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Central problem in algebraic topology: compute m.(S")

TT,'(S”)
i —
1 234 5 6 7 8 9 10 11 12
n 1 Z 000 0 0 0 0 0 0 0 0
| 2|l0z2212,12 2, 1, Z, Z, 1, 1, IL,xI,
30022z 2 2, 7, z, Z, 1, 1, I,xI,
410002 2, Z, IxZy, I,xZ, I,xZ, Lyxly I;; I,
s| o000 z 7, 7, z,, 1, 1T, 7, I,
6| 0000 0 Z 1 Z, Z,;, O 7 7,
7loo000 0 0 z z, Z, Z,, 0 0
8| 0000 0 0 0 i z, 1, Z,, 0
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1 234 5 6 7 8 9 10 11 12
n 1 Z 000 0 O 0 0 0 0 0 0
| 2|lo0zz212, 2, 2, Z, Z, Z, 1, I, IL,xI,
400027 7, 2, ZxZy, I,xL, I,xI, Lyx1y Z;: I,
s| o000 Z z, 7, z,, 7, I 7, I,
6| 0000 0 Z 7, z, Z,; O 7 1,
7loo0oo00 0 0 z z, Z, Z,, 0 0
sl o000 0 0 o0 z Z, 1, Z,, 0
]| ] |
| | \
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TT,'(SH)

¢ Mostly Horsiow

° 0“'7 ﬂ” S“

J

i —
1 234 5 6 7 8 9 10 11 12
n 1 Z 000 0 0 0 0 0 0 0 0
| 2 0212 1%, Z, I,, 4, Z, Zy Z,- Z, I,x1,
3 002212, 2, Z,, 2, Z, Zy Z- Z, I,x1Z,
- 0002z 2, Z, IxZ,, I,xI, I,xI, Lyyxl; Z,; I,
5 Oooo0o0 z 2, 7, Z,, Z, Z, Z, Iy,
6 0000 O0 Z 17, Z; Iy 0 Z I
7 0O00O0O O O Z Z, Z, Z,, 0 O
8 O00O0 O O O Z Z, Z, Z,, 0
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1234 5 6 7 8 9 10 11 12
n 1| ZO0OO0ODOD 0D 0 O 0 0 0 0 0
| 2|loz21z, 1 1, Z, Z, Z, Z,: Z, I,xZ,
30022 2 7, Z, Z, Z, Z,- Z, Z,x1Z,
41 0002Z 2,2, ZxZ, Z,xI, I,xI, L,yxI; Z,; I,
sl o000 Z 7, Z, Z,, Z, Z, 7, I
6| 0000 0 Z 7, Z, Z,, O Z 7
7l o000 0 0 Z Z, Z, Z,, 0 0
8| 0000 0 0 0O Z Z, Z, Z,, O

Values stabilize along diagonals:
Tnei(S*) = Tpyra1(SHTL) fork > 0
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1 234 5 6 7 8 9 10 11 12
n 1 Z'0Oo00oO 0 0 0 0 0 0 0 0
| 2 0212 1%, %, £, Z, Z, Iy Zs Z, I,x1Z,
3 002£2Z 2, £, Z, Z, Zy Zy- Z, I,x1Z,
4 0002 2, &, EZxly, I,x¥, I, x¥, Lyxl; Z,; I,
5 0000 Z £, Z, Z,, Z, Z, Z, Iy,
6 0000 0 Z Z Z, 2>y 0 Z I
7 0000 O O Z Z, Z, Z,, 0 0
8 0O00O0 O O O Z Z, Z, Z,; 0
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Stable homotopy groups:
Ty = Ilim T,+%(S®) (finite abelian groups for n > 0)

Primary decomposition:

Ty = D, prime(ﬂf?t)(p) e.g.: T3 = Loy =1Lg D ZLs



Stable Homotopy Groups of Spheres at the prime 2
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* Each dot represents a factor of 2, vertical lines indicate additive extensions
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e Vertical arrangement of dots is arbitrary, but meant to suggest patterns




Stable Homotopy Groups of Spheres at the prime 3 Bs o I
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Chromatic theory

(7)) is built out of chromatic layers

The elements of the n'" layer fit into periodic families (v, — periodicity)
Important such families are the “Greek letter families” (o, [3, v...)

The generic period in the nt chromatic layer is 2(p"-1)

It is likely no human will know all of the stable homotopy groups of
spheres, but it is possible to completely compute a chromatic layer

v,-periodic: completely understood (o0 — family)
v,-periodic: subject of recent work (B — family)
v; and higher:  virtually unknown (Y — family and higher)
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Cohomology theories

e Use homology/cohomology to study homotopy
e A cohomology theory is a contravariant functor

E: {Topological spaces}—— {graded ab groups}
X E*(X)
e Homotopy invariant:f =~ g = E(f) = E(g)

e Excision: Z =X UY (cw complexes)

o> E'(Z) o E"X)DPE(Y)>E(XNY) >

16



Cohomology theories

e Cohomology theories are representable by spectra:
— A sequence of pointed spaces {E,, }so that E™"(X) = [X, E,,].

— Consequence of excision: E,, =~ QE, 4

e Homotopy groups:
T (E) = pyx(Ex) = E7"(pt)

(Note, in the above, n may be negative)

17



Cohomology theories

e Example: singular cohomology
- E™(X) = H"(X)

- H, =K(Z,n)
Z, n=0,
- m(H) = {0 else.

e Example: K-theory
- K°X) = K(X) = Grothendieck group of C-vector bundles over X.
- Kon=BUXZ,  Kypsy =U.

~ K = {Z, n even
Mt = 0, nodd

18



Hurewicz Homomorphism

« A spectrum E is a (commutative) ring spectrum if its
associated cohomology theory has “cup products”

E*(X) is a graded commutative ring
« Such spectra have a Hurewicz homomorphism:

h’E: T[,f — T[*E

Example: H detects nj = Z.

19
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KO (real K-theory)

%,
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I h, Stable Homotopy Groups of Spheres at the prime 2
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Chern classes and formal groups

A ring spectrum E is said to be complex orientable if complex vector
bundles are orientable in E-cohomology (have a Thom class)

e |f Eis complex orientable, it has Chern classes

V

l A~ c.'i (= Ez"()(>
X
e The formal group is the formal power series
F=(x,v) € n (ENx, vl

defined by the relation on line bundles:

G (boL) = R (e, E))

21



Chern classes and formal groups

e Example: £ = H

Fz(x,y) = x+y (additive)

e Example: £ =K
Fz(x,y) =x+ y+xy (multiplicative)

(power series expansion of multiplication near 1 in the
multiplicative group G,,)

22



Topological modular forms and elliptic
cohomology: the rough idea

K-theory:
Formal nbhd
of 1 F
A ) O/ My
- P l— K

Multiplicative group

Elliptic cohomology:

Formal nbhd

of identity F
C ~—— o l v E.

Elliptic Curve

23



Topological modular forms and elliptic
cohomology: the rough idea

A modular form f associates to each elliptic curve a number

C i > S)eC

The cohomology theory of Topological Modular Forms (TMF) consists of
the following association: a cohomology class

oL € TMF"(x)

associates to every elliptic curve C a cohomology class in its associated
elliptic cohomology theory:

C —> «(c)EE(x)

24



Elliptic Curves and modular forms:
a brief review

An elliptic curve over a ring R is a genus 1 curve over R (with a
marked point)

An elliptic curve over C is always of the form
C/A
for some lattice A < C.

Elliptic curves are groups
(with identity the marked point)

An elliptic curve has an associated formal group

FC(xly) E R[[x;}’]]
(obtained by taking power series expansion of multiplication law at the
identity)

® =



Elliptic Curves and modular forms:
a brief review

A modular form (of weight k) over R is a rule f which assigns to
each tuple (C,v,R") with

— R’ = an R-algebra
— C = an elliptic curve over R’
— ¥ = a non-zero tangent vector at the identity of C
an element:
f(C,v) ER’
such that:
f(C, ) =Af(C,v), 1€ (RH*

Let [M,, |z denote the space of modular forms of weight k over R

26



Elliptic Curves and modular forms:
a brief review

“High-brow perspective”: sections of a line bundle

w w, = Lie'C
\‘l l [Mk]Z — HO(Meu; CU@R)

meu 3 C

/meu: Mo«AwI:‘ Spact 04 el/.‘p‘tic Curves

27



Elliptic Curves and modular forms:
a brief review

“Low-brow perspective”: functions on the upper half-plane

Over the complex numbers, every elliptic curve is isomorphic to

T:ZfTZ TEH
L T
//./2/7 Cy = Couv
'
.| )
At _ a:;ii a:’ :)GSLZ(@



Elliptic Curves and modular forms:
a brief review

If R € C, a modular form f € [M, |z gives a holomorphic function on H
f(@) =f(C, 1)

We therefore have:

ax+b

(o) = (c4c+l) g(””‘>
C :) ¢ SLz(?)

29



Elliptic Curves and modular forms:
a brief review

(; :) ¢ S,(z)
%C‘O = §(c+t)

Thus f admits a Fourier expansion (g expansion)

§@) =2 a.q" q:= eF

We also require a, =0 for n < 0. (f defined over R=>a_e R)

Taking the matrix:

we have

30



Elliptic Curves and modular forms:
a brief review

Example: Eisenstein series: E, € [My]q

Ezk(}f) = —‘?: z (cq‘f*Z)ug

(c.4) = 1
B ] ( ul'l) "
=% <+ z 2 4
Yl d(+n ‘l/
Example:

o= ~botE,  (M,]_ = Z[%%A]/
A',-_-: Ci"‘(.z Gﬁ)

V739

31
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Elliptic Cohomology theories

Def: An Elliptic spectrum is a tuple
(ECJ C' CZ)

Where:

* L. is a commutative ring spectrum

e m.FE =R[u,u™t], |ul=2, R=m,E.

* (C is an elliptic curve over R.

* a:F, — Fgrisanisomorphism of formal groups

33



Topological Modular Forms

Unfortunately, not every elliptic curve has an associated
elliptic cohomology theory. However...

Thm (Goerss-Hopkins-Miller)

There exists a sheaf of commutative ring spectra 0,;; on the
etale site of M.

Spec(R)

Oe(l ¢
777elL

This theorem functorially associates elliptic cohomology
theories to elliptic curves which are etale over M ;.

|\

=
.—-—C_

34



Topological Modular Forms

* Should think of O,;; as a topological version of the sheaf

0 ® — 69 o ®k

ke’

 Define
TMF := F(?e”

e Analogous to [M,]; = Tw®*

TMF is the “mother of all elliptic cohomology theories”

35



Topological Modular Forms

There is a descent spectral sequence:
HS(My; 0®t) = mye_sTMF
Edge homomorphism:

Tk TMF — [My |7
(rationally this is an iso)

,TMF has a bunch of 2 and 3-torsion, and the descent
spectral sequence is highly non-trivial at these primes.

36



The decent spectral sequence for TMF

HS (Moy; 0®Y) = myp TMF 37
(p=2)
S [ ]
r o 0. ﬁ ! y
o Cu c, 244 wy F2 56
N
i '
5‘ [
2| 8 4 : 8l '
9 l20 T2 16¢ 192 2e-S



Outline
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— Stable homotopy groups
of spheres

— Cohomology theories

— Elliptic curves and
modular forms

e Whatis TMF? v~
— Elliptic cohomology
— Definition of TMF

— Relationship to modular
forms

e Computational
Applications of TMF
— Hurewicz image
— V,-self maps
— Greek letter elements
* Geometry
— Witten genus

— Derived algebraic
geometry
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Recall: the 2-torsion in real K-theory detects

interesting classes in ; via Hurewicz
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Hurewicz image of TMF (p = 2)
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The decent spectral sequence for TMF Work in progress: (B-Hopkins-Mahowald)

(p=2) The complete Hurewicz image: 41
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Hurewicz image of TMF (p = 3)

Jr,THF(B)
Stable Homotopy Groups of Spheres at the prime 3 Be I
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Fundamental periods: v,-periodicity
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period = 2(p-1) = 8

Similarly for p > 5: the fundamental v,-period is 2(p-1) "
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Fundamental periods: v,-periodicity

2:period =8 #2(p—1)

Anomaly at p

Stable Homotopy Groups of Spheres at the prime 2
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Fundamental periods: v,-periodicity
Anomaly at p=2: period =8 + 2(p — 1)

This anomaly is “explained” by the 8-fold
periodicity of KO at the prime 2:
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Similarly for p > 5: the fundamental v,-period is 2(p? — 1) .



Fundamental periods: v,-periodicity

1, TMF 3y is 144-periodic

Theorem: (B-Pemmaraju)

The fundamental period for v,-periodic homotopy at
the prime 3 is 144,
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Fundamental periods: v,-periodicity

Jr,THF(B)
Stable Homotopy Groups of Spheres at the prime 3 |
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Fundamental periods: v,-periodicity

T, TMF 5y is 192-periodic

Theorem: (B-Hill-Hopkins-Mahowald)

The fundamental period for v,-periodic homotopy at
the prime 2 is 192.
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Fundamental periods: v,-periodicity
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J-spectrum and a-family

Fix € to be a prime which topologically generates (Zg)><
(Zp)* /{x1}ifp=2)

Define | to be the homotopy fiber

D’ = S—&er( KOAP W Kof

The J-theory Hurewicz homomorphism detects much more.

Ty — T,J

[ (3hemo?) P =
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detected by KO Hurewicz

detected by J Hurewicz

J detects all v,-periodic homotopy
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Greek letter notation: the a-family

Ay
Oés" 0<10 O<LS_ 0<2,o ?
L 4 » . L °¢2§/Z ‘
oL D(Z_OQ;O‘«L{ L oy Lz g L4 l ;
‘TR R R R R R R R R TR RN EEEE YN
7, %oy A5z X, 2575

59 79 119 159 199
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Relationship to Bernoulli numbers

n 0 1 2 4 6 8 10 12 14 16 18 20
B 1 1 1 1 1 _ b 5 691 7 3617 43867 174611

n 2 6 30 i2 30 66 2730 6 510 TOR 330

2

b (Aduws) 7> _

=
o ensk <————> P Eaom | —
J

Key points
« * — 1 acts by multiplication by £2¥ — 1 on 4, KO = Z
e Thm(Lipshitz-Sylvester)

(£%—1) % is p-integral, and not p-divisible if (p — 1) |k
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An analog of J for TMF:

TMF (¢) _,
TME

Q) = M (T’MF - = TMFU))

NB: TMF,(¥) is a version of TMF for the congruence subgroup I'y(¥) < SL,(Z)

The Q(£)-theory Hurewicz homomorphism detects much more.

m; - m,Q(¢)

V o QUE)



= detected by TMF Hurewicz

= detected by Q(¥) Hurewicz
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(nns)(s)
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v¢-torsion in the v,-family
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Greek Letter Names (Miller-Ravenel-Wilson)

@\
o -

62

(55/% 5’;4
53 1'.'
30

Gf/z




[ -family notation
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[-elements and congruences of modular forms

Theorem (B)
Let p > 5. There is a bijective correspondence:

ﬁé/J‘Ke(ﬂ:))(r) @> (") 8(1) $ 3(1) mod P




Outline

e Background v~

— Stable homotopy groups
of spheres

— Cohomology theories

— Elliptic curves and
modular forms

e Whatis TMF? v~
— Elliptic cohomology
— Definition of TMF

— Relationship to modular
forms

e Computational Vel
Applications of TMF

— Hurewicz image

— V,-self maps

— Greek letter elements
* Geometry

— Witten genus

— Derived algebraic
geometry
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Geometry of TMF: survey

Question: What is the geometric nature of TMF?

E.g. K-theory cocycles are given by vector bundles,
what gives a TMF-cocycle?

Beginning with Witten and Segal, and elaborated on
by Stolz-Teichner, et. al., the belief is that a TMF-
cocycle is given by a “conformal field theory”. Much
is conjectural.

Lurie shows that TMF has an algebro-geometric
significance, as the “derived” moduli space of elliptic
curves.
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Genera

Let G be a suitable group over 0, and let

08 =

d—manifolds with G—stable normal structure

cobordism
An R,.-valued genus is a graded ring homomorphism

®: 06 > R,
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Examples of genera
These all arise from maps of commutative ring spectra

e Cardinality of 0-manifolds (mod 2)
0% -7, MO - HZ,

* Signed cardinality of oriented 0-manifolds
R’ >Z MSO - HZ

Ve Atlyah - Bott -

S t\aPo‘lﬂ

« The A-genus
QP 5, KO  MSpin — KO

The A-genus of a spin manifold is the index of the Dirac operator
acting on the sections of the associated spinor bundle
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Witten Genus

Witten produced a genus
W: Q" - [M, ]y

(String = 7-connected cover of 0)

The idea: a string structure is a vanishing of the
obstruction to quantizing a supersymmetric conformal
field theory on a manifold. The partition function of
the resulting QFT associates a number to every elliptic
curve —a modular form!

Kevin Costello has a renormalization framework that actually makes
some version of this statement mathematically precise 69




Witten Genus

Witten produced a genus

w: Q9 M. ]
(String = 7-connected cover of 0)

Theorem(Ando-Hopkins-Rezk)

The Witten genus refines to a map of ring spectra
W:MString - TMF
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“Hierarchy of genera”
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Derived Algebraic Geometry (Lurie’s approach)

A derived scheme consists of

* An ordinary scheme (X, Oy)

* Asheaf Oy of commutative ring spectra such that
my Ox = Oy

with a certain additional local condition...

A derived elliptic curve is a derived abelian group
scheme whose underlying scheme is an elliptic curve.



Derived Algebraic Geometry (Lurie’s approach)

Let E be a ring spectrum. An orientation of a derived
elliptic curve C/E is an isomorphism

Spf(ECP™) > €

Theorem(Lurie)

The moduli problem of oriented derived elliptic curves
is representable. The representing Deligne-Mumford
stack is

(Mell' Oell)



Advantages

to the DAG approach

* Gives a “pure thoug
Goerss-Hopkins-Mil

* Gives a homotopica

nt” construction of TMF —
er rely on obstruction theory

ly unique construction of TMF —

the moduli space of solutions to the Goerss-Hopkins-
Miller obstruction problem is not contractible (but
does have one component).

e Generalizes to give equivariant TMF for compact Lie

groups, a “genuine”

equivariant theory in the sense

of Lewis-May-Steinberger
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Obijectives for next 2 lectures:

Chromatic Arithmetic | Cohomology Cocycles Geometry
level Object theory represeted
by:

1 G |_1 multiplicative K-theory Vector Spin
group bundles

2 G|_2 elliptic TME conformal String
curves field

theories?
N ? ? ? ? ?

How does this generalize for arbitrary n?
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Obijectives for next 2 lectures:

Chromatic Arithmetic Cohomology Cocycles Geometry
level Object theory represeted
by:
1 G|_1 multiplicative K-theory Vector Spin
group bundles
2 G|_2 elliptic curves TMEF conformal String
field
theories?
n U(1,n-1)  abelian TAF ? ?
varieties with
complex

multiplication
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