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Abstract

We present the classification of quadratic forms over the rationals and
then describe a partial classification of quadratic forms over Z/mZ, when
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Introduction

The study of quadratic forms dates back many centuries and is a very impor-
tant part of Number Theory and Algebra, with applications to other parts of
Mathematics, such as Topology.

The theory of quadratic forms is a very vast one and in this article we mention
only a very small part of it. In the first section we introduce quadratic forms
and their associated bilinear forms and state some general results. The second
section is dedicated to the classification of quadratic forms over the rationals
(following [I, pp. 19 — 45]) and in the third section we focus on quadratic
forms over Z/mZ, obtaining a classification of suitably regular quadratic forms
over Z/mZ, when 4 /im. Presumably, the full classification is already well
understood, but we are not aware of a reference for these results.

We assume some previous knowledge on the part of the reader, the most
important being basic linear algebra. We also assume some knowledge of basic
abstract algebra, such as the concepts of a ring, a module, and a group and
some of their properties, as well as some important facts about finite fields (for
finite fields see, for example, [I, p.1-6]). In number theory, we assume knowl-
edge of some important properties of the rings Z/mZ, quadratic reciprocity and
familiarity with the fields Q, of p-adic numbers (for quadratic reciprocity and
the p-adic fields see, for example, [I, pp.6-18]).
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1 Quadratic Forms

In this section, we introduce quadratic forms, as well as some of their general
properties.

Definition 1.1. If M is a module over a commutative ring R, then a quadratic
form on M is a function ¢ : M — R such that:

1. q(rm) = r2q(m), for r € R and m € M.
2. The function B(x,y) = q(x + y) — ¢(x) — q(y) is bilinear.

The pair (M, q) is called a quadratic module and [ is called the associated
bilinear form of q.

We often refer to the module M as a quadratic module, leaving the quadratic
form implicit. In the following, we assume that M is a free R-module of finite
dimension. The dimension of M is called the rank of the quadratic form.

Definition 1.2. If (M, ¢) and (M, ¢’) are quadratic modules, then a linear map
f: M — M’ is called a morphism of quadratic modules (or a metric morphism)
if fog=¢.

We say that the two quadratic modules are equivalent (and write (M, q) ~
(M’,q")) if there is a metric isomorphism (i.e. a bijective metric morphism)
(M,q) = (M',q"). f M = M’, we abreviate this as g ~ ¢.

Lemma 1.3. Let (M,q) be a quadratic module with basis {e1, - ,e,} and let
x € M. Writing x =), x;e;, we have

q(z) = Z Z ziw;Blei ej) + Z z7q(es).

i=1 j>i i=1

Therefore q(x) = x'Qz where Q is a matriz with entries
Bleive;) if i<i

qij = § q(e:) if i=j
0 otherwise



Proof. The proof of the first statement will be done by induction on the number
m of nonzero x;. When m = 1, the statement is clearly true. Now

q(xlel +-- xmem) ==

ziqer) +q(zaes + -+ Tmen) + B(r161, 2260 + - + Tpen,) =

m
w3q(er) + q(zaea + -+ Tmem) + lexj/@(ehej)-

j=2
By the induction hypothesis, we have
m m
q(z2e2 + -+ Tmem) = Z iniﬂjﬂ(eia ej) + ZZ?Q(%)
i=2 j>i i=2

and therefore

q(z) = Z Z wiw; (e, e5) + Z z7q(es),
i=1 j>i 1=1
as claimed.
The second statement clearly follows from the first.
O

The previous Lemma shows that, given a basis of M, a quadratic form
corresponds to a homogeneous polynomial of degree 2 with coefficients in R.
For this reason we also say that a quadratic form of rank n is a quadratic form
is n variables. We often identify a quadratic form with the polynomial to which
it corresponds in some basis.

Fixing the module M, an isomorphism of quadratic forms over M is just a
linear change of basis of M taking one form to the other, which translates to a
linear invertible change of variables in the polynomial.

In the case where 2 is invertible in R, we can define

1
vy = 5B(z,y).
This is a symmetric bilinear form and we have
1
z.a = 5 (g + ) — q(z) — q(2)) = ¢(2).
Conversely, given a symmetric bilinear form (z,y) — .y, we define ¢(x) = z.x

and this is a quadratic form, therefore we see that in this case the study of
quadratic forms is essentially the same as the study of symmetric bilinear forms.

Lemma 1.4. Let (M,q) be a quadratic module over a ring R, with basis B =
{e1, -+ ,en} and suppose that 2 is invertible in R. Then, for any x € M, writing

x =), x;e;, we have
n n
q(z) = E E Tixje;.€;.
i=1 j=1

Therefore q(x) = x' Bx where B is a matriz with entries q;; = e;.e;.



Proof. Follows immediately from the previous Lemma.
O

Definition 1.5. Let g be a quadratic form on a module M over a ring R and
B a basis of M. If 2 € R* then the matriz representation of ¢ in the basis B is
the matrix B of Lemma When 2 ¢ R*, the matriz representation of g in
the basis B is the matrix @ of Lemma[T.3]

We often identify a quadratic form with its matrix representation in some
basis. Note that if A is the matrix representation of ¢ in the basis B and X is
the column vector whose entries are the coordinates of x in the basis B, then
q(z) = X*AX. For simplicity, we write ¢(z) = z'Az.

Suppose g ~ p are quadratic forms on a module M over R and ¢ is an
isomorphism, g(x) = p(¢(x)). Suppose we fix a basis B, let @ and P be the
matrix representations of ¢ and p with respect to this basis and let T' be the
matrix representation of ¢ in this basis. Then

2'Qx = (Tz)'P(Tz) = 2 (T'PT)x.

If 2 € R*, this implies Q = T*PT (because Q and T*PT are symmetric) and
thus we have proved the following result:

Proposition 1.6. Suppose p,q are quadratic forms over a ring R with 2 € R*
and p ~ q. Then, if P,(Q are the matriz representations of p,q with respect to a
fized basis, we have Q = T'PT, for some invertible matriz T.

This does not always hold when 2 ¢ R*. For example, the quadratic forms
22 +y? and 22 are equivalent over Fy (as we will see later on), but there is no
invertible matrix 7" such that

(1 0\, (10
(o V)=o)

because the left side is invertible whereas the right side is not.

We have seen that symmetric bilinear forms are closely related to quadratic
forms, especially, but not only, in characteristic # 2. For this reason, we now
focus on symmetric bylinear forms, stating some relevant facts whose proof can
be found in [2, pp.1-7].

Definition 1.7. Given a symmetric bilinear form § : M x M — R, we call
(M, B) a bilinear form space.

We say that two bilinear form spaces (M, 8) and (M', 5') are isomorphic if
there is a linear bijection f: M — M’ such that 5'(f(z), f(y)) = B8(z,y).

Definition 1.8. Picking a basis (e;); of M over R, we define the matriz repre-
sentation B of § in this basis by b;; = ((e;, e;). If this matrix is invertible, we
say that g is nondegenerate, and it is not hard to see that this does not depend
on the choice of basis.

When § is nondegenerate we say that it is an inner product and call (M, 3)
an inner product space.

We now mention the relation between the matrix representation @ of a
quadratic form and the matrix representation B of its associated bilinear form



8. When 2 € R*,| we have ) = %B. When 2 ¢ R*, we have ¢;; = b;; for ¢ < j,
gi; = 0 for ¢ > j and b;; = 2ay;, therefore in general we can not find the diagonal
of @ just by looking at B.

If 5 and 8’ are bilinear forms with matrix representations B and B’, respec-
tively, then the bilinear form spaces (M, 8) and (M’, ') are isomorphic if and
only if there is an invertible matrix A such that B’ = ABA!. Taking determi-
nants, we get det(B’) = det(A4)? det(B), so we see that the determinant of the
matrix associated to a symmetric bilinear form is invariant under isomorphism,
up to a product by an element in (R*)2. The form is nondegenerate if and only
if det(B) € R*.

Definition 1.9. Let 8 be a nondegenerate symmetric bilinear form. We define
its discriminant as the element of R* /(R*)? determined by the determinant of
any associated matrix.

Given a submodule N of M, we define it’s orthogonal submodule by
Nt ={zecM:pB(x,y)=0,Vyc N}

Definition 1.10. Given two bilinear form modules (M, «) and (N, 3) we define
their orthogonal sum as the bilinear form module (M ® N, a @ ), where

a® B(z,y) = a(x) + B(y).

An orthogonal basis of a bilinear form space (M, () is a basis (e;); of M over
R, such that S(e;, e;) = 0;;.

Theorem 1.11. (2, p.6, Corollary 3.4])
If R is a local ring where 2 is a unit and (M, ) is an inner product space
over R, then (M, ) has an orthogonal basis.

We say that a bilinear form S is symplectic if S(x,2) =0 for all x € M. An
inner product space (M, 3) where § is symplectic is called a symplectic inner
product space.

Theorem 1.12. ([2, p.7, Corollary 3.5])
If R is a local ring and (M, 3) is a symplectic inner product space over R,
then it has a symplectic basis (i.e. a basis such that the matriz associated to (

0 I
has the form ( 7 0 ))
Definition 1.13. The radical of a quadratic module (V,¢) is
Vi={xeV:B(x,y) =0,VyecV}

where 3 is the associated bilinear form.
We say that a quadratic form is nondegenerate if its associated symmetric
bilinear form is nondegenerate, or equivalently if V- = 0.

Definition 1.14. If 2 € R* and ¢ is a quadratic form over R, we define its
discriminant as the discriminant of the symmetric bilinear form % B, where (3 is
the associated symmetric bilinear form. We denote it by d(q) or d.



Specializing to the case where R = k is a field of characteristic # 2, the
previous facts about symmetric bilinear forms tell us that any quadratic form
over k can be diagonalized, meaning that there is a basis (e;); of M such that its
matrix representation is diagonal. This means that we can always find a change
of coordinates such that the polynomial corresponding to the quadratic form
becomes ajx? + - -+ + a,x2 for some a; € k. A useful and easily proved fact is
that multiplying any of the a; by a square will produce an equivalent quadratic
form.

One important aspect of the theory of quadratic forms is representability:

Definition 1.15. A quadratic form ¢ on a module M over a commutative ring
R represents an element r € R if there is an m € M \ {0} such that ¢(m) = r.

It is clear that if ¢ represents r, then g represents a?r for any a € R*,
because if ¢(z) = r then g(az) = a’q(z) = a®r.

Translating to polynomials, asking whether a quadratic form ¢ over R repre-
sents some r € R is the same as asking if an equation of the form ), ; a;;z;z; = r
with a;; € R has any solutions z; € R.

We now state some useful results about quadratic forms over fields of char-

acteristic # 2.

Definition 1.16. If ¢ and ¢’ are quadratic forms on vector spaces V and V'
over the same field k, we denote by q® ¢’ the quadratic form on V & V' defined
by (¢ & ¢')(v,v") = q(v) + ¢’ (v'). Similarly, we denote by ¢ & ¢’ the quadratic
form on V @& V' defined by (¢ © ¢')(v,v") = q(v) — ¢'(v').

Proposition 1.17. ([1, p.33, Corollary 1])
Let g be a quadratic form in n variables over a field k of characteristic # 2
and let a € k*. The following are equivalent:

(i) g represents a.
(ii) g ~ h® aZ?, where h is a form in n — 1 variables.
(iii) g © aZ? represents 0.

Proposition 1.18. ([, p.34, Theorem 4])
Let f =g®h and f' = ¢’ ® h' be nondegenerate quadratic forms over the
same field k. If f ~ " and g ~ ¢', then h ~ h/.

2 Quadratic forms over

In this section we present the classification of quadratic forms over Q. The proofs
of all the results can be read in [IL pp.19-45]. We assume that all quadratic
forms are nondegenerate.

As a warm-up, we begin with the classification of quadratic forms over R. As
seen in the previous section, any quadratic form over R can be diagonalized, so
we assume we have a quadratic form a2 + - - - + a, 22, with all the a; nonzero.
It is clear that we can multiply the a; by nonzero squares without changing the
equivalence class of the form and doing so we can turn all the positive a; into 1’s
and all the negative a; into —1’s, because in R any positive number is a square.
This way we see that any form over R is equivalent to 23 +- - -+ 22 —y? —- - - — /2



for some r,s € N and we call (r,s) the signature of the form. It can be seen
that the signature is an invariant of the form and therefore we have classifed all
quadratic forms over R, the only invariant being the signature.

The case of Q is much harder, and we can immediately see that the method
used for R fails, because there are many positive rational numbers that are not
squares. The fact that it was so easy to do the classification over R, suggests
that it might be useful to look at the other completions of @, namely the p-
adic fields @,. It turns out that this works, because we can understand the
classification of quadratic forms over the p-adic fields and this information is
enough to classify the quadratic forms over QQ, as will be made precise later.

We now focus on the classification of quadratic forms over the Q,.

Definition 2.1. Take a,b € Q) and consider the equation 2% — az? — by? = 0.
We define the Hilbert symbol by

(a,b) 1 if the equation has a nontrivial solution in Q,
a” = .
v —1 otherwise.

Here v ranges over V, the set of primes together with the symbol co, with
the convention Q. = R and "nontrivial" means (z,y, z) # (0,0,0).

In view of Proposition it is clear that (a,b), = 1 if and only if the
quadratic form az? 4 by? represents 1 over Q,. We see from the definition that
(a,b), = (b,a), = (a,bc?), for any a,b,c € QY.

Definition 2.2. Let u € (Z3)* . We define
0 ifu=1 (mod 4) () 0 ifu==+1 (mod )
w(u) = .
1 ifu=-1 (mod 4) 1 ifu=+5 (mod 8)
Definition 2.3. We define the Legendre symbol by

U\ _ L -1/2 mod p — 1 ifuis a'usquare modpj
D —1 otherwise

where p is an odd prime and u € Z,;.

The following identities (together with quadratic reciprocity) allow for simple
computation of the Hilbert symbol:

1 ifa>0o0rb>0
—1 otherwise )
If a,b € Qp, we write a = p®u and b = pPv with u,v € Z, . Then

Proposition 2.4. If a,b € R, we have (a,b)s =

) B «
i) (a,b), = (—1)*P<® <%> (%) forp 4o,
ZZ) (a7b)2 = (_1)5(U)E(v)+aw(y)+ﬁw(u)'

Setting k = Q,, the previous identities immediatley imply that

()oK (R)? x kX)) — {£1}



is a symmetric bilinear form on the Fo-vector space k> /(k*)2.

proved that it is nondegenerate.
Here is another important property of the Hilbert symbol, which is essentially
equivalent to quadratic reciprocity:

It can also be

Theorem 2.5. Ifa,b € Q*, we have (a,b), =1 for all but finitely many v and

[I(a.b), = 1.

v

Definition 2.6. We define the Hasse-Witt invariant of a quadratic form f =
ar1z? + - + apz? over Q, by

ev(f) = H(aivaj)'

i<j
When no confusion should arise, we use € instead of €(f).

This definition makes sense, because it can be shown that if we pick two
different diagonalizations a123 + - -+ +a,x2 and by23 + - - -+ b,22 of a quadratic
form, then [];_;(ai,a;) = [I;;(bi,b;). It is also possible to prove that this is
in fact an invariant of the quadratic form, meaning that equivalent quadratic
forms have the same Hasse-Witt invariant.

We now let k = Q, for some prime p. The following results about repre-
sentability are the key to obtaining the classification of quadratic forms over the

Qp.

Theorem 2.7. A quadratic form f over k represents 0 if and only if its invari-
ants satisfy one of the following conditions:

i) n=2andd=—1.
ii) n=3 and (—1,—d) =e.
iii) n =4 and d # 1.
w)n=4,d=1and e =(—-1,-1).
v) n>5.
(All the identities are in k* /(k*)2.)
Using this theorem and Proposition [I.17] we obtain the following result:

Corollary 2.8. Let a € k*. A quadratic form f over k represents a if and only
if its invariants satisfy one of the following conditions:

i)n=1anda=d.
i) n=2 and (a,—d), = €.
i) n =3 and a # —d.
iw) n=3,a=—d and (—1,—d) = ¢.

v) n>4.



(All the identities are in k> /(k*)2.)

Using the previous results, we can now obtain the classification of quadratic
forms over Q:

Theorem 2.9. Two quadratic forms f,g over k = Q, are equivalent if and only
if they have the same rank, discriminant and Hasse- Witt invariant.

Proof. We have already mentioned that equivalent forms have the same invari-
ants. For the converse, we use induction on the rank n of f and g. The case
n = 0 is obvious. For n > 1, by the previous theorems on representability and
the fact that f and g have the same invariants, we know that f and g represent
the same elements of k. Therefore, there is some a € k> that is represented by
both f and g (because f and g are nondegenerate, hence not identically zero).
By Proposition [1.17] we can write

fr~aZ?® f and g~ aZ?® ¢,

where f/ and ¢’ are forms of rank n — 1. It is easy to see that f’ and ¢’ have the
same invariants, therefore, by the induction hypothesis, f' ~ ¢’, hence f ~ g.
O

We now go back to the connection between quadratic forms over Q, and Q,
which is the content of the Hasse-Minkowski Theorem:

Theorem 2.10 (Hasse-Minkowski). A quadratic form f over Q represents 0 if
and only if f, represents zero for all v, where f, is the form over Q, obtained
from f by looking at its coefficients as elements of Q,.

The following is a simple corollary, using Proposition [L.1

Corollary 2.11. A quadratic form over Q represents a € Q* if and only if f,
represents a for all v.

Once again, a result about representability is the key to proving a result
about equivalence of quadratic forms:

Theorem 2.12. Two quadratic forms over Q are equivalent if and only if they
are equivalent over R and over Q, for all p.

Proof. Equivalence over Q clearly implies equivalence over the Q,. For the
converse, we use induction on the rank n of f and f’. When n = 0, there is
nothing to prove. When n > 1, there exists a € Q* represented by f and by
the previous corollary f’ also represents a. By Proposition we have

fraZ?@gand f ~aZ?® ¢,

where g and ¢’ are forms of rank n — 1. We have f ~ [’ over Q,, for all
v, therefore g ~ ¢’ over Q, for all v, by Proposition [[.I§ By the induction
hypothesis, we then have g ~ ¢’ over Q, hence f ~ f’ over Q.

O

Using this theorem and the classification of quadratic forms over the Q,,, we
obtain a complete set of invariants for quadratic forms over Q:



Theorem 2.13. Two quadratic forms over Q are equivalent if and only if they
have the same rank, discriminant, signature (as forms over R) and Hasse- Witt
invariants (over all the Q).

Now the only thing left to complete the classification is to determine whether,
given a set of values for the invariants, there is a form whose invariants take
those values.

Proposition 2.14. Let f be a quadratic form over Q with rank n, discriminant
d, signature (r,s) and Hasse-Witt invariants (€,)yecy (where €, denotes e(fy)).
Then:

(1) €, =1 for all but finitely many v and [[, €, = 1;

(2) If n =1 thene, = 1;

(3) If n =2 and the image d,, of d in QX /(QX)2 is —1 then €, = 1;
(4) r,s >0 andr+s=n;

(5) do = (~1)°;

(6) eoo = (~1)C- 12,

Having identified these relations, we have the following theorem (whose proof
depends on Dirichlet’s Theorem on primes in arithmetic progression):

Theorem 2.15. If d, (€,)yev and (r,s) satisfy the relations of the previous
proposition, then there is a quadratic form of rank n over Q having d, (€,), and
(r,s) for invariants.

We now present an example of a solution of a representability problem, using
the Hasse-Minkowski Theorem and Theorem

Lemma 2.16. Ifa,b € Z), then (a,b), = 1 for p # 2 and (a,b), = (1))
forp=2.

Proof. Clear, from the formulas for the Hilbert Symbol in Proposition
O

Example 2.17. We claim that the equation f(z,y,z) = 5x? + Ty? — 1322 = 0
has a nontrivial rational solution (nontrivial meaning that (z,y,z) = (0,0,0)).
This amounts to saying that the quadratic form f represents 0 over Q. By the
Hasse-Minkowski Theorem, we only need to prove that it represents 0 over R
and over the Q,, for all primes p. It is clear that the equation has a real solution,
therefore we concentrate on the p-adic solutions. By Theorem we only need
to show that, for each p, we have (-1, —d), = ¢,.

o p f257.13

We have
e = (5,7)p(5,-13),(7,-13), =1 x 1 x 1 =1

by the previous Lemma, because 5,7, —13 € Z,;. Similarly,

(=1,=d), = (=1,5 x 7 x 13), = 1.

10



e p=2

By the previous Lemma,
(=1, —d)2 = (=1,5 x 7 x 13)g = (—1)=(7D=Gx7x13),

It is easy to check that e(—1) = (5 x 7 x 13) = 1, therefore

(—=1,—-d)s = —1.
Similarly,
(5,7)2 = (170 = (=)' =1 = (5,-13),
and
(7,-13)2 = —1,
hence e; = —1.
e p=>5

By the formula in Theorem [2.4]
1 0
(—1,~d)s = (~1,5xTx18)5 = (~1)°X X< (‘51) (5”5“3> _ (‘51> Y

By the previous Lemma, (7, —13)5 = 1, therefore

0 1
1\ (=7 x13
€ = (5, =7 x 13)5 = (—1)1X0x<®) (5) ( X ) -

DE)-()-¢

e p="7
We have

(—1,5 x 7 x 13)7 = (—1)0x1xe(® e 0: i
’ 7 5x7x13 7 ’

and

er = (5,7)7(5, —13)7(7, ~13)7 = (7, —5x13)7 = (—5 X 13)

I
N
NN
N~~~
7N

|

SIR
N~~~

|

|

—_

7
e p=13
We have )
-1 B)s=(—)=1
(—1,5 x 7 x 13)13 <13>
and

€13 = (5, 7)13(5, —13)13(7, —13)13 = (5 X 7, —13)13 =

11



() () 3)- () cormn (B oo
BE-06)--6)-
(G- (5)--(3) -

where we have used quadratic reciprocity.

3 Quadratic forms over Z/mZ

In this section we describe the results obtained regarding the classification of
quadratic forms over Z/mZ, for m € N. Namely, we present the classification of
nondegenerate quadratic forms over Z/p*Z for p an odd prime, and of regular
quadratic forms over Z/27Z. By the Chinese Remainder Theorem, this will
give the classification of regular quadratic forms over Z/mZ for all m € N not
divisible by 4.

We begin by stating the classification of nondegenerate quadratic forms over
the finite fields Fy of characteristic # 2. The proofs of these results can be found
in [1, pp. 34, 35].

Theorem 3.1. There are two equivalence classes of nondegenerate quadratic
forms of rank n over F:

i) 224+ +22_, + 22 and
i) x3 + -+ x2_, + ax?, where a is not a square in F,.

Theorem 3.2. A nondegenerate quadratic form over F, of rank > 2 (resp.
> 3) represents all elements of X (resp. Fy).

3.1 Z/pZ, p #2

Now we present the classification of nondegenerate quadratic forms over R =
7./p*Z, with p an odd prime. In this section, "quadratic form" will mean "non-
degenerate quadratic form". The ring R = Z/p*Z is a local ring where 2 is a
unit, therefore all quadratic forms can be diagonalized, with the elements in the
diagonal being units.
We have
(z/p*z)* Z/eM)Z 222

(z/p+z)* ) 2Z/d(P")Z) ’
where ¢ is the Euler totient function. We can choose 1 as a representative for
the squares and denote by a a representative of the non-squares.

Proposition 3.3. Let f be a quadratic form over R. Then
froai+ ot alyi+ 4y
for some r,s € N. Furthermore, if
fr=at+-ral +alyi + - +yd),
then f ~ f' if and only if s=s' (mod 2) and r +s=1"+ .

12



Proof. We can write f ~ ayz? + -+ + a,2? with ay,--+ ,a, € R* and then,
multiplying the a; by squares, we get f ~ 22 + - + 22 + a(y? + - -+ + y2) for
some 1, s € N.

If f ~ f', then we have s = s’ (mod 2), because the discriminant of a
quadratic form is an invariant in R* /(R*)? and d(f) = a®, d(f') = a*. Tt is
clear that n = r + s is the rank of f and n’ = v’ + s’ is the rank of f’, therefore
r+s=1+5¢".

Conversely, if s = s’ mod 2 and r + s = v’ + s/, we will prove that f ~ f’,
but first we need the following Lemma:

Lemma 3.4. We have 22 + 22 ~ ax? + az3.

Proof. We start by finding

x:(xl)andy=<y1)
T2 Y2

such that x'Iy = 0 and z'Iz = a where I is the 2 x 2 identity matrix, with the
additional constraint that x;y2 — z2y; must be a unit, to ensure that the matrix

A—(l.l yl)
T2 Y2

is invertible. If we can do this, we will have

10 a 0 (1 0\, [(a 0
(5 0)~ (8 st ) (ommeat (65 ) 2= (0 1205 )

and the fact that the discriminant is an invariant forces 32 + y3 to be a non-

square, so that
a 0 a 0
0 yi+y3 0 a )’

because we can multiply the diagonal coefficients by squares.

To find = and y, we notice that 22 +23 = a (mod p) has a solution, according
to Theorem and using Hensel’s Lemma we can lift this solution to a solution
mod p* (alternatively, one can observe that if the sum of two squares mod p was
always a square mod p, than the set of squares would be a nontrivial subgroup
of Z/pZ). We must have z1z2 # 0 mod p because a is a non-square. Now we
can solve 1y; + z2y2 = 0 (mod p) just by taking y; = z7" and yo = (—29) 7!
and we can lift this to a solution mod p* using Hensel’s Lemma. For the
invertibility of A, we notice that it suffices to prove the invertibility of A’A,
because det(A'A) = det(A4)?. We have

v [ a 0
AA_(®%+%)’

therefore we only need to prove that yf + y3 is invertible mod p. But
v tys=a7i+a52  (mod p)
and 7% 4+ 252 =0 (mod p) is equivalent to 7 + 3 =0 (mod p) ( by clearing

denominators, since ;72 # 0 (mod p)) and we know that 2% +2% % 0 (mod p).
O
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Now we return to the proof of the Proposition, writing ' = r + 2m and
s’ = s — 2m, for some m € Z. We can suppose, without loss of generality, that
m > 0 and then we decompose the matrices

I, 0 (0
0 al, ) ™" 0 aly

representing f and f’, respectively, into three blocks (changing the order of the
diagonal elements). The first and second blocks are of the form I, and aly,
respectively, and are common to both f and f’. The third block is of the form
als,, for f and I, for f:

I, 0 0
f~ 0 aly 0 ,
0 0 aIQm
I, 0 0
f'~1 0 aly O
0 0 Iy

Applying the Lemma, we find that I5,, ~ als,,, hence f ~ f'.

The following Theorem is now clear:

Theorem 3.5. Let p be an odd prime and n,k € N. Then there are two
equivalence classes of nondegenerate quadratic forms of rank n over Z/p*Z:

i) 23+ +a22_ +22 and
i) 22+ -+ 22 | +ax?, where a is not a square in Z/p*7.

In particular, quadratic forms over Z/p*Z are classified by their discrimi-
nant.

3.2 Z/2Z

Now we explain the classification of quadratic forms over Z/2Z. Here we have
the problem of being in characteristic 2, which implies that we can no longer
define the symmetric bilinear form 2.y = 1(g(z + y) — g(z) — q(y)). For this
reason, we work with the symmetric bilinear form 8(z, y) = q(x+y)—q(z)—q(y).

Recall that a quadratic form is called nondegenerate if the corresponding
bilinear form g is nondegenerate and degenerate otherwise. Note that, for ex-
ample, the quadratic form of rank one over Fo 2?2 is degenerate (its associated
bilinear form f is such that 8(z,y) = 0 for all z, y) and we don’t want to exclude
it from our classification. Therefore we need the notion of regularity:

Definition 3.6. A quadratic form ¢ on a vector space V over a field k is called
regular if there is no nonzero subspace W C V= such that qw = 0.

It is clear from the definition that a nondegenerate form is always regular,
but 22 is regular and degenerate. However, in the case of fields of characteristic
# 2, regular and nondegenerate forms coincide, because if z € V+, then ¢(z) =

1B(z,x) = 0.

14



In polynomial terms, a quadratic form is regular if it can not be written using
a smaller number of variables. From now on, we assume that all quadratic forms
are regular.

Proposition 3.7. Let q be a quadratic form over Fy. Then
g~ o+t ap+ (Od s+ diz) + o (beyp o+ yeze + dez]),
for some k,0 € N and b;,d; € Fs.

Proof. Let V = F3 be the vector space on wich ¢ is defined and § the associated
bilinear form. Let A = V* and let B be a subspace of V such that V = A @ B.
We have A 1 B, 3 is zero on A and nondegenerate on B.

We have §(x,z) = q(z+xz)—q(x) —g(x) = 0, therefore 8 is symplectic, hence
the restriction of 5 to B is a symplectic inner product. By Corollary we
can choose a basis for B such that the restriction of 5 to B is represented by

the matrix
0 I
-I 0 /)

But in characteristic 2 we have 1 = —1 and by changing the order of the basis
vectors, the restriction of 8 to B becomes

0 1
10

= O
O =

Then (3 is of the form
()3

—_ O
O =

0 1
10
where O is the k& x k zero matrix, k¥ = dim(A). Recalling the relation between

the matrix representations of a quadratic form and of its associated symmetric
bilinear form, we conclude that, in this basis, ¢ is associated to the polynomial

f=a@?+ -+ apai + by +yrzr + dizg) + -+ (bey + yeze + dez7).

The a; are all equal to 1, because the form is regular, and this ends the proof. [

Lemma 3.8. We have 22 + y? ~ u?.

Proof. Consider the linear change of varibles w = = +y and v = y. This change
of variables is easily seen to be invertible and furthermore

22y’ = (u—v)? + 0% =u? + 0P +0? =’

15



Proposition 3.9. Let f be a quadratic form of rank n over Fy. Then:
(i) If n is odd, we have
fr~a® 4 (byi +yiz1 +dizd) + - 4 (beyd + yeze + dozy),
or in matriz form

by 1
dy

o

by 1
0 dy

for some ¢ € N and b;,d; € Fs.
(i) If n is even, then
f~ (0 + iz + diz)) + o 4 (beyi + yeze + dezf),

or in matriz form
by 1
0 dy

by 1
0 dy

for some ¢ € N and b;,d; € Fs.

Proof. This is immediate from Lemma [3.8] Proposition 3.7 and the regularity
of f.
O

Now we focus on forms of even rank. We start by presenting the classification
of regular forms of rank 2.

Definition 3.10. The Arf invariant of a quadratic form ¢ on a vector space V'
over [y is defined by

#y=#r eV iqlo) =1}

It is clear that #, is in fact an invariant of the quadratic form ¢, meaning
that if p ~ ¢, then #, = #,.

Lemma 3.11. There are two equivalence classes of reqular quadratic forms of
rank 2 over Fy: {22 + y? + xy} and {zy + y%, 2y + 22, zy}.

Proof. There are only 5 different homogeneous polynomials of degree 2 in two
variables, with coefficients in Fy: 22+12, 22 +y%+ay, zy+y?, xy+2? and zy. We
have already seen that 2% 43?2 does not correspond to a regular quadratic form.
On the other hand it is clear that the remaining quadratic forms are regular,
because they are nondegenerate. The change of variables © = a +b; y = b
provides an equivalence of quadratic forms between xy and ab + b?:

xy = (a +b)b = ab + b°.
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Moreover, it is clear that 2y + y? ~ xy + 22, therefore the only thing left to
prove is zy # ¥? + y? + zy and this can be seen from the fact that #,, = 1 and
o2 i ay = 3 O

By the last Lemma, there are only 2 possibilities for each 2 x 2 block in the
matrix representation of Proposition for a quadratic form of even rank over

Fg:
11 0 1
(0 1>and(0 O>'
But not all combinations of these blocks will give different quadratic forms:

Lemma 3.12. We have

11 0 1
0 1 oo
11 0 1
0 1 00
Proof. If we let
1100 0100 1010
0100 0000 1110
A=lo o011 |°B=loo0oo 1 |2™T=]¢ 1 o1
000 1 000 0 01 1 1
then we have
1110
com |01 11
T'BT=| 1 1 1 ¢
01 1 1

and it is clear that z'(T*BT)x = 2! Az for all x, therefore A ~ B. This corre-
sponds to the change of variables x = r+t; y = r+s+t; z = s+u; w = s+t+u:

zy+zw=r+t)(r+s+t)+(s+u)(s+y+u)=r*+rs+s>+t2 +ut +u’
O

Using this fact, we can transform all 2 x 2 blocks, except possibly one of

them, into
0 1
0 0 )’

therefore the form is always equivalent to

0 1
0 0

o O
O =

or

o O
O =
[en ]
O =

0 1 11
0 0 0 1

These two forms are regular, because they are nondegenerate, and to com-
plete the classification of regular forms of even rank we need to show that they
are not equivalent.

17



Lemma 3.13. We have
#qéBq’ = #q(Qk - #q’) + #q’ (2€ - #q) = 2k#q + 26#(;’ - 2#Q#q’7
where k = dim(V’) and £ = dim(V).

Proof. This formula is a direct consequence of the fact that ¢(v) +¢'(v') =1 if
and only if exactly one of ¢’(v), ¢’ (v') is equal to 1.
O

Lemma 3.14. We have

0 1
0 0

o O
O =

o o
O =
o o
O =

[en R an]
O =
O =
— =

Proof. Let B be the form
0 1
0 0 )’
1
0

and Ay the sum of &k copies of B. We want to show that Ay & B ¢ Ay @ C for
all k € N.

Suppose that Ay & B ~ Ap @ C for some k € N and let ag, b and ¢ be the
Arf invariants of Ay, B and C, respectively. Then we have # 4,65 = #a,00,
that is 22a; + 225b — 2a,b = 22ay, + 22k¢ — 2age. Tt is easy to see that b = 1 and
¢ = 3 and solving the previous equation for aj, we get aj = 22F~1.

On the other hand, we have Ay = Ay_1 ® B, therefore aj, = a;_1(2? — b) +
b(22(k=1) — q;._1) which is equivalent to aj = 2aj_1 + 22(*~1. This recurrence
relation allows us to prove, by induction, that a; < 227! for all k¥ € N: for
k=1, we have a; =1 < 2. For k > 2, we have

C the form

—_ =

ap = 2ap_q 4+ 22071 < 9 5 92(h=1)=1 4 92(k=1) _ 92k—1

where we have used the induction hypothesis. This contradicts aj, = 221, thus
completing the proof. O

The previous results also imply that all regular forms of odd rank are equiv-
alent to one of the two following forms:

1 1

o o
O =
o O
O =

and

o o
S =
o O
o =

o O
O =
O =
— =
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We start by mentioning that they are regular, because both their radicals have
dimension 1 and are generated by an element e with ¢(e) = 1, but we will show
that they are actually equivalent. More generally, we have the following Lemma:

Lemma 3.15. We have
1 1

o O
O =
(en)
QU
oy

o O
O =
(an)
ISH
T
_

by

o o
o =

for any b;,d; € Fy.
Proof. Let V = (Z/2Z)"™, where n = 2¢ + 1, and let ¢ be the quadratic form

on V represented by the matrix B in the canonical basis {ej, - ,e,}. Let
W = span{es, - ,e,}. Wehave V+ = span{e;} and V = V-@W. Let A be the
matrix representation of the restriction of ¢ to W in the basis B = {es, - ,e,}.

Let ¢ : W — F3 be a linear function and define W’ = {w+¢(w)e; : w € W}.
Now observe that V- N W’ =0 and ¢ : W — W’ given by ¥ (w) = w + ¢(w)e;
is an isomorphism of vector spaces. In particular dim(W’) = dim(W) and
therefore V = V1 @ W', which means that W’ is another complement of V- in
V. We have

(Y (w)) = q(w + p(w)er) = q(w) + d(w)*q(er) + p(w)B(w, e1) = g(w) + P(w),

because ¢(w)? = ¢p(w), q(e1) = 1 and B(w, e1) = 0, therefore g o) = q + ¢.
Now B’ = ¢(B) is a basis of W’. Let A’ be the matrix representation of
the restriction of ¢ to W’ in the basis B'. If a’,y’ € B’ then 2’ = ¢(x) and
y' = (y), for some z,y € B and we have
q(2’) = q(¥(2)) = q(z) + ¢(2),
therefore a}; = a;; + ¢(e;+1) for all ¢ (by the definition of matrix representation
in section 1, we have a;; = q(e;+1) and al;, = q(e;+1)" ). Moreover

B, y') =qx’ +y') —q(2') —q(¥) = q(b(z + ) — q(¥(x)) — q(¥(y)) =

a(z+y)+o(z+y) —q(x) —d(z) —qly) — d(y) = a(z +y) —a(z) —q(y) = Bz, y),
therefore a;; = aj; for i # j (by the definition of matrix representation in
section 1, we have a;; = B(e;+1,€;+1) and aj; = B(€fq,€)41), for i < j and
Q5 = a;j = 0, for 7 > ])

This means that the matrix

r=("x)

representing ¢ in the basis B’ U {e;} is obtained from the matrix

(")
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representing ¢ in the basis {e1,---,e,} by adding the value ¢(e;) to the "
diagonal entry, for all i > 2. Because ¢ is arbitrary, this ends the proof.
O

The following theorem is now clear:

Theorem 3.16. (i) If n is even, there are two equivalence classes of regular
quadratic forms of rank n over Fy, with representatives

0 1 0 1
0 0 0 0

and

o O
O =
o O
O =

0 1 1 1
0 0 01
In particular, regular quadratic forms of even rank over Fo are classified
by their rank and Arf invariant.

(i3) If n is odd, there is only one equivalence class of reqular quadratic forms
of rank n over Fo, with representative

1

o o
O =

o O
o =

0 1
00
In particular, reqular quadratic forms of even rank over Fo are classified
by their rank.

3.3 Z/mZ, with 4 fm

In this section we apply the Chinese Remainder Theorem to obtain the clas-
sification of quadratic forms over Z/mZ with 4 Jm, from the classification of
quadratic forms over Z/p*Z for p and odd prime and over Z/2Z. In this sec-
tion, the matrix representation of a quadratic form ¢ with respect to a basis
B={e1, - ,e,} will always mean the matrix () with entries

ﬁ(ei,ej) if i<j
qij = q(ei) if i:j
0 otherwise

Definition 3.17. Let ¢ be a quadratic form over Z/mZ, for some m,n € Z and
suppose that ¢|m. Let @ be a matrix representation of q. Then the reduction of
g mod c is the quadratic form g. over Z/cZ represented by the matrix Q). whose
entries are the reduction modc of the entries of Q.
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For this definition to make sense, we need to prove the following Lemma:

Lemma 3.18. If q,p are forms over Z/mZ, such that p ~ q and c|m, then
Pc ~ qc-

Proof. We can assume that g, p are defined on (Z/mZ)™ and p., q. are defined
on (Z/cZ)". Let ¢ : (Z/mZ)™ — (Z/mZ)" be an equivalence of quadratic forms
(¢(x) = p(é(x)) for all x) and let P, @, T be the matrix representations of p, ¢ and
¢, with respect to the canonical basis. We have 2'Qxz = z*(T*PT)z for all x €
(Z/mZ)"™, therefore, reducing everything mod ¢, we have 2'Q.x = z*(T!P.T,)x
for all x € (Z/cZ)™, where T, is the reduction mod ¢ of T. Furthermore, T is
invertible, because its determinant is the reduction mod ¢ of det(T") and det(T)
is invertible in Z/mZ. We conclude that the function ¢. : (Z/cZ)" — (Z/cZ)™
defined by the matrix 7T, is an equivalence of quadratic forms between g. and

Pe-
O

Ezample 3.19. Consider the quadratic form g over Z/6Z given in matrix form
by

o O O

1
0
0

S =N

or in polynomial form by f(x,y,z) = xy + 2zz + 4yz. Its reduction mod 2 is

o O O
OO =
o O O

or fo(x,y,z) = xy in polynomial form. Its reduction mod 3 is

0
0
0

OO =
O~ N

or fo(x,y,2) = xy + 2xz + yz in polynomial form.

Definition 3.20. We say that a quadratic form ¢ over Z/mZ, with 4 fm, is
reqular provided the following conditions are satisfied:

(i) If p is an odd prime such that p|m, then ¢, is nondegenerate.
(ii) If 2|m, then ¢ is regular.

Notice that when m = 2 this definition coincides with the previous definition
of regularity and when m is odd it is equivalent to nondegeneracy. The following
result shows that knowing the classification of quadratic forms over Z/2Z and
7,/p*Z for odd primes p is enough to classify quadratic forms over Z/mZ, for
4 fm.

Proposition 3.21. Suppose f, g are regular quadratic forms over Z/mZ (4 fm)
such that:

(i) If p is an odd prime and k > 1 is its exponent in the prime factorization
of m, then fpr ~ gp.
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(ii) If 2|m, then fa ~ go.
Then f ~ g.

Proof. Let F,G (resp. F,,G,) be the matrix representations of f,g (resp.
Jpr,gpr) and T}, be the matrix representation of an equivalence between fx
and gpx, for each prime p dividing m and where k is the exponent of p in the
prime factorization of m. Then for each p|m, we have «*(T}G,T))x = z'F,x,
for all z. By the Chinese Remainder Theorem, we can find a unique matrix 7'
whose entries are congruent to those of T, mod p* for each p, k such that p*|m.
We then have
2 (T'GT)x = 2'Fz  (mod p*)

for each p,k such that p*|m (where we say that 2 = y (mod k) for column
vectors x,y when x; = y; (mod k) for all 4). Then, by the CRT, we must have
Y (T'GT)x = 2 Fr (mod m). It is also clear that T is invertible, because all
the T}, are invertible, therefore f ~ g.

O

The following theorem is now clear:

Theorem 3.22. Let m = 2“10?1 ~-p§’“’, where the p; are odd primes, a € {0,1},
and k; € N. Suppose f, g are reqular quadratic forms over Z/mZ, of ranks n(f)
and n(g), respectively. Then f ~ g if and only if the following conditions hold:

(i) n(f) =n(g).
(i1) d(fpf'i) = d(fpfz) for all i.

(iit) If n(f) is even and a =1, then #y, = #4,.
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