

(γ − 1)p

p− 1
⇐⇒ γ =

p(N − 1)

N − p
(which is larger than 1 since p > 1),

we arrive at Sobolev's inequality, with constant C(N, p) = γ = p(N−1)
N−p .

Proof of Theorem 4.51. Since D(RN ) ⊂ C1
c (RN ) ⊂ W 1,p(RN ) and D(RN ) is dense in W 1,p(RN ), then

also C1
c (RN ) is dense in W 1,p(RN ). Given u ∈ W 1,p(RN ), take un ∈ C1

c (RN ) such that un → u in
W 1,p(RN ), that is {

un → u in Lp(RN )

∇un → ∇u in Lp(RN ).

Then ‖∇un‖Lp(RN ) → ‖∇u‖Lp(RN ) and, since we can assume |un| → |u| a.e. (by taking a subsequence),
by Fatou's lemma,

‖u‖Lp∗ =

(∫
RN
|u|p

∗
)1/p∗

6 lim inf

(∫
RN
|un|p

∗
)1/p∗

6
↓

Lemma 4.53

lim inf C

(∫
RN
|∇un|p

)1/p

= C‖∇u‖Lp(RN ).
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We have shown that W 1,p(RN ) is embedded with continuity in Lp
∗
(RN ). On the other hand, it is

also embedded in Lp(RN ) [why?]. By using the interpolation inequality (see Corollary 1.2) we have the
following consequence.

Corollary 4.54. Let 1 6 p < N . Then we have the continuous embeddings

W 1,p(RN ) ↪→ Lq(RN ) ∀q ∈ [p, p∗].

Proof. Let q ∈ (p, p∗) and take θ ∈ (0, 1) such that 1
q = θ

p + 1−θ
p∗ . By Theorem 4.51 there exists C > 0

such that, for every u ∈W 1,p(RN ),

‖u‖Lq(RN ) 6 ‖u‖θLp(RN )‖u‖
1−θ
Lp∗ (RN )

6 C‖u‖θW 1,p(RN )‖u‖
1−θ
W 1,p(RN )

= C‖u‖W 1,p(RN ).

Since p∗ → ∞ as p → N−, we could be tempted to think that W 1,N (RN ) is contained in L∞(RN ).
However, that is not true for N > 2 (see [5, p. 280] for a counter-example), only for N = 1 (see below).
In general, we have the following.

Theorem 4.55 (Case p = N > 1). Let N > 1. We have

W 1,N (RN ) ↪→ Lq(RN ) ∀q ∈ [N,∞).

Proof. As always, we only need to prove an inequality for C1
c (RN ). We recover (4.11) from the proof of

Sobolev's inequality: given γ > 1 and u ∈ C1
c (RN ),(∫

RN
|u|

γN
N−1

)N−1
N

6 γ

(∫
RN
|∇u|p

) 1
p
(∫

RN
|u|

(γ−1)p
p−1

) p−1
p

∀u ∈ C1
c (RN ). (4.12)

Choosing p = N :

‖u‖γ
L
γN
N−1

6 γ‖∇u‖LN ‖u‖γ−1

L
(γ−1)N
N−1

6
↓

Young's inequality with exponents γ, γ/(γ − 1)

γ

(
1

γ
‖∇u‖γ

LN
+
γ − 1

γ
‖u‖γ

L
(γ−1)N
N−1

)

⇒ ‖u‖
L
γN
N−1

6 C(γ)
(
‖∇u‖LN + ‖u‖

L
(γ−1)N
N−1

)
.

Now the result follows from an iterative procedure, choosing the sequence γk = N + k and applying the
interpolation inequality: in fact, setting

qk :=
γkN

N − 1
=

(N + k)N

N − 1
,

we have

‖u‖Lqk ≤ C(γk) (‖∇u‖LN + ‖u‖Lqk−1 ) .

For k = 0 this yields

‖u‖Lq0 ≤ C0 (‖∇u‖LN + ‖u‖LN ) .

Substituting this bound into the case k = 1, we obtain

‖u‖Lq1 ≤ C1 (‖∇u‖LN + ‖u‖Lq0 ) ≤ C ′1 (‖∇u‖LN + ‖u‖LN ) .

Proceeding inductively, we �nd that for every k ∈ N,

‖u‖Lqk ≤ C ′k (‖∇u‖LN + ‖u‖LN ) ,

where C ′k > 0 depends only on k and N . Since qk → ∞ as k → ∞, the interpolation inequality yields
the result.

For p > N , the situation is as follows.
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Theorem 4.56 (Case p > N). Let p > N > 1. Then

W 1,p(RN ) ↪→ L∞(RN ).

Furthermore, for all u ∈W 1,p(RN ) we have

|u(x)− u(y)| 6 C|x− y|α‖∇u‖Lp(RN ) for a.e. x, y ∈ RN , (4.13)

where α = 1− N
p , C = C(N, p).

Proof. It is enough to prove the result for u ∈ C∞c (RN ). For now, �x Br a ball of radius r such that
0 ∈ Br. Then, for x ∈ Br,

u(x)− u(0) =

∫ 1

0

d

dt
[u(tx)] dt =

∫ 1

0

∇u(tx) · x dt.

Integrating in Br, dividing by |Br| = rN |B1| and applying the absolute value on both sides:∣∣∣∣ 1

|Br|

∫
Br

u− u(0)

∣∣∣∣ 6 1

|Br|

∫
Br

∫ 1

0

|∇u(tx)| |x|︸︷︷︸
6r

dtdx 6
1

|B1|rN−1

∫ 1

0

∫
Br

|∇u(tx)| dxdt.

By using the change of variables y = tx and the fact that tBr ⊂ Br for t ∈ (0, 1) (since 0 ∈ Br), we
deduce ∣∣∣∣ 1

|Br|

∫
Br

u− u(0)

∣∣∣∣ 6 1

|B1|rN−1

∫ 1

0

1

tN

∫
tBr

|∇u(y)| dydt

6
1

|B1|rN−1

∫ 1

0

1

tN

(∫
tBr

|∇u(y)|p
) 1
p

|tBr|
p−1
p dt

6
r1−Np

|B1|
1
p

∫ 1

0

t−
N
p dt ‖∇u‖Lp(Br) =

1

|B1|
1
p

r1−Np

1− N
p

‖∇u‖Lp(RN ).

(we used Hölder's inequality in the second line). By a translation argument, given any given ball Br of
radius r with center x ∈ RN , we have∣∣∣∣ 1

|Br|

∫
Br

u− u(x)

∣∣∣∣ 6 1

|B1|
1
p

r1−Np

1− N
p

‖∇u‖Lp(RN ). (4.14)

By the triangle inequality, given any ball Br of radius r and x, y ∈ Br:

|u(x)− u(y)| 6 2

|B1|
1
p

r1−Np

1− N
p

‖∇u‖Lp(RN ).

Finally, given x, y ∈ RN , we just have to apply the previous inequality to the ball B2|x−y|(x).

The L∞�bound is a direct consequence of (4.14). Given x ∈ RN and considering a ball B(x) centered
at x such that |B(x)| = 1:

|u(x)| 6 1

|B(x)|

∫
B(x)

|u|+ C(N, p)‖∇u‖Lp(RN )

6 ‖u‖Lp(B(x)) + C(N, p)‖∇u‖Lp(RN ) 6 C ′(N, p)‖u‖W 1,p(RN ),

by Hölder's inequality.

Remark 4.57. For p = N = 1, the previous proof allows to deduce that W 1,1(R) ↪→ L∞(R). Since
W 1,1(R) ↪→ L1(R), then

W 1,1(R) ↪→ Lp(R) for every p ∈ [1,∞],

by the interpolation inequality.
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Remark 4.58. We can improve the previous statement by observing that there exists ũ ∈ C(RN ) satis-
fying u = ũ almost everywhere and satisfying (4.13) at every x, y ∈ RN . Let us justify this observation:
let A be a set of measure zero where |u(x)−u(y)| 6 C|x− y|α‖∇u‖Lp(RN ) for every x, y ∈ RN \A. Then
u|RN\A is continuous and, by combining (4.13) with the fact that RN \A is dense in RN , we can extend
it in a unique way to a continuous function. We write

W 1,p(RN ) ⊂ C(RN ),

with the meaning that

each u ∈W 1,p(RN ) admits a continuous representative.

Remark 4.59. A function u : Ω→ R satisfying

|u(x)− u(y)| 6 C|x− y|α ∀x, y ∈ Ω

is called Hölder continuous (in Ω) with exponent α. We also de�ne the Hölder space

C0,α(Ω) :=

{
u ∈ C(Ω) : ‖u‖C0,α(Ω) := sup

Ω
|u|+ sup

x,y∈Ω

x6=y

|u(x)− u(y)|
|x− y|α

<∞

}
.

Hence, Theorem 4.56 (which is due to Morrey) says that W 1,p(RN ) ↪→ C0,α(RN ) for α = 1− N
p .

To summarize, for any N > 1 we have the following continuous embeddings:

W 1,p(RN ) ↪→ Lq(RN ), ∀q ∈ [p, p∗] if p < N,

W 1,p(RN ) ↪→ Lq(RN ), ∀q ∈ [p,∞) if p = N,

W 1,p(RN ) ↪→ C0,α(RN ), α = 1− N

p
if p > N.

Observing that u ∈ W k,p implies Dβu ∈ W k−|β|,p for |β| 6 k, through an induction argument one
can show that:

W k,p(RN ) ↪→ Lq(RN ), ∀q ∈
[
p,

Np

N − kp

]
if kp < N,

W k,p(RN ) ↪→ Lq(RN ), ∀q ∈ [p,∞) if kp = N,

W k,p(RN ) ↪→ Cm,α(RN ) if kp > N,

where m is the largest positive integer such that α := k − N
p −m ∈ [0, 1). Observe that q = Np

N−pk is

equivalent to 1
q = 1

p −
k
N and that, given Ω ⊂ RN ,

Cm,α(Ω) :=

{
u ∈ Cm(Ω) : ‖u‖Cm,α(Ω) :=

∑
|β|6m

sup
Ω
|Dβu|+

∑
|β|=m

sup
x,y∈Ω

x 6=y

|Dβu(x)−Dβu(y)|
|x− y|α

<∞

}
.

4.3.3 Proof of Sobolev embeddings via Fourier Transform

Let us see in the next result how one can use the Fourier Transform to prove some Sobolev embeddings.

Theorem 4.60. For any s ∈ R such that s > N/2, we have

Hs(RN ) ↪→ L∞(RN ) ∩ C(RN ).

Proof. Recall that u ∈ Hs(RN ) if and only if u ∈ L2(RN ) and (1 + |ξ|s)û ∈ L2(RN ). In particular,
û ∈ L2(RN ). Let us check that û ∈ L1(RN ) as well. In fact,∫

RN
|û| =

∫
RN
|û|(1 + |ξ|s) 1

(1 + |ξ|s)
dξ 6 ‖(1 + |ξ|s)û‖L2(RN )‖(1 + |ξ|s)−1‖L2(RN )

= ‖u‖Hs(RN )‖(1 + |ξ|s)−1‖L2(RN ) <∞,
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since 2s > N . Thus û ∈ L1(RN ) ∩ L2(RN ) and we have a formula for u = ˇ̂u:

u(x) =

∫
RN

e2πix·ξû(ξ) dξ.

In particular, u ∈ C(RN ) and ‖u‖L∞(RN ) 6 ‖û‖L1(RN ) 6 C‖u‖Hs(RN ), hence H
s(RN ) ↪→ L∞(RN ).

Corollary 4.61. For any s ∈ R and m ∈ N0 such that s > N
2 +m, we have

Hs(RN ) ↪→ Cm(RN ) ∩ L∞(RN ).

Proof. This is straightforward once we prove that

u ∈ Hs(RN ) ⇒ ∂u

∂xi
∈ Hs−1(RN ).

This is obvious for s ∈ N; for a general s > 0 it follows from the estimate

(1 + |ξ|s−1)2

∣∣∣∣∣ ∂̂u∂xi
∣∣∣∣∣
2

= (1 + |ξ|s−1)2|2πiξi|2|û|2 6 C(1 + |ξ|s)2|û|2.

Corollary 4.62. For N = 1 and k ∈ N we have

Hk(R) ↪→ Cm(R) ∩ L∞(R) ∀m ∈ N0 : m < k.

In particular,
H1(R) ↪→ C(R) ∩ L∞(R).

4.4 The spaces W k,p
0 (Ω)

So far we deduced results for W k,p(Ω) with Ω = RN . In case Ω has a boundary (e.g. when Ω is
a bounded set), we want to de�ne a suitable notion of u|∂Ω (having in mind solving boundary value
problems). For N = 1, if I ⊂ R is an open interval, one can prove (see [2, Theorem 8.8]) that W 1,p(I) ⊂
C(Ī) and it is clear how we should de�ne it. Another simpler case is to give a meaning to u|∂Ω = 0 for
a function u in a Sobolev space.

In what follows Ω is a bounded set, k ∈ N and 1 6 p <∞.

De�nition 4.63. Let Ω be an open set in RN . We de�ne W 1,p
0 (Ω) as the closure of D(Ω) in W 1,p(Ω):

W 1,p
0 (Ω) := clW 1,p(D(Ω)).

This means that, by de�nition, given u ∈ W 1,p
0 (Ω) there exists un ∈ D(Ω) such that un → u in

W 1,p(Ω), that is,
un → u, ∇un → ∇u in Lp(Ω).

Since each un is zero in a neighborhood of ∂Ω, we can interpret W 1,p
0 (Ω) has being the set of functions

u ∈W 1,p(Ω) such that �u = 0 on ∂Ω�. We will come back to this later on, when we discuss the de�nition
of trace (see Remark 4.84 ahead).

De�nition 4.64. We de�ne W k,p
0 (Ω) as being the closure of D(Ω) in the space W k,p(Ω), i.e.,

W k,p
0 (Ω) := clWk,p(D(Ω)).

which we interpret as the space of functions u ∈ W k,p(Ω) such that Dαu = 0 on ∂Ω for every α ∈ NN0
with |α| 6 k − 1.

Since W k,p
0 (Ω) is a closed subset of the Banach space W k,p(Ω), it is also a Banach space. For p = 2,

we denote
Hk

0 (Ω) := W k,2
0 (Ω),

which is a Hilbert space.

92



Lemma 4.65. We have W k,p
0 (RN ) = W k,p(RN ).

Proof. This is a direct consequence of the fact that D(RN ) ⊂ W k,p
0 (RN ) ⊂ W k,p(RN ), and D(RN ) is

dense in W k,p(RN ) (recall Theorem 4.45).

Theorem 4.66 (Extension Property). Let u ∈W k,p
0 (Ω) and de�ne the extension

ũ(x) =

{
u(x) , x ∈ Ω

0 , x /∈ Ω.

Then ũ ∈W k,p(RN ) and ‖u‖Wk,p(Ω) = ‖ũ‖Wk,p(RN ).

Proof. Let u ∈W k,p
0 (Ω) and take ϕn ∈ D(Ω) such that ϕn → u in W k,p(Ω), that is,

Dαϕn → Dαu in Lp(Ω) ∀α ∈ NN0 , |α| 6 k.

Take the new sequence (ϕ̃n) ⊂ D(RN ) de�ned by

ϕ̃n(x) =

{
ϕn(x) , x ∈ Ω

0 , x 6∈ Ω
.

Since
‖ϕ̃n − ϕ̃m‖Wk,p(RN ) = ‖ϕn − ϕm‖Wk,p(Ω),

(ϕ̃n) is a Cauchy sequence in W k,p(RN ) (a Banach space). Thus there exists g ∈W k,p(RN ) such that

ϕ̃n → g in W k,p(RN );

in particular, ϕ̃n → g in Lp(RN ). Since, on the other hand, ‖ϕ̃n − ũ‖Lp(RN ) = ‖ϕn − u‖Lp(Ω) → 0, then
ũ = g a.e., and actually

ϕ̃n → ũ in W k,p(RN ).

In particular ũ ∈W k,p(RN ), and

‖ϕ̃n‖Wk,p(RN ) = ‖ϕn‖Wk,p(Ω) ⇒ ‖ũ‖Wk,p(RN ) = ‖u‖Wk,p(Ω).

Remark 4.67. From the previous proof we can deduce that, given u ∈W k,p
0 (Ω),

Dαũ(x) =

{
Dαu , x ∈ Ω

0 , x /∈ Ω
=: D̃αu.

[why?] In particular, ‖Dαũ‖Lp(RN ) = ‖Dαu‖Lp(Ω).

Remark 4.68. Given real numbers a < b, we have W 1,p
0 (]a, b[) 6= W 1,p(]a, b[). Indeed, if these two sets

were equal, then by Theorem 4.66 we would have χ]a,b[ ∈ W 1,p(R) and in particular χ′]a,b[ = δa − δb ∈
Lp(R), which is a contradiction.

In general, we have

W k,p
0 (Ω) ⊂W k,p(Ω) with W k,p

0 (Ω) 6= W k,p(Ω).

The Sobolev embeddings that we proved in the previous section extend directly to this setting using
the extension property. For simplicity, we just present the case k = 1.

Theorem 4.69. Let Ω be an open set in RN with N > 1. Then the following embeddings are continuous:

W 1,p
0 (Ω) ↪→ Lq(Ω), ∀q ∈ [p, p∗] if p < N

W 1,p
0 (Ω) ↪→ Lq(Ω), ∀q ∈ [p,∞) if p = N

W 1,p
0 (Ω) ↪→ C0,α(Ω), α = 1− N

p
if p > N.
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Proof. Let u ∈ W 1,p
0 (Ω) and de�ne the extension ũ as in Theorem 4.66. Then ũ ∈ W 1,p(RN ), and by

Theorem 4.51 there exists C > 0 independent of u such that

‖ũ‖Lq(RN ) 6 C‖ũ‖W 1,p(RN ).

where q ∈ [p, p∗] if p < N , q ∈ [N,∞) if p = N , and p = ∞ if p > N . Since ‖ũ‖Lq(RN ) = ‖u‖Lq(Ω)

and ‖ũ‖W 1,p(RN ) = ‖u‖W 1,p(Ω), we have ‖u‖Lq(Ω) 6 C‖u‖W 1,p(Ω). When p > N , observe also that

ũ ∈ C0,α(RN ), and so u ∈ C0,α(Ω).

In the case 1 6 p < N , recall that one provesW 1,p(RN ) ↪→ Lp
∗
(RN ) by proving a stronger statement:

‖u‖Lp∗ (RN ) 6 C(p,N)‖∇u‖Lp(RN ) ∀u ∈W 1,p(RN ).

Thus, reasoning as in the proof of Theorem 4.69,

‖u‖Lp∗ (Ω) 6 C(p,N)‖∇u‖Lp(Ω) ∀u ∈W 1,p
0 (Ω), 1 6 p < N. (4.15)

This allows us to prove the following inequality, which will be crucial in the next chapter.

Theorem 4.70 (Poincaré's Inequality). Take 1 6 p <∞ and let Ω be a bounded open set. Then there
exists C = C(Ω, p,N) such that

‖u‖Lp(Ω) 6 C‖∇u‖Lp(Ω) ∀u ∈W 1,p
0 (Ω).

In particular, u 7→ ‖∇u‖p is a norm in W 1,p
0 (Ω), being equivalent to the norm ‖ · ‖W 1,p(RN ). On H

1
0 (Ω),

the bilinear map (u, v) 7→
∫

Ω
∇u · ∇v is an inner product.

Proof. We split the proof in the cases 1 6 p < N and p > N .
If 1 6 p < N , since p∗ > p and Ω is bounded,

‖u‖Lp(Ω) 6 |Ω|
p∗−p
pp∗ ‖u‖Lp∗ (Ω) 6

↓
(4.15)

C(Ω, N, p)‖∇u‖Lp(Ω),

where we used Hölder's inequality with exponents p∗

p and p∗

p∗−p .

For p > N , since Ω is bounded, we have u ∈ W 1,q
0 (Ω) for every 1 6 q < N , which is embedded in

Lq
∗
(Ω). For such q's,

‖u‖Lq∗ (Ω) 6 C(p, q,Ω, N)‖∇u‖Lq(Ω).

By choosing q < N such that q∗ = qN
N−q > p, we have

‖u‖Lp(Ω) 6 C ′(p,N,Ω)‖u‖Lq∗ (Ω) 6 C ′′(p,N,Ω)‖∇u‖Lq(RN ) 6 C ′′′(p,N,Ω)‖∇u‖Lp(Ω).

4.5 The dual space of H1
0(Ω) = W 1,2

0 (Ω)

In what follows, Ω is an open set (not necessarily bounded).

De�nition 4.71. We denote by H−1(Ω) the dual space of H1
0 (Ω), that is,

H−1(Ω) = {f : H1
0 (Ω)→ R : f is linear and continuous}.

As usual, for f ∈ H−1(Ω) and u ∈ H1
0 (Ω), we will denote f(u) by 〈f, u〉H−1×H1

0
or simply 〈f, u〉. In

H−1(Ω) we have the operator norm

‖f‖H−1 := sup
u∈H1

0 (Ω)\{0}
‖u‖H161

〈f, u〉 = sup
u∈H1

0 (Ω)

‖u‖H1=1

〈f, u〉 = sup
u∈H1

0 (Ω)\{0}

〈f, u〉
‖u‖H1

.
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Remark 4.72 (embeddings). 1) H−1(Ω) ↪→ D′(Ω). In fact, the embedding D(Ω) ↪→ H1
0 (Ω) is continu-

ous, hence each f ∈ H−1(Ω) de�nes in a unique way the distribution

〈f, ϕ〉D′×D := 〈f, ϕ〉H−1×H1
0

∀ϕ ∈ D(Ω)

(the uniqueness follows from the density of D(Ω) in H1
0 (Ω)). Moreover, fn → f in H−1(Ω) (i.e. ‖fn −

f‖H−1(Ω) → 0) implies fn → f in D′(Ω) since, for every ϕ ∈ D(Ω), |〈fn−f, ϕ〉| 6 ‖fn−f‖H−1‖ϕ‖H1
0
→ 0.

2) L2(Ω) ↪→ H−1(Ω) with the usual identi�cation: given f ∈ L2(Ω),

〈f, u〉H−1×H1
0

:= 〈f, u〉L2(Ω) =

∫
Ω

fu.

Observe that with this we are also identifying L2(Ω) with (L2(Ω))′.

3) H1
0 (Ω) ⊂ L2(Ω) = (L2(Ω))′ ⊂ H−1(Ω), but we cannot identify H1

0 with its dual in this way! If we
did it, we would have 〈f, u〉H1(Ω) = 〈f, u〉L2(Ω) for every f, u ∈ H1

0 (Ω), clearly nonsense (see also this
discussion in [2, Remark 3 - p.136]: �To identify or not to identify?�)

Theorem 4.73. Let f ∈ H−1(Ω). Then there exist functions f0, f1, . . . , fN ∈ L2(Ω) such that

〈f, u〉H−1×H1
0

=

∫
Ω

f0u+

N∑
i=1

∫
Ω

fi
∂u

∂xi
∀u ∈ H1

0 (Ω).

In particular,

f = f0 −
N∑
i=1

∂fi
∂xi

in D′(Ω).

Moreover, if Ω is bounded, we can take f0 = 0.

Proof. Since H1
0 (Ω) is a Hilbert space we can apply Riesz representation theorem: for every f ∈ H−1(Ω)

there exists v ∈ H1
0 (Ω) such that

〈f, u〉H−1×H1
0

:= 〈v, u〉H1
0

=

∫
Ω

v︸︷︷︸
=:f0

u+

N∑
i=1

∫
Ω

∂v

∂xi︸︷︷︸
=:fi

∂u

∂xi
.

For a bounded Ω, we can work inH1
0 (Ω) with the inner product 〈u, v〉H1

0
:=
∫

Ω
∇u·∇v, so that f0 = 0.

Remark 4.74. Let f0, f1, . . . , fN ∈ L2(Ω). Clearly f := f0 −
∑N
i=1

∂fi
∂xi
∈ D′(Ω), and

〈f, ϕ〉D′×D =

∫
Ω

f0ϕ+

N∑
i=1

∫
Ω

fi
∂ϕ

∂xi
∀ϕ ∈ D(Ω).

Moreover, |〈f, ϕ〉D′×D| 6 C(‖f0‖L2(Ω) +
∑N
i=1 ‖fi‖L2(Ω))‖ϕ‖H1(Ω), so that f is continuous for the H1(Ω)-

norm. Since D(Ω) is dense in H1
0 (Ω), it is now standard to show that f can be extended in a unique

way to an element in H−1(Ω) (which we still denote by f). Therefore, combining this with the previous
theorem, we see that

H−1(Ω) =

{
f0 −

N∑
i=1

∂fi
∂xi

: f0, f1, . . . , fN ∈ L2(Ω)

}
.

This justi�es the use of the notation H−1(Ω) (instead of the usual notation for dual: (H1
0 (Ω))′): it is the

set of all linear combinations of L2�functions with derivatives of functions in L2 = H0(Ω).

Example 4.75. δ0 ∈ H−1(] − 1, 1[). In fact, if H is the Heaviside function (recall Example 4.12) then
H ∈ L2(]− 1, 1[) and δ0 = H ′.
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4.5.1 Extension and Trace Operators for W k,p(Ω)

We have seen in Theorem 4.66 that we can always extend a function u ∈ W k,p
0 (Ω) to a function

ũ ∈ W 1,p(RN ) (extending it by 0 outside Ω). For the general case, we need to ask some regularity on
∂Ω. In what follows, RN+ = {x = (x′, xN ) ∈ RN−1 × R : xN > 0}. We advise the reader to read once
again in Section 1.2 the de�nitions of the sets Q, Q+ and Q0, and to recall the de�nitions of C1-domain,
as well as the result on Partitions of Unition.

Theorem 4.76 (Extension Operator). Let Ω be either a bounded domain of class C1 or Ω = RN+ . Then
there exists a linear continuous extension operator

P : W 1,p(Ω)→W 1,p(RN )

such that, for every u ∈W 1,p(Ω),

(a) (Pu)|Ω = u for a.e. x ∈ Ω;

(b) ‖Pu‖Lp(RN ) 6 C‖u‖Lp(Ω);

(c) ‖Pu‖W 1,p(RN ) 6 C‖u‖W 1,p(Ω),

where C = C(Ω, N, p). Moreover, Pu ∈ C(RN ) if u ∈ C(Ω).

The main steps in the proof of this result are:

� To prove an extension property when Ω = Q+.

� By de�nition of C1-domain, ∂Ω can be locally straightened. Hence we can extend u via local charts.

� Using a partition of unity, we can glue all extensions constructed in the previous step.

The �rst step corresponds to the following result.

Lemma 4.77 (Extension by re�ection). Let u ∈W 1,p(Q+) and de�ne the even re�ection

u∗(x) =

{
u(x) , if xN > 0

u∗(x′,−xN ) , if xN < 0.

Then u∗ ∈W 1,p(Q), and

i) ‖u∗‖Lp(Q) 6
p
√

2‖u‖Lp(Q+)

ii) ‖u∗‖W 1,p(Q) 6
p
√

2‖u‖W 1,p(Q+).

Proof of the lemma. Since∫
Q

|u∗(x)|p dx =

∫
Q+

|u(x)|p dx+

∫
Q−
|u(x′,−xN )|p dx = 2

∫
Q+

|u∗(x)|p dx,

we have u∗ ∈ Lp(Q) and property i). The remaining part of the statement follows as soon as we prove
that, in the distributional sense,

∂u∗

∂xi
(x) =


∂u

∂xi
(x) , if xN > 0

∂u∗

∂xi
(x′,−xN ) , if xN < 0.

=

(
∂u

∂xi

)∗
(x) ∀i = 1, . . . , N − 1, (4.16)

and

∂u∗

∂xN
(x) =


∂u

∂xN
(x) , if xN > 0

− ∂u
∗

∂xN
(x′,−xN ) , if xN < 0

=:

(
∂u

∂xN

)�
(x). (4.17)

Indeed, if (4.16) and (4.17) hold, then∥∥∥∥∂u∗∂xi

∥∥∥∥
Lp(Q)

6 p
√

2

∥∥∥∥ ∂u∂xi
∥∥∥∥
Lp(Q+)

∀i = 1, . . . , N − 1;

∥∥∥∥ ∂u∗∂xN

∥∥∥∥
Lp(Q)

6 p
√

2

∥∥∥∥ ∂u

∂xN

∥∥∥∥
Lp(Q)

;

hence u∗ ∈W 1,p(Q) and ii) holds.
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We start by proving (4.16): take ϕ ∈ D(Q) and i ∈ {1, . . . , N−1}. Then, since u∗ ∈ Lp(Q) ⊂ L1
loc(Q),〈

∂u∗

∂xi
, ϕ

〉
D′×D

= −
〈
u∗,

∂ϕ

∂xi

〉
D′×D

= −
∫
Q

u∗
∂ϕ

∂xi

= −
∫
Q+

u(x)
∂ϕ

∂xi
(x) dx−

∫
Q−

u(x,−xN )
∂ϕ

∂xi
(x) dx

= −
∫
Q+

u(x)
∂ϕ

∂xi
(x) dx−

∫
Q+

u(x)
∂ϕ

∂xi
(x′,−xN ) dx.

Since i 6= N , ∂ϕ
∂xi

(x′,−xN ) = ∂
∂xi

[ϕ(x′,−xN )] and〈
∂u∗

∂xi
, ϕ

〉
D′×D

= −
∫
Q+

u
∂ψ

∂xi
, where ψ(x) := ϕ(x) + ϕ(x′,−xN ).

Since ψ might not belong to D(Q+), we cannot integrate by parts directly in the previous expression.
Instead, we take a cuto� function η ∈ D(R) such that 0 6 η 6 1, η(t) = 1 for t > 2, η(t) = 0 for
t 6 1, and consider the rescaling ηε(t) = η(t/ε) (which takes the value 1 for t > 2ε, 0 for t 6 ε, and
0 6 ηε(t) 6 1 for every t ∈ R). By Lebesgue's Dominated Convergence Theorem, and since i 6= N ,

−
∫
Q+

u
∂ψ

∂xi
= − lim

ε→0+

∫
Q+

u
∂ψ

∂xi
ηε(xN ) dx = − lim

ε→0+

∫
Q+

u(x)
∂

∂xi
(ψ(x)ηε(xN )) dx.

Now ψ(x)ηε(xN ) ∈ D(Q+) and, by de�nition of weak derivative and using once again Lebesgue's Domi-
nated Convergence Theorem:

− lim
ε→0+

∫
Q+

u(x)
∂

∂xi
(ψ(x)ηε(xN )) dx = lim

ε→0+

∫
Q+

∂u

∂xi
(x)ψ(x)ηε(xN ) dx =

∫
Q+

∂u

∂xi
ψ.

Therefore〈
∂u∗

∂xi
, ϕ

〉
D′×D

=

∫
Q+

∂u

∂xi
ψ dx =

∫
Q+

∂u

∂xi
(x)ϕ(x) dx+

∫
Q+

∂u

∂xi
(x)ϕ(x,−xN ) dx

=

∫
Q+

∂u

∂xi
(x)ϕ(x) dx+

∫
Q−

∂u

∂xi
(x′,−xN )ϕ(x) dx =

∫
Q

(
∂u

∂xn

)∗
(x)ϕ(x) dx,

and (4.16) follows. For i = N , repeating the previous computations, we have this time (for χ(x) :=
ϕ(x)− ϕ(x′,−xN )),〈

∂u∗

∂xN
, ϕ

〉
D′×D

= −
∫
Q+

u
∂χ

∂xN
= − lim

ε→0+

∫
Q+

u(x)
∂χ

∂xN
(x)ηε(xN ) dx

= − lim
ε→0+

∫
Q+

u(x)
∂

∂xN
(χ(x)ηε(xN )) dx+ lim

ε→0+

∫
Q+

u(x)χ(x)η′ε(xN ) dx.

Since χ(x′, 0) = 0, there exists a constant C > 0 such that |χ(x′, xN )| 6 C|xN | for |x| 6 1. Therefore∣∣∣∣∫
Q+

u(x)χ(x)η′ε(xN ) dx

∣∣∣∣ 6 C

ε

∫
Q+∩{ε6xN62ε}

∣∣∣u(x)η′
(xN
ε

)
xN

∣∣∣ dx
6 C ′

∫
Q+∩{ε6xN62ε}

|u(x)| dx→ 0

as ε→ 0, and 〈
∂u∗

∂xN
, ϕ

〉
D′×D

=

∫
Q+

∂u

∂xN
(x)χ(x) =

∫
Q

(
∂u

∂xN

)�
(x)ϕ(x) dx,

which proves (4.17) (the details of this last part are left to the reader).
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We can easily replace Q+ with RN+ , proving this way Theorem 4.76 in this case. In order to obtain
the statement for a general bounded domain Ω from this lemma one uses local charts and a Partition of
Unity (Lemma 1.10). For the complete details we suggest the reading of the proof of [2, Theorem 9.7],
namely pages 276�277 therein. We remark that the �nal sentence of Theorem 4.76 is not stated there,
but is a direct consequence of the proof.

Remark 4.78. With the notations of the previous theorem, observe that

∂Pu

∂xi

∣∣∣∣
Ω

=
∂u

∂xi
in D′(Ω).

Indeed, given ϕ ∈ D(Ω) and denoting by ϕ̃ its extension by 0 to the whole RN (which belongs to D(RN ))
we see that ∫

Ω

∂Pu

∂xi

∣∣∣∣
Ω

ϕ =

∫
RN

∂Pu

∂xi
ϕ̃=
↓

def. of weak derivative

−
∫
RN

Pu
∂ϕ̃

∂xi
= −

∫
Ω

u
∂ϕ

∂xi
=
↓

def. of weak derivative

∫
Ω

∂u

∂xi
ϕ.

Corollary 4.79 (Density results in W 1,p(Ω)). Let Ω be a bounded domain of class C1, and take u ∈
W 1,p(Ω). Then there exists (un) ⊂ D(RN ) such that

un|Ω → u in W 1,p(Ω).

In particular, there exists (un) ⊂ C∞(Ω) such that un → u in W 1,p(Ω).

Proof. Let u ∈W 1,p(Ω) and take its extension Pu ∈W 1,p(RN ), provided by Theorem 4.76. By Theorem
4.45 there exists un ∈ D(RN ) such that un → Pu in W 1,p(RN ). Since∫

Ω

|un − u|p =

∫
Ω

|un − Pu|p 6
∫
RN
|un − Pu|p → 0

and, by Remark 4.78,∫
Ω

|∂xiun − ∂xiu|p =

∫
Ω

|∂xiun − ∂xiPu|p 6
∫
RN
|∂xiun − ∂xiPu|p → 0,

then
un|Ω → Pu|Ω = u in W 1,p(Ω),

which proves the statement.

Remark 4.80. By recalling explicitly the approximating sequence from Theorem 4.45, let us prove that

If u ∈ C(Ω) ∩W 1,p(RN ) then there exists un ∈ D(RN ) such that

un|Ω → u in W 1,p(Ω) ∩ L∞(Ω).

Indeed, seeing point 3 in the proof of that theorem, we have

ϕ(εx)(ρε ∗ Pu)→ Pu in W 1,p(RN )

as ε → 0, where (ρε) is the sequence of molli�ers, and ϕ ∈ D(RN ) is such that 0 6 ϕ 6 1, ϕ = 1 in
B1(0), ϕ = 0 in RN \B2(0). Since Pu ∈ C(RN ), Lemma 1.7-3 yields

ϕ(εx)(ρε ∗ Pu)→ Pu in L∞loc(RN ),

hence we have uniform converge in Ω.

Remark 4.81. If Ω is of class Ck, it can be proved the following:

� there exists a linear continuous extension operator

P : W k,p(Ω)→W k,p(RN )
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� given u ∈W k,p(Ω) there exists (un) ⊂ D(RN ) such that un|Ω → u in W k,p(Ω).

For more details see Chapter 5.4 in [5], in particular the remark on page 271.

Corollary 4.82 (Sobolev Embedding). Let Ω be a bounded domain of class C1. Then the following
embeddings are continuous:

W 1,p(Ω) ↪→ Lp
∗
(Ω) if p < N

W 1,p(Ω) ↪→ Lq(Ω) ∀q ∈ [N,∞) if p = N

W 1,p(Ω) ↪→ L∞(Ω) ∩ C(Ω) =: Cb(Ω) if p > N.

Proof. Given u ∈W 1,p(Ω), by combining Theorem 4.51 and Theorem 4.76, we have for 1 6 p < N :

‖u‖Lp∗ (Ω) 6 ‖Pu‖Lp∗ (RN ) 6 C‖Pu‖W 1,p(RN ) 6 C ′‖u‖W 1,p(Ω).

For p = N the proof is the same, simply replacing p∗ by any q ∈ [N,∞). For p > N , we replace p∗ by∞,
while the continuity is an easy consequence of the fact that Pu ∈ C(RN ), so that u|Ω = Pu|Ω ∈ C(Ω).

We are now in position to give a meaning to u|∂Ω when u ∈W 1,p(Ω) and Ω is C1.

Theorem 4.83 (Trace Operator). Let Ω ⊂ RN be a bounded domain of class C1, and p ∈ [1,∞). There
exists a linear operator T : W 1,p(Ω)→ Lp(∂Ω) satisfying the following:

(a) (continuity) there exists C = C(p,Ω) such that

‖Tu‖Lp(∂Ω) 6 C‖u‖W 1,p(Ω) ∀u ∈W 1,p(Ω). (4.18)

(b) Tu = u|∂Ω for every u ∈W 1,p(Ω) ∩ C(Ω).

Proof. 1) Let us start by proving (4.18) for u ∈ C1(Ω) (de�ning in this case Tu := u|∂Ω). By using local
charts and a partition of unity, we may reduce the problem to the case Ω = Q+ and to proving∫

Q0

|u(x′, 0)|p dx′ 6 C

∫
Q+

(|u(x)|p + |∇u(x)|p) dx ∀u ∈ C1(Q+), suppu ⊂ Q+ ∪Q0, (4.19)

where Q0 = {x = (x′, 0) ∈ RN : |x′| < 1} and C is independent of u.
To prove (4.19), �x (x′, 0) ∈ Q0. Then

|u(x′, 0)|p−1u(x′, 0) = −
∫ 1

0

∂

∂xN
(|u(x)|p−1u(x)) dxN = −

∫ 1

0

p|u(x)|p−1 ∂u

∂xN
(x) dxN ,

whence

|u(x′, 0)|p 6 p

∫ 1

0

|u(x)|p−1|∇u(x)| dxN

6
↓

Young's inequality with exponents p/(p− 1), p

p

∫ 1

0

(
p− 1

p
|u(x)|p +

1

p
|∇u(x)|p

)
dxN 6 max{p− 1, 1}

∫ 1

0

(|u(x)|p + |∇u(x)|p) dxN

We obtain (4.19) by integrating in the remaining variables x1, . . . , xN−1.

2) Given u ∈W 1,p(Ω), take un ∈ C1(Ω) such that un → u in W 1,p(Ω). Then by 1)

‖un − um‖Lp(∂Ω) 6 C‖un − um‖W 1,p(Ω).

Thus (un) is a Cauchy sequence in Lp(∂Ω) and there exists g ∈ Lp(∂Ω) such that un → g in Lp(∂Ω).
We de�ne Tu := g. This value does not depend on the approximating sequence since, if vn ∈ C1(Ω) is
another sequence converging to u in W 1,p(Ω),

‖un − vn‖Lp(∂Ω) 6 C‖un − vn‖W 1,p(Ω) → 0.

Thus we have shown (a).
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3) Point (b) is obvious for u ∈ C1(Ω). For u ∈W 1,p(Ω)∩C(Ω), observe that the approximating sequence
un converges to u both in W 1,p(Ω)�norm as well as uniformly (recall Remark 4.80). Thus

un|∂Ω = Tun → Tu in Lp(Ω),

and also un|∂Ω → u|∂Ω in L∞(∂Ω). In conclusion, Tu = u|∂Ω.

Abusing the notation, one usually speaks about the value of u on ∂Ω, meaning the value of Tu on
∂Ω.

Remark 4.84 (Relation with W 1,p
0 (Ω)). If Ω is a bounded domain of class C1, it can be shown that

W 1,p
0 (Ω) = {u ∈W 1,p(Ω) : Tu = 0 a.e. in ∂Ω}.

One inclusion is straightforward: given u ∈ W 1,p
0 (Ω) take ϕn ∈ D(Ω) such that ϕn → u in W 1,p(Ω).

By the continuity of the trace operator, Tϕn → Tu in Lp(∂Ω). Since Tϕn = 0 for all n (by Theorem
4.83-(b)), also Tu = 0. For the other inclusion, see [5, �5.5]

The trace operator allows us to extend Green's Formula: for every u, v ∈ H1(Ω) = W 1,2(Ω),∫
Ω

∂u

∂xi
v dx = −

∫
Ω

u
∂v

∂xi
dx+

∫
∂Ω

uvνi dσ (4.20)

(where in the last integral we write u and v instead of Tu and Tv, to ease the notation). Its proof is
now straightforward: given u, v ∈ H1(Ω), take (un), (vn) ⊂ C∞(Ω) such that un → u, vn → v in H1(Ω).
Since ∫

Ω

∂un
∂xi

vn dx = −
∫

Ω

un
∂vn
∂xi

dx+

∫
∂Ω

unvnνi dσ (4.21)

for every n (by the standard Green's formula) and

� un → u, vn → u, ∂un∂xi
→ ∂u

∂xi
, ∂vn∂xi

→ ∂v
∂xi

in L2(Ω);

� un|∂Ω → u, vn|∂Ω → v in L2(∂Ω) (by continuity of the trace operator);

then by passing to limit as n→∞ in (4.21) we obtain (4.20).
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Chapter 5

Variational Formulation of Second

Order Linear Elliptic Problems

The introduction of the concept of weak solution represents a
central methodological turning point in the study of PDEs and their
Boundary Value Problems since it presents the possibility of
breaking up the investigation of PDEs into 2 steps: existence of
weak solutions; regularity of weak solutions.

H. Brézis-F. Browder, Partial Di�erential Equations in the 20th
Century, Advances in Mathemathics 135 (1998).

This chapter is strongly inspired in [2, Chapter 9.5], [5, Chapter 6] and [13, Chapter 8], to which we
refer for more details and further results. Here, we try to capture the best from each reference.

5.1 Second order linear elliptic problems in dimension N

In this section we write down the kind of problems we address in this chapter, namely second order
linear elliptic problems. We have already de�ned in Section 3.1 what is an elliptic equation in the
bidimensional case. Recalling De�nition 3.2, the equation

−a(x, y)uxx − 2b(x, y)uxy − c(x, y)uyy + d(x, y)ux + e(x, y)uy + σ(x, y)u = F (x, y)

is elliptic in Ω if b2 − ac < 0 in such domain; this is equivalent to ask that

A(x, y) :=

[
a b
b c

]
has positive determinant. Assuming without loss of generality that a > 0 (it can never be zero if the
equation is elliptic), this is equivalent to A being positive de�nite. Note that, with respect to Section
3.1, here we put a minus signs in front of the coe�cients a, b, c; the reason to prefer this will be clearer
later on.

The natural generalization to any space dimension is as follows: we are interested in solving Lu = f
in an open set Ω ⊂ RN , where L is a second order linear operator having the form

Lu := −
N∑

i,j=1

aij(x)uxixj +

N∑
i=1

bi(x)uxi + c(x)u, (A)

where aij , bi, c : Ω→ R are (for instance) measurable functions.

De�nition 5.1 (Ellipticity for operators of type (A)). An operator L of type (A) is (uniformly) elliptic
in Ω if there exists θ > 0 such that

N∑
i,j=1

aij(x)ξiξj > θ|ξ|2 for a.e. x ∈ Ω and for every ξ ∈ RN . (5.1)
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Observe that:

� considering the N ×N matrix A(x) = (aij(x))ij , we can rewrite (5.1) as

〈A(x)ξ, ξ〉 > θ|ξ|2 for a.e. x ∈ Ω and for every ξ ∈ RN ,

that is, A(x) is a positive de�nite matrix (being positive in a uniform way with respect to x);

� if A is symmetric, then (5.1) is equivalent to say that, for a.e. x, all eigenvalues are greater than
or equal to θ.

The constant θ called an ellipticity constant.

Our aim is to prove the existence of solution to a boundary value problem, that is, to �nd a solution
of the equation Lu = f in Ω with (for instance) Dirichlet boundary conditions u = g on ∂Ω. We will
deal with the notion of weak solution which, however, is not well suited for the whole class of operators
of type (A). For this reason, here we will deal with a related class of operators, called second order
operators in divergence form:

Lu := −
N∑

i,j=1

(aij(x)uxj )xi +

N∑
i=1

bi(x)uxi + c(x)u. (B)

If A(x) = (aij(x))ij and ~b(x) = (b1(x), . . . , bN (x)), then (A) reads as

Lu = −div(A(x)∇u) +~b(x) · ∇u+ c(x)u.

Clearly, if the coe�cients aij are of class C1, then (aij(x)uxj )xi = (aij(x))xiuxj + aij(x)uxjxi , and
an equation in divergence form is also in nondivergence form (that is, of type (A)). Observe that

div(A(x)∇u) represents a di�usion term (associated with a �ux of the form ~q = A(x)∇u), ~b(x) · ∇u is a
transport term, and c(x)u is a reaction term.

For the rest of this chapter we will work with operators of type (B). The notion of being elliptic is
similar.

De�nition 5.2 (Ellipticity for operators of type (B)). An operator L of type (B) is (uniformly) elliptic
in Ω if there exists θ > 0 such that

〈A(x)ξ, ξ〉 > θ|ξ|2 for a.e. x ∈ Ω and for every ξ ∈ RN .

5.2 Weak Solutions

5.2.1 How many notions of solutions are out there?

The answer to the question in the title is: many! Let us discuss several possibilities for the model
problem:

−∆u = f in Ω, u = g on ∂Ω. (5.2)

We say that

� u is a classical solution of (5.2) if u ∈ C2(Ω) ∩ C(Ω), which solves the two identities in (5.2) at
every point.
Observe that this requires f ∈ C(Ω) and g ∈ C(∂Ω).

� u is a strong solution of (5.2) if u ∈ W 2,p(Ω), it solves −∆u = f a.e. in Ω, and satis�es u = g a.e.
on ∂Ω in the sense of the trace operator.
This notion makes sense for f ∈ Lp(Ω), g ∈ T(W 2,p(Ω)).

� u is a distributional or very weak solution of (5.2) if u ∈ L1
loc(Ω) and −∆u = f in D′(Ω).

This makes sense for f ∈ D′(Ω). Note that there is no way of incorporating the boundary condition
u = g on ∂Ω by working with D(Ω).

Clearly, a good notion will be one where we can obtain:
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� existence of solution (if we weaken the notion of solution this step should be simpler, since we have
more freedom and we are looking for solutions in a larger set);

� uniqueness of solution (looking for solutions in larger sets might make us loose uniqueness - recall
what happened with conservation laws);

� stability results (that is, in the norm/topology of the space where we look for solutions, small
variations on the data imply small variations in the solution - as a byproduct of this step, one has
uniqueness).

We will deal with the notion of weak solution (aka variational solution), which is a notion somewhere
between the notions of strong and distributional solution. It has the big advantage of allowing the use of
powerful tools from Functional Analysis, being also connected with the discipline of Calculus of Variations
and with the physical interpretation of some problems (recall for instance the Dirichlet Principle, which
we will revisit in the upcoming section).

Next, we will introduce and motivate this notion in several prototypical situations.

5.2.2 The Dirichlet problem: homogeneous case

Let Ω be an open set of RN (not necessarily bounded). Consider the following elliptic problem with
homogeneous boundary conditions: {

−∆u+ u = f in Ω

u = 0 on ∂Ω.
(5.3)

In order to motivate the notion of weak solution, we will follow three steps:

Step A: Choice of test function space and variational formulation

Assume Ω is a smooth set, f a smooth function, and that u ∈ C2(Ω)∩C(Ω) is a classical solution of
(5.3). At this step, we focus on the equation only. Take v ∈ D(Ω), multiply the equation −∆u+ u = f
by v and integrate by parts:∫

Ω

(−∆u+ u)v =

∫
Ω

fv =⇒
∫

Ω

(∇u · ∇v + uv)−
∫
∂Ω

∂u

∂ν
v︸ ︷︷ ︸

=0

=

∫
Ω

fv.

Therefore ∫
Ω

(∇u · ∇v + uv) =

∫
Ω

fv for all v ∈ D(Ω) (5.4)

or, in other words,

〈u, v〉H1 = 〈f, v〉H−1×H1
0

for all v ∈ D(Ω).

(recall Remark 4.72-2).

Step B: Checking that, for regular functions, (5.4) implies that u is a classical solution.

If u ∈ C2(Ω) satis�es condition (5.4), then integrating by parts and using the fact that v ∈ D(Ω), we
deduce that ∫

Ω

(−∆u+ u− f)v = 0 ∀v ∈ D(Ω).

Hence, by the Fundamental Lemma of Calculus of Variations (Lemma 1.9) and using the fact that u is
continuous, we have −∆u+ u = f pointwise in Ω.

Step C: Choosing the functional space.

We look for a solution in the space H1
0 (Ω). In this way:

� the integrals appearing in (5.4) are �nite;

� we are dealing with a Hilbert space;

� we are encoding the boundary condition in the function space.
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Observe that, since D(Ω) is dense in H1
0 (Ω), if (5.4) holds and u ∈ H1

0 (Ω), then∫
Ω

∇u · ∇v + uv =

∫
Ω

fv for all v ∈ H1
0 (Ω)!

It is then natural to consider test functions v in the space H1
0 (Ω).

Hopefully, by now, the following de�nition will be natural.

De�nition 5.3. Let f ∈ H−1(Ω). A function u ∈ H1
0 (Ω) is a weak solution of (5.3) if∫

Ω

(∇u · ∇v + uv) = 〈f, v〉H−1×H1
0

∀v ∈ H1
0 (Ω).

Remark 5.4. In particular, if f ∈ L2(Ω) ↪→ H−1(Ω), recall that 〈f, v〉H−1×H1
0

=

∫
Ω

fv. Then u ∈ H1
0 (Ω)

is a weak solution if and only if∫
Ω

(∇u · ∇v + uv) =

∫
Ω

fv ∀v ∈ H1
0 (Ω).

Theorem 5.5 (Existence, Uniqueness, Stability). Problem (5.3) admits a unique weak solution u ∈
H1

0 (Ω). Moreover, ‖u‖H1 = ‖f‖H−1 .

Proof. The problem can be written in the following way:

given f ∈ H−1(Ω), �nd u ∈ H1
0 (Ω) such that 〈u, v〉H1 = 〈f, v〉H−1×H1

0
∀v ∈ H1

0 (Ω).

Recalling thatH1
0 (Ω) is a Hilbert space and thatH−1(Ω) is its dual, this statement is a direct consequence

of Riesz's Representation Theorem.

Theorem 5.6 (Dirichlet's principle revisited). Let f ∈ H−1(Ω). Then the level

c := inf

{
1

2

∫
Ω

(|∇u|2 + u2)− 〈f, u〉H−1×H1
0

: u ∈ H1
0 (Ω)

}
is achieved by a unique function, which is the unique solution of (5.3).

Proof. Let E : H1
0 (Ω)→ R be the functional :

E(u) :=
1

2

∫
Ω

(|∇u|2 + u2)− 〈f, u〉H−1×H1
0
.

We start by checking that E is bounded from below:

E(u) >
1

2
‖u‖2H1 − ‖f‖H−1‖u‖H1 = ψ(‖u‖H1),

where ψ : R+
0 → R is the function ψ(x) := x2/2 − ‖f‖H−1x, which is bounded from below. Therefore

there exists κ ∈ R such that E(u) > κ for every u ∈ H1
0 (Ω).

Next, we prove that c is achieved, that is, the in�mum is actually a minimum. In order to show
this, we use the so called direct method of Calculus of Variations. Take a minimizing sequence, i.e., a
sequence (un) ⊂ H1

0 (Ω) such that E(un)→ c. Then (un) is bounded in H1
0 (Ω): there exists K such that

‖un‖H1 6 K for every n (if not, we would have a subsequence (unk) of (un) such that ‖unk‖H1 → +∞
and E(unk) > ψ(‖unk‖H1) → +∞, a contradiction). Since H1

0 (Ω) is a Hilbert space (thus a re�exive
Banach space), by the Banach-Alaoglu theorem there exists a subsequence (unk) of (un) and u ∈ H1

0 (Ω)
such that

unk ⇀ u weakly in H1
0 (Ω).

In particular, 〈f, unk〉H−1×H1
0
→ 〈f, u〉H−1×H1

0
(since f ∈ H−1(Ω)) and ‖u‖H1 6 lim inf ‖unk‖H1 . We

conclude that

c = lim inf E(unk) = lim inf

(
1

2
‖unk‖2H1 − 〈f, unk〉H−1×H1

0

)
=

1

2
lim inf ‖unk‖2H1 − lim〈f, unk〉H−1×H1

0

>
1

2
‖u‖2H1 − 〈f, u〉H−1×H1

0
= E(u) > c.
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From the previous paragraph, there exists u ∈ H1
0 (Ω) such that E(u) = c. In order to check that u

is a weak solution of (5.3), we repeat the computations of (3.41) in this new setting. Given v ∈ H1
0 (Ω),

take ϕ = ϕv : R→ R given by

ϕ(t) := E(u+ tv) =
1

2
‖u+ tv‖2H − 〈f, u+ tv〉H−1×H1

0

=
1

2
‖u‖2H1 + t〈u, v〉H1 +

t2

2
‖v‖2H1 − 〈f, u〉H−1×H1

0
− t〈f, v〉H−1×H1

0
.

This function has a minimum at t = 0, whence ϕ′(0) = 0, which is equivalent to

〈u, v〉H1 = 〈f, v〉H−1×H1
0
.

Since v ∈ H1
0 (Ω) is arbitrary, we have shown that u is a weak solution.

Remark 5.7. If Ω is a bounded domain, recall that, by Poincaré's inequality,

‖u‖H1
0

:=

(∫
Ω

|∇u|2
) 1

2

is a norm in H1
0 (Ω), equivalent to the standard one. From this, reasoning exactly as before, we are able

to prove existence, uniqueness and stability (and a Dirichlet principle) for the problem{
−∆u = f in Ω

u = 0 on ∂Ω.

The details are left as an exercise.

5.2.3 The Dirichlet Problem: nonhomogeneous boundary conditions

Consider the case of nonhomogeneous Dirichlet boundary conditions:{
−∆u+ u = f in Ω

u = g on ∂Ω.
(5.5)

We �rst de�ne the notion of weak solution when Ω is a bounded C1 domain (which allows the use of the
trace operator - Theorem 4.83). This �rst step will guide us in giving a de�nition of weak solution when
Ω is a general open set.

De�nition 5.8. Let Ω be a domain of class C1, f ∈ H−1(Ω) and g ∈ T (H1(Ω)). We say that u ∈ H1(Ω)
is a weak solution of (5.5) if

∫
Ω

∇u · ∇v + uv = 〈f, v〉H−1×H1
0

∀v ∈ H1
0 (Ω),

Tu = g a.e. on ∂Ω.

We recall (see Remark 4.84) that

H1
0 (Ω) = {w ∈ H1(Ω) : Tw = 0 a.e. on ∂Ω}. (5.6)

Theorem 5.9 (Existence, Uniqueness, Stability). Within the framework of De�nition 5.8, let g̃ ∈ H1(Ω)
be such that T g̃ = g a.e. on ∂Ω. Then there exists a unique u ∈ H1(Ω) weak solution of (5.5), and

‖u‖H1(Ω) 6 ‖f‖H−1(Ω) + 2‖g̃‖H1(Ω).

Proof. Consider H1(Ω) equipped with the inner product

〈u, v〉H1 :=

∫
Ω

(∇u · ∇v + uv).
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With this notation and using (5.6), u ∈ H1(Ω) is a weak solution if and only if{
〈u, v〉H1 = 〈f, v〉H−1×H1

0
∀v ∈ H1

0 (Ω),

u− g̃ ∈ H1
0 (Ω).

Letting w := u− g̃, we see that
〈w, v〉H1 = F (v), (5.7)

where F : H1
0 (Ω)→ R is de�ned by F (v) = 〈f, v〉H−1×H1

0
− 〈g̃, v〉H1 . It is an easy exercise to check that

F ∈ H−1(Ω), therefore, by Riesz's Representation Theorem, there exists a unique w ∈ H1
0 (Ω) such that

(5.7) holds for every v ∈ H1
0 (Ω), and ‖w‖H1 = ‖F‖H−1 6 ‖f‖H−1 + ‖g̃‖H1 . Then u = w+ g̃ satis�es the

statement.

Remark 5.10. Another equivalent way of writing the proof of this result is the following. For w := u−g̃,
we see that

−∆w + w = −∆u+ ∆g̃ + u− g̃ = f + ∆g̃ − g̃ in D′(Ω).

Since f + ∆g̃ − g̃ ∈ H−1(Ω), this problem has a unique solution w ∈ H1
0 (Ω) by Riesz's Representation

Theorem, and u = w + g̃ solves the original problem.

What if Ω is not necessarily C1 and we cannot talk about the trace? How do we de�ne a weak
solution? Inspired by the proof of the previous theorem, we do it as follows.

De�nition 5.11. Let Ω be an open domain, f ∈ H−1(Ω) and g ∈ H1(Ω). Then u ∈ H1(Ω) is a weak
solution of (5.5) if 

∫
Ω

(∇u · ∇v + uv) = 〈f, v〉H−1×H1
0

∀v ∈ H1
0 (Ω),

u− g ∈ H1
0 (Ω).

The proof of existence, uniqueness and stability follows exactly as before. Clearly, when Ω is of class
C1, both de�nitions coincide by (5.6).

5.2.4 Neumann boundary conditions

We are interested in de�ning the notion of weak solution for{
−∆u+ u = f in Ω
∂u
∂ν = g on ∂Ω.

(5.8)

We are able to do it whenever Ω ⊂ RN is a bounded set of class C1; this allows the use of the trace
operator, and of the fact that C∞(Ω) is dense in H1(Ω).

Once again, before introduction the concept of weak solution, we try to motivate it properly.

Step A: Choice of test function space and variational formulation

Assume that Ω is a smooth set, f and g are smooth functions, and u ∈ C2(Ω) ∩ C(Ω) is a classical
solution of (5.8). In order not to lose the information at the boundary, we take a test function v ∈ C∞(Ω).
Multiplying the equation −∆u+ u = f by v and integrating by parts:∫

Ω

(−∆u+ u)v =

∫
Ω

fv =⇒
∫

Ω

(∇u · ∇v + uv) =

∫
∂Ω

∂u

∂ν
v +

∫
Ω

fv.

Therefore ∫
Ω

(∇u · ∇v + uv) =

∫
∂Ω

gv +

∫
Ω

fv for all v ∈ C∞(Ω). (5.9)

Step B: Checking that for regular functions (5.9) implies that u is a classical solution

If u ∈ C2(Ω) satis�es condition (5.9), choosing v ∈ D(Ω) and integrating by parts we deduce that∫
Ω

(−∆u+ u− f)v = 0 ∀v ∈ D(Ω).
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Hence, by the Fundamental Lemma of Calculus of Variations (Lemma 1.9) and using the fact that u, ∆u
and f are continuous, we have −∆u + u = f pointwise in Ω. Testing now this equation by v ∈ C∞(Ω)
and combining the result with (5.9), we arrive at∫

∂Ω

(g − ∂u

∂ν
)v = 0 for all v ∈ C∞(Ω),

hence ∂u
∂ν = g on ∂Ω.

Step C: Choosing the functional space

We look for a solution in the space H1(Ω), so that all integrals are well de�ned and in order to deal
with a Hilbert space. Moreover, since C∞(Ω) is dense in H1(Ω), it is also reasonable to consider test
functions v in H1(Ω). In this sense, the integral

∫
∂Ω
gv should be interpreted as

∫
∂Ω
g(Tv).

De�nition 5.12. Let f ∈ L2(Ω) and g ∈ L2(∂Ω). We say that u ∈ H1(Ω) is a weak solution of (5.8) if∫
Ω

(∇u · ∇v + uv) =

∫
Ω

fv +

∫
∂Ω

gv ∀v ∈ H1(Ω).

We remark that, while for the Dirichlet case the condition u = 0 was encoded in the space H1
0 (Ω),

for Neumann case, the boundary condition ∂u
∂ν = g (even with g = 0) is included in the variational

formulation.

Theorem 5.13 (Existence, Uniqueness, Stability). Let Ω be a bounded domain of class C1. Given
f ∈ L2(Ω) and g ∈ L2(∂Ω), there exists a unique weak solution u ∈ H1(Ω) of (5.8). Moreover, there
exists a universal constant C > 0 such that

‖u‖H1(Ω) 6 ‖f‖L2(Ω) + C‖g‖L2(∂Ω).

Proof. The problem can be rewritten in the following way:

given f ∈ L2(Ω) and g ∈ L2(∂Ω), �nd u ∈ H1(Ω) such that 〈u, v〉H1 = F (v) ∀v ∈ H1(Ω),

where F : H1(Ω)→ R is the linear operator

F (v) =

∫
Ω

fv +

∫
∂Ω

gv.

We check that F is continuous: by Cauchy-Schwarz inequality and the continuity of the trace operator,

|F (v)| 6 ‖f‖L2(Ω)‖v‖L2(Ω) + ‖g‖L2(∂Ω)‖v‖L2(∂Ω)

6 (‖f‖L2(Ω) + C‖g‖L2(∂Ω))‖v‖H1(Ω).

Therefore F ∈ (H1(Ω))′, and the theorem is a direct consequence of Riesz's Representation Theorem.

5.2.5 Existence of weak solution for a general second order elliptic operator
(divergence form, homogeneous Dirichlet boundary conditions)

In the previous two sections we have dealt with simple model problems, where we could simply use
Riesz's Representation Theorem. In the particular case of homogeneous Dirichlet boundary conditions,
let us study in detail the general case of second order elliptic operators in divergence form, a situation
where Lax-Milgram's Theorem is necessary.

In what follows, we let Ω be an open set of RN . Consider

Lu := −div(A(x)∇u) + 〈~b(x),∇u〉+ c(x)u

= −
N∑

i,j=1

(aij(x)uxj )xi +

N∑
i=1

bi(x)uxi + c(x)u,

under the assumption

aij , bi, c ∈ L∞(Ω); ∃θ > 0 : 〈A(x)ξ, ξ〉 > θ|ξ|2 ∀ξ ∈ RN , a.e. x ∈ Ω (5.10)

107



(the last one meaning that the operator L is elliptic).
We consider the boundary value problem{

Lu = f in Ω,

u = 0 on ∂Ω.
(5.11)

De�nition 5.14. Given f ∈ H−1(Ω), we say that u ∈ H1
0 (Ω) is a weak solution of (5.11) if

N∑
i,j=1

∫
Ω

aij(x)uxjvxi +

N∑
i=1

∫
Ω

bi(x)uxiv +

∫
Ω

c(x)uv = 〈f, v〉H−1×H1
0
∀v ∈ H1

0 (Ω)

or, in other words,∫
Ω

〈A(x)∇u,∇v〉+

∫
Ω

〈~b(x),∇u〉v +

∫
Ω

c(x)uv = 〈f, v〉H−1×H1
0
∀v ∈ H1

0 (Ω).

De�ning the bilinear form B : H1
0 (Ω)×H1

0 (Ω)→ R by

B(u, v) :=

∫
Ω

〈A(x)∇u,∇v〉+

∫
Ω

〈~b(x),∇u〉v +

∫
Ω

c(x)uv, (5.12)

the problem can be rewritten in the following way:

given f ∈ H−1(Ω), �nd u ∈ H1
0 (Ω) such that B(u, v) = 〈f, v〉H−1×H1

0
∀v ∈ H1

0 (Ω).

Remark 5.15. Since L is elliptic then∫
Ω

〈A(x)∇u,∇u〉 > θ

∫
Ω

|∇u|2.

This will play a crucial role in the study of the equation Lu = f in Ω, as it will, in many situations,
allow a control on the H1 norm (see for instance the proof of Lemma 5.18 ahead). Observe that, when
L is in nondivergence form (type (A)), then a natural notion of weak solution would be

N∑
i,j=1

∫
Ω

uxj (aij(x)v)xi +

N∑
i=1

∫
Ω

bi(x)uxiv +

∫
Ω

c(x)uv = 〈f, v〉H−1×H1
0
∀v ∈ H1

0 (Ω).

For v = u, the term
N∑

i,j=1

∫
Ω

uxj (aij(x)u)xi

is not positive in general, nor it can be related with the L2�norm of the gradient of u. This is one of the
reasons why weak solutions match particularly well with elliptic operators in divergence form.

If B is an inner product, we have existence and uniqueness of solution to (5.11) via Riesz's Repre-
sentation Theorem. However, for B as above, in general we miss:

� Positivity: B(u, u) > 0, and B(u, u) = 0 ⇐⇒ u = 0 (this can be ruined by the presence of ~b(x)
and c(x)).

� Symmetry: B(u, v) = B(v, u) for every u, v (this is ruined if A is not symmetric, or by the presence

of the transport term
∫

Ω
〈~b(x),∇u〉v).

We need the following result, which allows to drop the necessity of symmetry.

Theorem 5.16 (Lax-Milgram1). Let H be a Hilbert space and B : H×H → R a bilinear map such that:

1A fun fact, taken from the book Peter Lax, Mathematician - an illustrated memoir (AMS 2015): `Arthur Milgram was
a topologist, a good friend of Lipman Bers, who decided to learn some analysis by spending a year at the Courant Institute
as a visiting researcher. He asked Peter Lax to suggest a possible research topic. Peter told him about the variational
approach to solving self-adjoint boundary-value problems, which yields a weak solution by means of a classical theorem of
functional analysis, the Riesz representation theorem. Peter suggested trying to generalize it to non-self-adjoint problems.
(...) This theorem became a standard tool for non-self-adjoint elliptic boundary value problems using coercive inequalities.
�My contribution was only to propose it,� says Peter �but I don't know how to get my name o� it.� '
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(i) (Continuity) there exists α > 0 such that

|B(u, v)| 6 α‖u‖H ‖v‖H for every u, v ∈ H;

(ii) (Coercivity) there exists β > 0 such that

B(u, u) > β‖u‖2H for every u ∈ H.

Then, for every f ∈ H ′, there exists a unique u ∈ H such that

B(u, v) = 〈f, v〉H′×H for every v ∈ H.

In particular,

‖u‖H 6
1

β
‖f‖H′ . (5.13)

Proof. 1) Fix u ∈ H. Then the map

Tu : H → R; v 7→ Tu(v) := B(u, v)

is linear (since B is bilinear) and continuous (by assumption (i)). By the Riesz Representation Theorem
there exists a unique w = wu ∈ H such that Tu(v) = 〈w, v〉H for every v ∈ H. De�ne the map A : H → H
by Au := wu, i.e., Au is de�ned through the relation

B(u, v) = 〈Au, v〉H for every u, v ∈ H.

2) The map A is linear: for every v ∈ H, λ, µ ∈ R and u1, u2 ∈ H, we see that

〈A(λu1 + µu2), v〉H = B(λu1 + µu2, v)

= λB(u1, v) + µB(u2, v)

= λ〈Au1, v〉H + µ〈Au2, v〉H
= 〈λAu1 + µAu2, v〉H ,

hence A(λu1 + µu2) = λAu1 + µAu2.

The map A is continuous: by (i) and given any u ∈ H,

‖Au‖2H = 〈Au,Au〉H = B(u,Au) 6 α‖u‖H‖Au‖H ,

hence ‖Au‖H 6 α‖u‖H .
3) A is one-to-one and R(A) is closed. To check the �rst statement, let u ∈ H be such that Au = 0;

then, by (ii),

0 = 〈Au, u〉 = B(u, u) > β‖u‖2,

hence u = 0.

To check that the range is closed, let (un) ⊂ H be such that Aun → v, for some v ∈ H. Then, again
by (ii),

‖Aun −Aum‖H ‖un − um‖H > 〈A(un − um), un − um〉H = B(un − um, un − um) > β‖un − um‖2H ,

which shows that (un) is a Cauchy sequence in H. Then there exists u ∈ H such that un → u in H and,
by the continuity of the operator A, Aun → Au = v ∈ R(A).

4) Recall that, since R(A) is closed, then H = R(A)⊕ R(A)⊥. Let us check that R(A) = H. Given
w ∈ R(A)⊥,

β‖w‖2 6 B(w,w) = 〈Aw,w〉 = 0,

which shows that w = 0. Then R(A)⊥ = {0} and, in conclusion, A is a bijection.
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5) To summarize, we constructed a map A : H → H, de�ned through the relation B(u, v) = 〈Au, v〉
for every u, v ∈ H, which is linear, continuous and bijective (i.e., A is a continuous isomorphism). Now,
given f ∈ H ′, there exists a unique w ∈ H such that 〈f, v〉H′×H = 〈w, v〉H for every v ∈ H, and a unique
u ∈ H such that Au = w. Then

B(u, v) = 〈Au, v〉H = 〈w, v〉H = 〈f, v〉H′×H ,

as wanted. Finally, by taking v = u and using (ii), we obtain the stability estimate (5.13).

Remark 5.17. Under the assumptions of Lax-Milgram's theorem, B is not necessarily an inner product
because it may lack symmetry. However, in the proof we have seen that there exists an isomorphism
A : H → H such that

B(u, v) = 〈Au, v〉H ∀u, v ∈ H.

Let us apply Lax-Milgram's Theorem to prove an existence result for

Lu = f in Ω, u = 0 on ∂Ω.

From now on, we let Ω be a bounded domain (not necessarily regular). We can equip H1
0 (Ω) with one

of the following (equivalent) norms:

‖u‖H1 :=

√∫
Ω

u2 + |∇u|2, ‖u‖H1
0

:=

√∫
Ω

|∇u|2.

Lemma 5.18 (Energy Estimates). Let Ω be a bounded domain and take an operator L satisfying (5.10).
Then there exist α, β > 0 and γ > 0 such that

(i) |B(u, v)| 6 α‖u‖H1
0
‖v‖H1

0
for every u, v ∈ H1

0 (Ω);

(ii) β‖u‖2
H1

0 (Ω)
6 B(u, u) + γ‖u‖2L2(Ω) for every u ∈ H

1
0 (Ω).

Proof. For (i), since the coe�cients aij , bi, c are all bounded,

|B(u, v)| 6
N∑

i,j=1

‖aij‖L∞
∫

Ω

|∇u| |∇v|+
N∑
i=1

‖bi‖L∞
∫

Ω

|∇u| |v|+ ‖c‖∞
∫

Ω

|uv|

6 C (‖∇u‖L2‖∇v‖L2 + ‖∇u‖L2‖v‖L2 + ‖u‖L2‖v‖L2)

6 C̃‖u‖H1
0
‖v‖H1

0
,

where we used Cauchy-Schwarz and Poincaré's inequality (to bound the L2 norm by the H1
0 norm).

As for (ii), by ellipticity and boundedness of the coe�cients bi and c,

B(u, u) > θ

∫
Ω

|∇u|2 − C
∫

Ω

|∇u| |u| − C
∫

Ω

u2.

Using the inequality ab 6 ε2

2 a
2 + 1

2ε2 b
2 for every ε, a, b > 0, we see that

θ

∫
Ω

|∇u|2 6 B(u, u) + C

∫
Ω

|∇u| |u|+ C

∫
Ω

u2

6 B(u, u) +
Cε2

2

∫
Ω

|∇u|2 + C

(
1

2ε2
+ 1

)∫
Ω

u2.

By choosing ε > 0 such that Cε2 = θ, there exists a constant C ′ > 0 such that

θ

2

∫
Ω

|∇u|2 6 B(u, u) + C ′
∫

Ω

u2,

and we may take γ := C ′ > 0 and β = θ/2 in the statement.
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Theorem 5.19 (Existence, uniqueness and stability of weak solution). Let Ω be a bounded domain and
take an operator L satisfying (5.10). Then there exists γ > 0 such that, for every µ > γ and f ∈ H−1(Ω),
there exists a unique weak solution u ∈ H1

0 (Ω) of

Lu+ µu = f in Ω, u = 0 on ∂Ω.

Moreover, there exists C > 0 independent of f such that

‖u‖H1
0
6 C‖f‖H−1 .

Proof. Take γ > 0 given by the previous lemma. Then the bilinear form

Bµ(u, v) := B(u, v) + µ

∫
Ω

uv

satis�es the assumptions of Lax-Milgram's Theorem, and the conclusion follows.

5.3 Regularity theory

The purpose of this section is to answer the question: �what is the optimal regularity of a weak
solution?�; in particular, to understand how the regularity of the data a�ects the regularity of the
solution. Here we will only deal with L2�regularity theory. To motivate what is coming, take the
following model case in one dimension:

−u′′ = f in ]a, b[, u(a) = u(b) = 0.

Given f ∈ H−1(]a, b[), recall that a weak solution is a function u ∈ H1
0 (]a, b[) such that∫ b

a

u′v′ = 〈f, v〉H−1×H1
0

∀v ∈ H1
0 (]a, b[).

which implies, in particular, that −u′′ = f in D′(]a, b[) [why?]. Therefore, if f ∈ L2(]a, b[) we may
immediately conclude that u ∈ H2(]a, b[). It is quite surprising to see that the same will happen in
higher dimensions for the problem

−∆u = f in Ω, u = 0 on ∂Ω. (5.14)

The fact that ∆u ∈ L2(Ω) (an information only about the trace of the hessian matrix of u) will, in some
situations, give that u ∈ H2(Ω). A formal explanation, taken from [5, �6.3], on why this is reasonable is
the following: for i = 1, . . . , N , if we could take v := −uxixi as test function in (5.14), then

−
∫

Ω

∇u · ∇uxixi = −
∫

Ω

fuxixi ;

by performing an integration by parts in the �rst integral (and assuming there is no boundary term), we
see that

‖∂xi∇u‖2L2 =

∫
Ω

|∂xi∇u|2 6 ‖f‖L2‖uxixi‖L2 6 ‖f‖L2‖∂xi∇u‖L2 .

In conclusion,
‖∂xi∇u‖L2 6 ‖f‖L2 ∀i = 1, . . . , N,

that is, we can control the L2-norms of all second order derivatives of u by the L2-norm of the data f .
Of course this argument is far from being rigorous:

� v := uxixi /∈ H1
0 (Ω) for u ∈ H1

0 (Ω) (in general it is not in H2, and it is not the limit of functions
in D(Ω));

� We don't have enough regularity to integrate by parts and obtain the identity:∫
Ω

∇u · ∇uxixi = −
∫

Ω

|∂xi∇u|2.

However, as it happens many times in Mathematics, formal arguments pave the way to actual proofs.
By working with di�erence quotients and by making regularity assumptions on the boundary of Ω, we
are going to be able to �x this argument.

The main source of inspiration for this section is the book by Evans [5].
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5.3.1 Sobolev spaces and di�erence quotients

Let u ∈ L1
loc(Ω), Ω an open set of RN . Given V b Ω, we de�ne the i-th di�erence quotient of size h

as

Dh
i u(x) :=

u(x+ hei)− u(x)

h
, for x ∈ V, h ∈ R with 0 < |h| < dist(x, ∂Ω),

and the di�erence gradient of size h:

Dhu(x) = (Dh
1 (x), . . . , Dh

N (x)).

Observe that, if u ∈ C1(V ), then Dh
i (x) → ∂xiu(x) as h → 0, for every x ∈ V . We �rst show an

integration by parts formula for di�erence quotients.

Lemma 5.20. Given ϕ ∈ D(V ), there exists h̄ > 0 such that∫
V

(Dh
i u)ϕ = −

∫
V

uD−hi ϕ for 0 < |h| < h̄.

Proof. Take h̄ small enough so that suppϕ+ hei ⊂ V for every 0 < |h| < h̄. Then, by using a change of
variables, ∫

V

(u(x+ hei)− u(x))ϕ(x) = −
∫
V

u(x)ϕ(x) dx+

∫
suppϕ

u(x+ hei)ϕ(x) dx

= −
∫
V

u(x)ϕ(x) +

∫
suppϕ+hei

u(x)ϕ(x− hei) dx

=

∫
V

u(x)(ϕ(x− hei)− ϕ(x)) dx,

and the formula follows after we divide both sides by h.

Theorem 5.21. Let Ω ⊂ RN be an open set, u ∈ L1
loc(Ω) and take V b Ω.

1. Assume u ∈W 1,p(Ω) for some 1 6 p <∞. Then

‖Dh
i u‖Lp(V ) 6

∥∥∥∥ ∂u∂xi
∥∥∥∥
Lp(Ω)

for every h ∈ R: 0 < |h| < dist(V, ∂Ω)

2
.

In particular, there exists C = C(N, p) such that

‖Dhu‖Lp(V ) 6 C‖∇u‖Lp(Ω) for every h ∈ R: 0 < |h| < dist(V, ∂Ω)

2
.

2. Assume u ∈ Lp(V ) for some 1 < p <∞, and the existence of C > 0 such that

‖Dhu‖Lp(V ) 6 C for every h ∈ R: 0 < |h| < dist(V, ∂Ω)

2
.

Then u ∈W 1,p(V ) and ‖∇u‖Lp(V ) 6 C.

Proof. To prove the �rst item, we observe that if u ∈ C∞(Ω) then

hDh
i u(x) = u(x+ hei)− u(x) =

∫ 1

0

uxi(x+ thei)hdt,

and so by Minkowski's integral inequality∫
V

|Dh
i |p 6

∫
V

∫ 1

0

|uxi(x+ thei)|pdt 6
∫ 1

0

‖uxi‖
p
Lp(Ω)dt = ‖uxi‖

p
Lp(Ω).

The result then follows by density of C∞(Ω) in W 1,p(Ω).
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As for the second, since Lp(V ) is re�exive (1 < p <∞) and (Dh
i u) is bounded in Lp(V ), there exists

hk → 0 and vi ∈ Lp(V ) such that

Dhk
i u ⇀ vi weakly in Lp(V ), ‖vi‖Lp(V ) 6 lim inf

k
‖Dhk

i u‖Lp(V ).

We claim that vi = ∂xiu, which implies the result. Take ϕ ∈ D(V ). By Lemma 5.20 and for su�ciently
large k, we have ∫

V

(Dhk
i u)ϕ = −

∫
V

uD−hki ϕ.

By weak convergence, since ϕ ∈ Lp′(Ω), we have∫
V

(Dhk
i u)ϕ→

∫
V

viϕ as k →∞;

on the other hand, by Lebesgue's Dominated Convergence,∫
V

uD−hki ϕ→
∫
V

uϕxi as k →∞

(indeed, D−hki ϕ→ ∂xiϕ pointwise as k →∞, and |D−hki ϕ| 6 C for every k). In conclusion,∫
V

viϕ = −
∫
V

uϕxi for every ϕ ∈ D(V ),

which means that ∂xiu = vi in the sense of distributions.

We apply this result in the next section with p = 2.

5.3.2 Interior regularity

Let Ω be an open set and take, as always, the operator

Lu = −
N∑

i,j=1

(aij(x)uxj )xi +

N∑
i=1

bi(x)uxi + c(x)u,

which we assume to be elliptic:

N∑
i,j=1

aij(x)ξiξj > θ|ξ|2 for every ξ ∈ RN , a.e. x ∈ Ω.

Theorem 5.22 (Interior H2-regularity). Assume aij ∈ C1(Ω), bi, c ∈ L∞(Ω), and take f ∈ L2(Ω).
Suppose that u ∈ H1(Ω) is a weak solution1 of

Lu = f in Ω

Then u ∈ H2
loc(Ω) and, for every V b Ω, there exists a constant C = C(V,Ω, L) such that

‖u‖H2(V ) 6 C
(
‖f‖L2(Ω) + ‖u‖L2(Ω)

)
. (5.15)

Proof. Here we just prove this theorem for the model problem

−∆u = f, f ∈ L2(Ω).

The proof of the general case is just more technical: if you are in a good mood, check [5, �6.3.1 - Theorem
1] for the details.

1Since we are not considering boundary conditions, in this context this means that B(u, v) = 〈f, v〉L2 for every v ∈
H1

0 (Ω), where B is the bilinear form (5.12)).
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Step 1) Choice of test function. Fix V b Ω and i ∈ {1, . . . , N}. We aim at proving that∫
V

|Dh
i ∇u|2 is uniformly bounded for every h ∼ 0.

Take W an open set whose boundary is �between� ∂V and ∂Ω: V bW b Ω. Take also a cuto� function
ϕ ∈ D(RN ) such that

ϕ = 1 in V, suppϕ ⊂W, 0 6 ϕ 6 1.

Consider the test function

v :=−D−hi (ϕ2Dh
i u)

=− 1

h2
(ϕ2(x− hei)(u(x)− u(x− hei))− ϕ2(x)(u(x+ hei)− u(x))) ∈ H1

0 (W )

for su�ciently small h.1 This is nothing else than a localized and discrete version of −uxixi , which we
have used in the formal computation at the beginning of the section. By de�nition of weak solution we
have (always for small h > 0)

−
∫
W

∇u · ∇(D−hi (ϕ2Dh
i u))︸ ︷︷ ︸

=:A

= −
∫
W

f(D−hi (ϕ2Dh
i u))︸ ︷︷ ︸

=:B

. (5.16)

Step 2) We expand the left hand side of (5.16), using Lemma 5.20:

A = −
∫
W

∇u ·D−hi (∇(ϕ2Dh
i u)) =

∫
W

Dh
i (∇u) · ∇(ϕ2Dh

i u)

=

∫
W

|Dh
i ∇u|2ϕ2︸ ︷︷ ︸

=:A1

+

∫
W

2ϕ(Dh
i u)Dh

i (∇u) · ∇ϕ︸ ︷︷ ︸
=:A2

,

and rewrite (5.16) as

A1 = −A2 +B.

Observe that our goal is to estimate A1 from above, uniformly in h ∼ 0.

Step 3) Estimate of A2: by Young's inequality2

|A2| 6 C

∫
W

|Dh
i (∇u)|ϕ|Dh

i u| 6
1

4

∫
W

|Dh
i ∇u|2ϕ2 + C ′

∫
W

|Dh
i u|2

6
1

4

∫
W

|Dh
i ∇u|2ϕ2 + C ′′

∫
W

|∇u|2,

where we have used Theorem 5.21-1 in the last inequality (which we can, since u ∈ H1(W )).

Step 4) Estimate of B:

‖D−hi (ϕ2Dh
i u)‖2L2(W ) =

∫
W

|D−hi (ϕ2Dh
i u)|2 6 C

∫
W

|∇(ϕ2Dh
i u)|2

6 C ′
∫
W

|Dh
i u|2 + C ′

∫
W

ϕ4|∇(Dh
i u)|2

6 C ′
∫
W

|Dh
i u|2 + C ′

∫
W

ϕ2|∇(Dh
i u)|2

6 C

∫
W

|∇u|2 + C ′
∫
W

ϕ2|Dh
i (∇u)|2,

1We are using the following result: v ∈ H1(W ) and ϕ ∈ D(W ) implies vϕ ∈ H1
0 (W ).

2For every a, b, ε > 0, ab = (εa) b
ε
6 ε2

2
a2 + 1

2ε2
b2.
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where we have applied Theorem 5.21-1 to ϕ2Dh
i u ∈ H1(W ) (in the �rst inequality) and to u (in the last

one). For every ε > 0,

|B| 6 ‖f‖L2(W )‖D−hi (ϕ2Dh
i u)‖L2(W ) 6

ε2

2
‖D−hi (ϕ2Dh

i u)‖2L2(W ) +
1

2ε2
‖f‖2L2(W );

combining this with the previous chain of inequalities, we deduce the existence of C > 0 such that

|B| 6 C

∫
W

|∇u|2 + C

∫
W

f2 +
1

4

∫
W

ϕ2|Dh
i (∇u)|2.

In conclusion, going back to A1 = −A2 +B, we are able to conclude that

1

2

∫
V

|Dh
i ∇u|2 6

1

2

∫
W

ϕ2|Dh
i ∇u|2 6 C

∫
W

f2 + C

∫
W

|∇u|2

for every i = 1, . . . , N . Therefore, by Theorem 5.21-2, we have ∂xi∇u ∈ L2(V ) and

‖∂xi∇u‖2L2(V ) 6 C

∫
W

f2 + C

∫
W

|∇u|2

for every i. In particular, u ∈ H2(V ) and

‖u‖2H2(V ) 6 C(‖f‖2L2(W ) + ‖∇u‖2L2(W )).

To conclude the proof of this theorem, in order to obtain (5.15) we need to estimate ‖∇u‖2L2(W ) by

‖f‖L2(Ω) and ‖u‖L2(Ω). This is the last step.

Step 5) Take ψ ∈ D(Ω) such that ψ = 1 in W and let W̃ := suppψ. Using this time the test function
v := ψ2u ∈ H1

0 (Ω) in the weak formulation,∫
W̃

∇u · ∇(ψ2u) =

∫
W̃

fuψ2;

then ∫
W̃

ψ2|∇u|2 = −
∫
W̃

2uψ∇ψ · ∇u+

∫
W̃

fuψ2

6
1

2

∫
W̃

ψ2|∇u|2 + C

∫
W̃

f2 + C

∫
W̃

u2.

In conclusion, ∫
W

|∇u|2 6
∫
W̃

ψ2|∇u|2 6 C

∫
Ω

(f2 + u2),

and the proof is �nished.

Remark 5.23. 1) Observe that Theorem 5.22 does not require any type of boundary condition nor any
regularity assumption for Ω.

2) Under the assumptions made on the coe�cients, Lu ∈ H−1(Ω). If u ∈ H2
loc(Ω), then Lu ∈ L2

loc(Ω);
since f ∈ L2(Ω), then actually

Lu(x) = f(x) for a.e. x ∈ Ω.

3) The presence of the term ‖u‖L2(Ω) on the right-hand-side of (5.15) is, in general, necessary. Indeed,
if one considers for instance the one dimensional equation

Lu := −u′′ − u = 0;

we see that f = 0, and u(x) = sinx is a solution. This shows that a statement like ‖u‖H2(V ) 6 C‖f‖L2(Ω)

is false for general L.

We now show how to combine Theorem 5.22 with an iterative procedure in order to obtain higher
regularity results.
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Theorem 5.24 (Higher interior regularity). Given m ∈ N0, let aij ∈ Cm+1(Ω) and , bi, c ∈ Cm(Ω) with
bounded derivatives. Take f ∈ Hm(Ω) and suppose that u ∈ H1(Ω) is a weak solution of the elliptic
equation

Lu = f in Ω.

Then u ∈ Hm+2
loc (Ω) and, for every V b Ω, there exists C = C(m,V,Ω, L) > 0 such that

‖u‖Hm+2(V ) 6 C
(
‖f‖Hm(Ω) + ‖u‖L2(Ω)

)
.

Proof. Again, we do the proof for the model case

−∆u = f in Ω. (5.17)

(see [5, �6.3.1 - Theorem 2] for the general case). We reason by induction in m. For m = 0, this is a
consequence of Theorem 5.22. Assume now that the result is true for some m ∈ N0. Take f ∈ Hm+1(Ω),
and let u ∈ H1(Ω) be a weak solution of (5.17). Take V b W b Ω. By the induction hypothesis,
u ∈ Hm+2(W ) and

‖u‖Hm+2(W ) 6 C
(
‖f‖Hm(Ω) + ‖u‖L2(Ω)

)
. (5.18)

In particular, given i, uxi ∈ Hm+1(W ) ⊂ H1(W ) and is a weak solution of

−∆uxi = fxi in W

[why?]. Since fxi ∈ Hm(W ), again by induction hypothesis we conclude that uxi ∈ Hm+2(V ) and so
u ∈ Hm+3(V ). Moreover,

‖uxi‖Hm+2(V ) 6 C
(
‖fxi‖Hm(W ) + ‖uxi‖L2(W )

)
6 C

(
‖f‖Hm+1(W ) + ‖u‖Hm+2(W )

)
6
↓

(5.18)

C ′
(
‖f‖Hm+1(Ω) + ‖f‖Hm(Ω) + ‖u‖L2(Ω)

)
6 C ′′

(
‖f‖Hm+1(Ω) + ‖u‖L2(Ω)

)
.

This allows an estimate in L2(V )-norm of all partial derivatives of order m+ 3; combined with (5.18), it
provides

‖u‖Hm+3(V ) 6 C
(
‖f‖Hm+1(Ω) + ‖u‖L2(Ω)

)
,

as wanted.

Recalling that Hm(Ω) = Wm,2(Ω) ↪→ Ck(Ω) for m > k+N/2 and Ω su�ciently regular, we have the
following.

Corollary 5.25. Assume that aij , bi, c ∈ C∞(Ω) and take f ∈ C∞(Ω). If u ∈ H1(Ω) is a weak solution
of Lu = f in Ω, then u ∈ C∞(Ω); in particular, u solves the equation in the classical sense.

5.3.3 Boundary regularity

In what follows, Ω is an open bounded set of class C2 and, as always, we take the operator

Lu = −
N∑

i,j=1

(aij(x)uxj )xi +

N∑
i=1

bi(x)uxi + c(x)u,

with:
N∑

i,j=1

aij(x)ξiξj > θ|ξ|2 for every ξ ∈ RN , a.e. x ∈ Ω.

We will state a result about regularity up to the boundary, in the simplest case of homogeneous Dirichlet
boundary conditions.

Theorem 5.26 (Global/Boundary H2-regularity). Assume that aij ∈ C1(Ω), bi, c ∈ L∞(Ω) and take
f ∈ L2(Ω). Suppose that u ∈ H1

0 (Ω) is a weak solution of

Lu = f in Ω, u = 0 on ∂Ω.

Then u ∈ H2(Ω), and there exists C = C(Ω, L) such that

‖u‖H2(Ω) 6 C
(
‖f‖L2(Ω) + ‖u‖L2(Ω)

)
.
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For a proof, see [5, Section 6.3.2].

Remark 5.27. Under the assumptions of the previous theorem, assume that the bilinear form B(u, v)
associated with L satis�es Lax-Milgram's Theorem. Then, also by Poincaré's inequality,

C‖u‖2L2(Ω) 6 β‖u‖2H1
0 (Ω) 6 B(u, u) =

∫
Ω

fu 6 ‖f‖L2(Ω)‖u‖L2)(Ω),

and the estimate in Theorem 5.26 can be improved to

‖u‖H2(Ω) 6 C‖f‖L2(Ω).

A typical example that falls under the scope of the scope of the previous remark is the bilinear form
associated with Lu = −∆. Then, given f ∈ L2(Ω), if we apply Theorem 5.26 to the unique solution in
H1

0 (Ω) of {
−∆u = f in Ω,

u = 0 on ∂Ω,

we �nd that u ∈ H2(Ω), and there exists C = C(Ω) such that ‖u‖H2(Ω) 6 C‖f‖L2(Ω).

As a consequence of these considerations, we have the following result.

Corollary 5.28. Let Ω be an bounded domain of class C2. There exists C1, C2 > 0 such that, for every
u ∈ H2(Ω) ∩H1

0 (Ω),
C1‖u‖H2(Ω) 6 ‖∆u‖L2(Ω) 6 C2‖u‖H2(Ω). (5.19)

In particular,
u 7→ ‖∆u‖L2(Ω)

is a norm in H2(Ω) ∩H1
0 (Ω), equivalent to ‖ · ‖H2(Ω).

Proof. The existence of C2 > 0 in (5.19) follows directly from the de�nitions, while the inequality
involving C1 > 0 is a consequence of the previous remark, applied to Lu = −∆u and f := −∆u.

5.4 Further reading

Here we say a few words about general existence and regularity theory for linear elliptic equations.
Take, as always, the problem

−∆u = f in Ω, u = 0 on ∂Ω. (5.20)

Theorem 5.29 (Existence and regularity theory). Let Ω be a bounded domain.

1. (Lp theory) Let f ∈ Lp(Ω), p ∈ (1,∞) and assume that Ω is of class C1. Then (5.20) admits a
unique solution u ∈W 1,p

0 (Ω) ∩W 2,p(Ω), and there exists C = C(p,Ω) > 0 such that

‖u‖W 2,p 6 C‖f‖Lp .

2. (Schauder theory) For α ∈ (0, 1), let f ∈ C0,α(Ω) and assume that Ω is of class C2,α. Then the
unique solution to (5.20) belongs to C2,α(Ω), and there exists C = C(α,Ω) > 0 such that

‖u‖C2,α(Ω) 6 C‖f‖C0,α(Ω).

The Lp�theory (i.e., the theory of strong solutions) is presented in [6, Chapter 9], for general elliptic
operators of second order:

Lu = −
N∑

i,j=1

aij(x)uxixj +

N∑
i=1

bi(x)uxi + c(x)u,

with aij ∈ C(Ω), bi, c ∈ L∞(Ω), c > 0. The existence is done in [6, Theorem 9.15], while the estimates
are presented in [6, Lemma 9.17]. The starting point is the use of the Newtonian potential

w(x) =

∫
Ω

Φ(x− y)f(y) dy, (Φ being the fundamental solution of the Laplacian),

and the proof that f ∈ Lp implies w ∈W 2,p, ‖D2f‖Lp 6 C‖f‖Lp and −∆w = f a.e.
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The Schauder theory is presented in [6, Chapter 6], for elliptic operators L with coe�cients in C0,α(Ω),
and c > 0. The regularity is done in [6, Theorem 6.14], while the estimates are presented in [6, Theorem
6.6]. Once again, the starting point is the use of the Newtonian potencial.

This theorem, combined with Sobolev embeddings, allows to prove regularity results for weak solution
of nonlinear problems as well. The following result is a typical example.

Theorem 5.30. Let Ω be a bounded domain of class C0,α and take g : Ω × R → R a function of class
C0,β such that

|g(x, t)| 6 C(1 + |t|p−1) for every t ∈ R, for some 2 < p < 2∗ :=

{
2N
N−2 if N > 3

∞ if N = 1, 2.

Assume that u ∈ H1
0 (Ω) is a weak solution of

−∆u = g(x, u) in Ω, u = 0 on ∂Ω.

Then u ∈ C2,γ(Ω) for some γ ∈ (0, 1), and u is a classical solution.

A proof can be found in [1, Section 1.4.2 - Theorem 1.16].
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