Renormalization Group Project Due: January 26, 2021

Project — Renormalizability of QED at one-loop

Show that QED is renormalizable at one-loop using renormalized perturbation theory, dimensional
regularization (d =4 — ¢) and minimal subtraction. Proceed as follows.

Renormalized perturbation theory:
The renormalized QED Lagrangian reads
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where v, F,m, e denote renormalized quantities (i.e. we drop the index R used in class for notational
ease). Define Z; = Z.Z5/Z3. At one-loop we expand Zx (with X =1,2,3,m) as

Zx=1+héx , X=1,23m.
The resulting Lagrangian for renormalized pertubation theory is
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In renormalized perturbation theory, the dx, called counterterms, are treated as additional interac-
tion terms in the Lagrangian.

Goal:
The goal of the project consists in showing that the UV divergences that arise in three one-loop 1PI
graphs are cancelled by a judicious choice of dx, namely by picking
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The three one-loop graphs are: vacuum polarisation, electron self-energy, vertex.

Feynman rules:
The associated Feynman rules in momentum space are:

e photon propagator (in Feynman gauge) and fermion propagator:
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e interactions:

— vertex:
—jeyH

— counterterm insertion on a fermion line:
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— counterterm insertion on a photon line (in Feynman gauge):
—ih 03 p* 1

— vertex counterterm:
—ih ey

Propagators:
The resulting one-loop corrected propagators are

e photon propagator (in Feynman graph):
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e fermion propagator:
iG = iG"* +iG" % (Sa(p) + hp 62 — W0 + 62)m) iG" + O (e?)

1PI graphs at 1-loop:
a) Vacuum polarisation: The one-loop term Ily(p?) arises by calculating the vacuum polarisation,
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Dropping terms proportional to p* and p” yields
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Introducing Feynman parameters, performing an appropriate shift of k# and dropping terms propor-
tional to p*p”, p* and p”, gives
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which, in dimensional regularization, becomes
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Here we have used the relation (prove it!)
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b) Electron self-energy: The one-loop term Zg(p) arises from the calculation of the electron self-
energy,
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Introducing Feynman parameters, performing an appropriate shift of k# and using dimensional reg-
ularization, this becomes
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c¢) Vertexr: The one-loop vertex 3-point function —ieV*(p, ¢;) reads
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Introducing Feynman parameters to rewrite the denominator, and performing an appropriate shift
of k#, show that the denominator becomes (k* — A + i€)? with

A= —zyp* + (x +y)*m’

Now extract the term with two powers of k in the numerator. This is the UV-divergent term (why?).
Using dimensional regularization and (2), show that the UV-divergent part of —ielV'* takes the form
V# = Fy(p*) y* with

ddk; .y
1(p%) ie dx dy A—He)

Using these results, derive the relations (1).

Useful relations:
Gamma matriz algebra in d-dimensions:
Using {7, 7%} = 2 , 0", = d, prove the following relations:

Yy =dl , APy, =Q2—d)p . VPgr. =4dp-q T+ (d—4)pq ,
VY Eye = (d = 2) K2 9* + (4 — 2d) kK"
Further relations (d = 4): the trace of an odd number of ~’s vanishes, and
Tr(y"9") =40, Tr(Y¥"y"97) = 4™ 0" + 0" 0" =" ") .

Feynman parameters:
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Integrals:
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Electron self energy
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