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Topological Manifolds

Definition:
A topological manifold M is a topological space such that:
@ M is Hausdorff;

@ M is second-countable;

@ dn € N such that M is locally homeomorphic to R”.

For each p € M, there exists a neighborhood U homeomorphic to
an open subset of R”.

If we denote the homeomorphism by ¢ we call the pair (U, ¢) a
chart.
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Smooth Manifolds

o l:p(UNV)—p(UN V) and its inverse are smooth.
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Complex Manifolds

pogpl:p(UNV)—p(UN V) and its inverse are holomorphic.
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Tangent Space

Tangent vectors are defined at every point of M.
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Flow of a Vector Field

Let X be a smooth vector field. Given p € M, there exists a
unique curve ¢, : (—€,€) = M such that:

° c(0)=p

o Vte (_67 6)7 C:P(t) = ch(t)
We say that ¢, is an integral curve of X in p.
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Flow of a Vector Field

There also exists a neighborhood of p, U, such that, fixing
t € (—¢,€), the map

Py U—> M
q — cq(t)

is smooth.

We call 9; the flow of X.

Pedro Magalhies Kahler Geometry and Hamiltonian Flows in Imaginary Time



Riemannian Manifolds

Definition:

A Riemannian manifold is a pair (M, g) where M is a smooth
manifold and g is a covariant, smooth, symmetric and positive
definite 2-tensor field.

In each p € M, g is a metric in the tangent space of M at p.
This gives us a way to compute norms of vectors, angles between
vectors and lengths of curves.
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Symplectic Manifolds

Definition:

A Symplectic manifold is a pair (M,w) where M is a smooth
manifold and w is a 2-form such that:

@ w is closed (dw = 0);

@ Vp € M, w, is anti-symmetric and non-degenerate.

Pedro Magalh3es Kahler Geometry and Hamiltonian Flows in Imaginary Time



Symplectic Manifolds

Given H : M — R smooth,

w and H induce a unique smooth vector field that we call the
Hamiltonian vector field and denote by Xy.

Pedro Magalhies Kahler Geometry and Hamiltonian Flows in Imaginary Time



Compatible Structures

M complex manifold — complex structure J.

Vpe M,
® J,: ToM — T,M Linear Transformation;
° Jg = —/d.

We say that the triple (g,w, J) is compatible if it satisfies one of
the following compatibility relations:
Vpe M,Yu,ve T,M,
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Kahler Manifolds

A Kahler manifold is a tuple (M, w, g, J) such that:

@ M is a complex manifold;

@ w is a symplectic form;
@ g is a Riemannian metric;

@ Jis a complex structure;

@ The triple (g,w, J) is compatible.
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Flows in Imaginary Time

Suppose we have

e (M,w,g,J) compact Kahler manifold where all the structures
are real-analytic.

@ h: M — R real-analytic function.

Let Xj, be the Hamiltonian vector field induced by h.
— The flow of Xy, 9, is also real-analytic.
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Flows in Imaginary Time

Given p € M, there exists a neighborhood U of p and holomorphic
coordinates {z'};—; , defined in U.

We act with the flow of X}, on {z"},-zlw,,,:
Zé' = 7' oty

M and ) real analytic = z| = Yo a;tk
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Flows in Imaginary Time

D o0
Za,-tk ~ Za;Tk, TeC
k=0 k=0
There exists T > 0 such that:
Te{reC:|71|< T} = {z;'},-:Lm’,, induce J;

In a neighborhood V C U.
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Flows in Imaginary Time

M compact = J; can be made global.

And J; is compatible with w and defines for
p€ Mand u,ve T,M,

8rp(u, v) == wp(u, Jrpv)

Which is a Riemannian metric.
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Flows in Imaginary Time

This means that

(M7w7gT7JT)

Is a Kahler manifold!

And it will not be (in general) isomorphic to the original manifold
(M,w,g,J).

So the compact case is understood, let's look at an example of a
non compact manifold.
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Hyperbolic Plane

H={(x,y)eR?*:y >0}

@ Global chart (ty—c, H),

@ J standard complex structure,
e g= }%(dx@dx—l—dy@dy),
o w= %dx A dy.
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Hyperbolic Plane

Select h: H — R.

h(x,y) = f(y)

0
X Zyzf/()’)a*
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Hyperbolic Plane

We can calculate z- by

k!
k=0
Since
Xn(z) = Xn(x + iy) = y*f'(y)
XZ(z) = Xu(y*f'(y)) =0
We have

z = (x +iy) + y*f'(y)r
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Hyperbolic Plane

Writing 7 = r + is, we have

zr = (x + /() +i (y + sy*F'(v))

~—
Xr Yr

zr — Jr
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Hyperbolic Plane

And using the compatibility relation between w and J:

g‘r(" ) = OJ(~, JT())
We obtain

1
~ Y21+ su(y))

Which is a Riemannian metric if we have, for example, s > 0 and
¥(y) > 0 for all y > 0, where

(y) = (V*F () =2 (y) + y*F"(y)

&r (dXT ® dxr + dy; ® d)/T)
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Hyperbolic Plane

So in those conditions (H,w, g-, J:) will be a K&hler manifold.
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Hyperbolic Plane

For each appropriate 7 — (H,w, g-, J-) is a Kahler manifold.
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Hyperbolic Plane

For each appropriate 7 — (H,w, g-, J-) is a Kahler manifold.

Consider the space of Kahler metrics for H.
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Hyperbolic Plane

For each appropriate 7 — (H,w, g-, J-) is a Kahler manifold.

Consider the space of Kahler metrics for H.
If we have 7 = is,s € R,
It can she shown that there exists a connection for which the curve

S— gr

Is actually a geodesic of this space.
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Hyperbolic Plane

Let's compute some properties of the new manifolds. For example,
their scalar curvature will be

o _ SV')y? = 2(1+ s(y))* = 2sy¢' (y)(1 + s¥(y) + sy¢'(v))
(1+s9(y))?
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Hyperbolic Plane

Let's compute some properties of the new manifolds. For example,
their scalar curvature will be

o _ SV')y? = 2(1+ s(y))* = 2sy¢' (y)(1 + s¥(y) + sy¢'(v))

(1+s9(y))?
i 5=0
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Hyperbolic Plane

o 0 1
gf(&’ &) (1t suly)) o 0
0 9y _  riy)
gf(&’ @) (1t suly)) o 0
9 9N _ rY(y) + (1+sy(y))?
(o) = parson
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Hyperbolic Plane

Jim () = Jim (G (50 = i) =

. irp(y) \ 0 i 0 3}
s“j;o<(1+ 1+51Z/(y))a B 1+s¢(y)@> B < >

ox
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Hyperbolic Plane

It can also be interesting to apply the flow of X on x and repeat
the process:

L XK (x
WTZZ hk(! )Tk:X—f-yzf/(y)T
k=0

T=r+4is

wr = x + ry?f'(y)) +i sy*f'(y)
—_——— N

Xr Yr

Pedro Magalhies Kahler Geometry and Hamiltonian Flows in Imaginary Time



Hyperbolic Plane

Checking if w; is a good complex coordinate:
dw; A dw, = =2isy(y)dx A dy # 0

If, for instance, s > 0 and v (y) > 0 for all y > 0.
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Hyperbolic Plane

Checking if w; is a good complex coordinate:
dw; A dw, = =2isy(y)dx A dy # 0
If, for instance, s > 0 and v (y) > 0 for all y > 0.

Repeating the computations we did before, we obtain:

1
& = 55— (dx; ® dx; + dy; ® dy;
yzsw(y)( )
And once again, if we let s > 0 and ¥(y) >0 forally >0, g is a
Riemannian metric.
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Hyperbolic Plane




Hyperbolic Plane

What does (y) > 0 mean in terms of f(y)?

Ply) = (' (y)) =20 (y) + y*f(y)
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Hyperbolic Plane

What does (y) > 0 mean in terms of f(y)?

Ply) = (' (y)) =20 (y) + y*f(y)

Consider the function
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Hyperbolic Plane

What does (y) > 0 mean in terms of f(y)?

Ply) = (' (y)) =20 (y) + y*f(y)

Consider the function

If we change coordinates

(xy) = (x,u)
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Hyperbolic Plane

And write 1(y) in terms of u, we obtain

2 d*f(y(u))

() = 2=

Which means that

¥(y) > 0 < f is convex in the coordinate u
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Hyperbolic Plane

Some formulas we obtained can be written in a simpler way using
these new coordinates.
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Hyperbolic Plane

Some formulas we obtained can be written in a simpler way using
these new coordinates.
For starters,

1
wzﬁdx/\dy:dx/\du
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Hyperbolic Plane

Some formulas we obtained can be written in a simpler way using
these new coordinates.
For starters,

1
wzﬁdx/\dy:dx/\du

The curvature in the case w;:

o 1d? (1
T osdu?\ ¢f
du?
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Hyperbolic Plane

In conclusion,

From our initail Kahler manifold (H,w, g, J), we can obtain
new Kahler manifolds (H,w, gr, J;),

These new Kahler structures define a geodesic in the space of
Kahler metrics,

Despite H being non-compact, these geodesics exist for
infinite time,

It's interesting to note the similarities between our manifold

and other examples of this construction such as toric
manifolds.
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