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Basic principle of mathematical modeling

Johann von Neumann [1903-1957]

them.

In mathematics you don't understand things. You just get used to
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Introduction

General questions

Compressible vs. incompressible
Is air compressible? Is it important?

Is the physical space bounded or unbounded?

DA™

1 stability result



d stabilit

Viscous vs. inviscid

What is turbulence?

Do extremely viscous fluids exhibit turbulent behavior?
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Introdt

Gaseous stars in astrophysics

The effect of coupling between the macroscopic

description of the fluid and the statistical character of
the motion of the massless photons.

=] F = E E DA
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Eulerian description of motion
Physical space
m time ¢ € [0,00)

m position X € Q C R3

Leonhard Paul Euler [1707-1783]

[m]

Q>



m mass density o = o(t, x)

® macroscopic velocity 4 = i(t, x)
d -
—X(t,X)=1d
dt ( Y )

(r,)?(t,z)), X(0, %)

Thermostatic variable
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Introduction

Momentum balance

Hypotheses and stability result

Newton'’s rheological law

L L 2 :
S=u <qu + Vid— gdlvxﬁ]l + ndiv, al
Mass conservation
Oro + divx(pt) =0
=] F = E Ay
Sérka Neasovd
Diffusion limits in a model of radiative flow

0:(0f) + divx(0d ® 0) + Vxp(0) = divyS + of



A mathematical model of radiative flow

Oro + dive(pd) =0 in (0, T) x Q,
O¢ (o) + divy(0d ® i) + Vxp(0,9) = divyS + S¢

(RY
00 (o (3107 + ete.)) ) + divs (o (3102 + ele.0))

(1.2)
a) (1.3)
= S

in (0, T) xQ,
%Otl—i—d)’-VXI:S in (0, T) x Q x (0,00) x 82

o & = E A
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in (0, T) xQ,
+div, (pa . sa)



Introduction

the mass density o = o(t, x),
the velocity field 4 = u(t, x),
the temperature 9 = 9(t, x)

the radiative intensity | = I(t, x,d, v), depending on the direction
& e 82,

S§2 C R3 the unit sphere,

the frequency v > 0.

o F = E DA™
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p = p(0,9) the thermodynamic pressure
e = e(p, V) is the specific internal energy
Maxwell’s equation

de 1 op
— = — P —I9—=— .
S is the viscous stress tensor

2
S=p (VXE—i— Vi — §divxt7> + 1 divyed T,

of the temperature

(16)
the bulk viscosity coefficient n = n(J) > 0 are effective functions
=] F = E Ay
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the shear viscosity coefficient © = p() > 0



g is the heat flux given by Fourier's law
g = —kVy1,

the heat conductivity coefficient k = x(¢) > 0

(1.7)
S = Sa,e + SSa

(1.8)

Sae = aa<B(u,v) — /), S. = o, (

T—1).

* - L g 1 < - -

SE:// S(-,v,d) dv do, SF:—// &S(-, v, &) dv do,
s2.Jo ¢ Js2Jo

(1.9)

(1.10)
the absorption coefficient o, = o4(v,9) > 0,
the scattering coefficient o5 = o5(v,9) >0 _ s - = pao
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Introduction

- 1
! :

a 47 S2

(-, &

2 hv -1
B(v,0) = 2h3c™ (em - 1)
— the radiative equilibrium function

h and k are the Planck and Boltzmann constants,

o & = E A
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the boundary conditions

= (1.11)
I(t,x,v,d) =0for x € 9Q, &-1i <0, (1.12)
i the outer normal vector to 0X2.

o & = E A
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Introduction

= Pomraning

m Mihalas and Weibel-Mihalas in the framework of special
relativity.

m astrophysics, laser applications (in the relativistic and inviscid
case) by Lowrie, Morel and Hittinger, Buet and Després

m with a special attention to asymptotic regimes Dubroca and
Feugeas, Lin, Lin, Coulombel and Goudon
a simplified version of the system (non conducting fluid at
rest) - investigated by Golse and Perthame , where global
existence was proved by means of the theory of nonlinear
semi-groups under very general hypotheses.

o F = E DA™
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Introduction

Global weak solutions

barotropic case
P. L. Lions (98)
p(e) =0, v>9/5

generalization to a larger class of exponents y > 3/2
E. Feireisl, A. Novotny and H. Petzeltova

Full system - the Navier - Stokes - Fourier system
global existence of weak solution E. Feireisl
Singular limits for Navier type of boundary conditions,

Concept of weak- strong uniqueness
E. Feireisl, A. Novotny

o F = E DA™
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Hypotheses
Pressure
plo, ) = v°/2P (

7)
P :[0,00) — [0,00)

a
9% a>0,
+3 , a

(2.1)

0. P2 -P@)

a

P e C[0,00), P(0) =0, P'(Z) >0 forall Z>0,
3

(2.2)
< cforall Z >0,
P(Z
lim ()

¥4~ “equilibrium” radiation pressure.

(2.3)
Pso > 0. (2.4)
o & = E A
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the specific internal energy e is
e(o.9)

-3 (%)

the associated specific entropy reads

(2.5)
s(o.9) =M (=55 + 420
7 193/2 3 Q M
with
M(Z) = —

(2.6)
32P(2)-P(2)Z
2 <

Z? ’
o & = E A
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for any ¥ > 0.

0<ca(l+9)<u®), 1@ <, 0<n@) < c(l+9),
0<c(l+93) <k <ol +93)

(2.7)
(2.8)

0< O-a(V,ﬁ)aUs(Va'ﬂ)a |8190'a(y,19)|, |81905(V’19)| < c,

0 < 05(1,0)B(v,9), |09 {s(v, 9)B(r, 9)}| < 2,

(2.9)

(2.10)
for all v > 0, ¥ > 0, where ¢ 5 3 are positive constants. Relations
(2.9) - (2.11) represent “cut-off” hypotheses neglecting the
effect of radiation at large frequencies v
o = = = A
Sarka Netasovd
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0a(v,0), 05(v,9), 04(v,9)B(v,9) < h(v), he [}(0,00). (2.11)



/ / 0)8:p + b(0)d - V) dx dt
AT

Weak formulation: (weak) renormalized version represented by
the family of integral identities

(2.12)

(0) )dlvxug0> dxdt
= - / b(20)4(0.") dx
Q
satisfied for any ¢ € C2°([0, T) x Q2), and any b € C*°[0, c0)
b e
condition (0, ) = o

C2°[0,00), where (2.12) implicitly includes the initial

9 1
o & = E A
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The momentum equation (1.2) is replaced by

T
/ / (ol Orp+ 00 ® U : Vyp + pdivey) dx dt (2.13)
0 Ja

-
:/ /S:ngo—i—SF-(pdxdt—/(gﬁ)o-ap(O,-)dx
o Ja Q
for any p € C°([0, T) x Q; R3).
(1.11).

ie 20, T; Wy? (4 R%)),
where (2.14) already includes the no-slip boundary condition

o & = E A
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the entropy equation is replaced by the inequality
T
/ / (050:p + oii - Vyip + G0 - Vi) dx dt
o Ja

(2.15)
< /Q (05)0(0, ) dx
Tri Gg-v 19)
- —|S:V,i— x dx dt
/o /Qﬁ< v )7
T

1/ =

—/0 /QE<U-SF—SE><,0dxdt

for any ¢ € C°([0, T) x Q), ¢ > 0.

controlled.

where not the sign of all the terms in the right hand side may be
=] F = E Ay
S4rka Netasova
Diffusion limits in a model of radiative flow



the total energy balance

[ (3o + cete.0) + E7) () o
/ //(9f2><$2 Gﬁ>0/

-G

200
where EF is given by

—»

(2.16)

I(t,x,d,v) dv d& dSx dt

(0l +(@e>o+ER,o) dx,
t (t,x) =

/ / (t,x,d,v) dJ dv.
32
and Ero = [s2 Jo

(2.17)
Io(-,&,v) d& dv.
o & = E A
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Definition 2.1 We say that o, 4,v, | is a weak solution of problem
(1.1-1.12) if

0>0,9>0foraa. (t,x)xQ, I >0a.a. in(0, T)xQxS?x(0, ),
0 € L0, T; L53(Q)), ¥ € L=(0, T; L*(Q)),
ie 20, T; W2 (% R%), 9 e L2(0, T; WH3(Q)),

I e L((0, T)xQxS%x(0,00)), I(t,-) € L0, T; L1 (Q2xS?x (0, >0)),
(2.16), together with the transport equation (1.4).

and if o, U, ¥, | satisfy the integral identities (2.12), (2.13), (2.15),

o & = E A
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Introduction

Hypotheses and stability result

(B. Ducomet, E.Feireisl,S. Netasovd) Let Q C R3 be a bounded
Lipschitz domain. Assume that the thermodynamic functions p, e,
s satisfy hypotheses (2.1 - 2.6), and that the transport coefficients
W, A, K, 04, and os comply with (2.7 - 2.11).

Let {0, Uz, Ve, I }o>0 be a family of weak solutions to problem
(1.1 - 1.12) in the sense of Definition 2.1 such that

0-(0,-) = 020 — 00 in L53(Q), (2.18)

1
/Q <595‘U5’2 + 956(967196) + ER,E) (07 ) dx (2-19)

1 .
= / <2 [(0)oc|® + (0€)oe + ER,0,5> dx < Ey,
Q 00,

=] F = E DA™
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Hypotheses and stability result
Then

0: — 0 in Gueak([0, TT; L5/3(Q))7
i — i weakly in L2(0, T; W, 2 (0 R3)),
and

V. — O weakly in L2(0, T; WH23(Q)),

at least for suitable subsequences, where {p, 4,9, /} is a weak
solution of problem (1.1 - 1.12).

o & = E A
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Asymptotic analysis

Scaling

Hypotheses and stability result

Scaled equations

Mass conservation

Momentum balance

[Sr]0¢o + divy(ot) =0
[Sr]0¢ (o) + divy(ed @ T) +

1
[Ro]
|1
S4rka Netasova
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. 1
ow X U+ [W] Vxp(0)

a
(Axl 4+ AVdivyd) + (external forces)




Characteristic numbers - Strouhal number

Hypotheses and stability result
Cengk Strouhal [1850-1922]
Strouhal number
[S1] = length 4.,
timecpar veloCity o ar
|
Scaling by means of Strouhal number is used in the study of the
long-time behavior of the fluid system, where the characteristic
time is large
=] F = E Ay
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Mach number
Ernst Mach [1838-1916]

Hypotheses and stability result
velocity
[Ma] _ char :

\/pressureg,,, /density .,
|
Mach number is the ratio of the characteristic speed to the speed
of sound in the fluid. Low Mach number limit, where, formally, the
speed of sound is becoming infinite, characterizes incompressibility

o = = = DHa
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Reynolds number

Osborne Reynolds [1842-1912]
Reynolds number
[Re] = density q.rvelocity qaplength g ..

Hypotheses and stability result

ViSCOSity .har
|
High Reynolds number is attributed to turbulent flows, where the
viscosity of the fluid is negligible
=] F = E Ay
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Rossby number

Hypotheses and stability result

Carl Gustav Rossby [1898-1957]
Rossby number
elocit
[RO] _ vV Y char
Weharlength p..
|
Rossby number characterizes the speed of rotation of the fluid
o = = = A

Sarka Neasova
Diffusion limits in a model of radiative flow




1.Simplified model SF=0
Derivation of the entropy inequality
The internal energy equation

Ot(0e) + divy(eel) + divyg =S : Vi — pdivid — Sg.
the entropy equation

where

(2.20)
Ot (0s) + divy (osi) + divy <

q

- | = 2.21
19> S (2.21)
1
§25<SZVXL7—

Se
7 > g (222)
1 . = G-Vx9\ - e
Sm =3 (S: Vyi — 4= ) is the (positive) matter entropy
=] F = E Ay
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d

2hu3

Defining the radiative entropy flux
g

is the occupation number.
=R

The formula for the entropy of a photon gas
R_ 2k [* 2 -
s'=-3 v-[nlogn— (n+ 1)log(n+ 1)] d&dv, (2.23)
0 S2
n=n(l)=

k
9¢sf + div, gt =

2k [
= ——2/ / v [nlogn — (n+ 1)log(n + 1)] & dadv,
¢ Jo Js2

e

(2.24)
n 5 R
— log S dddv =:¢". (2.25)
2 V n+1
o & = E A
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Q9> —c+cR (2.26)

O: (Qs + 5R> + divy (gsU+ g ) + divy (

The right-hand side of (2.65) rewrites

e

7)(/ g n(B)
L

n(B) + J oa(B —
n(l) O
N +1

) dddv
n(l . .
og N( ) os(l — 1) dédv,
n(l)+1
o & = E A
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Hypotheses and stability result
.
Rescaling

We denote by

Sr: Lyer L Urer L Uref pref Lref
r=——;—, Vla:= , Re :'= ——————
Tref Urer \/ Pref Pref

b
Href

Pe — Uref pref Lref . c

e = = Ci=—|
ﬁref'%ref Uref

the Strouhal, Mach, Reynolds, Péclet (dimensionless) and

“infrarelativistic’ numbers corresponding to hydrodynamics, and by

Os,ref
L= Lrera,refa Ls:=

2k

ref
)

= )
Oa,ref h3c3 Pref €ref
various dimensionless numbers corresponding to radiation.

o & = E A
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Hypotheses and stability result

o

C

Ol + &Vl =s= Lo, (B— 1)+ LLsoS (4
T

//d&/),
82

(2.27)

Sérka Neasovd
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The continuity equation is now

and the momentum equation

Sr 0o + divy (o) = 0,

Sr 8,(otl)+divy(0d® b))+

Ma X ’

— div,T = 0. (2.29)

o & = E A
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The balance of matter (fluid) entropy

with

1
Sr 8y (0s) + divy <gsfj + 735’*’) + g div (

g

=) = 2.
B 19) s, (2.30)
1 [/ Ma? . 1g-v,0 Se
“5(@8-“" Pe v )‘—

,’9 )

o & = E A
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The balance of radiative entropy
Sr

with

C des® 4 div,gf = ¢

R
K= E/ / 1 [Iog n(/)
0 S2 14 n(
o0 1
vee, [T 2 [
0 S2 14

N+1
n(

n(l)
)+

(2.31)

n(B)
— log n(B

T+ J oa(l — B) d&dv

- log n(/)

~ SE
os(1-1) diddv+—.
n(l)+1 v
o & = E A
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Hypotheses and stability result
balance

The scaled equation for total energy gives finally the total energy
d
Sr —

i (%5

a -
- olt|® + oe + = EF

(2.32)

o & = E A
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Hypotheses and stability result

Diffusion limit

equilibrium diffusion regime P = O(g)- a small amount of
radiation is present

C = O(¢71) -the flow is strongly under-relativistic
Ma=Sr=Pe=Re=1 P=¢, C=c"1, Lo=c?and L=¢"1,

1 1
58tl+ﬁ-vxl:—aa(8I)+5Js<—/ Idﬁ/), (2.33)
e 47 S2

Oro + divk(od) = 0,
Ot(ot) + divy (ol @ ) + Vxp(o,9) — div,T = 0.

[m] [ =

E DA
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Hypotheses and stability result
. —
t

Ot (0s + esg)+divy (ols + Gr)+ divy (

S e e

o GV
' Y
n(B) .
o 1 n(7)
+e/0 /32 > 1 log
q
dt Jq

n(l)+1

os(I — 1) dddv
2 L[
old]® 4+ oe+ Er ) dx+ = il dlidv=0
My

)
(2.36)
E—
w - = V.
€Jo

(2.37)

o & = E A
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the * non-equilibrium diffusion regime”

Ma=Sr=Pe=Re=1 P=¢, C=c!, L=c?and Ly =¢"!

1
56t1+u7-vxlzaaa(8—l)+gas<

4z

/ & — /) | (2.38)
S2

Oro + divk(od) = 0,
O¢(otd) + divy (ot ® 0) + Vxp(p,9) — div,T = 0.

(2.39)

o & = E A
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Hypotheses and stability result
t

01 (05 + esg)+divy (oiis + Gr)+divy (

_ ﬁ_a-vxﬂ>
’ )
el L ['°g M+1 8 #BH 7all =

AL L e

0+1

) dddv

n(T)
n(7) +1

os(I — 1) dddv.
(2.41)
o & = E A
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Hypotheses and stability result

The limit system—equilibrium system

Oro + divy(pd) =0, (2.42)
Ot (o) + divy (ol ® 1) = divsT(p, ¥), (2.43)
Ot (0€(0,1)) + divk (0e(o,9)d) + divy (K(0,9)Vx?)
= S(0,v) : Vxi — p(o,9)div,d, (2.44)
I = B(v,v). (2.45)
dloa =0, V9 - filaq = 0, (2.46)
(ox, 1), (x,£), 9(x, )], = (°(x), B(x), 9°(x)). (247)
with the following compatibility conditions
i°(x)]aq = 0, VI° - fi|sq = 0. (2.48)

[m] [ =

Sérka Neasovd
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Hypotheses and stability result

E(0,9) = e(0,9) +

5(9)
o )

and K(9) = x(9) L

~ 30,0 Oy B (V).

o & = E A
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Hypotheses and stability result

m existence of a global solution for the small data - Matsumura
and Nishida

Remark: When one considers the formal “nonconducting at rest”
situation where k = 0 and 7 = 0 and in the no-scattering case
(0s = 0), one obtains the simplified system introduced by Bardos,
Golse and Perthame for which they proved global existence and
diffusion limit (called "Rosseland approximation”) under
assumptions much more general than ours.

=] = = =

A
Sérka Neasovd
Diffusion limits in a model of radiative flow



The non-equilibrium diffusion regime

Hypotheses and stability result

Oro + divy(pd) =0,
Ot (o) + divy (ol ® 0) = divyT(p, J)

Ot (0e(0,1)) + divy (0e(o, 9)d) + divy (k(?) V)
S(o, V) : Vi — p(o,0)dived — o4(9)[B(I) — N],

1 1
8tN - g leX (@VXN) = 0'3(’19) (B(’ﬂ) — N)

(2.51)
ilon =0, VI - flgq = 0,

. (252
(2.53)
o
N = / Iy dv
0
o =) - = Ay
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Hypotheses and stability result

(o(x, 1), T(x,t), D(x, 1), N(x, 1))l = (°(%),

and the compatibility conditions

i

(2.54)

(x), 9°(x), N°(x)) ,
(2.55)

o & = E A
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NO(x) = [5° [z I°(x, v, &) d& d.

i*log =0, V¥° - iilsq =0, NO‘@Q =0.



Hypotheses and stability result

m Strong solution of the limit system for small data

S4rka Netasova
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ess

Given three numbers g € R, J € Ry and E € R we define O
the set of hydrodynamical essential values
H ._
Oess T

{(@719) € R? §< 0 < 27,

H

ess

N | %l

<9< 25} . (2.57)
OR _ the set of radiative essential values
(95;5 = {ER eRr

< ER< 2?},
€ss
OH

with Oess := OH_U O, and their residual counterparts
) R
res O

N | mi

ess!’

ess?

(2.58)
= (R+)2\OH res -

—_ R ._ 3
= R-i—\oessa Ores = (R-i-) \0855'
(2.59)
o & = E A
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Introduction

Hypotheses and stability result

Let Q C R® be a bounded domain of class C>". Assume that the
thermodynamic functions p, e, s satisfy hypotheses (2.1 - 2.4)
with P € C'0,00) N C?(0,00), and that the transport coefficients
W, \, K, 04, 0s and the equilibrium function B comply with (2.7 -
2.11), Be CL.

Let (oc, Uz, Ve, I.) be a weak solution to the scaled radiative
Navier-Stokes system for (t,x,&,v) € [0, T] x Q x S? x Ry,
supplemented with the boundary conditions (1.11 - 1.12) and the
initial conditions (0o, Up ¢, Do, lo.c)

o F = E DA™

Sérka Neasovd
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Hypotheses and stability result
such that

0:(0,-) = 00 + eol!

0,e°

UE(Oa ) - ’-70,67
belong to the set

(1)
0,e
two constants and [, QO:}E dx =0, [, 19(()2 dx = 0.

(2.59) where o > 0, g > 0, are

o & = E A
Sérka Neasovd
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9:(0,-) = Yo + €V
where (9o, ii,99) € H3(Q) are smooth functions such that (g, %)
O!_ defined in



Suppose also that
g — Up strongly in L™(; R3),
1) (1)
Qé,e — 99

19(()2 — 19(1)

strongly in L2(Q),
0

strongly in [%(),
Then up to subsequences

/(516) — lél) strongly in L>((0, T) x © x (0, 00)).

0: — o strongly in L°°(0, T; L%(Q)),
. — i strongly in L?(0, T; W2(Q; R3)),

9. — O strongly in L=(0, T; L*(Q)),
system (2.42)-(2.45) on [0, T] x Q and

where (p, 4,4) is the smooth solution of the equilibrium decoupled
I(t,x,v,d) = B(v,9(t, x)), with initial data (go, Ug, Vo). - Hac
Sérka Neasovd
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Introduction

Hypotheses and stability result

Let Q C R® be a bounded domain of class C>". Assume that the
thermodynamic functions p, e, s satisfy hypotheses (2.1 - 2.4)
with P € C'0,00) N C?(0,00), and that the transport coefficients
W, \, K, 04, 0s and the equilibrium function B comply with (2.7 -
2.11), Be CL.

Let (oc, Uz, Ve, I.) be a weak solution to the scaled radiative
Navier-Stokes system for (t,x,&,v) € [0, T] x Q x S? x Ry,
supplemented with the boundary conditions (1.11 - 1.12) and the
initial conditions (0o, U, Do, lo.c) such that

o F = E DA™
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Hypotheses and stability result

0-(0,) = o0+ 20, @(0,)) = Toe, 9-(0,-) = o+ 20

e

1.(0,-) = I + el$V

0,
where the functions (oo, 4, 99) and x — ly(x,d, v) belong to
H3(Q) and are such that (0o, 90, Er(lo)) belong to the set O
defined in (2.59) where 3 > 0, 3 > 0, Eg > 0 are three constants
and [ 08 dx =0, [o05) dx =0, [, 1§ ax=o0.

o & = E A
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Suppose also that

g — Up strongly in L™(; R3),
1 1
£

19(()2 — 19(()1)
i

,€

strongly in [2(Q),

Then up to subsequences

strongly in [%(),
— I8V strongly in L°((0, T) x Q x (0, 00)).

0= — o strongly in L°°(0, T; L%(Q)),

. — i strongly in L?(0, T; W12(Q; R3)),
9. — O strongly in L=(0, T; L*(Q)),
o & = E A
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Hypotheses and stability result

and

N — N strongly in L°°((0, T) x Q),
where N = [ [s2 . d& dv and (o, 4,9, N) is the smooth

solution of the Navier-Stokes-Rosseland system (2.49)-(2.52) on
[0, T] x £ with initial data (Qo, tg, I, No).

o & = E A
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Hypotheses and stability result

We establish a relative entropy inequality satisfied by any weak

solution (o, 4, ¥, 1) of the radiative Navier-Stokes system

Let us consider a set {r,®, U} of smooth functions such that r
= 0.

We call ballistic free energy the thermodynamical potential given
by

and © are bounded below away from zero and U

He(o,9) = ce(o,9) — ©os(o,9),

and radiative ballistic free energy the potential

HE (1) = ER(1) — @s®(1).

The relative entropy is then defined by
g(gaﬂ‘n e) = H@(Qaﬁ) - 6QH@(r7 @)(g O @)ﬁ_ H@(r7 @—) = DAl
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ke

(t,x,d,v) dldvdt
i = (_ja : vxﬁe
+/O /9195 <S€ : Vile 7195 >dxdt
T *° © n(l)
+ — |log ——"— —lo
/o /Q/o /s [ ®n(l)+1
bk kv

B
n(B.) | ,.00(B.—1)ddvd
n(l.) 7 -
~ log — o (.~ 1L)dGdydxa
1 gn(/€)+1] s (kL)
o = = = DA™
Sarka Ne&asova

———
1 2 R
Qe’ua_U’ +g(96719 ‘r @)—l—e’;‘H ( ) (T )dX
Q

& n(Bo) + J 72
log ——— I ) (k)



Hypotheses and stability result

/Q%E(O)dH/OT/QR(X, )

where

E(0) =
%(QO €|U05 (0

a')|2 +5(Q0,€a790€| (

)’ @(0, )) + 6HR(’O,«E)) d

o & = E A
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r
/ R(x,t) =:
0 Q
i VU)o dt
T
- / / (esfate +gR- vxe) dx dt
0 JQ
o & = E A
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Hypotheses and stability result

s
A

9 7.0 dx dt

) - =3

Us:Vyp
r

(r, e)) dx dt
o & = E A
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Hypotheses and stability result
—
(r=p,U

case)

4,© = 1), where (o, 4,?) is a classical solution of the
target system (in the equilibrium case or in the non equilibrium

S4rka Netasova
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Hypotheses and stability result

Semi-relativistic model

= 2.60
2 . <1—04M) ; (2.60)
-1
0<a(®) <1

If LZ' << 1 one recovers the standard equilibrium Planck’s function
3
B(v,9) = & —¢

-
ekd —1

Berthon, Buet, Coulombel, Depres, Dubois, Goudon, Morel,
Turpault

M1 Levermore model
0,5+ 05

2= 2.61
P (2.61)

=] = = =

A
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02(0, @) = x(|d))55(9) > 0 and o4(9) > 0

1 if s<c,
x(s) = { >
for an arbitrary 3 > 0.

0 if s>c+ 0,

The role of this cut-off is to deal with the singularity of B
decouple matter and radiation.

In the “over-relativistic” regime (|d| > c¢) we decide to

o & = E A
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Hypotheses and stability result

B; (05) + divy (05T) + divy (g)

<l

S

(5: V.- 250 % 4 5 (262)

1 G,
where the first term of the right hand side

Sm =1 (S Vil — ‘72%19) is the (positive) matter entropy
production.

=] = = =

DA™
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the formula for the entropy of a photon gas
2k [
SR = -3 14
- Jo

/ /82 2[nlogn— (n+ 1) log(n + 1)] diddv, (2.63)
where n = n(I)

Y-t B
— 2had3
radiative entropy flux

is the occupation number. Defining the

G~ = v? [nlogn— (n og(n & dddv
| 7 ogn—(n-+ 1)tog(n+ 1) did

and using the radiative transfer equation, we get the equation

DesR + div, gt = ——/ / Iog
S22V

)
(2.64)
1
5 dddv =: ¢R. (2.65)
o & = E A
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Hypotheses and stability result

~h fo Js2 E{ [Iog e
+ [Iog (/)

n(B

T — log n(é)ll] 7a(B—1)

/ 7 -
ks — log oL | oy (7 - /)} dasdv,

/ / 1 B au? L_i SF -

19 S?

Choosing now
03+ 0s

¥
03+ 205

, (2.66)
o & = E A
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Hypotheses and stability result
We get
k oo
R _
g =

L e

oz _(B)
n(l)+1 gn(B)+1
~h fo f52 v [Iog (1) J)r

]aJB—J)d&du
|og*§gjagif/)dwdy

+15e -2

-
g -

(2.67)

o & = E A
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we obtain finally

O (QS+5R) + divy (QSU >+d1vx (—)
Al S L

1
Lt

og

log n(B)
1 —log n( )

n(B)+1]
T—1 dddv,
o+ os(l 1)

o & = E A
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Diffusion limits- non-relativistic limits
The equilibrium-diffusion regime

Ma=5r=Pe=Re=P =1,

C=c1 Li=c?and L=c"1,

Oro + divy(pd) =0,
Ot(ot) + divy (0l @ 1) + Vyp = div,S,

. 1 Lo .
O (5 Q|l70|2+9e>+d1vx <<§ Q|u|2+ge+p) i+q—Si

2.6
2.70)
=0,
2.71)
o & = E A
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Hypotheses and stability result

3; (08) + divy (ost) + divy (%)

k(190) = /ﬁ;(ﬁ) +

)
I = B(v,9),
where p(o,9) = p(o,9) + %194: e(o, V) = e(0, V) + §ﬂ4’
Aa 93
30,

)
(2.73)
, 4 =—k(9¥)Vx9 and gs = gs + %aﬁ"'.

o & = E A
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We also get boundary conditions

initial conditions

ilag =0, VI - filspq = 0,

(2.74)
(o(x,t), t(x,t), ¥(x,t))|;eo = (QO(X), ﬁo(x), 190(X)) , (2.75)

for any x € Q, with the following compatibility conditions

°(x)|oq = 0, VI° - filsq = 0.

o & = E A
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Hypotheses and stability result

m existence of unique solution for strong solution ( local (small
time) or global for (small data))

m rigorous proof of singular limit using relative entropy inequality

o & = E A
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The non-equilibrium diffusion regime
Ma=5r=Pe=Re=P =1,

C=c! £=c®and L,=¢"

Oro + divk(od) = 0,
Ot(ot) + divy (0l @ 1) + Vyp = div,S,

1 . 1 L .
Ot (5 Q|Uo|2 + Qe>+d1vx <<§ Q|U|2 + oe + p) i+q—Su

8¢ (0s) + divy (osid) + divy (g) _
% (S : Vi

=0,
2.79)
(2.80)
G-V, 1 VNG 0a(9) 4 _
5 ) 375 Tl CLASR
o & = E A
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Hypotheses and stability result

0N — % divy <ﬁva> = 0,(9) (a¥* — N), (2.81)
where p = p + %N, e—e+ % and = KV, + TLVXN with
boundary conditions

oo =0, VI -iilpa =0, N|yg =0, (2.82)
initial conditions

(o(x, t), d(x,t), I(x,t), N(x,t))|,_o = (go(x)7 L_io(x)7 190(x), No(x)) )

(2.83)
for any x € Q, with N°(x) = [;° [s2 I°(x, v, &) d& dv and and
the compatibility condltlons

iPlog =0, VI° - Ailag =0, N°|,, =0. (2.84)
N = af}. (2.85)

[m] [ =
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Hypotheses and stability result

m existence of unique solution for strong solution ( local (small
time) or global for (small data))

m rigorous proof of singular limit using relative entropy inequality

o & = E A
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” Non-relativistic” limit

Hypotheses and stability result

C=0(1

A small amount of radiation is present so P = . Finally we put
Ma=1 5r=1 Pe=1 Re=1,L=L;=1

o =) - = Ay
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