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1) Let S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1} be the unit sphere in C2.(3 p)

Let S2 be the unit sphere in C× R ∼= R3.

Consider the map φ : S3 → S2 given by

φ(z1, z2) = (2z1z̄2, |z1|2 − |z2|2) .

(a) Show that φ is surjective and that it describes a submersion.

(b) Show that the fibres of φ are 1-dimensional submanifolds of S3. What do they
describe?

c) Give an argument that shows that S3 is not diffeomorphic to S2 × S1.

2) Let (Q, g) be a Riemannian manifold and M be an embedded submanifold of Q. For(3 p)
a point p ∈M we define the normal space NpM of M at p to be

NpM = {v ∈ TpQ | gp(v, w) = 0 for all w ∈ TpM}.

The normal bundle of M in Q is defined by

NM = {(p, v) | p ∈M , v ∈ NpM}.

(a) Let Sm be the unit sphere in Rm+1 equipped with its standard Euclidean metric
<,>. Determine the normal bundle NSm of Sm in Rm+1.

(b) Consider the orthogonal group O(m,R) as an embedded submanifold of
Mm(R) ∼= Rm2

equipped with the Riemannian metric g(X, Y ) = Trace(XTY ).

– Determine its tangent bundle TO(m,R).

– Determine its normal bundle NO(m,R).

– Consider a left translation Lh : O(m,R)→ O(m,R), where h ∈ O(m,R).
Show that left translations are isometries of the metric g.
(Recall that a diffeomorphism φ : M →M is an isometry if
gp(Xp, Yp) = gφ(p)(dpφ(Xp), dpφ(Yp)).)



3) Consider a smooth manifold M of dimension m, equipped with a volume form(3 p)
w ∈ Ωm(M).

Let φtX : M →M denote the flux of a smooth complete vector field X ∈ Γ(TM).

(a) Show that (φtX)
∗
w = w iff d(iXw) = 0.

(iXw ∈ Ωm−1(M) denotes the contraction of w by X).

(b) Let f ∈ C∞(M) denote a smooth function with compact support on M .
Assuming (φtX)

∗
w = w, show that∫

M

(
f ◦ φtX

)
w =

∫
M

f w .

4) Compute the de Rham cohomology groups H0(T2\{p}) and H1(T2\{p}) of the(3 p)
punctured 2-torus. Hint: use H2(T2\{p}) = 0.

5) Let E →M denote a real vector bundle of rank 2, and {sa} its local frame. Consider(3 p)
the connection d∇ given by

d∇s1 = f s2 ,

d∇s2 = g s1 , (1)

where f, g ∈ Ω1(M).

(a) Show that d∇d∇sa = Ωb
a sb.

(b) Determine Ωa
b for the connection given in (1).

(c) Compute Tr (Ω ∧ Ω) for the connection given in (1).

6) Consider a complex vector bundle E →M of rank r and structure group U(r). The(3 p)
total Chern class c(E) and the Chern classes ck(E) ∈ H2k(M) of E are

c(E) =

[
det

(
I +

i

2π
Ω

)]
= 1 +

r∑
k=1

ck(E) ,

where Ω ∈ Ω2(M ;End(E)) denotes the curvature 2-form of the bundle E.

Let E∗ denote the dual bundle.

(a) Show that the curvature Ω∗ of the dual bundle satisfies Ω∗ = −ΩT .

(b) Express the Chern classes ck(E
∗) of the dual bundle in terms of ck(E).

Σ = 18 p



Formulae

• Local frame {sa}, local dual frame {σa}.
Connection 1-form: d∇sa = wba sb , d∇σ

a = −wab σb.
(d∇sa)(X) = ∇Xsa = wba(X) sb , (d∇σ

a)(X) = ∇Xσ
a = −wab(X)σb.

Curvature 2-form: Ωa
b = dwab + wac ∧ wcb.

• Hk(Sm) = 0 for k 6= 0,m.

• · · · → Hk(M)→ Hk(U)⊕Hk(V )→ Hk(U ∩ V )→ Hk+1(M)→ . . .


