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Poisson Geometry

Poisson Bracket
Definition
Local structure

Newton's (most) famous equation is:

F(a) = md
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Poisson Geometry

Poisson Bracket
Definition
Local structure

Newton's (most) famous equation is:

pi = mgq;
F(q) = mg <
pi = Fi(a)

Letting H(q,p) = %ﬁ +V(q), F=-VV

m
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Poisson Geometry Poisson Bracket
Definition

Local structure

Newton's (most) famous equation is:

pi = mqi
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Poisson Geometry Poisson Bracket
Definition

Local structure

Newton's (most) famous equation is:

pi = mgq;
F(q) = mg <
pi = Fi(a)
Letting H(q,p) = %% + V(q), F =—-VV , we can rewrite it as:
4 = 5 (a,p) di = {a1, H(a,p)}
And )
pi = —5(a,p) pi = {pi, H(a,p)}
where N
of 0g  Of Og
f,g} = — -
if. &} ,2_; [861,' Opi Opi Oq;
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Poisson Geometry

Poisson Bracket
Definition
Local structure

This bracket is a bidifferential operator with the following
properties:

» Anti-symmetry: {f,g} = —{g,f},
» Leibniz's identity: {f,gh} = {f,g}th+ g{f, h},
» Jacobi's identity: {f,{g,h}} ={h,{f,g}} +{g,{h f}}.
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Poisson Geometry Poisson Bracket
a
Definition

Local structure

Definition
A Poisson manifold (M, {.,.}) is a differentiable manifold M such
that C°°(M) has a bilinear map {.,.} with the following properties:

» Anti-symmetry: {f,g} = —{g,f},
> Leibniz's identity: {f,gh} = {f,g}h+ g{f, h},
> Jacobi's identity: {f,{g,h}} = {h,{f,g}} + {g.{h, F}}.

{.,.} is called a Poisson bracket.
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Poisson Geometry

Poisson Bracket
Definition
Local structure

In local coordinates x; around a point 5(q):

N
of Og
{f.gy =) ajm—==,
Z Y Ox; Ox;

ij=1
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Poisson Geometry

Poisson Bracket
Definition
Local structure

In local coordinates x; around a point 5(q):

N

of O0g
{f,g} = Z a”@T(,-@T(j’
ij=1
where
0 lecie 0
M= (au) = _Ik><k 0 0 ,
0 0 Sexs
and 5(q) = 0.
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Poisson Geometry

Poisson Bracket
Definition
Local structure

In local coordinates x; around a point 5(q):

N

of O0g
{f,g} = Z a”@T(,-@T(j’
ij=1
where
0 lecie 0
M= (au) = _Ik><k 0 0 ,
0 0 Sexs
and 5(q) = 0.

Symplectic manifolds are special cases of Poisson Manifolds in
which S = 0. The symplectic form is:

N

w(x) = Z ol (x)dx; A dx;,
ij=1
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Mechanics Classical Mechanics

Quantum Mechanics

For a classical mechanical system:

» Phase space is a manifold M, ex: R2N
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Mechanics Classical Mechanics

Quantum Mechanics

For a classical mechanical system:
» Phase space is a manifold M, ex: R2N

» The state of the system is its coordinates in the phase space,
ex: position and momenta coordinates,
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Mechanics Classical Mechanics

Quantum Mechanics

For a classical mechanical system:
» Phase space is a manifold M, ex: R2N

» The state of the system is its coordinates in the phase space,
ex: position and momenta coordinates,

» An observable is a function f : M — R, ex:
E(a,p) = 22 1 v(q).
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Mechanics Classical Mechanics

Quantum Mechanics

For a quantum mechanical system:

» Configuration space is a manifold @, ex: RV,
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Mechanics Classical Mechanics

Quantum Mechanics

For a quantum mechanical system:
» Configuration space is a manifold Q, ex: RV,

» The state of the system is a function on the configuration
space, ¥ : Q — R such that [ [¢¢|* =1

=
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Mechanics Classical Mechanics

Quantum Mechanics

For a quantum mechanical system:
» Configuration space is a manifold Q, ex: RV,

» The state of the system is a function on the configuration
space, ¥ : Q — R such that [ [¢¢|* =1

=

—
-2 -1 0 1 2

» An observable is an hermitian operator A : Ly(Q) — L2(Q)
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Mechanics Classical Mechanics

Quantum Mechanics

For a quantum mechanical system:
» Configuration space is a manifold Q, ex: RV,

» The state of the system is a function on the configuration
space, ¥ : Q — R such that [ [¢¢|* =1

// —
—

-2 -1 0 1 2

» An observable is an hermitian operator A : Ly(Q) — L2(Q)
Radical changes:

» Measurement changes the state, ¥ — Ay !
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Mechanics Classical Mechanics

Quantum Mechanics

For a quantum mechanical system:
» Configuration space is a manifold Q, ex: RV,

» The state of the system is a function on the configuration
space, ¥ : Q — R such that [ [¢¢|* =1

=

—
-2 -1 0 1 2

» An observable is an hermitian operator A : Ly(Q) — L2(Q)
Radical changes:
» Measurement changes the state, ¥ — Ay !

» In general observables don't commute, AB # BA 1l
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Quantization
Deformation Quantization
Weyl’s Quantization and Moyal’s x -product

Deformation Quantization

How to make the correspondence between classical and quantum
observables?
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Quantization
Deformation Quantization
Weyl’s Quantization and Moyal’s x -product

Deformation Quantization

How to make the correspondence between classical and quantum
observables?
In the so-called Schrodinger representation one has:

> §if = qif
> pif = —ihgL
Note that {g;, pi} =1 and [§;, pi] = ih.

Pedro Vitéria Kontsevich’s Quantization



Quantization
Deformation Quantization
Weyl’s Quantization and Moyal’s x -product

Deformation Quantization

How to make the correspondence between classical and quantum
observables?
In the so-called Schrodinger representation one has:

> gif = qif
> pif = —ihgL
Note that {g;, pi} =1 and [§;, pi] = ih.
Definition
A quantization is a linear map assigning to each f € C*°(M) a
linear operator f in a Hilbert space, H, such that:

» 1=1/d;
> [f,8] = hi{f,g} + O(h?).
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Quantization
Deformation Quantization
Weyl’s Quantization and Moyal’s x -product

Deformation Quantization

How to achieve quantization?
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Quantization
Deformation Quantization
Weyl’s Quantization and Moyal’s x -product

Deformation Quantization

How to achieve quantization?
If we focus on the algebra of operators we get Deformation

Quantization:
Definition
A xp-product in A = C*°(M) is a bilinear map
x5, - A[[R]] x A[[A]] — A[[A]] such that:
1. fxng=fg+{f,g} 2+ O(h?)
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Quantization
Deformation Quantization
Weyl’s Quantization and Moyal’s x -product

Deformation Quantization

How to achieve quantization?
If we focus on the algebra of operators we get Deformation

Quantization:
Definition
A xp-product in A = C*°(M) is a bilinear map
x5, - A[[R]] x A[[A]] — A[[A]] such that:
1 frng =fg+ {f, g}l + O(1?)
2. F*rg8 =2 100 By (f, g)h* where each By is a bidiferential
operator.
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Quantization
Deformation Quantization
Weyl’s Quantization and Moyal’s x -product

Deformation Quantization

How to achieve quantization?
If we focus on the algebra of operators we get Deformation

Quantization:
Definition
A xp-product in A = C*°(M) is a bilinear map
x5, - A[[R]] x A[[A]] — A[[A]] such that:
1. fxng=fg+{f,g} 2+ O(h?)
2. fxpg =Y oo Bk(f,g)h" where each By is a bidiferential
operator.
3. (f*xng)*nh=fxn (g *n h);
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Quantization
Deformation Quantization

Deformation Quantization

Weyl’s Quantization and Moyal’s x -product

How to achieve quantization?
If we focus on the algebra of operators we get Deformation
Quantization:
Definition
A xp-product in A = C*°(M) is a bilinear map
x5, - A[[R]] x A[[A]] — A[[A]] such that:
1. fxng=fg+{f, g2+ O(h?)
2. F*rg8 =2 100 By (f, g)h* where each By is a bidiferential
operator.
- (Fxng) *nh = f xn (g xn h);
(R0 fhR) xn (720 &ih) = Yo —o(fic % g1)RAT

&~ W
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Quantization
Deformation Quantization
Weyl's Quantization and Moyal’s *-product

Deformation Quantization

Example

Weyls quantization extends the quantization (in R2")
> qi — G
> pi — pi

by symmetry:

. 1 Cebind
et =onn /Rme (@P+p-8)(Ff)(q, p)dadp
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Quantization

Deformation Quantization

Deformation Quantization Weyl's Quantization and Moyal’s *-product

Example
Weyls quantization extends the quantization (in R2")
> qi — G
> pi — Pi
by symmetry:
1

f
f i )

/ e (@PtPA)(FF)(q, p)dgdp
R2N

It gives rise to Moyal’s xp-product:

n

[e’s) . N
1 [ih o 0 o 0
f* = i - - — f 5 7p2
74 En! 2j_1<8q{3p§ 8p{8q§) (g1, P1)g(q2, P2)

P1=p2=p
q1=q2=q
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The Formula

A path-integral approach

Kontsevich’s Formula

When does there exist Deformation Quantization?
» On every symplectic manifold (De Wilde e Lecomte, 1983)
» On regular Poisson manifolds (Fedosov, 1994)

» On every Poisson manifold (Kontsevich, 1997)
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The Formula

A path-integral approach

Kontsevich’s Formula

When does there exist Deformation Quantization?
» On every symplectic manifold (De Wilde e Lecomte, 1983)
» On regular Poisson manifolds (Fedosov, 1994)
» On every Poisson manifold (Kontsevich, 1997)

How does it look like?

 (ih\"
frng="fg+» <2> > wrDro(f.g)
n=1

I of order n
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The Formula

A path-integral approach

Kontsevich’s Formula

When does there exist Deformation Quantization?
» On every symplectic manifold (De Wilde e Lecomte, 1983)
» On regular Poisson manifolds (Fedosov, 1994)
» On every Poisson manifold (Kontsevich, 1997)

How does it look like?

 (ih\"
frng="fg+» <2> > wrDro(f.g)
n=1

I of order n

In Kontsevich's paper there's no comment about how this formula
appears.
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The Formula

A path-integral approach

Kontsevich’s Formula

When does there exist Deformation Quantization?
» On every symplectic manifold (De Wilde e Lecomte, 1983)
» On regular Poisson manifolds (Fedosov, 1994)
» On every Poisson manifold (Kontsevich, 1997)

How does it look like?

 (ih\"
frng="fg+» <2> > wrDro(f.g)
n=1

I of order n

In Kontsevich's paper there's no comment about how this formula
appears.
Was it divine inspiration?
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The Formula

A path-integral approach

Kontsevich’s Formula

In 1999 Cattaneo and Felder found a (heuristic) way to obtain this
formula, through the use of Path Integral.
What is a Path Integral?
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The Formula

A path-integral approach

Kontsevich’s Formula

In 1999 Cattaneo and Felder found a (heuristic) way to obtain this
formula, through the use of Path Integral.

What is a Path Integral?
An integral on the space of paths:

/Pt fF(v)dy

Xy

Pedro Vitéria Kontsevich’s Quantization



The Formula

A path-integral approach

Kontsevich’s Formula

In 1999 Cattaneo and Felder found a (heuristic) way to obtain this
formula, through the use of Path Integral.

What is a Path Integral?
An integral on the space of paths:

/Pt fF(v)dy

Xy

In most cases it is ill-defined.
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The Formula

A path-integral approach

Kontsevich’s Formula
The derivation in 4 (big!) steps:
> Start by rewriting Moyal's product in R?V as a path integral:

o~

(F*ng)(a) = /{W F(8(0)g(o(V)eF o7 Dy
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The Formula

A path-integral approach

Kontsevich’s Formula
The derivation in 4 (big!) steps:
> Start by rewriting Moyal's product in R?V as a path integral:

(F*ng)(a) = /{W F(8(0)g(o(V)eF o7 Dy

o =

» Use the same formula but on a symplectic manifold,

(Fxng)a)= [, f(¢(0))g(¢(1))e%‘fo¢*wo¢
0= Jrooou)
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The Formula

A path-integral approach

Kontsevich’s Formula

» Apply the analog of a Fourier transform on each point to get

_ 2 S[¢n]
(Fr18)(2) /{i& oo | CQIEICEN S LT

where

2N 2N
S[¢,n] = /DZWI'/\d¢i+ > ajodniAn
i=1

ij=1
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The Formula

A path-integral approach

Kontsevich’s Formula

» Apply the analog of a Fourier transform on each point to get
(P18 = 15 a1 | F(&(0)g(6(1))e F 1 DrDs,

where

2N 2N
S[¢,n] = /DZWI'/\d¢i+ > ajodniAn
i=1

ij=1

» This formula, which aparently can be used in any Poisson
Manifold (despite being ill-defined), gives Kontsevich's
formula after the use of QFT methods and semi-classical
approximations.
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The Formula
A path-integral approach
Kontsevich’s Formula
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The Formula
A path-integral approach
Kontsevich’s Formula
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