String Theory Assignment Sheet 6 Due: June 6, 2018

Exercise 1 — WS supersymmetry
Show that the current

_ Z b W
G, = 5 P paP* X,

satisfies p*G, = 0, and that under supersymmetry it transforms into the WS energy-momentum
stress tensor T,,.

Hint: Use the Fierz rearrangement formula for spinors in two dimensions (with p = pp1)

(M) Xa = =3 [(AMX)¥a + (ADX) (P0)a + (Ap"X) (Pat))a]

and the equation of motion for ¥*.

Exercise 2 — Closed bosonic string theory compactified on a circle

Consider the closed bosonic string with one space-time coordinate (say %) curled up into a circle
of radius R. Let K and W denote the momentum and the winding numbers associated with %,
respectively. The number operators associated with the right- and left-movers satisfy N— N = K W,

and the mass formula reads
K\? N W R\?
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Show that in the sector of states with K # 0 and W # 0 there are no additional states (beyond
those discussed in the lectures) that can ever become massless.
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Exercise 3 — Closed bosonic string theory compactified on a two-torus with a constant Kalb-Ramond

field

Assume that z? and z?® are each compactified into a circle of radius R. The corresponding string
coordinates are called X", with r = 2,3. Moreover, there is a non-vanishing Kalb-Ramond field
Byz = b, with b a dimensionless constant. All other components of B, vanish. The worldsheet
action for the X" reads (T = 1/(27/))

. 2

a) Consider the following expansion for the zero mode part of the coordinates,
X'=a2"(r)+2W,Roc , 0<o<m, (3)

and compute the worldsheet action (2).



b) Define momenta canonical to z”, compute the Hamiltonian, and show that it takes the form
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H=d [(ng—i- /W3> + (ng— Wg)
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Note that the quantization conditions on the momenta are 7 p, = K,/ R.
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c) While we have only looked explicitly at the zero modes, the oscillator expansion of the coordinates
works just as before. Write the appropriate expansions for the coordinates X?(7,0) and X3(1,0) .

d) What does the mass square operator look like, and what is the constraint on the number operator
difference N — N7



