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Random flights in 3 dimensions

@ Assume:
o A particle:
@ is at time to at the origin of Euclidian 3-space
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Random flights in 3 dimensions

@ Assume:
o A particle:

@ is at time to at the origin of Euclidian 3-space
@ jumps at each instant exactly one unit in a random direction
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Random flights in 3 dimensions

@ Assume:
o A particle:

@ is at time to at the origin of Euclidian 3-space

@ jumps at each instant exactly one unit in a random direction

@ is after each jump found on a spherical surface of radius 1
whose center is its previous position (local sphere)
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Random flights in 3 dimensions

@ Assume:

o A particle:
@ is at time to at the origin of Euclidian 3-space
@ jumps at each instant exactly one unit in a random direction
@ is after each jump found on a spherical surface of radius 1

whose center is its previous position (local sphere)
e Any two portions of the local sphere of equal area have equal
probabilities to receive the particle
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Random flights in 3 dimensions

@ Assume:

o A particle:
@ is at time to at the origin of Euclidian 3-space
@ jumps at each instant exactly one unit in a random direction
@ is after each jump found on a spherical surface of radius 1

whose center is its previous position (local sphere)
e Any two portions of the local sphere of equal area have equal
probabilities to receive the particle
e The jumps are mutually independent
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Random flights in 3 dimensions

@ Because of the isotropy of space

o The probability to find the particle after n jumps in a small
cube doesn't depend on the cube's normed position vector
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Random flights in 3 dimensions

@ Because of the isotropy of space

o The probability to find the particle after n jumps in a small
cube doesn't depend on the cube's normed position vector
o There's only need to study its distance from the origin
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Study of Z,

@ Foreach ne N
o define a local coordinate system:

@ its origin is the position of the particle at the instant t,_1
o the orientation of the axes doesn’t matter at the moment
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Study of Z,

@ Foreach ne N
o define a local coordinate system:

@ its origin is the position of the particle at the instant t,_1
o the orientation of the axes doesn’t matter at the moment

e and define

@ Z, as the random variable that indicates the z-coordinate of
the position of the particle at the instant t, according to this
local coordinate system
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Study of Z,

@ Between consecutive instants, the particle jumps exactly one
unit
e so, Z, can only be found between -1 and 1
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Study of Z,

@ Between consecutive instants, the particle jumps exactly one
unit
e so, Z, can only be found between -1 and 1

o Thus

e in the case z < —1
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Study of Z,

@ Between consecutive instants, the particle jumps exactly one
unit
e so, Z, can only be found between -1 and 1

o Thus
e in the case z < —1
P(Z,<z)=0
o inthecase z >1
P(Z,<z)=1
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Study of Z,

o Define

e P, as the point where the particle is at the instant t,
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Study of Z,

o Define

e P, as the point where the particle is at the instant t,
e S, as the portion of the spherical surface whose points have
z-coordinate smaller or equal to z
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Study of Z,

o Define

e P, as the point where the particle is at the instant t,
e S, as the portion of the spherical surface whose points have
z-coordinate smaller or equal to z

@ There are equal probabilities of the particle being contained in
portions of the surface with equal areas
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Study of Z,

o Define

e P, as the point where the particle is at the instant t,
e S, as the portion of the spherical surface whose points have
z-coordinate smaller or equal to z

@ There are equal probabilities of the particle being contained in
portions of the surface with equal areas
o Thus in case z € [-1,1]

V. 2w (1 1
P(Zi<z)=P(PreS) = 12 = ”(4:2): i
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Study of Z,
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Study of Z,

@ Distribution function of Z,:

0 ifz<-1
Fz.(z2)=P(Z,<z)={ %2 ifze[-1,1]
1 ifz>1
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Study of Z,

@ Distribution function of Z,:

0 ifz<-1
Fz.(z2)=P(Z,<z)={ %2 ifze[-1,1]
1 ifz>1

@ Density function of Z,;:

0 if z¢[~1,1]
&AA::{ if z € [-1,1]

N

Pedro Barata de Tovar Caetano de Sa Random flights in 3 dimensions



Study of Z,

@ Distribution function of Z,:

0 ifz<-1
Fz.(z2)=P(Z,<z)={ %2 ifze[-1,1]
1 ifz>1

@ Density function of Z,;:

0 if z¢[~1,1]
&AA::{ if z € [-1,1]

N

@ Thus
Zn ~ U([-1,1])
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Study of Z,

Archimedes's Theorem

The area of the portion of the spherical surface delimited by two
parallel planes that intersect it only depends on the radius and the
distance between the planes
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Recurrence expression for R,

@ The conclusions before are valid for each local coordinate
system whose origin is the position of particle at instant t, 1
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Recurrence expression for R,

@ The conclusions before are valid for each local coordinate
system whose origin is the position of particle at instant t, 1
@ We define now more restricted local coordinate systems
e their origins are the positions of the particle at instant t,_;
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Recurrence expression for R,

@ The conclusions before are valid for each local coordinate
system whose origin is the position of particle at instant t, 1
@ We define now more restricted local coordinate systems

e their origins are the positions of the particle at instant t,_;
o the position of the particle at instant to belongs to the z-axis
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Recurrence expression for R,

@ The conclusions before are valid for each local coordinate
system whose origin is the position of particle at instant t, 1
@ We define now more restricted local coordinate systems

e their origins are the positions of the particle at instant t,_;

o the position of the particle at instant to belongs to the z-axis

e the z-coordinate of the position of the particle at instant tg
isn't bigger than 0
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Recurrence expression for R,

@ The conclusions before are valid for each local coordinate
system whose origin is the position of particle at instant t, 1
@ We define now more restricted local coordinate systems

e their origins are the positions of the particle at instant t,_;

o the position of the particle at instant tg belongs to the z-axis

e the z-coordinate of the position of the particle at instant tg
isn't bigger than 0

@ For each n € Ny define

e R, as the random variable that indicates the distance between
the positions of the particle at instants ty and ¢,
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Recurrence expression for R,
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Recurrence expression for R,

Z.>0
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Recurrence expression for R,

@ According Pythagoras's Theorem
Z2+d*=1
(Ro_1+ Z,)* +d?> = R2
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Recurrence expression for R,

@ According Pythagoras's Theorem
Z2+d*=1
(Ro_1+ Z,)* +d?> = R2

@ Simplifying
R2=R? | +2R, 1Z,+1
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Recurrence expression for R,

@ According Pythagoras's Theorem
Z2+d>=1
(Ro_1+ Z,)* +d?> = R2

@ Simplifying
R2=R? | +2R, 1Z,+1

@ This equation is also valid when Z, <0
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Recurrence expression for R,

@ According Pythagoras's Theorem
Z2+d>=1
(Ro_1+ Z,)* +d?> = R2

@ Simplifying
R2=R? | +2R, 1Z,+1

@ This equation is also valid when Z, <0

@ We know that Ry = 0 so

Ri=1, Ro=+/2+4 22, R3:\/3+222+2Z3\/2+2ZQ,

Ry = \/4+222+2Z3\/2+222+2Z4\/3+222 +223+/2+ 225, ...




Study of (2, ..., Z,)

e For each n € N\ {1} let's study (2o, ..., Z,)
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Study of (2, ..., Z,)

e For each n € N\ {1} let's study (2o, ..., Z,)
e For each j € {2,..., n}, the density function of Z; is

1
fz,(z) = 51[—1,1] (2)
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Study of (2, ..., Z,)

e For each n € N\ {1} let's study (2o, ..., Z,)
e For each j € {2,..., n}, the density function of Z; is

1
fZ,- (z) = 51[—1,1] (2)

@ Another version of density function of Z; is

. 1
fzj (2) = 51]—1,1[ (2)
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Study of (2, ..., Z,

e For each n € N\ {1} let's study (2o, ..., Z,)
e For each j € {2,..., n}, the density function of Z; is

1
fz,(z) = 51[—1,1] (2)

@ Another version of density function of Z; is

. 1
fzj (2) = 51]—1,1[ (2)

@ Since the directions of the steps are mutually independent
e according to well known theorems of probability

1
f(Zz, ,Zn (227 .. Zn) = H fZ (ZJ 2!1—1 H]—l,l["71 (227 veey Zn)
j=2
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Example: Study of R3

o We know that

Rs = \/3+2Zz+223\/2+222
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Example: Study of R3

o We know that

Rs = \/3+2Zz+223\/2+222

@ and

1
f(2,,25) (22,23) = 111_171[2 (22, 23)
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Example: Study of R3

o We know that

Rs = \/3+2Zz+223\/2+222

@ and

1
f(2,,25) (22,23) = 111_171[2 (22, 23)

@ ForeachreR

FR3(I’) = P(R3 < r) =P <\/3+222+2Z3\/2+222 < r)
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Example: Study of R3

o We know that

Rs = \/3+2Zz+223\/2+222

@ and

1
f(2,,25) (22,23) = 111_171[2 (22, 23)

@ ForeachreR
FR3(I’) = P(R3 < r) =P <\/3+222+2Z3\/2+222 < r)

e So

V(S3(r
Fry(r) = // f(2,,23) (22, 23) dz2dz3 = (i())
S3(r)
with
S3(r) = {(22,23) el-1,17%: \/3 + 22z +2237/2 + 22 < r}




Example: Study of R3

¢3(22, z3) \/3—1—2224—223\/2—1—22

e
.
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Example: Study of R3

¢3(22, z3) \/3—1—2224—223\/2—1—22

i
.
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Example: Study of R3

relo, 1]

Pedro Barata de Tovar Caetano de Sa Random flights in 3 dimensions



Example: Study of R3

e When r €]0,1]

—V1-r2 ((r2 —3+422%)—22y/22+r2 -1 (r® —3+4222) +22/22 + r2 — 1) g
— z

2 2

V(Si(r) =37
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Example: Study of R3

rel1,3]
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Example: Study of R3

e When r € [1,3]

2_s5 _ _ _
V(S3(r)):/‘1‘ (L dz+/{12 . <r2 3 4+ 222 222\/22+r2 1 7(71)> -
- Z a2
3
r 3 1
V (S3(r :—f—i-*rz—*
(SN =-5+57 3
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Example: Study of R3

@ Distribution function of Rs:

0 ifr<0
3
- if r€]0,1]
Fr(r) = P(Rs <r) = ¢ I ’
Rs(r) =P (Rs <) 2321 f e[
1 ifr>=3

@ Density function of Rj3:

0 if r ¢ 10,3
(=1 % if r €10,1]

—+3r ifrelL,3
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Study of R,

@ Foreach ne N\ {1} and each r e R

FRn(r) = / fi227_“7zn) (22, ...,Zn) de...dZn =
Sn(r)
with
Su(r) = {(220220) €1-110 " 2 60 (22,0 20) < 1}

where ¢, are complicated, inductively defined expressions
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Study of R,

@ Foreach n € N\ {1} and each r e R
Fr,(r) = / f(z,,...20) (22, .-, 2n) d2s...dzp = (2,)_1
Sn(r)
with
Su(1) = {221 20) €11 B (22, 20) < 1}

where ¢, are complicated, inductively defined expressions

e But when n >3
o a direct computation of V (S, (r)) along these lines is very hard

Pedro Barata de Tovar Caetano de Sa Random flights in 3 dimensions



Study of R,

@ Foreach ne N\ {1} and each r e R

FRn(r) == / fi227_“7zn) (22, ...,Zn) de...dZn =
Sn(r)
with
Sn(r) = {(zz, nzn) €]1-L1" b0 (225 oy 20) < r},

where ¢, are complicated, inductively defined expressions
@ But when n>3
o a direct computation of V (S, (r)) along these lines is very hard

@ Using a multivariate change of variables we can solve the
problem for all n € N\ {1}
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Study of (Ry, ..., Ry)

@ For each n € N\ {1} let's define
o: V) — %4
(z2,..y2n) = (D2(22y .0y Zn)s ooy On( 22, oey Zn))

with
U=1]-1,1""
V={(r2.ra) ER" 1o €]0,2[ A1y €]lr-1 — 1|, i1 + 1[, V) € {3,....n}}

(}52(22, ceny Zn) = \/2 —|— 222
¢i(z2, ..., zn) = \/¢f71(227 ey Zn) +2Zj$j-1(22, ..., 20) + 1,Vj € {3, ..., n}
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Study of (Ry, ..., Ry)

@ ¢ is bijective and

oL 74 — U
(r2yeeestn) (((b 1)2(r2,... r,,),...,(d) 1)n(r2, ,r,,))
with )
(¢_1)2(r27 '7rn):%_1
7 ha
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Study of (Ry, ..., Ry)

@ It can be proved that the support of (Ra, ..., R,) is V and
& (22, ..., Zn) = (Ray ..oy Rp)
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Study of (Ry, ..., Ry)

@ It can be proved that the support of (Ra, ..., R,) is V and
& (22, ..., Zn) = (Ray ..oy Rp)

@ So foreach BC V
P((Rz,...,Ry) € B) =P ((Z,.... Zy) € (671 (B)))

Pedro Barata de Tovar Caetano de Sa Random flights in 3 dimensions



Study of (Ry, ..., Ry)

@ It can be proved that the support of (Ra, ..., R,) is V and
& (22, ..., Zn) = (Ray ..oy Rp)

@ So foreach BC V
P((Rz,...,Ry) € B) =P ((Z,.... Zy) € (671 (B)))

o fiz, ..z, is the density of (22, ..., Z,), so

P ((227 ) Zn) € (¢_1 (B))) = / f(Zz,...,Z,,) (221 ey Zn) dzp...dz,
¢~ (B)
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Study of (Ry, ..., Ry)

It can be proved that the support of (Ry, ..., R,) is V and
& (22, ..., Zn) = (Ray ..oy Rp)

@ So foreach BC V
P((Rz,...,Ry) € B) =P ((Z,.... Zy) € (671 (B)))

o fiz, ..z, is the density of (22, ..., Z,), so

P ((227 ) Zn) € (¢_1 (B))) = / f(Zz,...,Z,,) (221 ey Zn) dzp...dz,
¢~ (B)

@ According to the theorem of integration by substitution the
last expession is equal to
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Study of (Ry, ..., Ry)

@ Thus

f(Ra..Re) (1255 1n) = f(2,,... 1) (¢_1 (r2, ..., r,,)) ‘J (¢_1 (r2y ..., rn))‘
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Study of (Ry, ..., Ry)

@ Thus

f(Ra..Re) (1255 1n) = f(2,,... 1) (¢_1 (r2, ..., r,,)) ‘J (¢_1 (r2y ..., rn))‘

@ We can compute from a formula we had earlier, that

_ 1
fizo,..z,) (¢ Y(ryyr)) = Fﬂv(@ ces )

@ and

!J ((b_l (r2y ..., rn))‘ =r,
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Study of (Ry, ..., Ry)

@ Thus

f(Ra..Re) (1255 1n) = f(2,,... 1) (¢_1 (r2, ..., r,,)) ‘J (¢_1 (r2y ..., rn))‘

@ We can compute from a formula we had earlier, that

_ 1
fizo,..z,) (¢ Y(ryyr)) = Fﬂv(@ ces )

@ and
!J ((b_l (r2y ..., rn))‘ =r,
@ So r
f(Rz,---,Rn) (I’2, ceey r,,) = 2n721]1‘/ (rg, vy r,,)
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Recurrence expression for fg,

e For each n e N\ {1,2}

e according the definition of V we have
n
fiRQ,...,Rn) (r27 cey rn) = 2n ]_ ]]']0 2[ (r2) ﬂ]\rn,1—1|,r,,,1+1[ (rn)

rn—1
f(RayvsRy_1) (125 oy Fn—1) = 2’,7, 51021 (72) - 1jrp_a—1,raat1[ (Fn—1)
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Recurrence expression for fg,

e For each n e N\ {1,2}

e according the definition of V we have
r
f(Ray...,R) (125 +5 1) = 2,,7’,'1]1]0,2[ (r2) - Lyjrys—1fraa+11 ()

'n—1
f(Rz,...,R,,_l) (rg, vy r,,,l) = 2:7_211]072[ (r2) "']l]lrn_z—l\,rn_z-f—l[ (I’nfl)

o and therefore fg, g, (r2,...,mm) is equal to

r rh—1
3r 7 L2n2 020 (2) - Ly a-1fm-atag (1) | D —11rp-soa( (1)
-
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Recurrence expression for fg,

e For each n e N\ {1,2}

e according the definition of V we have
r
f(Ray...,R) (125 +5 1) = 2,,7’,'1]1]0,2[ (r2) - Lyjrys—1fraa+11 ()

'n—1
f(Rz,...,R,,_l) (rg, vy r,,,l) = 2:7_211]072[ (r2) "']l]lrn_z—l\,rn_z-f—l[ (I’nfl)

o and therefore fg, g, (r2,...,mm) is equal to

r rh—1
3r 7 L2n2 020 (2) - Ly a-1fm-atag (1) | D —11rp-soa( (1)
-

o Thus

I
fRave Ry (250 1n) = ﬁf(Rz,...,R,,,l) (r2y ooy tn—1) Lpro_s—1),r_a 411 (1)
-
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Recurrence expression for fg,

o It follows by a well known theorem on marginal variables that
e R, is absolutely continuous and

+oo “+oo
fr, (rn) Z/ / f(Ro,....Rn) (12, ey ) dr2...drp 1
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Recurrence expression for fg,

o It follows by a well known theorem on marginal variables that
e R, is absolutely continuous and

+oo “+oo
fr, (rn) Z/ / f(Ro,....Rn) (12, ey ) dr2...drp 1

@ Thus

fr (rn):/Jrocm-/Jroo fn f (r2y.ymp—1) 1 (rp) dra...drp_q
n —co —oo 2rp_q (Rz vvvvv Rn—l) ”f,-,_171‘,rn_1+1[
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Recurrence expression for fg,

o It follows by a well known theorem on marginal variables that
e R, is absolutely continuous and

+oo “+oo
fr, (rn) Z/ / f(Ro,....Rn) (12, ey ) dr2...drp 1

@ Thus

f (r)*/Jroc /+oo n f, (r r )1 (rp) dra...dr,
Ro ()= [ o f Y (Rz VVVVV Rn—l) 2, -y In—1 ”’n—1*1‘,’n_1+1[ n)drz...dr,_1

e By interchanging integrations with the function not depending
on f,..., ra—o, the last expression is equal to

+o0 +oc
/Oo 2 / / (rz,mr,,,l)drzmdrn,z l”rn_lfl‘,rn_1+1[(r")dr”71
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Recurrence expression for fg,

o It follows by a well known theorem on marginal variables that
e R, is absolutely continuous and

+oo “+oo
fr, (rn) Z/ / f(Ro,....Rn) (12, ey ) dr2...drp 1

@ Thus

f (r)*/Jroc /+oo n f, (r r )1 (rp) dra...dr,
Ro ()= [ o f Y (Rz VVVVV Rn—l) 2, -y In—1 ”’n—1*1‘,’n_1+1[ n)drz...dr,_1

e By interchanging integrations with the function not depending
on f,..., ra—o, the last expression is equal to

+o0 +oc
/Oo 2 / / (rz,mr,,,l)drzmdrn,z l”rn_lfl‘,rn_1+1[(r")dr”71

@ Again according to the theorem on marginal variables

+o0 rn
fRn (rn) :/ fRn l(rn l)ﬂ”rn 1_]-| rn— 1+1[ (rn) drn 1

0o 2rn—1
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Study of R,

e By computing fg (r) for some small n, one conjectures that
o for each n € N\ {1}

e with

gnj(r) = 21 (n—2)l

o (1) = 3 ni (1) Lio21 (1)

(-1 ()

(n—2j—r)"%r
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Study of R,

e By computing fg (r) for some small n, one conjectures that
o for each n € N\ {1}

o (1) = 3 ni (1) Lio21 (1)

@ with .
(_1)j (7) . n—2
gn,j(r):m(”*@*r) r
@ In fact, one can prove this formula for general n (n € N\ {1})
by induction, Pascal’s Rule and manipulation of complicated
expressions

Pedro Barata de Tovar Caetano de Sa Random flights in 3 dimensions



Study of R,

@ Graphics of some densities
o fr,
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Study of R,

@ Graphics of some densities
o fr,
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Study of R,

@ Graphics of some densities
o fr,

Pedro Barata de Tovar Caetano de Sa Random flights in 3 dimensions



Study of R,

@ Graphics of some densities
o fr,

Pedro Barata de Tovar Caetano de Sa Random flights in 3 dimensions



Study of R,

@ Graphics of some densities
o fr,

Pedro Barata de Tovar Caetano de Sa Random flights in 3 dimensions



Study of R,

@ Graphics of some densities

o fr,, fry, fRy: fRer fRe
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Study of R,

@ According to a well known theorem of probability and
definitions of the distribution function

e when R, is absolutely continuous is

Fr (r) = / " f () ds
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Study of R,

@ According to a well known theorem of probability and
definitions of the distribution function

e when R, is absolutely continuous is

F&UL:/rmAQ$

@ After an integration by parts the distribution function of R, is

[3]-1
Fr,(r)=P(Ry<r)= Z Gnj (r) To,n—2jy (r) + 1r+ (r)
=0

_(Y()

T (n—=2j— )" [(n—1)r+n—2j]
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