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1. INTRODUCTION

This paper is an undergraduate’s attempt at tackling a branch of mathe-
matics called representation theory. From what I gathered, right now there
isn’t that much information about representation theory written with un-
dergraduates in mind, and therefore I tried to write this as accessible as I
could, in an attempt to minimize that gap.

The main idea of this branch of mathematics is to reduce problems in
abstract algebra (that is, algebraic structures) to problems in linear algebra,
which is very easy to work on. The way this works is by mapping each
element in an algebraic structure (group, ring, module, etc) into a matrix,
without losing the properties of these elements. The most common example
of the power of representation theory is its use in Fourier analysis.

Here in particular we will talk about finite group representation theory.
When applied to groups, representation theory works by mapping each el-
ement of a group into an invertible matrix (which intuitively makes sense,
since every element in a group is invertible).

In the first section, a lot of concepts are introduced which might be new
for the reader. We then aim to prove one of the most important results in
representation theory, known as Schur’s lemma. In the following section, we
introduce a very powerful tool to study representations. The importance of
the character might not be so obvious from the theory alone, but in practice
it will prove itself quite useful. After introducing the character we will want
to decompose the representations, and this will be done through projections.
This projections will generate a couple of very interesting results. After
all this we see some actual examples. This section will be focused on the
symmetric groups, which are the most interesting cases at this level, and they
also have a lot of practical use, since they represent the actual symmetries
or permutations of objects.

I wouldn’t recommend reading all the theory and then the examples, as
you are very likely to miss important things if you don’t have an example
in mind. Instead, I'd advise the reader to alternate between the theory and
the examples, and try to fill in the missing details in the examples (like
calculations) in order to assure your understanding of the theory.

2. IRREDUCIBLE REPRESENTATIONS AND SCHUR’S LEMMA

Definition 2.1. The general linear group GL(V) over a vector space V is
the group of invertible matrices of dimension (dim V' x dim V'), over V.

Definition 2.2. A representation of a finite group G on a finite-dimensional
complex vector space V' is a homomorphism p : G — GL(V). For the
purpose of simplification, we will call V itself a representation of G. We will
also suppress the symbol p and write g.v or gv for p(g)(v).

Definition 2.3. Let p: G — GL(V) be a representation of G on V. Then
the degree of p is the dimension of V.

Definition 2.4. An invariant subspace W C V of a linear mapping
T :V — V is a subspace such that T(W) Cc W.
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Definition 2.5. A left action of a group G in V is a function
T:GxV =V, (g,v) — g such that g.(h.v) = (g.h).v and ev = v,
for any g, h € G,v € V with e the identity of G.

Definition 2.6. A subrepresentation of a representation V is a vector sub-
space W of V which is invariant under the left action of G. A representation
V is called irreducible if the only subrepresentations of V are 0 and V.

Since our objective is to study the representations of groups, the con-
cept of irreducible representation is very important to us. Ultimately, we
will want to classify all the irreducible representations, because (as is later
shown) all other representations are built of them.

Definition 2.7. If V and W are representations of a group G, V ® W is
also a representation of G, defined by g(v ® w) = g.v ® g.w.

Definition 2.8. The dual of a vectorial space V' is V* = Hom(V, C).

If V is a representation of G, V* is also a representation of G, but it is
not defined in the most obvious way.
Given p : G — GL(V), we need to define p* : G — GL(V*) such that

(" (9)(v"), p(g)(v)) = (v%,0)

is valid for any g € G,v € V and v* € V* (and (p,v) = ¢(v)).
This forces us to define the dual representation the following way:

Definition 2.9. The dual representation p*(g) of g € G is the transpose of
plg™).

We also need to define another representation, which works for every
group, and will be of some use to us:

Definition 2.10. The regular representation R of a group G corresponds
to the left action of G on itself.

Proposition 2.11. Let W be a subrepresentation of V of a finite group G.
Then there is another subrepresentation W' of V' such that V. =W & W'.

Proof Let (—,—) be a hermitian product in V, such that Vg € G Vv €
Viw € W, {(g.v,g.w) = (v,w). Then, if W C V is a subrepresentation of V,
W is also a subrepresentation of V, as shown:

gveWt e (gv,w)=0YweW < (v,g7 w) =0,Ywe W

L w € W, and therefore we have described the representation W=+

, since g~
using W.

We now need to show that such hermitian product exists. The main
idea here is to take a hermitian product Hy : V x V — C, and average it

throughout G. So we define

1
<’U,U)> = @ Z HO(g'v’g'w)
geG

This is in fact an hermitian product, and it does accomplish what we
needed. O



From this proposition, we observe that any representation is in fact a di-
rect sum of subrepresentations. By induction on the dimension of the repre-
sentation, we conclude that any representation is a direct sum of irreducible
representations. Therefore, if we know all the irreducible representations of
a group, we know all the possible representations of that same group.

We now need to find ways of decomposing representations into direct sums
of irreducible representations, so that we only need to study the irreducible
representations.

Now is the time to introduce the focus of this section.

Lemma 2.12 (Schur’s lemma). Let V' and W be irreducible representations
of G and ¢ : V. — W a G-module homomorphism. Then the following is
true:

e Fither ¢ is an isomorphism or ¢ is the zero homomorphism
o IfV =W, then ¢ = A.1d, for some \ € C.

Proof

e Since ¢ is a G-module homomorphism, both Im ¢ and Ker ¢ are
invariant subspaces. But, since V and W are irreducible representa-
tions, there aren’t subrepresentations of any of them, and we have
that either Im ¢ = 0 (and Ker ¢ = V) or Im ¢ = W (and Ker
¢ = 0). In the first case, ¢ is an isomorphism and in the second
¢ = 0.

e Since C is algebraically closed, ¢ must have an eigenvalue A. That
is, ® — A.1d has a nonzero kernel, and therefore by the first part of
the lemma we have ¢ — A\.Id =0< ¢ = A. Id.

O

From Schur’s lemma we gather that every irreducible representation is
unique, up to isomorphism. That is good news for us, as the opposite would
make the study of irreducible representations a lot harder.

And now, from 2.11 and Schur’s lemma we get a proposition very similar
to the Fundamental Theorem of Algebra. This is pretty much the result we
have been aiming for since the beginning.

Proposition 2.13. For any representation V' of a finite group G, there is
a decomposition

V:‘G®al@---®Vk@ak
where V; are distinct irreducible representations. Moreover, the irreducible
representations V; are unique, and so are their multiplicities a;.

Proof As we have already seen, any representation has a decomposition

into irreducible representations. Let W = Wl@bl O--- D Wt@bt another rep-

resentation of G and ¢ : V. — W a map of representations. From Schur’s
Da; . . .

lemma, ¢ must map V; 7 into the factor W for which V; = W;, and

therefore a; = b;.
O

3. CHARACTERS

We now know that every representation is a direct sum of irreducible
representations, and we also know that any representation has a unique
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decomposition into irreducible representations. Our goal now is to find how
to decompose this representations.

This section discusses a great tool for understanding the possible repre-
sentations of a group. This tool is called character theory.

Definition 3.1. Let V be a representation of G. Then, the character X of
V' is defined by

Xv(g) = Tr(g),)
the trace of g on V.

We now note that
Xy (hgh™") = Xv(g)

which means that the character is constant on the conjugacy classes of G.
We also define the character of a representation as a vector of characters of
the different conjugacy classes. That is

Xy = (XV(91)7 T 7XV<gTZ))

where g1, - - - , gn are representatives of different conjugacy classes in G. The
character is then what we call a class function: it is constant in the conjugacy
classes.

Now, we have a way to differentiate the representations. But we’ll need
to go into more detail to find out why this tool is so useful.

It is also worth noting that Xy (1) = Tr(1},,) = dimV.

Proposition 3.2. Let V and W be representations of G. Then,

i) Xvew = Xv + Xw
i) Xyew = Xv. Xw
i) Xy= = Xy
) Xp2(v)(9) = %(XV( )? = Xv(g?))
v) Xgym2()(9) = 3(Xv(9)% + Xv (g°))
Proof Let py : G — GL(V) and pw : G — GL(W) be the representations
corresponding to V and W.

i) Let pyew : G — GL(V @ W) be the representation corresponding to
VaeW. Take g € G. Let A = py(g) and B = pw(g). Then, pygw(g) =
A @ B, and therefore Tr(A @ B) = Tr(A) + Tr(B) = Xv(9) + Xw(9)-
Since g could be any element in G, Xygw = Xy + Xw.

ii) Take g € G. Then,

Xvew(g) = Tr(pv(9) ® pw(9))

=3 pv(9)ii-pw(9));
i g

— Z pv(9)ii Z pw(9)j.i
i J

= Xv(9)- Xw(9)

where py(g); ; is the entry ¢, j in the matrix py(g). Again, since g could
be any element in G, Xygw = Xv. Xw.
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iii) Take g € G and let A\j,---, A\, be the eigenvalues of py(g). Notice
that Tr(A) is the sum of the eigenvalues of A. Then, since p} (g) =
(pv(g™")), the eigenvalues of pi,(g) are A%, -+, A . Now we only need
to verify that \; = )\;1. Indeed this is true, since A{,---, A, are nth
roots of the unity, and therefore their inverse is their complex conjugate.

iv) Again, we can choose a basis for V' composed by the eigenvalues of
pv(g). Then, in this basis,

Xazany(9) =D Aij

1<J
1
i<j

1
= SO+ X+ D 200) — (A + -+ A7)
1<j

= (O A= (4 A2))
— 50 (6 ~ v ()
v) Since V@V = Sym?(V) @ A%(V), we have
Xeyme)(9) = Xv(9)* = 5 (X (9)* — Xv ()
= (9 + ()
= S0 (o) + ()

O

Now, if we go back to our problem of decomposing a representation V'
into irreducible representations V = V"' @ --- @ V%", we now know that
Xy =a1. Xy, + -+ an. Xy,

4. PROJECTION FORMULAS AND ITS CONSEQUENCES

We now have some pretty powerful tools to study representations of
groups in general. However, we still have no explicit way to find the de-
composition of a representation into the direct sum of irreducible represen-
tations.

In order to do just that, we need to find a way to project the irreducible
representations into the representation V' we want to study, so that we know
whether this particular irreducible representation is in the decomposition of
V', and its multiplicity.

Taking the idea of the proof used in 2.11, we average out the endomor-
phisms in V', and thus we get

1
(4.1) o(v) = @l > gw

geG

where p : G — GL(V) is the representation corresponding to V.
Definition 4.2. V& = {v € V : gv =v,VYg € G}
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Proposition 4.3. The map ¢ defined in (4.1) is a projection of V into VC.

Proof Take v € V. Then ¢(v) = ﬁzgeGg.v. Now take h € G, and
multiply by ¢(v).
1 1
GZQU GZh.g.v:?Zg.vzw(v)
€] G] 2" 7 ] 2

This means that Im ¢ C V. Going with the same line of thought, we
compute

W
(p(v)) m%a |G|g;; = 1P = )

since p(v) € V. O
We now have a way of explicitly finding the multiplicities of the irreducible
subrepresentations of a given representation.
In particular, if we want to find the multiplicity of the trivial representa-
tion (all elements are represented by the identity), we can just compute the
dimension of V@, that is, the trace of the projection ¢.

i VO - T _ L
dim V¥ = ]G| Z el ;XV(Q)

This obviously means that for any irreducible representation V' (other
than the trivial), >° o Xv(g) = 0.
However, we can still do better than this. Let

Hom(V, W)¢ = {G-module homomorphisms from V to W}

If V is irreducible, then (by Schur’s lemma), dim V¢ is the multiplicity of
V in W. If both V and W are irreducible, we get

1 ifVv=
dim Hom(v,w)¢ = { L V=W
0 ifV#W
Now, we know that Hom(V, W) = V* ® W, since
Hom(V, W) = Hom(V,C) ® Hom(C,W) =V*@ W

and thus Xgom(v,w)(9) = Xv(9)-Xw (g). Then

dim Hom(V, W)% |G| Z Xy (g)Xw(g) =

geG

1 V=W
0 fV#AW

We are now ready to define an inner product on the class functions of C

(4.4) ) =15 S alg)

geG

Theorem 4.5. The characters of the irreducible representations of G are
orthonormal (with respect to the inner product (4.4)).
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Proof We have proved this already unintentionally, from the equation

1 {1 V=W

@l > xv(g)Xwl(g) =

= 0 ifV£W

we get that (Xy, Xy ) (with V' # W irreducible representations) is indeed 0.
O

Corollary 4.6. The number of irreducible representation of G is smaller or
equal than the number of conjugation classes.

Proof Assume there are more irreducible representations of GG than the
number of its conjugacy classes. Then, {Xy; }; (with V; irreducible represen-
tations) is linearly dependent (contradiction with 4.5). O

Corollary 4.7. Any representation is determined by its character.

Proof Let V = V2" @-.-@V,$% with V; irreducible representations. Then
Xy = >;a;Xy,. Since the Xy, are linearly independent, we thus conclude
that in fact a representation is determined by its character. O

Corollary 4.8. A representation V' is irreducible if and only if (Xy,Xy) =1

Proof The implication from the left to the right has already been proven,
when introducing Theorem 4.5. However, both implications can be proven
very easily:

Let V = V5" @ ... @ V,®m" with V; irreducible representations. Then,
(Xv,Xy) =", a?, which is 1 if and only if a; = 1V; and n =1 (since a; are
positive integers). O

Corollary 4.9. The multiplicity a; of V; in V s the inner product a; =
(Xv, Xv;).

Proof
(v, X)) = Y a;(Xy;, Xv;) = a
j

since (Xv;, Xv;) = 0, Viz; and (Xy;, Xy;) = 1. O
We can apply some of this results to the regular representation R, in order
to get some general results. The character of R is

0 ifg#e
X =
r(9) {|G\ ifg=e
where e is the identity. Therefore R isn’t irreducible (unless G = e), and

R= VfBa1 @ -+ @ VP with V; irreducible representations. Then

1 .
a; = (Xr, Xy;) = @Xw(e)-\(}’ =dim V;

thus getting the following result:

Corollary 4.10. Any irreducible representation V; appears in the regular
representation dim V; times.
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As a consequence, we get an interesting result which will actually be useful
to us later:

(4.11) |G| =dim R =) a;.dim V; = » (dim ;)
i i
Proposition 4.12. The number of irreducible representations of G is equal

to the number of conjugacy classes of G.

Proof Take o : G — C a class function and (o, Xy) = 0 for all irreducible
representation V. We must then show that o = 0.

Consider the endomorphism ¢ov = > cqalg).g, With wav : V = V.
First, we show that this endomorphism is a homomorphism of G-modules:

Pav(hv) = alg)-g(hw)
= a(hgh™").hgh™" (hv)
— (3" alhgh™).g(v))
(replacing hgh_1 by g)
=h(}_ alg).9(v))

(v is a class function)

= h(pa,v(v))
Now, by Schur’s lemma, ¢,y = A.Id. Then

1
1
Tm v a(g)Xv(g)
|G|
dim v ()

and so ¢, = 0. In particular, this is true for the regular representa-
tion V' = R , and in the representation R the elements of G are linearly

independent. This means that a(g) = 0,V,eq.
O

5. EXAMPLES

5.1. Abelian Groups.
Our first example will be abelian groups, which are actually pretty simple.

Proposition 5.1. Let p: G — GL(V) be a representation of G. Then p is
irreducible if and only if dim V = 1.

Proof Let dim V = 1. Then p is irreducible, because V has no invariant
subspaces (other than 0 and itself).

Now suppose p is irreducible. We must see that dim V = 1. Since
p(g)p(h) = p(gh) = p(hg) = p(h)p(g), by Schur’s lemma Vh € G,
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p(h) = A.1d, for some A € C. This means that any subspace of V is in-
variant, and therefore dim V = 1. O

And now all we need to note is that the irreducible representations of a
finite abelian group G are simply the homomorphisms p : G — C* from G
to the invertible elements of C.

5.2. Symmetric group Ss.

We begin with the two simplest representations of S3 (which also work
for any symmetric group): the trivial representation U, where every element
is sent into the identity; and the alternating representation U’, defined by
gv = sgn(g)v, with sgn(g) being the sign of the permutation g.

By proposition 4.12, we know that there is one more irreducible repre-
sentation (since S3 has 3 conjugacy classes). We now have to find it. Let’s
consider the natural representation, which is the representation in which Sg
acts in C? by permuting the coordinates. That is, if we take the permutation
(132) € S3 and the vector (a,b,c) € C3, then (132)(a,b,c) = (b,c,a). This
representation has dimension 3.

But now we notice that this natural representation has an invariant sub-
space, generated by (1,1, 1) (any permutation applied to the vector (a,a, a)
is still (a,a,a)). Now V = {(a,b,c) € C3: a+b+c = 0} (the orthogonal com-
plement of the space generated by (1,1, 1)) is a representation of dimension
2. We will see that this representation, called the standard representation
of S5 is irreducible.

To prove that this representation is indeed irreducible, we will use char-
acter theory. We must compute the characters of U and U’ first. We have
3 conjugacy classes in S3:

e the identity, represented by 1 - this class has 1 element;
e the transpositions, represented by (12) - this class has 3 elements;
e the 3-cycles, represented by (123) - this class has 2 elements.

The character of U Xy is (1,1, 1), since in this representation every g € G
is represented by the identity.

The character of U’ Xy is (1,—1, 1), since gv = sgn(g)v, and sgn(1) = 1;
sgn(12) = —1 and sgn(123) = 1.

We now construct a character table, for a summary of the information we
have.

n. of elements | 1| 3 2
Sz | 1] (12) | (123)
U1 1 1
U1 -1 1
V97| ? ?

We have almost everything we need. To compute Xy we can use the fact
that C3 = U @ V and therefore X¢s = Xy + Xy

Xcs = (Tr(Id), Tr(p(12)), Tr(p(123))) = (3,1,0)

This might not be so obvious, but if you think of the permutation matri-
ces, you notice that the amount of times the number 1 appears in the main
diagonal is the same as the amount of elements the permutation leaves fixed.
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Now we just need to compute
Xcs =Xy + Xy <= (3,1,0)=(1,1,1) + Xy <= Xy =(2,0,—-1)

and now we can verify that V is indeed irreducible:

(Xv,Xy) = va 1*22+3*02+2*( DH=2(6)=1
gEG’

and as we have seen in 4.8, V is irreducible.
We have thus completed our character table for Sj:

1] 3 | 2
Ss | 1] (12) | (123)
Ull] 1 1
U1 -1 | 1
vi2) 0o | -1

We can Verify that the characters of this representations are orthogonal:

Xu, Xyr) = ZXU Xu (g é(l*l*1+3*1*(—1)+2*1*1):0
geG
(Xu, Xy) = ZXU %(1*1*2+3*1*0+2*1*(—1)):0
geG
1
Xy, Xy) = ZXU/ = (1152435 (1) %0+ 25 1% (1)) =0
gGG

As we had seen, for any representation W of S3, W = U®* @ U'®b gy Y ®¢
and Xy = a.Xy + b.Xy+ + ¢.Xy. Since the characters of this representations
are independent, we can conclude that W is determined up to isomorphism
by its character, confirming corollary 4.7.

5.3. Symmetric Group S;.
In S; we have 5 conjugacy classes:
the identity 1;
6 transpositions;
8 3-cycles;
6 4-cycles;
3 products of two disjoint transpositions (represented by (12)(34)).

We can start constructing our character table, with the representations
we already have:

1] 6 | 8 6 3
Ss | 1] (12) | (123) | (1234) | (12)(34)
U1 1 1 1 1
Ul -1 |1 -1 1
Vi3l 1| o0 -1 -1

Again, by 4.12 we know that we are 2 irreducible representations short.
From 4.11 we know that >_.(dim V;)? = |S4| = 24. From the 3 representa-
tions we have, we get 12412 + 32 + 22 +y? = 24, and so x? +y? = 13, which
means that z = 3 and y = 2.
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The representation with dimension 3 is relatively intuitive to locate: we
just need to tensor V with U’, and so Xygur = Xy Xy = (3,—1,0,1,—1).
To verify that this representation is irreducible, we compute (Xygur, Xy gu’):

1 1
(Xveu Xveu:) = ﬂ(1*32+6>k12+8*02+6>k(—1)2+3>.<(—1)2) = ﬂ@‘l) =1

We are missing a representation W of dimension 2. We have already every-
thing we need, since (Xy;, Xy) = 0 for all V; irreducible and (X, Xw) = 1.
On top of that, we also know that Xy (e) = 2, since we know the dimension
of W. We solve

(1-246-1- Xy (12) +8-1- Xy (123)+
+6-1- Xy (1234) +3-1-Xw((12)(34)) =0
1-246- (—1) . Xw(12) +8-1- Xw(123)+
+6 - (—1) - Xw(1234) +3-1- Xw((12)(34)) =0
3:246-1-Xw(12) +8-0- Xw(123)+
+6-(=1) - Xw(1234) +3 - (—1) - Xw((12)(34)) =0
3:-246- (—1) . Xw(12) +8-0- Xw(123)+
+6-1-Xw(1234) +3 - (=1) - Xy ((12)(34)) =0
22+ 6 (Xw(12))2 + 8- (Xw(123))%+
+6 - (X (1234))% 4+ 3 - (X ((12)(34)))? = 24
and we get Xy = (2,0,—1,0,2). This is obviously irreducible, since one
of the conditions in this equations was precisely that, and it is linearly

independent of all other irreducible representations.
We have the entire character table:

1] 6 8 6 3

Ss [ 1] (12) | (123) | (1234) | (12)(34)
Ul1] 1 1 1 1
U 1| -1 1 -1 1
VI 3|l 1 0 -1 -1
VeU 3| -1 0 1 -1
wil2| 0 -1 0 2

5.4. Alternating Group Aj.
The alternating group is the subgroup of Sy with only the even permuta-
tions. The conjugacy classes of A4 are:
the identity;
4 3-cycles represented by (123);
4 3-cycles represented by (132);
3 products of two disjoint transpositions, represented by (12)(34).

We can consider the representations of Sy and simply restrict them to Ay
and see where it leads us.

There are 4 irreducible representations, and the sum of the squares of
their dimensions is 12.

X, = (1L1,11) =Xy,
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This means that U4, and Ul’ 4, are isomorphic.

XV|A4 = (3’ 0’ 0’ _1) = X(V®U/)\A4 = (XVIA4’XVIA4) =1
And so V|4, is irreducible, with dimension 3. We know that we are missing

2 representations and their dimensions must be 1, since 12+32+124+12 = 12.
We continue restricting the irreducible representations of Sy to Ay:

XW‘A4 = (27 _17 _172) = (XW‘A47XW‘A4) =2
This means that W4, = V1 © V, with V; irreducible representation. We
have to find these V;, which we will do using the projection formulas.

1
(XW|A4’XU\A4):E(1*2*1+4*(_1)*1+4*(_1)*1+3*2*1):O

(XW|A4,XV|A4) 1253 +4%(—1)*x0+4x(=1)*x0+3%2%(—1)) =0

1
= E(

We can conclude that neither U4, nor V|4, are subrepresentations of
Wa,-

We still have 2 representations left and at least one of them is a subrep-
resentation of W4,. However, we can note that

Ag/{1,(12)(34), (13)(24), (14)(23)} = Z3

Since Z3 = {0, 1,2} is an abelian group, we know its irreducible represen-

tations p : Zz — C (with w = e7/3):
e the trivial representation, which sends all elements into 1;

e a representation which sends 0 — 1, 1 = w, 2 = w?;
e a representation which sends 0 = 1, 1 = w?, 2 — w;

Let this 3 representations be U, U’ and U” respectively, and we want to
use them for A4. We know that

Xur(12)(34)) = Xor ((12)(34)) = Xy ((12)(34)) = 1

and now we have our character table:

1] 4 4 3
Az | 1] (123) | (132) | (12)(34)
Ul1] 1 1 1
Ul w w? 1
U 1| w? w 1
Vi3l 0 0 -1

5.5. Symmetric Group Ss.
Again we must find the conjugacy classes of S5. They are:

the identity;

10 transpositions;

20 3-cycles;

30 4-cycles;

24 5-cycles;

15 products of two transpositions;

20 products of a transposition with a 3-cycle.
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This gives us 5! = 120 elements. We compute the characters of the
trivial, alternate, standard and the tensor of the standard with the alternate
representation (which we will from now on denote as V'), and we get the
table:

110 | 20 | 30 24 15 20
Ss | 1] (12) | (123) | (1234) | (12345) | (12)(34) | (12)(345)
Ul 1 1 1 1 1 1
Ul -1 |1 1 1 1 -1
vial 2 | 1 0 -1 0 -1
V4l 2 | 1 0 -1 0 1

Using the same procedures as before, we know that there are 3 more
representations. We must now find the others. A good place to start looking
would be the tensor product of two of the representations we already have.

We take V@ V. But V®V = A%V & Sym?V, so now we have two
possibilities. Let’s compute the first, using X2((g) = %(Xy(g)2 — Xy (g?))
from 3.2.

1
XAQ(V) = 5((4525 1507 _]-505 _1)2 - (4747 1707 _1747 1)) — (65050707 17 _250)

To compute Xy (g?) we only need to note that:

o 12 = ;

o (12)2=1;

o (123)% = (132);

o (1234)2 = (13)(24);
o (12345)% = (13524);
o ((12)(34))* = 1;

e ((12)(345)) = (354).

We must see that this representation is irreducible:

1
(Xaz(vy Xaz) = 155 (36 + 24 1 +15%4) =1

There are only two representations left. We can find out their dimensions:
120 =12+ 12+ 42+ 42+ 62+ a®> + b* < a® +b%> = 50. So either one
of them has dimension 1 (and the other 7) or they both have dimension 5.
There can’t be any more representations with dimension 1, because then the
image of S5 by this representation would be abelian (because C* is abelian).
Since the only normal subgroups of S5 are {1}, A5 and S, the only abelian
quotients of S5 are S5/As = {£1} and S5/S5 = {1}.

So we have a representation W, with character

Xw = (51 a1, g, a3, 0y, A5, 066)
Now we try to tensor it with the alternate representation, and get
W @ U' = W' with character
Xwr = (5, —on, ag, —ag, o, a5, —ag)

Right now we have no guarantee that W # W', but checking the orthog-
onality conditions, we conclude that it is true. Since W = W' = a1 = a3 =
ag = 0, we get:



Xazy

1%x5
10%0
20 * ag
300
24 x oy
15 * a5
20 %0

OO OO OO

15

Now we know that o - a3 - ag # 0 and so W # W’. To find Xy and X,
we solve a system of linear equations very similar to 5.3, thus getting our
final character table of Ss:

1] 10 20 30 24 20

Ss | 1| (12) ] (123) | (1234) | (12345) (12)(345)
U1l 1 1 1 1 1
U'l1] -1 1 -1 1 -1
Vi9ida| 2 1 0 -1 -1
V4] -2 1 0 -1 1
AV (6] 0 0 0 1 0
Wi 5| 1 -1 -1 0 1
w5 -1 -1 1 0 -1
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