
String Theory Assignment Sheet 6 Due: June 6, 2018

Exercise 1 – WS supersymmetry

Show that the current

Ga =
i√
2α′

ρb ρaψ
µ ∂bXµ

satisfies ρaGa = 0, and that under supersymmetry it transforms into the WS energy-momentum
stress tensor Tab.

Hint: Use the Fierz rearrangement formula for spinors in two dimensions (with ρ̄ = ρ0ρ1)(
λ̄ψ
)
χα = −1

2

[
(λ̄χ)ψα + (λ̄ρ̄χ)(ρ̄ψ)α + (λ̄ρaχ)(ρaψ)α

]
and the equation of motion for ψµα.

Exercise 2 – Closed bosonic string theory compactified on a circle

Consider the closed bosonic string with one space-time coordinate (say x25) curled up into a circle
of radius R. Let K and W denote the momentum and the winding numbers associated with x25,
respectively. The number operators associated with the right- and left-movers satisfy N−Ñ = KW ,
and the mass formula reads

α′ M2 = α′

[(
K

R

)2

+

(
W R

α′

)2
]

+ 2
(
N + Ñ − 2

)
. (1)

Show that in the sector of states with K 6= 0 and W 6= 0 there are no additional states (beyond
those discussed in the lectures) that can ever become massless.

Exercise 3 – Closed bosonic string theory compactified on a two-torus with a constant Kalb-Ramond
field

Assume that x2 and x3 are each compactified into a circle of radius R. The corresponding string
coordinates are called Xr, with r = 2, 3. Moreover, there is a non-vanishing Kalb-Ramond field
B23 = b, with b a dimensionless constant. All other components of Bµν vanish. The worldsheet
action for the Xr reads (T = 1/(2πα′))

S =
T

2

∫
dτdσ

[(
Ẋr
)2

− (X ′r)
2 − ∂τXµ ∂σX

ν Bµν

]
. (2)

a) Consider the following expansion for the zero mode part of the coordinates,

Xr = xr(τ) + 2Wr Rσ , 0 ≤ σ ≤ π , (3)

and compute the worldsheet action (2).



b) Define momenta canonical to xr, compute the Hamiltonian, and show that it takes the form

H = α′

[(
π p2 +

bR

2α′ W3

)2

+

(
π p3 −

bR

2α′ W2

)2
]

+
R2

α′

(
W 2

2 +W 2
3

)
. (4)

Note that the quantization conditions on the momenta are π pr = Kr/R.

c) While we have only looked explicitly at the zero modes, the oscillator expansion of the coordinates
works just as before. Write the appropriate expansions for the coordinates X2(τ, σ) and X3(τ, σ) .

d) What does the mass square operator look like, and what is the constraint on the number operator
difference N − Ñ?
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