String Theory Assignment Sheet 1 Due: March 18, 2021

Exercise 1 — p-brane action

Consider a p-brane moving in a spacetime (M, g), which we take to be d-dimensional Minkowski
spacetime (R¥~1 n). The action for this p-brane is given by

T,
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Here, the embedding X : (3, hog) — (M, n,,) denotes a smooth map between two semi-Riemannian
manifolds, the (p+ 1)-dimensional world volume of the p-brane and d-dimensional Minkowski space-
time, and h = det hqp.

Investigate whether the equation of motion for the world-volume metric h,p is solved by equating
the world-volume metric with the induced metric X*n. Show that this requires a non-vanishing
cosmological constant A, for p # 1.

Exercise 2 — Weyl rescalings in two dimensions

Consider a two-dimensional semi-Riemannian manifold (M, hag).
a) Show that under local Weyl rescalings of the metric, ho,sz — e2A @) hag, the quantity v—hR
transforms as

V—hR = V—=h (R—2V?A) . (1)
Here, h = det h,s, and R denotes the Ricci scalar (R = h* Ricag , Ricas = RV o).

b) Conclude that one may add a term [, d*cv/—hR to the world-sheet action of a closed string
while maintaining invariance under local Weyl rescalings.

c¢) Use the result (1) to show that locally, every metric of signature (—1,1) can be brought into the
form 7 = diag(—1,1) by Weyl rescalings and appropriate choice of local coordinates.

Exercise 3 — Witt algebra

In the conformal gauge, and in light-cone coordinates 0. = 7+ o, the world-sheet energy-momentum
tensor T,,3 has components given by T, _ =T_ =0, Ty = -0+ X* 0+ X" 1, where 04 = 0,+.

Consider the closed string.

a) Using the equal time Poisson brackets {-, -},
{X"(0,7), X"(0",7)} = {X"(0,7), X"(0,7)} = 0, {X"(0,7), X" (0", 7)} = 2ma/ " 6(0 — o) ,

calculate
{Tys(o,7), XM (o', 7)} .



b) On—shell, T__ = T__<0__), T++ = T++(U+)
Define charges

2 Jo

with € (07) a periodic function in o. Show that L.- is conserved and
{L-, X"(0,7)} = = L-XH(0,7T),

where £ denotes the Lie derivative.
Using this result, and Fourier decomposing

T (67)=—d Z Ly, e ™

nel

show that
{Lpm, X*(o,7)} =T, X*(0,7) ,

where the vector field T}, is an element of the Lie algebra
(T, T) = i(m —n) T, -
c¢) Show that the generators L,, satisfy the Witt algebra
{Lm, Ly} = —i(m — n)Lytn

Verify that these commutation relations satisfy the Jacobi identity.



