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Quantization of Hamiltonian systems

A Hamiltonian system is a 2n-dimensional manifold equipped with:

a symplectic form ω

a Hamiltonian function f ∈ C∞(M)

These define a Hamiltonian vector field Xf by

ιXf
ω = df
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Quantization of Hamiltonian systems

(M, ω) 7−→ H Hilbert space

f ∈ C∞(M) 7−→ Qf self-adjoint operator

We want this to verify:

linearity

Q1 = Id

[Qf ,Qg ] = i~Q{f ,g}
irreducibility

No-go theorems

This is not possible.
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Kähler toric manifolds

Example:

S1 acts on S2:

e iθ · (h, ϕ) = (h, ϕ+ θ)

Take µ : M → R such that

µ(h, ϕ) = h

.

Theorem (Delzant)

{compact symplectic toric manifolds} ↔ {Delzant polytopes}

(M2n, ω,Tn, µ) 7→ µ(M) ⊂ Rn
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Kähler toric manifolds

A 2n-dimensional manifold M is said to be Kähler when equipped with

a symplectic form ω

an integrable almost complex structure J

such that g(·, ·) = ω(·, J·) is a Riemannian metric.

Theorem (Guillemin, Abreu)

A potential g : µ(M2n)→ R defines a compatible complex structure with
local holomorphic coordinates

wk = e
∂g
∂xk

+iθk , k ∈ {1, ..., n}

For the compact case:

{symplectic potentials} ↔ {compatible toric Kähler structures}
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Kähler toric manifolds

Berezin-Toeplitz quantization:
Take an appropriate line bundle with connection (L,∇) – not always
possible!

(M, ω) 7−→ H0
J (M, L)

f 7−→ Qf = PJ(f ·)

where H0
J (M, L) is the space of J-holomorphic sections and PJ projection

onto H0
J (M, L).
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Kähler toric manifolds

Example:

S1 × S1 acts on S2 × R2

(e iθ1 , e iθ2) · (h, ϕ, r , α) = (h, ϕ+ θ1, r , α + θ2)

with moment map µ(h, ϕ, r , α) = (x1, x2) =
(
h, r

2

2

)
.
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Quantization results

We start with a potential g0 and a function

H(x1, x2, θ1, θ2) =
(x1 + x2)2

2

to get a family
gs = g0 + sH
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Quantization results

We want to describe
f 7−→ Qf = PJs (f ·)

For each time s, there is an orthogonal basis for H0
Js

(M, L),

{pm1,m2 | m1 = 0, 1, m2 = 0, 1, 2, ...}

Therefore

Qf (pm1,m2) = PJs (f · pm1,m2) =
1∑

n1=0

∞∑
n2=0

〈f · pm1,m2 , pn1,n2〉
‖pn1,n2‖2

pn1,n2
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Quantization results

Examples:

If f = f (x1, x2), we expect Qf (pm1,m2) = f (m1,m2)pm1,m2 .

Qf (pm1,m2) =
∑
n1,n2

〈f · pm1,m2 , pn1,n2〉
‖pn1,n2‖2

pn1,n2 =
〈f · pm1,m2 , pm1,m2〉
‖pm1,m2‖2

pm1,m2

√
s
π

∫ +∞
0

(∫ x
x−1 f (x , x2)F (x , x2)dx2

)
e−s(x−m1−m2)2

dx√
s
π

∫ +∞
0

(∫ x
x−1 F (x , x2)dx2

)
e−s(x−m1−m2)2dx

s→+∞−→
∫ m1+m2

m1+m2−1 f (m1 + m2, x2)F (m1 + m2, x2)dx2∫ m1+m2

m1+m2−1 F (m1 + m2, x2)dx2
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Quantization results

Examples:

Now let

f (x , y , z , u, v) =
xu + yv

2

H(x1, x2, θ1, θ2) =
x2

1 + x2
2

2

The coefficients do not converge as s → +∞.
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