
String Theory Assignment Sheet 4 Due: May 4, 2018

Exercise 1 – Radial and normal ordering

Consider chiral primary fields φ and χ of conformal weight hφ and hχ, respectively. Their mode
expansion is φ(z) =

∑
n∈Z φn z

−n−hφ and χ(w) =
∑

m∈Z χnw
−m−hχ , respectively.

Consider their radially ordered OPE (with |z| > |w|), i.e. φ(z)χ(w) = { singular terms }+ Σ(z, w),

where Σ(z, w) denotes the regular part of the OPE, i.e. Σ(z, w) =
∑∞

n=0
(z−w)n

n!
Σn(w).

Show that the modes Bk in the mode expansion Σ0(w) =
∑

k∈ZBk w
−k−hφ−hχ are given in terms of

normal ordered products of the modes φn, χm.
Hint: apply 1

2πi

�
Cw

dz (z − w)−1 to both sides of the OPE of φ(z)χ(w), and reexpress the integral�
Cw

in terms of integrals
�
|z|>|w| and

�
|w|>|z|.

Exercise 2 – Nilpotency of the bosonic string BRST charge

Verify that nilpotency of the bosonic string BRST charge Q requires D = 26, by showing that

[Q, T (w)] =
(D − 26)

12
∂3c(w) ,

where T (z) = TX(z) + T g(z), with

TX(z) = −1

2
: ∂X(z) · ∂X(z) :

T g(z) = : (∂b(z)) c(z)− 2∂(b(z)c(z)) :

Q =
1

2πi

˛
C0

dz : c(z)
[
TX(z) +

1

2
T g(z)

]
: .

Exercise 3 – The Veneziano amplitude

Show that the four-tachyon scattering amplitude in (NN) open string theory,

A =

ˆ ∞
0

dτ 〈−k1|VC(0, 0)VD(τ, 0)|k4〉 ,

equals the Euler beta function B(a, b),

B(a, b) =

ˆ 1

0

dy ya−1 (1− y)b−1

with
a = 1 + 2α′ k1 · k2 , b = 1 + 2α′ k2 · k3 .

All four tachyon states are on-shell, i.e. α′ k ·k = 1 for each of them (i.e. α′M2 = −1). The associated
vertex operators are

VC(0, 0) = : eik2·X(0,0) : ,

VD(τ, 0) = : eik3·X(τ,0) : ,

with mode expansion (we perform the Wick rotation τ → iτ)

Xµ(τ, σ) = xµ + 2i α′ pµ τ + i
√

2α′
∑
n6=0

aµn
n
enτ cos(nσ) .

Hint: first show
V (τ, 0)|k〉 = eikµx

µ

e−τ(1+2α′ k·p) e−
√

2α′ kν
P
n<0

1
n
aνn enτ |k〉 .


