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2006/2007
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Somas de Potências

Jacob Bernoulli (séc. XVII): Quanto é
1000∑
k=0

k10?

Notação: p ∈ N
x−1∑
k=0

kp = Sp(x)

x ∈ N
Sp(x) = Sp

S10(1001) =?
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S1(x) =
x−1∑
k=0

k = x(x−1)
2 S2(x) =?

(x + 1)3 − x3 = 3x2 + 3x + 1

13 − 03 = 3× 02 + 3× 0 + 1

23 − 13 = 3× 12 + 3× 1 + 1
...

x3 − (x − 1)3 = 3(x − 1)2 + 3(x − 1) + 1

x3 = 3S2(x) + 3S1(x) + x
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3S2(x) = x3 − x − 3S1(x)

= x3 − 3

2
x2 +

1

2
x

Sp(x) =?
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f polinómio

f (x + 1)− f (x) = a0x
p + a1x

p−1 + ... + apx
0

f (1)− f (0) =
n∑

k=0

ak0p−k

f (2)− f (1) =
n∑

k=0

ak1p−k

...

f (x)− f (x − 1) =
n∑

k=0

ak(x − 1)p−k

f (x)− f (0) =
n∑

k=0

akSp−k



Somas de Potências Números de Bernoulli Mais somas... Estrutura e Aplicações S10(1001)

• f (x + 1)− f (x) =
n∑

k=0

akxp−k

f (x)− f (0) =
n∑

k=0

akSp−k

l
n∑

k=0

akSp−k

= f (S + 1)− f (S)
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Identidade Fundamental de S

f (S + 1)− f (S) l f (x)− f (0)

Corolário

Sp−1 =
x−1∑
k=0

kp−1

• é um polinómio em x de grau p

• o coeficiente de xp é 1
p

• não tem termo constante

Exemplo: 3S2(x) = x3 − 3
2x2 + 1

2x
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f (S + 1)− f (S) l f (x)− f (0)

Demonstração: (Por indução sobre p)
Seja f (x) = xp.

(S + 1)p − Sp =

p∑
k=0

(p

k

)
Sk − Sp

l
p−1∑
k=0

(p

k

)
Sk

= xp 2
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• f (x) = xp

(S + 1)p − Sp l
p−1∑
k=0

(p

k

)
Sk = xp

• f (x) = (x − 1)p

Sp − (S − 1)p l
p−1∑
k=0

(p

k

)
(−1)p−kSk = (x − 1)p − (−1)p

...
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Sp−1(x) =
x−1∑
k=0

kp−1

• é um polinómio em x de grau p

• o coeficiente de xp é 1
p

• não tem termo constante

Exemplo: 3S2(x) = x3 − 3
2x2 + 1

2x

pSp−1(x) = a0x
p + a1x

p−1 + · · ·+ ap−1x

=
(p

0

)
B0x

p +
(p

1

)
B1x

p−1 + · · ·+
(

p

p − 1

)
Bp−1x

l (x + B)p − Bp

(Bn)n - Números de Bernoulli
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• Sp−1(x) =
x−1∑
k=0

kp−1

• pSp−1(x) = (x + B)p − Bp

pSp−1(x + 1)− pSp−1(x) =

pxp−1 l (x + 1 + B)p − (x + B)p

=

p∑
k=0

(p

k

)
xp−k((B + 1)k − Bk)
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• (B + 1)k − Bk l δk,1

B0 = 1

B1 = −1

2

B2 =
1

6
B3 = 0

B4 = − 1

30
B5 = 0

...
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Teorema

pSp−1(x) l (x + B)p − Bp l
p−1∑
k=0

(p

k

)
xp−kBk

onde (Bn)n é a sucessão dos números de Bernoulli.
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Questão:

x−1∑
k=0

f (k) =?

(f polinómio)
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Identidade Fundamental de B

f (x + 1 + B)− f (x + B) l f ′(x)

(f polinómio)

Demonstração: Seja f (x) = a0x
p + a1x

p−1 + · · ·+ apx
0.

• (x + 1 + B)p − (x + B)p l pxp−1

f (x + 1 + B) l a0(x + 1 + B)p + a1(x + 1 + B)p−1 + · · ·+ ap(x + 1 + B)0

f (x + B) l a0(x + B)p + a1(x + B)p−1 + · · ·+ ap(x + B)0

f (x + 1 + B)− f (x + B) l a0px
p−1 + a1(p − 1)xp−2 + · · ·+ apx

0

= f ′(x) 2
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f (x + 1 + B)− f (x + B) l f ′(x)

Exemplo: f (x) = (2x − 1)p em x = 0

(2B + 1)p − (2B − 1)p l 2p(−1)p−1

...
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• f (x + 1 + B)− f (x + B) l f ′(x)

F uma primitiva de f ,

f (x) l F (x + 1 + B)− F (x + B)

x = 0, 1, 2, . . . , n − 1

f (0) + f (1) + f (2) + . . . + f (n − 1) l F (n + B)− F (B)

n−1∑
k=0

f (k) l
∫ n+B

B
f (x)dx
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Teorema

n−1∑
k=0

f (k) l
∫ n+B

B
f (x)dx

Corolário
(Generalização do teorema)

n−1∑
x=0

f (rx + j) l
1

r

∫ r(n+B)+j

rB+j
f (x)dx , r ∈ R \ {0}, j ∈ R
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n−1∑
k=0

f (k) l
∫ n+B

B
f (x)dx

Exemplo: f (x) = x2 + 2x

n−1∑
k=0

f (k) l
1

3
((n + B)3 − B3) + (n + B)2 − B2

l nB2 + n2B1 +
1

3
n3B0 + 2nB1 + n2B0

=
1

3
n3 +

1

2
n2 − 5

6
n
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Questão:

S? B? l?

Cálculo Umbral?

Outras aplicações?
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Estrutura

O Cálculo Umbral consiste em:

• A, alfabeto cujos elementos são sombras (ex: S)

• D, um doḿınio de integridade comutativo (ex: R)

• D[A], anel dos polinómios umbrais (ex: (B + 1)p − Bp)

• L : D[A] → D uma função linear tal que: L(1) = 1, onde 1 é a
identidade de D; se a, b, . . . , c são sombras distintas e
i , j , . . . , k inteiros não negativos, então

L(aibj · · · ck) = L(ai )L(bj) · · · L(ck)

• Um elemento constante ε de A tal que

L(εn) = δn,0
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Definições

• a é uma sombra de (an)n∈N0 sse

L(an) = an,∀n ∈ N0

(ex: S é sombra de Sp)

• p e q são umbralmente equivalentes (p l q) sse

L(p) = L(q)

Em particular, an l an ⇔ L(an) = an. (ex: Sp l Sp)

• p é substitúıvel por q (p ≡ q) se

L(pn) = L(qn),∀n ∈ N0

(ex: B + 1 ≡ −B)
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Aplicações

• Combinatória

• Cálculo de algumas séries, por exemplo:

2
∞∑

k=1

1

k2n
= (−1)n+1 (2π)2n

(2n)!
B2n

• Provas da Fórmula interpoladora de Newton e da Fórmula de
Taylor

• Relações entre termos de uma sucessão definida por
recorrência

• . . .
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Voltando à questão de Jacob Bernoulli...

1000∑
k=0

k10 = S10(1000) + 100010

l
1

11

(
(1000 + B)11 − B11

)
+ 100010

l
1

11

10∑
k=0

(
11

k

)
Bk100011−k + 100010

= 91409924241424243424241924242500
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