INSTITUTO SUPERIOR TECNICO

Mestrado Integrado em Engenharia Fisica Tecnolégica
Ano Lectivo: 2009/2010 Semestre: 12

MATEMATICA COMPUTACIONAL

Formulario

1. Representagao de Nimeros e Teoria de Erros

Erro, erro absoluto, erro relativo (T = z):

i) z€R: e=x—2 el 5~:%, 6:] (2 #£0)
) v€R: ez=x—7 |esll, 0s= ijH’ 16:]]  (z # 0)
Representacao de nimeros reais (notagao cientifica):
r=omf3 €R\{0}
(base) # € N\ {1}, (sinal) o € {+, -}, (expoente) t € Z
(mantissa) m = (0.a1as...)s € [71,1], a; € {0,1,...,0—1}, a; #0

Sistema de ponto flutuante:

FP(B,n,t ,t")={x € Q: z=0mp'} U{0}

g e N\ {1}, oe{+,-}, - <t<tt, tt,tteZ
m = (0.ajay...a,)s €[~ 1— 037", a; €{0,1,...,8—1}, a; #0
Arredondamentos:

z=o0(0.a1az...a5a041...)5 X 8" €R, fi(z) € FP(B,n,t,t)
(i) arredondamento por corte:
flo(r) = 0(0.a1az...a,)s x 3

(ii) arredondamento simétrico (3 par):

o(0.a1as...a,)g x (3, 0<ap1 < g
ﬂs(l') = B
o[(0.aras...a,)s+ 37" x G, B < py1 < 3



Erros de arredondamento (x = omf' € R, & =fl(x) € FP(8,n,t~,t1)):

(i) arredondamento por corte:
lez| < 67, 105 < 817" =: e
(ii) arredondamento simétrico:

1 —n 1 —n
|€i’§§5t , \5£’§§51 = u

( Ue, us: unidade de arredondamento do sistema FP(3,n,t,¢T) )

Operagoes aritméticas num sistema de ponto flutuante (z,y € R; o=+, — x,+):

z[o]y = fi(fi(z) o fi(y))

Algarismo significativo:

r =oml0' € R, T =0(0.a1az...a,)10 x 10" € FP(10,n,t™,t"),

a; 6 algarismo significativo de T se |ez] < 10

Propagacao de erros (x:(xl,...,xn)ER”, o:R" >R, IT=~u, gz~5:ﬂoq§>:

k=
¢
_ Ge@ | Ty ()
Oota) = o(z) Og(a) Zpas,xk Oz » Py () = W
d(x) — o(F) -
(5&(1') = gb(m) ~ 5¢(x 5arr7 = Z p¢,zk 551“ arr Z Qkaarrk
k=1

2. Métodos Iterativos
z,) € R"):

n

Normas vectoriais (z = (x1, ...,

n

Izl = lal, Izl = [ lail?, 1]l = max ||

i=1 i=1

(norma da soma) (norma Euclidiana) (norma do maximo)

Coeficiente assimptético de convergéncia de ordem r > 1 de sucessao {x,,}, T, — @

K[r} = lim H ‘rm+1||

e P



3. Resolugao de Equagoes Nao-lineares (f : R — R)

Método da bissecgao (f(z) =0, f e C(la,b]), f(a)f(b) <0):

b—a a-+b
T4l = Ty + 2m+2 Sgn[f(a’)f(xm)]? m = 07 17 sy Ty = 9
b—a
|z — | < ST |2 — Timga] < |1 — T,

Método do ponto fixo (f(z) =0 < z = g(2)):

(lg(z)—g(y)| < Lz —y|, Ve,yelCR, L<1; g(I)CI)

Tt = 9(Tm), m=0,1,...
|2 — 1| < Lz — 2, |z — x| < L™z — x|
L
|2 = T | < 1_ L‘xm—‘rl — T, |2 = Zmia] < = L|$m+1 T
Lm
|2 = T | < 1 _L|$1 — Zo

oe ¢ (2)#£0, geCYI), L =max,|d(z) <1:

2= Tm41 = g/(gm)(z - mm)7 §m E]Z, xm[
|2 — 1| < L)z — 2, |z — 2| < L™z — x|
. Z— xm+1 o [1} o /
| —_— = K=
Jim = =g(2), o = 19'(2)]
oe gM(2)=0,r=1,....p—1, gP(2)#0, p=2.3,..., geC)
1
Z = Tm4+1 = E<_1)p+1g(p) (gmxz - xm)p7 gm G]Z; xm[
1 1 P
2 — 1| < Kplx — xp |, |2 — x| < Kp* (K5’1|z—x0|)
K, = L max ’g(p)(x)|
b p' xzel
— T —1)p+! 1
iy 2 Fme :( ) g(p)(z), KO[];] :_}g(p)(z)‘
Método de Newton (f(z) =0, f'(z)#0, fe C*()):
m+1 — dm — ) :0,1,...
Tt = gy
f// é‘m
2= Tpg1 = _2f’((:cm>) (z —am)?, Em €)2, T



1 m
e ap| SKle—anl’, |z —am] < 2 (K2 = w])’

_ maeer /()
2minges |f/(x)|

o Z T Tmyl f"(2) [2] _ f"(2)
S e T M A 076
oe fM(2)=0,r=2,....p—1, f@()#£0, p=34,..., fecCrt(I)
lim ~— mt (=P (p—1) f(2) K — P 1 ‘f(p)(z)
mse (2 = ) T T TR
Método de Newton p-modificado:
(f“”)(z):o, r=0,...,0—1, f¥(:2)#£0, pn=2,3,..., fEC’“(I))
Tma1l = Ty — J{((:?’ m=0,1,...
L 2= Tp 1 HW(2) g 1[W(2)
EiL N e R TE A 16
onde h étal que f(z)= (x— 2z)"h(x), h(z)#0

Método da secante (f(z) =0, f'(z) #0, fe C*(I)):

Tm — Tm—1

Tma1 = T — f(Tm , m=1,2,...
. ) F o) = P o)
f" (m)
2= Tyl = _2f’(§m) (z—xm) (2 —xm_1), Ems N €] Tm—1; 2; T
1
|2 — Tmi1| S K|z — x| |2 — 2ma], |Z—xm|§§5Qm

_ maXeer | /(2))]
2minger | f/(z)’
2 — T 'f”(Z)

2f'(2)

0 = max{K|z — x|, K|z — 1|}, gm : sucessao de Fibonnaci

r—1
lim = KUl r:\/g+1
m—00 |Z—:L’m| & 2

4. Resolugao de Sistemas Lineares (Az =b, A€ M"(R), b,z € R")

Normas matriciais induzidas por normas vectoriais (4 = [a;;] € M"(R)):

[ Az ][,

serm\ {0} 1%l

1A, = =1,2,00



Mm—mmZMﬂ 1A]l2 = MNM,IMM—mmZMA
=1

1<i<n
(norma por colunas) (norma Euclidiana) (norma por linhas)
r-(A) = max |)[, o(A) : espectro de A
A€o (A)

Numero de condi¢ao de uma matriz:

cond,(4) = [All, [A7"],, p=1,2,00,  condi(A) = r,(A)ry(A™)

Condicionamento de sistemas lineares ( = l~)
|z = 2llp _ cond,( |A - AHp 15— bll,
lzll,  —1— ”j‘l Allp cond 1Al o]l
HA - AHp

cond,(4) = A= All, |[A7"], <1, p=120c0
1Al

Métodos iterativos:

Mz*+D = —Nz®) 4, kE=0,1,...
M+N=A=L+D+U

2B = Cz®) 4, k=0,1,...
C=—-M1 N=I—-M"1A, w=M1b

lz — 2®+V|| < ellw — 2P, lz = 2®|| < Mz — 29|
o — 2 < T a0 — 2B, g~ gtV < Sl - g0
&
lz = 28 < T [l2" = 2O, (e=lCll<1)
e Método de Jacobi (M = D):
2™ =D [b— (L +U)2W], k=0,1...
e Método de Gauss-Seidel (M = D + L):
g™ = D7 (b — LoD — U2 ®) | k=0,1...

D
e Método de Jacobi modificado <M = W eR\ {O}):

2™ = (1 —w)z® + D™ [b— (L +U)2®], k=0,1,...



D
e Método de Gauss-Seidel modificado ou SOR (M =—+L, weR\ {0}):
w

g® ) = (1 —w)z® 4 wD™! (b— La®*tV — Uz}, k=01,...

5. Resolugao de Sistemas Nao-lineares (f : R" — R")

Método do ponto fixo (f(z) =0« z = g(2)):

(llg(z) —gW)|| < L|jz —y|, Ya,ye DCR", L<1; gD)CD)

(secio) L=swlal )

M) — g(zm), m=20,1,...
Iz = 20D < Ljjz — 2™, Iz = 2| < L™z — 2O
1
Iz = 2 € L at ) gz gt < sy _gom)
Iz =20 < e 20

Método de Newton generalizado (f(z) =0, f € C*(D), det[J;(z)] # 0):

{ m=0,1,...
Ty(a)Agt) = — f(al),

1 m
o =) < Kljz =™, e~ ™) < 2 (K2~ 2]’

1
— =sup ||[J(2)] 7],
w, | 3 = sl

2M, M = max sup HHfz<x>H , Hy € L, (Hfi)jk

1<i<n pep

K =

0% f;

B Oxj0xy,

6. Interpolacao Polinomial

Formula interpoladora de Lagrange:

pa(e) =3 file), L= ]]

Formula interpoladora de Newton:

n

pn(z) = flwo] + Zf[%,xl, x| Wiz)

=1



-1
WJ(:U):H(x—xZ), j=12,....n
i=0
J
T
f[l'()] = f(l'()), f[l’(],l'l, 71:]] - j f( l) ) J = 1727 ,
i=0,i£l
f[:vo,xh...,wj] _ f[xlvx%"'axj] —f[xowla---,ﬂ?jfl]’ i=1,2,....n
X; — Xo
Férmula do erro:
(n+1)
f—(@ Wiii(x) = flzo, 21, oo T, ©] Wi ()

o) = F10) = ) = 1S

n

Wit () :H(x—fz% § €l zrs. . a7

i=0
Relacao entre as diferencas divididas e as derivadas de uma funcao:

ARG

n!

flzo, 1, ..., ) : € Elro;my;. . x|
7. Aproximacao Minimos Quadrados

Melhor aproximacao minimos quadrados ¢* de f € E em F' C E, F subespaco de dimen-
sao n gerado por {¢o, ..., vn}, E espago pré-Hilbertiano:

If = ¢l =min|lf —¢l. < (f-9¢"¢) =0 Voer

n

&= aron, D> {eienar=1{fe;), j=0,1,....n
k=0

k=0
¢F = Z ar, ap = M, se {®o,...,¢n} €éum sistema ortogonal
=0 (P Pr)

Polinémios ortogonais com respeito ao produto interno

(f.9) = / w(z)f(x)g(x)dz, (f,g9 € Ca,b]), weCla,b]), w(zx)=0)

e Formula de recorréncia:

{ Onr1(2) = (2 — Buy1)pn(x) — Cri1n-1(2), n=12,...
wo(z) =1, pi1(z) =2 — B
By = 0Pl 00 Gy = P

<§0n7 90n> ’ <§0n717 90n71> ’



e Polinémios de Legendre, P, (x € [a,b] = [-1,1], w(z)=1):

2n +1 n
Poii(z) = 1 zP,(x) — i 1(z), n=1,2,
Py(z) =1, P(z)==x
(P P) =0, Vn# (PP = —2 0,1
nydm/) — Y, nF#m, nydn) = 5 1> )
2n +1
2n)!
A, = lim z7"P,(z) = (2n) ) n=12...
Z—00 2”(71!)2

e Polinémios de Chebyshev, T;, (z € [a,b] = [-1,1], w(z) =1/V1—z?):

{ Toi1(x) = 22T, (x) — T—1 (), n=12...

To(x) =1, Ti(x)=x
(T, Tp) =0, Vn#m,  (To,Tp) =, (T, Tp)) = g n=1,2..
A, :xllrgox_”Tn(w) = n=12...
T, (x) = cos(n arccos x), n=0,1,...
To(z;) =0, xi:—cosw, 1=0,...,n—1, n=1,2,

8. Integragcao Numérica

Férmulas de Newton-Cotes fechadas de ordem n (f € C([a,b])):

1) = [ s~ L) =Y wafle)

I(2%) = I(2"), k=0,1,...,n

Tjin=a+jh, j=0,1,...,n, h =

h(—=1)"=9 " & .
wjﬂ = I(l],n) = m/o H (t — Z) dt, wj,n = wn_jm

i=0,i#j
E.(f) = I(f) = L(f) = Cph™tHHvm plrtvn) (¢)
1 " Un—1 - i B 1 _1\n a
O”:m/ot le(t ) dt, n—1+2[1+( )", ¢ €la, b]

en=1 h=0b—a (Regra dos trapézios):

_b—a h3

W) === @+ B =33

f'(€), & €labl



_b—a

en=2h 5 (Regra de Simpson):
_ 5
B = "5 @ ar (1) 0] B = g5
en=23 h= b—Ta (Regra dos trés oitavos):
b—a 30°
1) = S 1@ + 350+ ) 4370 — )+ FO)], Bs(f) = —a 00
en=4 h= bjTa (Regra de Milne):
I(f) = bg_oa 7f(a) +32f(a+ h) +12f (%”) +32f(b—h) +7f(b)
_ 8 )
Eif) =~ f©), €€l
en=>5 h= b ; ¢
L(f) = 52;86‘ [19F(a) + T5f(a+ ) + 50f(a + 2h) + 50£(b— 2h) + 75£(b— h) + 19(B)]
2T
ES(f) - _12096f 6 (5)7 g G]CL?b[
en==0, h= b—Ta (Regra de Weddle):
Is(f) = bg;O“ A1f(a) + 216 f(a + h) + 27f(a + 2h) + 272f (“ ; b)
+27f(b—2h) 4+ 216f(b—h) + 41f(b)}
_ W
Eo(f) = 13 /PO, €€l
en="7 h= b ; a:
I(f) = 11;0_9(;‘0 5257 f(a) + 25039 f (a + h) + 9261 f(a + 2h) + 20923 f(a + 3h)

+20923f(b — 3h) + 9261 f(b — 2h) + 25039 f (b — h) + 5257 £(b)

8183h°

— (8)
gl V@ eclay

E?(f) =




Férmulas de Newton-Cotes abertas de ordem n:

b n
~ [f@de = L) =Y wafle
a j=0
W(2F) = I(2%), k=0,1,...,n
Tin=a+(+1)h =01, n, h:z:;
Wiy = Win = Wp_jn
= 0275]
Eo(f) = I(f) = Lo(f) = Cuh" 10 ftm (¢)

Cn = ! /n+1 trnt ﬁ(t —1)dt v, =1+ ! 1+ (—1)"] ¢ €la, b
" <n+yn)' -1 i=0 7 " 2 ’ 7
en=0,h= b—Ta (Regra do ponto médio):

b h3
nn=e-af(5).  BU=5rO ¢
en=1, h= b- a:
3
b— h3
L =S s+ Fo-h), B =270, €ela]
en=2 h= b ; ?
b— b
B =5 [era w1 (S5) <200 -]
14k
() = - F0©), €]
Férmulas de Newton-Cotes fechadas compostas:
. . b—a
rj=a+jhy, j=0,1,...,M, hy = R fi = f(z;)
en=1:
M-1
1" (f) = f0+fM+2ij]
b—a
EO(f) = =5 W€, € €lad]

12

10



M2 M/2—1

1) =" [f0+fM+4Zf2] 142 Z fzjl

b—
180 oY

BEM(f) = TRARK(I = )

e n =3 (M multiplo de 3):

3k M/3-1 M/3
I?EM)(ﬁ - [f0+fM‘|‘2 Z f3j+3z f3i—1 + f— )]

b—a
B = ==

TEA3] § €la, 0]
e n =4 (M multiplo de 4):

M/4—1 M/4 M/4

() = 4hM [ (fo+ far) +14 Z f4j+32z (Fagr + fags) + 12 fuye
j=1

2(b—a)

D T

W fO), € €lad]

e n =15 (M multiplo de 5):

“h M/5-1
[éM)(f) — 28]\84 [19(f0+fM ) + 38 Z I5;
M/5 - M/5
+75 Z (fsj—1 + fsj—4) +50 Z (fsj—2 + f55-3)
=1 =1
b
B0 = =20 1,10, € o

en =06 (M miultiplo de 6):

M/6—1 M/6

D 41 (fo+ fur) + 82 Z f6y+2162 (Foj1 + fo;5)

"N = T

M/6 M/6

+27 Z (foj—2 + foj—a) +272 Z foj—3
=1 =1

_3(b —a) )
o WO, € ela

2]

11



en =7 (M multiplo de 7):

M/7-1 M/7

M (f) = #;”80 5257 (fo -+ far) + 10514 Y fr;+25039 > (frj—1 + frj—s)

Jj=1 Jj=1
M7 M7

+9261 > (frj—a + frjms) + 20923 " (frj=s + frj—s)
j=1 j=1
~ 1169(b — a)

=sio0 @), €€lab]

EM(f) =

Formulas de Newton-Cotes abertas compostas:

. . b—a
rj=a+jhy, Jj=0,1,..., M, hy = 7 I = f(x;)
e Regra do ponto médio composta (M par):
L b— a)h2,

f&), € €lab]

I8 (f) = 2har Y fojoa, ESD(f) = ( 6
j=1

Férmulas de Gauss:

10 = [w@f@de = 5L(0)= Y winf)

I,(z%) = I(2%), k=0,1,....2n+1

Tjn, J=0,1,...,n: zeros do polinémio ®,,; de grau n + 1 per-
tencente ao sistema {®g, @1, ...} de polinémios ménicos ortogonais
com respeito ao produto interno (f,g) = I(fg).

_ <q)n+17 q)n+1>
U (xj,n)q)nﬂ(xj,n) ’

<<I)n+17 q)n+1>

Wwin = I(ljn) = 1(13,) = i=0,1,...,n

En — (2n+2) b
(1) = Cpmedd e, ¢ ot
e F'érmulas de Gauss-Legendre ([a,b] = [—1,1], w(z) =1):
Tjn, J=0,1,...,n: zeros do polinémio de Legendre P,
Wiy = — 2 j=0,1 n
o (n+2)P 4, () Prsa(Tjn)’ R
2203 (n 4+ 1)1]4 "
Buf) = e D gy ¢ o,y

(2n+3)[(2n +2)1)3

12



13

oe Io(f) =2f(0)
e () es(49)

Bf) = of (— g) FS SO+ S <\/§>

oo I3(f) =wosf(xo3) +wisf(r13) +wasf(re3) +wssf(rss)

1 6 1 6
Tos = J 7 <3+ 2@ =TT Tis = J 7 (3 - 2@ = e
1, \F B 1 3+\/€ B
w0,3—6 6 = W33, w1’3_6 6 = W23

e Férmulas de Gauss-Chebyshev ([a,b] = [-1,1], w(z)=1/v1—2?):

27+1 m — 0.1
Tip = COS T, Wi, = ; =0,1,...,n
J o+ 2 ] J

o

En(f) = 22n+1(;—n + 2)

e Férmulas de Gauss-Legendre compostas:

’ M har < ()
10) = [ Fads w10 =S > g (o)
a 7=0 m=1

D), g eab]

m h b—a
@3:a+mmm—1ngu%m+n, By =

M

(xjn € w;, sao os noés e os pesos das férmulas de Gauss-Legendre)

M b—a (ha " 223[(n 4+ 1)1 2n+2
EM(f) = 2 (T) (2n+3)[(2n+2)!]3f( (©), el

10. Resolugao de Equacgoes Diferenciais Ordinarias: Problemas de Valor Inicial

{ y'(x) = [z, y(x))

y(ro) = Yo
f:DcRFM L RM, D aberto, MecZ*
fecD), 1f(z,y) = f(z,2)|| < Llly —zll, V(z,9),(2,2) € D

(*1.07 }/0) €D



Métodos de passo simples:

Yn+1 = yn+h90(xn7yn;h)
x, = xo + nh, n=0,1,..., N, NeZ*

¢ : Dx]0, 00[— RM, ¢ € C(Dx]0,00])
le(z,y;h) —(z, 2z h)|| < Klly — 2|, V(z,y;h), (2,2 h) € DX]0, 00]

e Erro de discretizacao local:

T(z,y;h) = — [Z(x + h) — Z(x)] — p(x,y; h)

> =

Z'(t) = f(t,2(1),  Z(z)=y

e Erro de discretizacao global:

I ) = B < XY () — ()] + T [eonso) 1]

7(h) = max |[7(zn, Y (,); h)|

0<n<N

e Método de Euler:
Ynt+1 = Yn + hf(l‘n, yn)

(0 ) = 5 (1) 2,) + O()
9 1
(@ra)(o) = (5 + f@) 9, ) ol Vo< CHD)

e Métodos de Taylor de ordem g:

Yn+1 = Yn + Z dgff ($nayn)

(q :L-ql)! (d}f)(x,y) + O(hT™)

e Métodos de Runge-Kutta de ordem 2:

T(z,y; h) =

o(r,y;h) = (1 =) f(x,y) +f (95 + %,y + %f(w,y))

2

T(z,y:h) = & {dfef(w, y)—3 %(% Y; 0)] +O(h?)

oe Método de Euler modificado ou do ponto médio (v = 1):

h h
Ynt1l = Yn + hf <xn + =Y+ § f(xnuyn)>

2

14



oe Método de Runge-Kutta classico de ordem 2 <fy = —):

h
Ynt+1 = Yn + Z |:f(xn7

3
4

yn) +3f (xn + %uyn + % f(xmyn))}

1
oe Método de Heun (7 = 5)

h
yn+1:yn+§[f<

e Métodos de Runge-Kutta d
o(z,

o1(z,y;h) = f(x,y)

Ty Yn) + [ (@0 + B Yo + B (T, yn))]

e ordem 3:

3
yih) =Y vepi(,y; h)
j=1

j—1
pi(z,y;h) = f <$+Oéjh7y+h2ﬁji%(w,y;h)), =23

h3
i) = |

=1
83
81(e) ~ 1 55 i0)] + O

oe Método de Runge-Kutta cléssico de ordem 3

h
Yn+l = Yn + = [901 + 4§02 + 903]

Y1 = f(xnayn)a
p3=f

6

(et
Y2 = T 27yn 2901

(Tn + hy Yn — heor + 2ho)

oe Método de Runge-Kutta-Nystrom de ordem 3

Yn+1 =

Y1 = f(xnvyn)a

h
Y + 3 [2¢01 + 32 + 3¢3]

2h 2h
902:]6 xn‘{'?ayn“—?@l

2h oh
ws=flTn+ 5 U+ 5 ©2

3 3

oe Método de Runge-Kutta-Heun de ordem 3

h
Ynt1 = Yn + — [p1 + 3p3]

Y1 = f(xnayn)a

4

(et
P2 = T 37yn 3901

2h 2h )

soszf(xn+—,yn+—so2

3 3

15



e Métodos de Runge-Kutta de ordem 4:
p(x,y; h Z'WJ r,y;h

o1z, y;h) = f(2,y)

j—1
(Pj(x»%h) = f <$+a3h:y+h25319@1($aya h)) ) ] = 2735475
i=1
4 4

135 | ) =5 G 0| + 00)

oe Método de Runge-Kutta classico de ordem 4:

T(z,y; h) =

h
Ynt1 = Yn + = [p1 + 202 + 2003 + 4]

6
h h
o1 = f(Tn, Yn), w2 = f (xn+ 50 Ynt 5@1)
h h
903:f xn+§ayn+§902 ) 904:f($n+hayn+h803)

oe Método de Runge-Kutta-Gill de ordem 4:

h
Ynt1 = Yn + 5 [901 +(2 - \/§)<P2 +(2+ \/5)903 + 904}

h h
o1 = f(Tn,Yn), 902:f(xn+§7yn+_§01)

2
h V2 -1 2 -2
303:][ Tp+ =, Yn + h(Pl"’ h902
2 2 2
V2 242
904:f<xn+h7yn_7h902+ 7 hes

oe Método de Runge-Kutta-Fehlberg de ordem 4:

on 2, 08 o107 1
Ynt1 = Un 2167 T 256570 T 410474 577
h h
©®1 :f(xnayn)ﬂ (;02:f($n+17yn+1901)
B, B O
= :L‘ —_— R
n ] y Yn 39 Y1 32 ©2
oy 12h 1082, 7200 oy 4 7296 )
PA= T\ I T3 I T 5197 1P T 5107 2197 '¥3
39 3680 845
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Métodos multipasso lineares com p + 1 passos, p > 0:

p p
Ynt+1 = Z Y-k + Z bie f(Tn—ks Yn—k)s n=p
k=0

k=—1

|ap| + [by| # 0
x, = xo + nh, n=20,1,..., N, NezZ*

e Erro de discretizacao local:

T(x,y;h) = — |Z(x+h)— ) arZ(x—kh)
— i bpf(x — kh, Z(x — kh))
k=—1
Z'(t) = f(t,2(),  Z(x) =y

e Condigoes de consisténcia (¢ > 1: ordem de consisténcia, f € C9T(D)):

{q—lz C():O, C’1:0, Cg?éo

q=>2: Co =0, 01202:'“:@1:0, Cq+17é0
p p p
C’ozl—Zak, 01:1+Zkak—2bk,
k=0 k=0 k=—1
Ci=1-=Y (=kYVar—j > (—k) 'y, i=23,...
k=0 k=—1
(9 h) = o o (d) (. ) + O(h)
' (q+ 1t e
e Condicao da raiz:
p p
p(r) = 71 =Y ar k= T[(r =)
k=0 J=0
(i) [l <1, 5=0,1,...,p; (ii) |ryl=1=p'(r;) #0

e Métodos de Adams-Bashforth (f,, :== f(zm,Ym)):

p
Yn+1 :yn+hzbkfn—ka TLZP
k=0
01202:"':Cq:(), q:p+1

C]::l_jZ(_k)]_lblm j:172a"'7q
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Yn+1 = [3fn fn—l]

(o) = % (@) (z.) + O)

oe p=1 ¢g=2

h
Yn+1l = Yn [23fn, — 16 f—1 + 5 fn_2]

oe =2 =3: 1
p , 4 : 33 \ \
| T(zyih) = e (dif)(x,y) +O(h7)
( h
Yn+1l = Yn + 57 o4 [55fn 59 fn_1+37fn—2 — 9fn—3]7
oce p=3, q=4
251h% 4 5
| 7@y h) = 55 (dpf) (@, y) + O(R7)

Ynt1 = Yn + 720 [1901f, — 2774 f, 1 + 2616 f, o
oce p=4, g=25: —1274 f—5 + 251 f,,_4],

(0. h) = e (d3)(,9) + O

e Métodos de Adams-Moulton (f,, := f(Zm, Ym)):

p
Ynt1 = Yn + N Z bie fr—rk; nzp
p—

Cir=0Cy=---=C,;=0, q=p+2

Ci=1—-jY (kY. j=12....q
k=-1
)

Yn+1 = [fn-i—l + fn]
ce p=0, ¢g=2: 2
| (@ yih) = =35 (@7 ))(z,y) + O(R?)

h
Yn+1 = Yn + -5 [5fn+1 +8fn — fn—l]
ce p=1, ¢=3:

(e h) = —h— (@ )y) + O

h
Ynt1 = Yn + Y1 9fns1 +19f0 — 5 fn_1 + fa_2]
oe p=2, qg=4 9

(0,531 = =2 () (2, ) + O
L T x:ya - 720 f xvy
h
Ynt1 = Yn + % [251fn+1 + 646fn - 264fn—1
ce p=3, ¢=>5: +106 f,,_2 — 19f,,_3]
3h°

T(z,y; h) = (d}f)(z,y) + O(h°)
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