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1) Let w ∈ Ω2(R3) denote the 2-form(4 p)

w = x dy ∧ dz + y dz ∧ dx+ z dx ∧ dy .

Let f ∈ C∞(R3) denote the function f(x, y, z) = z.

(a) Introduce cylindrical coordinates, i.e. consider the map φ : R3 → R3 given by
φ(r, θ, z) = (r cos θ, r sin θ, z). Compute φ∗w.

(b) Let i : S2 → R3 denote the standard inclusion map. Show that in
parametrization (a), i∗w = dθ ∧ dz.

(c) The 2-form η = i∗w is a symplectic form on S2.

(i) Using the parametrization (a), compute the Hamiltonian vector field Xf

associated to f .

(ii) Compute the integral curves of Xf .

2) Compute the de Rham cohomology of R3\{p1, p2, p3}, where p1, p2, p3 denote distinct(3 p)
points in R3.

3) Let L→M denote a complex line bundle. Consider the sum E = L1 ⊕ L2 ⊕ · · · ⊕ Ln(3 p)
of complex line bundles Li.

(a) Express the total Chern class c(E) in terms of c1(Li).

(b) Show that if c1(Li) = 0 for some i, then cn(E) = 0.

4) Let E →M denote a real vector bundle of rank 2, and {sa} its local frame. Consider(2 p)
the connection ∇ given by

∇Xs1 = p(X) s2 ,

∇Xs2 = h(X) s1 ,

where p, h ∈ Ω1(M), and X is a smooth section of TM .

(a) Compute the curvature R(X, Y )sa.

(b) For which p, h ∈ Ω1(M) does the curvature take values in LieO(2)?



5) Consider the matrix Lie group(4 p)

G =

A =

1 x z + 1
2
xy

0 1 y
0 0 1

 : (x, y, z) ∈ R3


(a) Find a basis {X1, X2, X3} of left-invariant vector fields on G, using the global

chart φ : G→ R3 given by

φ :

1 x z + 1
2
xy

0 1 y
0 0 1

 7→ (x, y, z + 1
2
xy) .

(b) Determine the Lie brackets of the left-invariant vector fields

X1 =
∂

∂x
− 1

2
y
∂

∂z
, X2 =

∂

∂y
+ 1

2
x
∂

∂z
, X3 =

∂

∂z
.

(c) Using (b), find the dual basis of left-invariant one-forms.

(d) Verify explicitly that the one-forms of (c) are left-invariant.

6) Let G and H be Lie groups, and g and h the associated Lie algebras. Let f : G→ H(2 p)
be a Lie group homomorphism. Show that def : g→ h is a Lie algebra
homomorphism.

Σ = 18 p
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Formulae

• df(Y ) =
(
iXf

w
)

(Y ) = w(Xf , Y ).

• c(E) =
[
det
(
I + i

2π
Ω
)]

= 1 +
∑r

k=1 ck(E).

• · · · → Hk(M)→ Hk(U)⊕Hk(V )→ Hk(U ∩ V )→ Hk+1(M)→ . . .

• Local frame {sa}.
Curvature: R(X, Y )sa = ∇X (∇Y sa)−∇Y (∇Xsa)−∇[X,Y ]sa = Ωb

a(X, Y ) sb.


