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Let K = Q[\/&] be a quadratic field with squarefree d € Z. We call o € K an integer of K if
the quadratic polynomial

fo(X) = (X —a)(X —@) =X2—(a+a)X+0@

has integral coefficients. Writing o = r+sv/d with 7, s € Q, we have fo(X) = X2 —2rX +(r?—ds?),
so a is an integer of Q[v/d] when 2r € Z and r? — ds® € Z.

Example 1. If ¢ and b are in Z then a + bv/d is an integer of Q[v/d].
Example 2. If o = 1+—2‘/3 then f,(X) = X% - X — 1€ Z[X], so H'Q‘@ is an integer of Q[v/5].
Theorem 1. When d is a squarefree integer and K = Q[\/&], the integers of K are

Z + 7/, if d = 2,3 mod 4.
Z—i—ZHT‘/g, if d =1 mod 4.

We don’t have the case d = 0 mod 4 since those d are not squarefree!

Proof. First we check that any number in the indicated set, depending on d mod 4, is an integer
of Q[V/d]. This is clear when d = 2,3 mod 4 by Example 1. When d = 1 mod 4, a number of the

forma:a—kb# = (a—|—g)—|—%\/gwith a,b € Z has
1—
fa(X)=X%— 20+ D)X + <a2 —I—ab+b24d) € Z[X].

Conversely, we now show that any integer of Q[\/&] has to be a number in the indicated set,
depending on d mod 4. Suppose r + sv/d is an integer of Q[\/&] Then 2r € Z and 72 — ds® € Z.
Set a = 2r, so a € Z and r = a/2. Therefore a?/4 — ds?® € Z, so a® — d(2s)? € 4Z, which implies
d(2s)? € Z. Since d is squarefree, the only way d(2s)? could be in Z is if 2s € Z: a denominator in
25 when this fraction is written in reduced form can’t be cancelled out in d(2s)? because primes in
d appear just once. Set b =2s, s0 b € Z and s = b/2. Thus

b
r+sﬁ:g+§\/g and a® — db® € 47Z.

We can write the second condition as a® = db? mod 4.

If a is even then db?> = 0 mod 4, which implies b is even (there is at most one 2 appearing in d
and db? needs at least two 2’s in it), so 5+ %\/& €7+ 7ZVd.

If a is odd then a? = 1 mod 4, so db®> = 1 mod 4. This implies b is odd (if it were even then
db? = 0 mod 4) and therefore d = 1 mod 4.

So any integer in Q[v/d] either is in Z + Z+/d or has the form 5+ %\/& with odd a and b and
d =1 mod 4.

Thus if d # 1 mod 4 then r + sv/d € Z + Z\/d.

If d =1 mod 4 and r + sv/d is not in Z + Z+/d then for some odd a and b we have

_ 1 1
r+sx/&:g+gﬁ:a2b+b +2\/&ez+z +2\/g.

Since Vd = —1 + 2# cZ+ ZHT‘/a we have Z + Zvd C Z + ZH—Q‘/E, so every integer of Q[\/&]
is inZ%—ZHT‘/a when d = 1 mod 4.




