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Random flights in 3 dimensions

Assume:
A particle:

is at time t0 at the origin of Euclidian 3-space

jumps at each instant exactly one unit in a random direction
is after each jump found on a spherical surface of radius 1
whose center is its previous position (local sphere)

Any two portions of the local sphere of equal area have equal
probabilities to receive the particle
The jumps are mutually independent
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Random flights in 3 dimensions

Because of the isotropy of space
The probability to find the particle after n jumps in a small
cube doesn’t depend on the cube’s normed position vector

There’s only need to study its distance from the origin
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Study of Zn

For each n ∈ N
define a local coordinate system:

its origin is the position of the particle at the instant tn−1
the orientation of the axes doesn’t matter at the moment

and define
Zn as the random variable that indicates the z-coordinate of
the position of the particle at the instant tn according to this
local coordinate system
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Study of Zn

Between consecutive instants, the particle jumps exactly one
unit

so, Zn can only be found between -1 and 1

Thus
in the case z < −1

P (Zn 6 z) = 0

in the case z > 1

P (Zn 6 z) = 1
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Study of Zn

Define

Pn as the point where the particle is at the instant tn

Sz as the portion of the spherical surface whose points have
z-coordinate smaller or equal to z

There are equal probabilities of the particle being contained in
portions of the surface with equal areas

Thus in case z ∈ [−1, 1]

P (Zn 6 z) = P (Pn ∈ Sz) =
VSz

VS1

=
2π (1+ z)

4π
=

1+ z

2
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Study of Zn

Distribution function of Zn:

FZn(z) = P (Zn 6 z) =


0 if z < −1

1+z
2 if z ∈ [−1, 1]
1 if z > 1

Density function of Zn:

fZn(z) =

{
0 if z /∈ [−1, 1]
1
2 if z ∈ [−1, 1]

Thus
Zn ∼ U ([−1, 1])
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Study of Zn

Archimedes’s Theorem
The area of the portion of the spherical surface delimited by two
parallel planes that intersect it only depends on the radius and the
distance between the planes
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Recurrence expression for Rn

The conclusions before are valid for each local coordinate
system whose origin is the position of particle at instant tn−1

We define now more restricted local coordinate systems
their origins are the positions of the particle at instant tn−1
the position of the particle at instant t0 belongs to the z-axis
the z-coordinate of the position of the particle at instant t0
isn’t bigger than 0

For each n ∈ N0 define
Rn as the random variable that indicates the distance between
the positions of the particle at instants t0 and tn
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Recurrence expression for Rn

According Pythagoras’s Theorem

Z 2
n + d2 = 1

(Rn−1 + Zn)
2 + d2 = R2

n

Simplifying
R2
n = R2

n−1 + 2Rn−1Zn + 1

This equation is also valid when Zn 6 0

We know that R0 = 0 so

R1 = 1, R2 =
√

2+ 2Z2, R3 =

√
3+ 2Z2 + 2Z3

√
2+ 2Z2,

R4 =

√
4+ 2Z2 + 2Z3

√
2+ 2Z2 + 2Z4

√
3+ 2Z2 + 2Z3

√
2+ 2Z2, ...
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Study of (Z2, ...,Zn)

For each n ∈ N \ {1} let’s study (Z2, ...,Zn)

For each j ∈ {2, ..., n}, the density function of Zj is

fZj
(z) =

1
2
1[−1,1] (z)

Another version of density function of Zj is

f ∗Zj
(z) =

1
2
1]−1,1[ (z)

Since the directions of the steps are mutually independent
according to well known theorems of probability

f(Z2,...,Zn) (z2, ..., zn) =
n∏

j=2

f ∗Zj
(zj) =

1
2n−11]−1,1[n−1 (z2, ..., zn)
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Example: Study of R3

We know that

R3 =

√
3+ 2Z2 + 2Z3

√
2+ 2Z2

and
f(Z2,Z3) (z2, z3) =

1
4
1]−1,1[2 (z2, z3)

For each r ∈ R

FR3(r) = P (R3 6 r) = P

(√
3+ 2Z2 + 2Z3

√
2+ 2Z2 6 r

)
So

FR3(r) =

∫∫
S3(r)

f(Z2,Z3) (z2, z3) dz2dz3 =
V (S3 (r))

4

with

S3(r) =

{
(z2, z3) ∈ ]−1, 1[2 :

√
3+ 2z2 + 2z3

√
2+ 2z2 6 r

}
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Example: Study of R3

φ3(z2, z3) =

√
3+ 2z2 + 2z3

√
2+ 2z2
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Example: Study of R3

r ∈ ]0, 1[
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Example: Study of R3

When r ∈ ]0, 1[

V (S3(r)) =

∫ −√1−r2

−1

(
(r2 − 3 + 2z2)− 2z

√
z2 + r2 − 1

2
−

(r2 − 3 + 2z2) + 2z
√

z2 + r2 − 1

2

)
dz

V (S3(r)) =
2
3
r3
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Example: Study of R3

r ∈ [1, 3[
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Example: Study of R3

When r ∈ [1, 3[

V (S3(r)) =

∫ r2
4 −

5
4

−1
1− (−1) dz +

∫ 1

r2
4 −

5
4

(
r2 − 3 + 2z2 − 2z

√
z2 + r2 − 1

2
− (−1)

)
dz

V (S3(r)) = −
r3

3
+

3
2
r2 − 1

2
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Example: Study of R3

Distribution function of R3:

FR3(r) = P (R3 6 r) =


0 if r 6 0
r3

6 if r ∈ ]0, 1[
− r3

12 + 3
8 r

2 − 1
8 if r ∈ [1, 3[

1 if r > 3

Density function of R3:

fR3(r) =


0 if r /∈ ]0, 3[
r2

2 if r ∈ ]0, 1[
− r2

4 + 3
4 r if r ∈ [1, 3[
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Study of Rn

For each n ∈ N \ {1} and each r ∈ R

FRn(r) =

∫
Sn(r)

f(Z2,...,Zn) (z2, ..., zn) dz2...dzn =
V (Sn (r))

2n−1

with

Sn(r) =
{
(z2, ..., zn) ∈ ]−1, 1[n−1 : φn (z2, ..., zn) 6 r

}
,

where φn are complicated, inductively defined expressions

But when n > 3
a direct computation of V (Sn (r)) along these lines is very hard

Using a multivariate change of variables we can solve the
problem for all n ∈ N \ {1}
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Study of (R2, ...,Rn)

For each n ∈ N \ {1} let’s define

φ : U → V
(z2, ..., zn) 7→ (φ2(z2, ..., zn), ..., φn(z2, ..., zn))

with
U = ]−1, 1[n−1

V =
{
(r2, ..., rn) ∈ Rn−1 : r2 ∈ ]0, 2[ ∧ rj ∈ ]|rj−1 − 1| , rj−1 + 1[ ,∀j ∈ {3, ..., n}

}
φ2(z2, ..., zn) =

√
2 + 2z2

φj(z2, ..., zn) =
√
φ2j−1(z2, ..., zn) + 2zjφj−1(z2, ..., zn) + 1, ∀j ∈ {3, ..., n}
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Study of (R2, ...,Rn)

φ is bijective and

φ−1 : V → U
(r2, ..., rn) 7→

((
φ−1)

2 (r2, ..., rn), ...,
(
φ−1)

n
(r2, ..., rn)

)
with (

φ−1)
2 (r2, ..., rn) =

r2
2
2
− 1

(
φ−1)

j
(r2, ..., rn) =

r2
j

2rj−1
−

rj−1

2
− 1

2rj−1
, ∀j ∈ {3, ..., n}
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Study of (R2, ...,Rn)

It can be proved that the support of (R2, ...,Rn) is V and

φ (Z2, ...,Zn) = (R2, ...,Rn)

So for each B ⊆ V

P ((R2, ...,Rn) ∈ B) = P
(
(Z2, ...,Zn) ∈

(
φ−1 (B)

))
f(Z2,...,Zn) is the density of (Z2, ...,Zn), so

P
(
(Z2, ...,Zn) ∈

(
φ−1 (B)

))
=

∫
φ−1(B)

f(Z2,...,Zn) (z2, ..., zn) dz2...dzn

According to the theorem of integration by substitution the
last expession is equal to∫

B
f(Z2,...,Zn)

(
φ−1 (r2, ..., rn)

) ∣∣J (φ−1 (r2, ..., rn)
)∣∣ dr2...drn
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Study of (R2, ...,Rn)

Thus

f(R2,...,Rn) (r2, ..., rn) = f(Z2,...,Zn)

(
φ−1 (r2, ..., rn)

) ∣∣J (φ−1 (r2, ..., rn)
)∣∣

We can compute from a formula we had earlier, that

f(Z2,...,Zn)

(
φ−1 (r2, ..., rn)

)
=

1
2n−11V (r2, ..., rn)

and ∣∣J (φ−1 (r2, ..., rn)
)∣∣ = rn

So
f(R2,...,Rn) (r2, ..., rn) =

rn
2n−11V (r2, ..., rn)
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Recurrence expression for fRn

For each n ∈ N \ {1, 2}
according the definition of V we have

f(R2,...,Rn) (r2, ..., rn) =
rn

2n−11]0,2[ (r2) ...1]|rn−1−1|,rn−1+1[ (rn)

f(R2,...,Rn−1) (r2, ..., rn−1) =
rn−1

2n−21]0,2[ (r2) ...1]|rn−2−1|,rn−2+1[ (rn−1)

and therefore f(R2,...,Rn) (r2, ..., rn) is equal to

rn
2rn−1

[ rn−1

2n−21]0,2[ (r2) ...1]|rn−2−1|,rn−2+1[ (rn−1)
]
1]|rn−1−1|,rn−1+1[ (rn)

Thus

f(R2,...,Rn) (r2, ..., rn) =
rn

2rn−1
f(R2,...,Rn−1) (r2, ..., rn−1)1]|rn−1−1|,rn−1+1[ (rn)
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Recurrence expression for fRn

It follows by a well known theorem on marginal variables that
Rn is absolutely continuous and

fRn (rn) =

∫ +∞

−∞
...

∫ +∞

−∞
f(R2,...,Rn)(r2, ..., rn)dr2...drn−1

Thus

fRn (rn) =

∫ +∞

−∞
...

∫ +∞

−∞

rn

2rn−1
f(

R2,...,Rn−1
) (r2, ..., rn−1

)
1]∣∣∣rn−1−1

∣∣∣,rn−1+1
[ (rn) dr2...drn−1

By interchanging integrations with the function not depending
on r2,..., rn−2, the last expression is equal to
∫ +∞

−∞

rn

2rn−1

[∫ +∞

−∞
...

∫ +∞

−∞
f(

R2,...Rn−1
) (r2, ...rn−1

)
dr2...drn−2

]
1]∣∣∣rn−1−1

∣∣∣,rn−1+1
[ (rn) drn−1

Again according to the theorem on marginal variables

fRn (rn) =

∫ +∞

−∞

rn
2rn−1

fRn−1 (rn−1)1]|rn−1−1|,rn−1+1[ (rn) drn−1
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Study of Rn

By computing fRn(r) for some small n, one conjectures that
for each n ∈ N \ {1}

fRn (r) =

d n
2e−1∑
j=0

gn,j (r)1]0,n−2j[ (r)

with

gn,j (r) =
(−1)j

(n
j

)
2n−1 (n − 2)!

(n − 2j − r)n−2 r

In fact, one can prove this formula for general n (n ∈ N \ {1})
by induction, Pascal’s Rule and manipulation of complicated
expressions
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Study of Rn

Graphics of some densities
fR2
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Study of Rn

Graphics of some densities
fR3

Pedro Barata de Tovar Caetano de Sá Random flights in 3 dimensions



Study of Rn

Graphics of some densities
fR4
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Study of Rn

Graphics of some densities
fR5
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Study of Rn

Graphics of some densities
fR6
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Study of Rn

Graphics of some densities
fR2 , fR3 , fR4 , fR5 , fR6
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Study of Rn

According to a well known theorem of probability and
definitions of the distribution function

when Rn is absolutely continuous is

FRn (r) =

∫ r

−∞
fRn (s) ds

After an integration by parts the distribution function of Rn is

FRn (r) = P (Rn 6 r) =

d n2e−1∑
j=0

Gn,j (r)1]0,n−2j[ (r) + 1R+ (r)

with

Gn,j (r) =
(−1)j+1 (n

j

)
2n−1n!

(n − 2j − r)n−1 [(n − 1) r + n − 2j ]

.
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