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A dimension reduction result in the framework of structured
deformations
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Abstract. Structured deformations provide a model to non-classical deformations of continua
suitable for the description of deformations of materials whose kinematics requires analysis at
both the macroscopic and microscopic levels. In this work we apply dimension reduction tech-
niques in order to derive models for thin structures in the framework of structured deformations
of continua.
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1 Introduction

Structured deformations were first introduced by Del Piero and Owen [15] and later
generalized by Owen and Paroni [19]. The model introduced in [15] (first order struc-
tured deformations) provides a class of deformations which is appropriate to describe
complicated processes of fracture at the macroscopic level and also permits to iden-
tify processes of microfracture that describe a continuum with structure. Choksi and
Fonseca [8] extended the notion of first order structured deformation to the setting
of special functions of bounded variation. Precisely, the authors defined a first order
structured deformation as a pair (g, G) where the macroscopic deformation g is an
element of SBV (Q; R?) and G is an integrable tensor field in £, and have proved that
given such a pair there exist deformations u,, in SBV (£2; R?) such that

Unp, L—1>g and Vu, MA(Q)G.
Then the energy of (g, G)) was defined as

I(g’ G) = inf {hminfE(un)v Unp L—]’gy Vu, M—(Q)G}a
{un}CSBV(Q;Rd) n—oo

= u) dx ul, viu N-1
E(u)—/QW(v )d +/S(u)w<[ ], v(u)) dH
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for any u € SBV(Q;R?), and an integral representation of Z(g,G) was derived.
Note that the energy of (g, G) corresponds to the most economical way to build up
deformations using S BV - approximations.

In this work we consider a model for first order structured deformations departing
from a different initial energy F (u) which includes second order derivatives (see (1.1)
below; see Carriero Leaci and Tomarelli [9] and [10] for other second order variational
problems). Our goal is to derive a model for thin structures (in the context of first
order structured deformations) through dimensional reduction techniques. The need
for second derivatives relies on the fact that, in order to avoid the formation of holes
in the target lower dimensional domain, all the jumps in the approximating sequences
must be properly aligned (see Remark 1.3 below).

Let Q C RY be an open bounded set. For u € SBV?(2; R?) we define

E(u) = /QW(Vu,Vzu) da:+/s i ([u], v(u)) dHY

ey

+/ Uy ([Vu],v(Vu)) dHN L (1.1)
S

VN

In [7] we studied the relaxed energy

1 1
I(Q,G> :{unGSBi?I\}g(Q;W)]{hnrggf E<u”> Un € SBVQ(Q§]R3)7 Un L)g’ Vi L—>G} 7
(1.2)

under the following hypotheses for the bulk and interfacial densities

(Hy) : there exists C' > 0 such that
1
6|B| —~C<W(A,B)<C(1+|BJ)

forall A € RN and B € RI*XNxN.
(H;) : there exists C' > 0 such that
|W(A1,Bl) — W(Az,Bz)| < C(|A1 — A2| + ‘Bl — Bz|)
forall 4; € RN and B; € R>NXN 4 =1, 2;
(H3) : there exists 0 < o < 1 and L > 0 such that

W(A,tB)‘ C

W (4,B) - —=

forallt > L, A € RN B ¢ RXNXN with |B| = 1, where W denotes, as
usual, the recession function of W in the variable B, i.e.,
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W(A,tB)

b

W (A, B) = limsup
t—+00 t

(Hy) : there exist ¢; > 0, Cy > 0 such that

ci|Al U\, v) < CilA
forall \ € R% and v € SV 1,
(Hs): there exist ¢, > 0, C; > 0 such that

e2lA] < Wa(A,v) < CalAl,

forall v € SV~!and A € RN,

(Hg): (homogeneity of degree one)

\Ifl(t/\,l/) = t\lfl()\, l/), \Ilz(tA, I/) = t\I/z(A,V)
forally € SN-1, A e R%, A e RN and ¢ > 0;
(H7): (sub-additivity)

UM+ X, v) < U (ALv) + (A, v),
Uo (A1 4+ A, v) S Us(Ag,v) + Vs (Ay,v)

forallv € SN~ \; e R:, A; € RN =1,2.

Remark 1.1. We extend ¥;,7 = 1,2 as homogeneous functions of degree one in the
second variable to all of R (respectively R?*Y),

In [7], under the hypotheses (H;) — (H7), an integral representation of the energy
I(g,G) was derived for g € BV?(Q;R?) and G € BV (€; R¥N), with the infimum

1 1
taken over all sequences u,, € SBV?(;RY), u, L, g, Vuy La. Namely, given
A, B € RN and € € R>*N*N and defining

_ : N-1 _ _ .
%% (A)_uGSBl\I/lfQ;Rd) {/SMQ\IH([u], v(u)) dH™ ", ulag =0,Vu = Aa.e. in Q} ,

Wi(B,C) — inf W (B, Vou(z)) d
w.0) =it A W) do

t /Q . Walle]v(0) 4R vl = c:c} 7
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Av) = inf / Uy ([u], v(w)) dHN ! u = ,,,VUZO},
wo) = it A o) 90, = 001
where
A if 2y >0
Yo () =
0 if z.v <O,
AT, v)= inf W (v, Vv dm+/ Uy ([v], v(v)) dHN T,
ECE R § O R I AERY)
vloQ, = VAT }
where
A if zv>0
Yarp) () =
I if z.v<O,
and
W (A, B) — inf W (A, V() d
can) =t W) ds

+/ \112([1}], V(U)) dHN*],UbQ = Bx} ,
QNSy
the following result was proved:

Theorem 1.2. Under hypotheses (H;)—(H7) we have that for all (g, G) € BV*(Q; RY) x
BV (Q; RN the functional

I(g,G)=  inf liminf E(un): un € SBVA(QLRY), up - 7an‘G},
.6) {unesérx}%g;w)}{ fe (un): u ( )s Un —— g, Vup, —
is given by
16.6) = [ (W(G=Y0)+Wa(C.VG)) do+ [ (la).vig)ant* (@)
+ = N—1 D¢g .
+ | (GG w(@) dHY T (@) + | Wi(——722) d| D]
Q d|Deg|

dD°G

———) d|D°G.
ey el

Sa
+ | W3°(G
Q
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In what follows let N = 3, ¢ > 0, w C R? an open bounded set and £, = w x (0,¢)
We denote simply by © the subset of R corresponding to Q; = w x (0,1) = w x I.
If 2 € R? then z,, := (21, 22) € R? is the vector of the first two components of .

In this work we consider three dimensional structures with vanishing thickness e.
The energy associated to these structures is of the form:

E.(v) := A W(Vu, V2v) dy—l—/ U ([v], v(v)) d'H2+/S Uy ([Vo], v(Vv)) dH?,

where v € SBV2(Q;R?). Let y = (ya,y3) € Qe and changing variables define
x = (zq,23) € Q through z,, = y, and 23 = y—g Then

w(To, 23) = v(Tq, €13)

is clearly a function in S BV?(£2;R?) and the integral above becomes
1 2 oo 1oy 1op
EE(U) = € QW(VQU'Ev:iu, va7ﬂu|gva3U‘EV3ﬁU|gV33u) dx
1 2
+ | Wi([u], va(u)l Zvs(u)) AR
Su

+ / Uo (Vo] |2 [V, v (Vi) [ 21s (V) dH2
SVu € €

where o, 3 € {1,2}.

We introduce now the e-scaled 3D energies J, := %, and our aim is to derive the
asymptotic behaviour as ¢ — 0T, in the sense of I'-convergence (see [12], [13], [3]
and [14]). More precisely we consider

1
I(g,b,G) := inf {liminf Je, (Un), Up L—l>g, —Vsup, Lb, Vu, L—1>G},
un €SBVZ(Q;R3) || €n—0 €n

where (g,G) € BV?(w;R?) x BV (w;R>*N) and b € BV (w;R?). The remark be-
low gives the motivation for the definition of I, in particular the convergence and the
appearance of fields independent of the transversal variable z3 in the limit space.

Remark 1.3. Suppose we have a sequence of deformations clamped in the boundary
and with finite total energy. Thus, for a given sequence {e,}, we have a sequence
{v,} € SBV?*(Qe,;R?) such that v, = x in a neighborhood of dw x (0, €,). After
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rescaling we obtain a new sequence {u,, } C SBV?(£2; R?) such that u,, = (74, €,23)
and
sup Je,, (un) < 00.
n

From the growth conditions (H 1), (H4) and (H5), we obtain

sup <|D<Vun>|<n> + M) <o,

which, together with the boundary condition, implies the boundedness of u,, and Vu,,
in the BV-norm. Thus, up to a subsequence, we have v, — ¢ and Vu,, — G in L
Now, defining by, := Y2%2and using (H1) and (H5) we get that

€n

sup |D(bn)[(22) < o0,

which, together with the boundary condition b,, = (0, 0, 1) implies the boundedness of
b, in BV-norm and consequently the existence of a subsequence such that b,, — b in
L'. The field g represents the deformation of the mid-surface and the field b represents
the rotation and compression of the normal sections.

On the other hand, using the same growth conditions, we have

Un,

sup <|D3<wn>|<n> b [ bl + D3<bn>|<9>> < e,

which, together with boundary conditions, implies that the limit fields g, G and b do
not depend on x3.

Remark 1.4. We will prove in the sequel that the functional I above does not depend
on the sequence {¢, }.

The overall plan of this work in the ensuing sections will be as follows: Section 2
collects the main notations and results used throughout. In Section 3 we prove that
I(g,b, G) can be decomposed into two first order functionals I (g, b, G) and I (b, G).
Precisely, we show that

I(g>b7G) = Il(g7b7 G) +12(b7 G)7

with

1
I = inf lim inf U ([tn], Ve (un )| — 13 (n, 2
1(9,0,G) . { im in /S 1([un], va(u )Ienw(u )) dH

Un

1 1 1 1
Un, L—>gv —Viuy, L—>ba Valn L—> G},
€

n n—oo
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and

L(b,G) = hmlnf {/ W (hn, Vahn | Vgh ) dz

inf
hn €SBV (R>3) | en—

n

+ / B (o], v ()|~ 3 () dﬂzl
Shn €

n—o0

hn L_'>(b,G)}.

Section 4 is devoted to determine the integral representation of I} in BV, which turns
out to depend only on (g,G). We prove the following Theorem (see Section 2 for
notations).

Theorem 1.5. Let (9, G) € BV?(w;R?) x BV (w;R**?). Then, for V| satisfying
(H4)a (H6)a (H7),

Un €En —! n

Ii(g,G) = inf {liminf/s \Ill([un},ya(unﬂeiw(un)) dH?(z)

Un,

1
Vau, b Vaun LG}

n

Uy € SBV(w;R?) u, Ll»g,

is given by
. R dDg
1(3.G)= [ W{(G-Vg) oot /S 1ol 0)) drt'+ [ W3- diDeg]) D"
w g
where
WPA) = inf {/ ¥, ([ul, dH' ulpo = 0, Vu = A ace. i ’},
1 (4) e SB(QRY) uner 1([ul], v(u)) ulaq u a.e. in Q
and
s\ v)=  inf / ¥ A" ulpg, = Vu=0
nrw) ueSBgl(QL;R‘){ QNS. (L, w)) dFE, ulogr =, Vi ’
with
A if x>0
Vo) (Ta) =

0 if z,.v <O
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and U, defined as follows

In Section 5 we derive the integral representation of I (b, G) in BV'. This represen-
tation relies on the Global Method for Relaxation, introduced by Bouchitté Fonseca
Mascarenhas in [5]. Precisely we prove the following result:

- 1
Uy (A, vg) = inf {\Ill()\, Vg,t) 1t € R} :

Theorem 1.6. Let (b, G) € BV (w;R?) x BV (w; R3*?). Then for W and ¥, satisfy-
ing (Hy), (H,), (Hs), (Hs), (Hg) and (H7), the functional

L(,G) = inf hmlnf /W hn, Vahn | V3h ) dx
hn €SBV (QRIX3)

+ /S sl v )] -5 () dHZ]

€n

I i(Gvb)}

is given by
L(b,G) = /Wz(b,G,Vb,VG)dx+/ Ty ((b,)F, (b,G) ", v((b,@))) dH!

w wNS((b,3))

dC(b, @)
+/ Wa (b G, )d C(b,g
; " dl00.g) ) IO

where

Wa(A, By) := inf {/Q' Wa(A, Vu) dy —i—/Q U ([u], v(u)) dH

'NS,

u € SBV(Q,;R3),U|6Q/ = Bay} , (1.3)

Uy (N, 0,v) == inf {/ W5° (u, Vu) dy +/ U ([u], v(u))dH"
Q. QNS (u)

u € SBV(QiRY), ulyy = uw,y} . (14
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where
A ify-v >0,
UA,H,V(y) =
0 otherwise.

The functions Wy and W are defined as follows. Decomposing the pair (A, B) €

R3*3 x R¥*3%3 jnto (A, By, B3) € R3>*3 x R¥3%2 5 R¥3X1 ype define

Wz(A, Ba) = B eiIRgf;?xl W(A, Ba,Bg),

and for A € R¥3 v, € S, let

Us( N\, vy) = inf{

2 Preliminaries

The purpose of this section is to give a brief overview of the concepts and results that
are used in the sequel. Almost all these results are stated without proofs as they can be

readily found in the references given below.

2.1 Notation

Throughout the text w C R? will denote an open bonded set and for ¢ > 0, =
wx (0, €). We denote simply by € the subset of R* corresponding to Q; = wx (0, 1) =
w x I. If x € R3 then z,, := (1, 77) € R? is the vector of the first two components

of x.
We wil use the following notations:

A(Q) (resp. A(w) ) is the family of all open subsets of 2 (resp. w),

M() (resp. M(w) ) is the set of finite Radon measures on €2 (resp. w),

||| stands for the total variation of a measure u € M(Q) (resp. M(w) ),

- SN=1 stands for the unit sphere in RY,

637

(@ denotes the unit cube of R centered at the origin with one side orthogonal to

- Q(w, 6) denotes a cube in R? centered at = €  with side length § and with one

side orthogonal to e,

- Qu(z,9) is the cube centered at z € Q) with side length ¢ and with one side

orthogonal to v € S2,
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- when related to R? and w we use the previous notations with the obvious adap-
tations with @’ in place of @,

- C represents a generic constant,

- lim := lim lim while lim := lim lim .
n,Mm—00 n—00 M—00 m,n—oo m—o00 N—00

2.2 BV-functions

We start by recalling some facts on functions of bounded variation which will be used
afterwards. We refer to Ambrosio, Fusco and Pallara [1], Evans and Gariepy [16],
Federer [17], Giusti [18] and Ziemer [20] for a detailed theory on this subject.

A function v € L'(€;R?) is said to be of bounded variation, and we write u €
BV (Q;RY), if all its first distributional derivatives Dju; € M(Q) fori = 1, ...,d and
Jj = 1,..., N. The matrix-valued measure whose entries are D;u; is denoted by Du.
The space BV (2; RY) is a Banach space when endowed with the norm

lull v = llullzr + || Dul[(2).

By the Lebesgue Decomposition theorem Dwu can be split into the sum of two mutu-
ally singular measures D®u and D®u (the absolutely continous part and singular part,
respectively, of Du with respect to the Lebesgue measure £V). By Vu we denote the
Radon-Nikodym derivative of D% with respect to LN so that we can write

Du = VulM |Q + D*u.

Let 2, be the set of points where the approximate limits of u exists and S,, the jump
set of this function, i.e., the set of points z € Q \ €, for which there exists a, b € RN
and a unit vector v € SN~!, normal to S, at z, such that a # band

lim — lu(y) —aldy =0 2.1

1 /
e—0 eN {yeQ. (z,e):(y—z)-v>0}
and

lim —

— ; / -
e—o+ eV {yeQu(z,e):(y—z)-v<0}

The triple (a, b, v) uniquely determined by (2.1) and (2.2) up to permutation of (a, b),
and a change of sign of v and is denoted by (u™ (z),u™ (z), vy (2)).

If w € BV (Q) it is well known that S,, is countably N — 1 rectifiable, i.e.

S, = GKRUE,

n=1



Dimension reduction for structured deformations 11

where HV~!(E) = 0 and K, are compact subsets of C'' hypersurfaces. Furthermore,
HY=H((Q2\ Q) \ Su) = 0 and the following decomposition holds

Du = Vul™[Q + [u] @ vy HN 7' S, + Co,
where [u] = u™
D3| (Qy,).

We next recall some properties of BV functions used in the sequel. We start with
the following Lemma whose proof can be found in [8]:

— u~ and C,, is the Cantor part of the measure Du, i.e., C,, =

Lemma 2.1. Let u € BV (;RY). There exist piecewise constant functions 1w, such
that u, — win L'(Q; R?) and

1Dull() = T [[Duy|(9) = lim [ [[un)(2)] dHN "

The space of special functions of bounded variation, SBV (€2; R?), introduced by
De Giorgi and Ambrosio in [11] to study free discontinuity problems, is the space of
functions u € BV (Q;RY) such that C,, = 0, i.e. for which

Du = Vul® + [u] @ v, HN 7' S,.

The next result is a Lusin type theorem for gradients due to Alberti [2] and is essen-
tial to our arguments.

Theorem 2.2. Let [ € L'(Q;RN). There exists u € SBV(Q;R?) and a Borel
function g : Q@ — RN sych that

Du = LN + gV S,
/S 9] AHY 1 < O|[ 1111 gy

Remark 2.3. From the proof of Theorem 2.2 it also follows that

ullpr@) < 2C|fl 1 @iraxn)y-

Following Carriero, Leaci and Tomarelli (see [9] and [10]) we define

SBV?(;RY) = {v € SBV(;RY), Vo € SBV (Q; R>NM),

Ifu € SBV?(Q;RY) we use the notation V>u = V(Vu), that is, Vu is the absolutely
continuous part of D(Vu) with respect to Lebesgue measure.
We will also denote by

BV2(Q;RY) = {v € BV(Q;R%), Vv € BV(Q;R”M)}.
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2.3 Integral representation results

Here we recall Theorem 3.12 in [5]. Let:
F: BV(;RY) x A(Q) — [0, 400)
satisfying:
i) F(u,:) is the restriction to A(2) of a Radon measure,

ii) F(u,:)is L'(A;RY)- lower semicontinuous,

i) &|Du|(A) < F(u, A) < C (LN(A) + |Du(A)) for some C > 0,

iv) There exists a modulus of continuity ¢(t) satisfying

[ F(u(. = 2) + b5 2+ A) = F(u, A)| < o([] + [2]) (£ (A) + |Dul(4)) -

Define the set function:

m(u; A) := inf {.7-'(1); A),v|pa = ulga, v € BV(Q;Rd)} ,

and let
f(w0.a,¢) := limsup mia +¢(. _5550); Qz0,9). 2.3)
e—0
o0, A, 0, v) = Tim sup "L 0 Qv(@0,6)) 2.4)

e—0t €

forall zo € Q,a,0,\ € R%, ¢ € RN where

A ify-v>0,

ux0.0(y) =
6 otherwise.

Then the following full representation result of 7 on BV (£; R?) holds:

Theorem 2.4. Under hypotheses i), i), iii) and iv),

Flu;A) = /Qf(:):,u,Vu) d:z:—i—/S glz,ut,u™,vy) dHN !

WA
+ [ (s et ) dct

where f and g are defined by (2.3) and (2.4) respectively and f°° denotes the recession
function of f in the last variable.
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3 Decomposition

We start by noting that for any (g,b, G) € BV?(w : R?) x BV (w R3) x BV (w; R3*2)
and for any fixed sequence €, — 0 there exists u,, € SB VZ(Q; ]R3) such that u,, —
9, =V3up, — b,Vu, — (G,0) in L'. In fact, given (9,G) € BV(w R?) x
BV (w;R3*?) and b € BV (w;R3), by Theorem 2.2 there exists h € SBV (w;R3)
such that Vh(z,) = G(z4) a.e. 4 € w and

ID°R[(w) < CHl|GI] 11 (wirs) 3.1

for some C| = Cj(N) > 0. By Lemma 2.1, there exist {v,, } piecewise constant such
that

e’ h - and |[Dop||(w) = [|D%vn[|(w) — [[Dg — Dhl|(w).
Define u,, € SBV (;R?) by u,(za,x3) 1= vn(xa) + h(za) + €,b(x4)x3. Clearly
1
Vatn () L»G(:ca), U — gin L'(€;R3) and Vg—:f” — bin L'(Q;R3).
We show next that our second order functional I(g, b, G) can in fact be decomposed
into two first order functionals. This is mainly due to Theorem 2.2.

For (g,b,G) € BV*(w;R3) x BV (w;R?) x BV (w; R3*?) we write:

1 1
_ . B 2 T 1
I(g,b,G) _uneSBHX}E(Q;W){heEg%f {/QW(Vaun|bn,Vaﬂun|Vabn|EnV35un|6nV3bn)dm

+/S qfl<[un],ua(un)\€iy3(un)> M

Un, n

. / \Ilz([VaunH[bn],Va(Vun)|€iu3(Vun)) dHZ]
SVun

n
L! ! !
Up —49, bn — bv vaun — G ’

where,

by, = Lﬂbn

€n

We will show that we can decompose I(g, b, G) into

I(ga ba G) =1 (97 bv G) + IZ(byG)

with
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1
Ii(g,b,G) = inf lim inf U ([tn], Va(un)|—3(un)) dH?
1(g ) uneségz(ﬂw) { 121(:1% /Sun 1([un], va(u )|6nV3(u )
L 1 L L
Up —49, —Vsu, —b, Vou, — G ,
€n n—oo
and
1
Lb,G) = inf {liminf { / W, Vorhin| V) da
hTLESBV(Q;R3><3) €n—0 (9] €n

+ / s (], v ()|~ v () dHZ]
Sho, €

n

B L—1>(b,G)}.

If we put v, = V,u, and h, = (vy, b,) it is immediate to see that
I(gvba G) Z Il(gaba G) + I2(b7 G)

Next we prove the opposite inequality. Let u,, € SBV?(£2; R?%) and ¢,, — 0 with

L 1 L L
Uy, — ¢, —Vau, — b, Vou, — G
n—oo e'ﬂ n—oo n—oo

be such that

L(g.b,G) = Tim [ Oy ([un), ua(un)|€iy3<un)) dH2 ().

n—oo Sun n

Now let v, € SBV (;R3*2), b, € SBV(Q; R3) with

! L!
v, — G,b, — b
n—oo n—oo

be such that, setting h,, = (v, by,),

1
L(bhG) = lim [/QW(hn,Vahn|€V3hn) de
n

n—oo

+ / Ba (], v ()| -3 ()) dH2 |
Shn €

n
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Remark 3.1. The equalities above for I} and I can be attained if we pass to a subse-
quence of {e, } (for which we still use the same notation). In the next sections we will
prove that I} and I, are independent of the sequence ,,.

We now proceed in two steps

Step 1: Define

1. 1
Wy, 1= Up, + €nPp,

where, by Theorem 2.2, gi)}1 satisfies:

v¢711 = (Un - vocuﬂno)a (32)
| D¢, (22 / [v, — Vaun| d, (3.3)

and
¢p —0in L. (3.4)

Notice that clearly w). is still an admissible sequence for I;(g, b, G). In fact

N(0.G) = lim [ Wi(full ()l Za(wl) dr

Wy,

since, by (Hy4), by Remark (1.1), (3.2) and (3.3) the extra term in the energy is con-

trolled by
\/|Va oL? + 2 ‘V3 (oh)I? / |vn, — Vauy| dz,

which goes to zero as €, — 0 since (v, — Vyuy) Lo
n—oo
Notice that

Vawl —vp=(1—¢€,) (Vaup —vy) .

Iterating the process, we construct functions ¢n, using Theorem (2.2) by:

k—1
Vo = (vn = Vatn — € »_ 64,0), (3.5)
=1
D@ () < (1 — en)’““/ |Vt — vy dx (3.6)
Q
and ]
¢k 0. (3.7)

Now define a sequence
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where k (= k,,) will be chosen in the next step.
Note that

Vawh — v, = (1 - )" (Vatn — vn) .

Notice that w*» is still a sequence realizing the value for I (g, b, G).

Step 2: For w,, := wfl" (K., to be defined latter), let ¢, ¢> once again obtained by
Theorem 2.2 be such that

¢p — 0, (3.8)
Vo2 = (vn — Ve, 0), |D¢§|(Q)</|vawn—vn|dx, (3.9)
Q
s Lo, (3.10)
and
Vi, Vitn, Viuy,
VO = (0.0~ ) = (0., = ) (DGO < [ by 2 e
3.11)
Set:

wn = Wn + ¢O‘n + enqb?w

which is an admissible sequence for I(g, b, G). Hence,
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1 1
I(g,b,G) < liminf{/ W (Y ain|bn, Vi, 50|V abn| — V3 tin| —V3by) da
0 ’ €n €n

n—oo

+/Swn U, ([ @], v ()|~ (1))

€n

Vibn n

+ / \yz([vawnmbn],ya<vwn)|€iy3(vwn)) de}
S

< liminf { / Uy ([n], o () |~ (1)) dH2
n—00 Sun, €n

1
0(\/ a(0)P + @R )1 =€)t [ o = Vo] do

1 Viuy
+c(\/rva<¢z>|2+e%mwz)v)en /Q bn = =2 da

1
—|—/ W (hn, Vohn —V3hy) dx
Q €n

+/Shn‘1’2([hn]71/a( ha) | ~-va(h ))de}

€n

S Il(gv b7 G) + IZ(b7 G)

—Himsup{ \/Va ¢n |2 2 |V3(¢a)‘ / [V — Vaun| dx

1 Viup
+c(\/|ua<<z>z>|2+6%|u3<¢z>|2)en /Q bn — =2 da }

The desired inequality follows if we assume that k,, satisfies the condition that

(1 —¢e,)kn

€n

is a bounded sequence. (3.12)

In what follows we will therefore treat separately I (g, b, G) and I;(b, GG).
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4 Integral representation of I,(g, b, G)

4.0.1 Lower bound
Fix {e,} and denote by

o B . . 1 2
5 (9,0,G) = unes§€£<n;R3){herf—l>%f/gun Wl([un},va(un)law(un)) dH
L 1 L L
Up —G, :VSUn —b, Vauy, n:oG )
n

. . L . L L
Given an arbitrary sequence u,, — g with V,u, — G and }Vyun — b,
n—oo n—oo n n—oo

define

. 1
L= hmlnf/ Uy ([tn)], Vo (un)|—v3(u,)) dH.
Sy, N €

n—o0 n

Then clearly

Ly > liminf / By ([un], v (1)) dH2.
Su, M

n—oo

For x5 fixed set now u?(z4) := uy,(zq, x3). Then, by Theorem 3.1.1 in [6],

Ly > liminf/ \Ill([un]yya(un)) de
Sy, N2

n—oo

n—o0

1
> lim inf/ / By (], va(u®)) dH (z2) das.
0 Sux3 Nw

Note that
x3 Ll T3 Ll
Uy — g, Vu,? — G.
n—oo n—oo

Hence, by Fatou’s Lemma and the integral representation in Theorem 1.2 (see Remark
4.1 and 4.2), and using the arbitrariness of the sequence u,, we arrive at the inequality
below

0 (0.G)w) > [ W(GTg) drat [ 4P(al.(0)) a'+ / W2 (—dDy),

w Sy w

(2 . = :
Wl( )(A) — ueSBl\?(fQ’;R3) {/stf Uy ([u],v(u)) dH' ulag = 0, Vu = A a.e. in Q'} )
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and

43 inf / T dH! , = Vu =0
(Av) = uGSBle?Q;;R—*){ QLNS. ({ul, v(w)) 4, ulogy = Y0, Vu ’

with

A if zo.v >0

Vo) (Ta) =
0 if z,.v<O.

Remark 4.1. We note that ¥ is continuous. In fact, if (A, v,) — (A, v) in R? x S!
and if we assume that lim,, oo U1(\,, v,) = liminf, o ¥1(\,, 1) We get that

lim Uy (A, vp) = lim Uy( Ay, 7) = U1(A, 7)

n—oo n—oo

(Vnytn)
V(v +8

point 7 € S2. On the other hand if we write 7 = lim,, o

where 7,, = is a sequence in S? which we assume to be convergent to a

(v,tn)

N

and use the

definition of W we get that

Ui\ v, t -
W0 7) = lim A t) g
n—o00 \/|l/| +t2
which together with the previous equality gives the lower semicontinuity of ;. For
the upper semicontinuity of W; we consider again a sequence (\p,v,) — (A,v) in

R x S! and t,, such that ¥; (A, v) = lim,, oo D1Qtn) apd thus

VvP+)

\Ijl(Ame n) RT Uy (A, Vatn) _ \Pl()\ Z/)

limsup ¥ (A, V) < lim = lim
) S e TP 8~ e WP 48

Remark 4.2. We do not know if W inherits the subadditivity from ¥, but it keeps the
Lipschitz continuity and the growth conditions from ¥; which are also sufficient to
apply Theorem 1.2.

4.0.2 Upper bound

In order to derive the upper bound for 11 (g,b, G) we rely on Theorem 11 of [6]
which is an application of the Global method in SBYV,, to Brittle Thin Films. More
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precisely, defining for § > 0

Vign \ |2
(vagn| jg )’ dx

n

{on} | en—0

Fs(g,A) = inf {liminfé/
AxT

1
+/ 0+ ¥,y ([gnL Va(!]n)y V3(gn)> dH2
SgnN(AXI) €

n

Ll
n — g} 9
Theorem 11 in [6] implies that for A € A(w)
FolgiA) =3 [ 199 dwat [ 5+ RaF(g)(g)) art
A S,nA

where R, denotes the BV-elliptic envelope.
Therefore since
1,"(9,Vg;w) < Fs(g;w),

by letting § — 0 and using the inequality R,¥; < ¥y, we conclude that
1(0.99) < [ i(lglv(o)) d.
g

Consider now g € BV?(w;R3), G € BV (w;R**?) and let g, € SBV?*(w;R3) be
such that 1 1
g =g, Vgu =G

Then

L(g9,G; A) < liminf I1** (g, Vgn; A)

n—oo

IN

n—oo

liminf/ U1 ([gn], v(gn)) dH'.
Sy NA

Therefore, taking into account the integral representation obtained in [7],

Ilén(.va)(w) S / W](z)(G—Vg) dl‘a+/ ’Ayl(z)([g]’y(g)) dH1+/ W1(2)<_chg),

g9

for Wl(z) and %(2) defined previously. This together with the lower bound gives the

desired characterization. In fact I; only depends on (g, G) and does not depend on ¢,
(thus we drop the superscrit) and obtain the result stated in Theorem 1.5.
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5 Integral representation of I,(b, G)

Again, for a given sequence {¢,,} and (b, G) € BV (w;R?) x BV (w; R3*?), we define

LY (b, G) = inf {hmlnf [/ W (hp, Vahy | v3h ) da
hn GSBV(Q RDG)

€n

+/WMWMM%<MMﬂ
Shn

n—oo

hn L_‘>(G,b)}.

5.1 Lower bound

Let hy, — (G, b) be an arbitrary sequence and for fixed {¢,, } define

1
Ly: = liminf [/ W (hn, Vahn|—Vs3h,) dx
Q En

n—oo

+Aﬁmmwﬂﬂmnm%

€n

Clearly,

L, > liminf [/ Wa(hp, Vahy) dx
Q

n—oo

+ /Shn \IIZ([hn]? Voz(hn)> de(x)

Let now x3 be fixed and set h%3(zy) = hy (x4, x3). Then, by Theorem 3.1.1 of [6],



22 José Matias and Pedro Miguel Santos

L2 Z lim inf |:/ Wg(hn,vahn) dx
Q

n—oo

4 / B (] v () dHZ(@]
Shn
1 —
> lim inf [ / / Wa(hn, Vah®) dze davs
n—0o0 0 Jw

/ /S ([133), v () dH ()

1
Noting that A3 L, (b, G), by Fatou’s Lemma a lower bound for I, (b, G) will be
given by Theorem 4.2.2 in [5].

5.2 Upper bound
Let A € A(w). We write h = (b, G) and consequently

L(h;A) = inf {liminf W (hpn, Vahn | V3h ) dz
hn€SBV(QR3) | en—0 Jaxr

n

+/ \PZ([hnLya( )|iy3( )) de h —) h}
ShpN(AXI) € n—

For a fixed sequence {e, } we write I;" (h; A) as before. Now observe that ;" satisfies
the conditions ) to iv) of Theorem 2.4. In fact, following the arguments in [5] it is
easy to check that I,**(h;.) is the restriction of a bounded Radon measure to A(w).
We just sketch the proof of subadditivity property.

Lemma 5.1. Let A, B,C € A(w) with A CC B C C. Then
L (h; C) < L (h; B) + L (h; C\A). (5.1)

Proof. We note that for fixed h and A C w we can find a subsequence {e¢,} (not
relabelled) such that

L (h;A) = lim W (hpn, Va h| V3h)

N0 JAXI

+ / W (], v )| - () 2
Shy N(AXT)

€n
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By repeating this argument, and considering a diagonal subsequence, we arrive at
countable class of open subsets (A;) of w and a subsequence {e,} (not relabelled)

such that there exists {hﬁf )} verifying

ORI
and
en (. o (i) L o.n6)
L (ki Ay) = limpy_oo W (hD, Voh | —V3h) da
AiXI €n

. 1 .
+ / B[], v (hD) | — w3 (hD)) dH2.
Sh(i)ﬁ(AixI) €n

For the sequence {A;} we can choose all the squares contained in w with centers at
points with rational coordinates and rational side length, and their unions. Now using
a density argument together with bounds we can extend the previous equality to all
open subsets of w. To finish the proof we can use the same argument as in [7], together
with the argument above to choose an appropriate subsequence of {¢, } (such that the
equality holds for every open set).

O

By a diagonalization argument it is easy to check that I, (.; A) is lower semicon-
tinuous with respect to L'(A; R%) convergence.

By using the constant sequence h,, = h and the lower semicontinuity of the total
variation, we get the upper and the lower bounds, respectively, as follows

LIDAI(A) < 1 (h: 4) < O(L2(4) + |Dh(A)).

We also have, due to (H;), the following property of continuity by translation

|L (h; A) — L (h(. — a) + b;b + A)| < C|b|L*(A)

for A C wsuchthata + A C w.
Properties i)-iv) allow us to apply Theorem 2.4 and obtain that I,°* has an integral
representation of the form

L (h A) = /,4 Wo(h, Vh) dz + /A Wo([h], v(h)) dH' + /A WEe (h, dC/(R)).

NS (h)

We next prove that

Wo(a, Fy) < Wa(a, F,), Ya € R¥3, VF, € R¥3*2, (5.2)
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and that
To(\, va) < Ua(\, va), YA € RP3, Wy, € S (5.3)
In order to prove (5.2) consider
hn =a+ Fa(xa - -TO) + 677,}7’31:717
where F3 € R? is such that

Wz(a, Fa) = W(a, Fa, F3).

Notice that, by (H) the infimum in the definition fo 1> is attained. Since
Ll
hn — h:a+Fa(xa_x0)7
n—od
by the definition of I, we have that

L(a+ Fu(za — x0); Q(x0,0)) < lim i%f W(a+ Fo(xq — x0) + €nF313, Fo|F3) dx

< / W(a, Fy, F3) dz + C/ Fo(xg — x0) du,
Q(=o,9) Q(=o,9)

where we used (H) in the last inequality. Dividing both terms in the previous inequal-
ity by 6" and letting § — 0%, we end up with (5.2).

We proceed similarly to prove (5.3), now with

A if vy (T — x0) + €3 >0
hy, =
0 ifvy:(zq — )+ €3 <0

: . L .
as test functions. Since h,, — u%()”“ (z) given by
n—oo

A ifva'($a*$())>0

0 if vy (xo —20) <0

we conclude that

L(u)"(z); Q(z0,6)) < liminf / W (hy,,0) dx
Q(x0,0)

n—oo

+P2 (N, Va, ) [{va - (xa — 20) = 0N (Q(z0,0)}]
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1
p results from the coercivity condition (Hs). Dividing both terms by 6V ~! letting
§ — 0T (and for ¢ a point in S},)
The upper bound results now of relaxing from SBV to BV, together with an appli-
cation of Theorem 4.2.2 in [5]. Combining the upper and the lower bound we have
proved Theorem 1.6.

where ;1 € R such that Wy (\, v,) := Uy (A, Vo, ). The existence of such

Remark 5.2. Notice that the integral representation of I;(b, G) is a generalization of
the result derived by Braides and Fonseca in [4] for Brittle Thin Films.
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