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Summary

™ Modelling the displacement
™ The energy behavior of the wave equation with memory
™ Numerical waves with memory

! Conclusions
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Modelling the displacement

Newton’s second lawrdisplacement of the solid; force; stress

d2u
YOG4t
pdt2 o+

Stress and strain: Boltzmann representation

olt) = E(O)De() /—Et— £(s)ds

-

heredltary integral

Hooke S law
Strain and displacement:

e(t) = 5 (Dut) + Du(t)!)

d?u 1 ) t 9 .
—— — 0 ($E(0)D(Cu(t) + Ou(t)")) = — a—SE(t— s)0- (D(Ou(s) + Ou(s)")) ds+ f
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n i
Maxwell-Wiechert model: E, H, E(t)=Ep+ ZlEi e '
_ =

pcdi—ig _EO- (%D(Du( t) + Ou(t) / Ker(t—s)0- (D(Du(s) + Ou(s)")) ds+ f

N
E=) E Ker(S) =) —e H 7, u(t) = 0ondQ
j;) i; Hi
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General wave equationswith memory

d?u du
dt2<t)+ca )+ Au(t /Kert— S)Bu(s)ds

n n

av = — aij =— Z (&V) + apV,
i,jzzl aXJ

n

n
6
i,jzl aXJ Zl 0%

2
Letuc HY(RT,H}(Q)) be such that% e L(RT,L%(Q)) and, for allT > 0, holds the following

( d?u  du t - 1
(W+CE,W)+a(u,W):/O Ker(t —S)b(U(s),w)dsin (0,T), vw € H&(Q),

U € H3(Q),uy € L2Q)
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Wave equation with memory- relaxation of a wave equation

d2
Wave equation with memory (WEM dt;( )+ 3?( t) — D1Au(t) / Ker(t — S)D2AuU(S)ds
o 1 s
1= £’ Ker(S) = -€
d?u du
1—0 Py (t)+ Cot (t) = (D1 —D2)Au(t)
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Wave equation with memory- singular perturbation of a diffusion equation with memory

du

00 (0= Didu(t) = - /O " Ker(t — 9)DpAU(S)ds
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Wave equation

p . du D
Energy— E(t) = || (0)°+ 5 | Du®)|*,t > 0

= Without damping effectqd = 0) - Energy conservation principle
E(t)=E(0),t >0
= with damping effect€ > 0) - E(t) is a decreasing function and

E(t) — 0,t — oo, exponentially
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Diffusion equation with memory

t
Energy— E(1) = u(t)|*+ | | Du(s)2dst > 0

™ E(t) is bounded in bounded time intervals

" There existy > 0 such that

t
Hu(t)HZJr/O e~ =9 || 0u(s)[|>ds— 0,t — oo, exponentially
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Wave equation with memory - damping effect

Using the representation

[ Klt—9)0u() ds- Du(t)|2+ 5 g1 0ut)

e 1, we have

([ Kerlt - 90u(9, 05 1)) ds= ———H/Kert— $)u(s) ds— Ou(t) |
then WithKer(S):% g

t
E(t) + u/o Ker(t —)0u(s) ds— Ou(t)|2

is a decreasing function in time, and consequently the mgteom has a damping effect
Moreover
t
H/ Ker(t — ) 0lu(s) ds— Ou(t)||2
0

decreases exponentially in time.
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The wave equation with memory has an exponential decreasing energy?

Using the representation

/Kert— s)0u(s),

e T,W

then withKe((s) = %

[ Kerlt 98|00 2+ [ Kert~9)|u(s) — Dut) 2ds
0 0

Is a decreasing function in time, and
t
|0ut)|?+ /0 Ker(t —9)[|0u(s) — Du(t)2ds

decreases exponentially in time.
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Thekinetic energy of the wave equation with memory decreases exponentially in time?

Kinetic energyl| %J(t)H2

Wave equation with damping effect:

du  du
ae —|—Ca + Bu(t) = DAu(t)

E(t)+ ||lu(s)||? = 0,t — o, exponentially.

Wave equation with memory and damping effect:
d’u  du t
U 8 Bult) — DiAu(t) = — / Ker(t — 5)DpAU(S) ds
dt? dt 0

S

Then, forKer(s) = —e T, 3y > 0 such that

t
E(t)+|[u(t)]|®>+]| / Ker(t —s)e™Yt=90u(s) ds— Ou(t)||? — 0,t — o, exponentially
0
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General wave equationswith memory

t du d
A Ker(t—s)b(u(s),a(t))ds =dt /s Ker(t —S)b(u(s),u(t))ds
t
~Ker(0)b(u(t), u(t)) — | Ker(t—s)b(u(s),u(t)) ds
- tKer(t—s)b(u(s),d—u(t))ds

a(.,.), b(.,.)areH! — elliptic,b(.,.)is boundetKe; € HL(R™)

e If c=0, thenE(t) is bounded in bounded time intervals

elf c,[3 > 0,then there exists a family of wave problems such that

E(t) +||u(t)||> — 0,t — o, exponentially
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Numerical waves and their qualitative behavior

7y, triangulation ofQ ¢ R? with diameterh

finite element space
Y ={veC’Q): v=00ndQ,ve P(K),K € 7}

(d%uy, duy

(ge *Cat
! du
at

t
,wh)+a(uh,wh):/o Ker(t — S)b(Un(S), wWn) dsin (0,T), Ywp € ¥,

(O) — ul,h7

| Un(0) =ugp.

Energy estimatesaumerical waves mimic their continuous counterpprt

4u= —0.(D10u), Bu= —0.(Do0u)
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Discretize in space (FD+trapz)

1
—e
T

—ln
/
N
=
~
I\)I—‘

Ker(S) =

Known data:u, ul andly

Givenup andlp, do

® Solve foru?*t

B Updatelnq: lne1 = e‘AT In+

Behavior of the (discrete) energy

+ o0 ) U hV) + (D1 - 3t
+8e T DO)UR, V) + (o5 — 7z )Un V) +€° T (In,0v)

uttt —2un -t uptt -t -~
v C v D.0Oul. Ov
( At nAtZ ’)+( Zﬂt ’>+< 1 h > )

== Z) (Ker(tny1 —tj+1)D20Ur !+ Ker(thy 1 — t)) D200} 0V)

A\ e
Ve

Iny1

Do) Oup ™™, Ov)

At2

Do At

7 ( T Duh + |:|Un+1>

n—2
2 2
D2 Jup|E + 1 — Oupll®, n> 2.
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Effect of memory coefficient for different damping effectd), = 0.1,c = 0.25,1)
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Effect of memory coefficient for different damping effectd), = 0.01,c = 0.25,1)
The discrete ener gy decays exponentially to zero.
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Conclusions:

The energy of the wave equation satisfies the energy cornsaryainciple. If a damping
effect is presentect(> 0) thenE(t) decreases exponentially in time.

The memory term in the wave equation with memory (WEB3}=(0) has a damping effect -
the potential and kinetic energies decrease in time anddtenpal energy decreases
exponentially in time.

The energy of the WEM witle, 3 > 0, decreases exponentially in time.

The last result can be generalized for a general class of a@vations with memory.
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