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MATEMATICA COMPUTACIONAL

Formulario — I1

6. Interpolagao Polinomial

Foérmula interpoladora de Lagrange:

pnlz) = Z i L), L) = 11 o

Férmula interpoladora de Newton:

7j=1
j—1
W;(x) :H(x—xz), j=12....n
i=0

(w1 — ;)
i=0,il
fley,xo, ... x| — fleg, @, ..., x4 ,
flxo, 1, ..., 2] = 1, 2 ]:i-—x[oo ! ]1], j=12,...,n
j
Foérmula do erro:
7o)

en(r) = f() — pu(x) = Whii(z) = flro, 1, .oy 0, ] Wi (x)

(n+1)!

Wit () :H(x—fz% § €lxog; ;.. ;7]

i=0
Relagao entre as diferencas divididas e as derivadas de uma fungao:

_ 1

n!

flro, z1, ..., ] , € Elro;me;. . x|



7. Aproximacao Minimos Quadrados

Melhor aproximagao minimos quadrados ¢* de f € F em F C F, F subespago de dimen-
sao n gerado por {¢o, ..., vn}, E espago pré-Hilbertiano:

||f—¢*||2=gg;1||f—¢||2 & (f—-9¢",¢)=0, VoeF

n

¢* :ZGZ%, Z(ng,QDkﬂlz = <f,gpj>, j:()’l’._.,n
k=0

k=0
oF = Z apPr, ap = M, se {®o,...,¢n} €éum sistema ortogonal
0 (©r> Pk

Polinémios ortogonais com respeito ao produto interno

b
(f.g) = / w(@)f(2)g(@) dz,  (f.g € C(la b)), we Clab]), w(z)>0)

e Formula de recorréncia:

{ Pn+1(2) = (2 = Bop1)pn() — Crp1pn-1(2), n=12...
wo(r) =1, pi(z) =2 — By
T Te. ) e TS M L t1 2 R P
(Pns Pn) (Pn—1,Pn-1)
e Polinémios de Legendre, P, (z € [a,b] = [-1,1], w(x)=1):
2n+1 n
Pn—&-l(x): n+1 x n(x>_n+1 n—l(x)y n=12,
Py(z) =1, P(x)=x
2
P, P, =0, V , P, P,)=——, =0,1,...
(PP =0, Wngm  (PP)=s i n
2n)!
A, = lim 27"P,(z) = (2n) n=1,2,

T—00 2”(n!)2’

e Polinémios de Chebyshev, T;, (z € [a,b] = [-1,1], w(z) =1/V1—?):
)

Toi1(x) = 22T, (x) — T -1 (), n=12...
{ To(x) =1, Ti(x)=x
(T Tw) =0, Vn#m,  (LT)=7,  (T,G)=75, n=12..
A, = Q}Lr{)lox_”Tn(m) =t n=12,...
T, (z) = cos(n arccos x), n=0,1,.
T.(z;) =0, xi:—cosw, 1=0,...,n—1, n=12,...



8. Integracao Numérica

Férmulas de Newton-Cotes fechadas de ordem n (f € C([a,b])):

b n
~ [f@dr = ()= Y wiaf)
a =0
”(x ):](:pk>7 kzoa]-a y 1
b—
Tim=a+jh, j=01,...,n, h=-—"
n
Wip =1 Win = Wn—jn
i= Oz;éj
En(f) = I(f) = In(f) = CuhmttHm fom) ()
1/ 1 n
Cu = o / Ht—z =1t 4 (1)), Eclod
en=1h=b—a (Regra dos trapézios):

L =" ) B = e, €]

b—a

en=2 h= 5 (Regra de Simpson):
—a a 5
L =50 0w ar (50) 1 f0] . B = -5
en=23 h= b—Ta (Regra dos trés oitavos):
b—a 3h°
L(f) = —g— fla) +3f(a+n) +3f(b—h) + f(B)],  Es(f) = —gf“)(é“)
en=4 h= b?Ta (Regra de Milne):
1) = 2o | 74@) + 3270+ h) + 127 (“T“’> T+ 32f(b— h) + T (b)
8h"
Euf) =~ fP©,  €ela]
en=>5 h= b- a,
5
Is(f) = 6288 [19f(a) +75f(a+ h) +50f(a + 2h) +50f(b — 2h) + 75f(b— h) + 19f(b)]

275h7
Es(f) = = Typacf €, €€l




b—
on=06 h= Ta (Regra de Weddle):

L) = 222141 f(a) + 216f(a + h) + 27f(a + 2h) + 272f (‘Hb)

840 2

+27F(b— 2h) 4+ 216f(b— h) + 41f(b)]

9n?
Bo(f) = i /O©, €€l
en=7 h= b ; ¢
b—
I;(f) = 120960 5257f(a) +25039f(a + h) + 9261 f(a + 2h) + 20923 f(a + 3h)

+20923f(b — 3h) + 9261 f(b — 2h) + 25039 f (b — h) + 5257 £ (b)

8183h°

Erlf) =~ OO, € €lad

Formulas de Newton-Cotes abertas de ordem n:

=0
L(2%) = I(2"), k=0,1,....,n
Tin=a+(j+1)h, j=0,1,...,n, hzzji—c;
Wiy = Wjn = Wn—jn
= 027&]
Eo(f) = I1(f) = Ln(f) = CuhmHHon flrton)(g)
C :;/Wr t”"_lﬁ(t—i)dt v :14—1[14—(—1)"] € €la, b
oen=0h= b ; ¢ (Regra do ponto médio):
b h?
Wn=0-07(“30). BN =50, €]
en=1 h= b—a
3
b— 3n3 ,
B =" s -] B =20, € e



en=2 h= 1
12<f>=b%[f<a+h> f("gb)wf(b— >]
) = S FOEQ, € cla

Formulas de Newton-Cotes fechadas compostas:

b—a

vy=a+jha, j=01 M, by = fii= ()
oen=1: Y
1*(f) = fO+fM+2ij]

E£M><f>=—b12 WQ, e

en=2 (M par)
M/2 M/2—-1
B*(f) = [fo+fM+4Zfzj 42 Z fzjl
B = 2 ), g ela]

e n =3 (M multiplo de 3):

o 3hM M/3-1 M/3
I (f) = f0+fM+22f3y+3Z faj1+ fs-2)

B = e, e ela]
e n =4 (M miltiplo de 4):
M/a-1 M/4 M4
™ (f) = 4384 [ (fo+ fur) +14 Z fag + 322 faj—1+ faj-3) + 122f4j2]
j=1
2005y = 20y 00, e ca
e n=>5 (M multiplo de 5):
(M) Sha &
Is577(f) = 088 [ (fo+ fm)+38 Z f5;
M/5 My/5
+75 Z (fsj—1+ fsj-4) +50 Z (f5j—2 + f5j—3)]
=1 =1



_55(b—a) R, £ (&), £ €la, b

EM(f) = 12006 M

en =06 (M multiplo de 6):

. M/6—1 M/6

() = 46 [41 ot o) +82 37 oy #2163 (fogor + fogs)
j=1 j=1

M/6 M/6

+27 ) (fojoz + faj—a) + 272> foj=s
j=1 j=1

W f®©),  Eelat]

e n =17 (M miltiplo de 7):

M/7-1 M/7

() = ST 5957 (fo o+ fur) + 105143 fry 425039 D (s + Fro)

=1 =1
M7 M/7

+9261 Z (frj—2 + frj—5) + 20923 Z (frj-3 + frj-4a)
=1 =1

1169(b — a)

=i @, €]

EM(f) =

Férmulas de Newton-Cotes abertas compostas:

xj:a+th, jIO,l,...,M, hM: M s fj:f(dij)
en=0 (M par):
M/2 2
00 =23 fon B = P ey g ey
j=1
en =1 (M multiplo de 3):
" 3har
]1( )(f) =5 Z (f3j—2 + f3j-1)

J=1

b—
B = = W f"©), € elabl
e n =2 (M multiplo de 4):

M/4

Z (2faj—3 — faj—2 + 2f1j-1)

J=1

Al

L) =5



b n
10 = [w@f@de ~ 5L(0)= Y wnf)

I,(z%) = I(z%), k=0,1,....2n+1

Tjn, J=0,1,...,n: zeros do polinémio ®,;; de grau n + 1 per-
tencente ao sistema {®g, @y, ...} de polinémios ménicos ortogonais
com respeito ao produto interno (f,g) = I(fg).

_ <(I)n+17 (I)n+1>
D1 (T,0) P2 (i)
<(I)n+17 (I)n+1>

wjyn:I(lj,n):I(l?,n): ’ j:Oa17"'7n

E.(f) = (2n+2) b
() = et o9, ¢ ot
e Férmulas de Gauss-Legendre ([a,b] = [—1,1], w(z) =1):
Zjn, J=0,1,...,n: zeros do polinémio de Legendre P,;
2 1 =0,1
Win = — s =U,1,...,n
" (n+2) By 1 (250) Ptz (20) ’
22n+3 n+ 1 !4 .
Bf) = o E D panine) ¢ a, i

(2n + 3)[(2n + 2)1)?

oo Io(f) =2/(0)

= (B)os()

()= 2f (— g) FSFO) 4 o] <\/§>

oo I3(f) =wosf(zo3) +wisf(r13) + wosf(23) + wssf(xs3)

1 6 1 6
w03 = J 7 (3+ 2@ = 1= J 7 (3 - 2@ =~
1 5 1 5
wo,3 = G 3 — G = w33, Wi3= G 3+ G = Wy 3

e Férmulas de Gauss-Chebyshev ([a,b] = [-1,1], w(z)=1/v1—2?):

z 2+ m =0,1
i p = — COS T, Wiy = , =0,1,...,n
J o + 2 | J

o




En(f) = 22n+1(;n +2)

e Formulas de Gauss-Legendre compostas:

JeE), € clay

b i M
h m
I(f) = / f@yde = 10 = DY win Y f (2l
a 7=0 m=1
N h b—a
x;n):a+hM(m—1)+7M($j,n+1)> hayr = i

(xjn € w;, sao os nés e os pesos das férmulas de Gauss-Legendre)

b—a (h_M)2”+2 220+3[ (4 1)1]*
2 2 (2n + 3)[(2n + 2)!]

5 FED(6), € €lat]

10. Resolugao de Equacgoes Diferenciais Ordinarias: Problemas de Valor Inicial

{ y'(x) = [z, y(x))

y(zo) = Yo
f:DcCRYM L RM D aberto, MecZ*
fecD), 1f(z,y) = flz, )| < Llly —z[l,  V(x,9),(z,2) € D
(x()a)/b) € D

Métodos de passo simples:

Ynt1 = Yn + R (@0, Yn; h)
T, = To + nh, n=20,1,..., N, NezZ"

¢ : Dx]0, 0o[— RM, ¢ € C(Dx]0,00[)
le(z,y;h) —(x, 2 h)|| < Klly — 2|, V(z,y;h), (2,2, h) € DX]0, 00]
e Erro de discretizacao local:
1
h
Z'(t) = f(t, Z2(t),  Z(x)=y

e Erro de discretizacao global:

T(z,y;h) = [Z(x +h) = Z(2)] = p(2,y; h)

I () = W) < X0 Y () — ()] + T [etonso) 1]

7(h) = max |[7(zn, Y (2,); h)|

0<n<N



e Método de Euler:
Yn+1 = Yn + hf(-rm yn)

(o, h) = (g ), y) + O(1)

Ox
e Métodos de Taylor de ordem g:

(ds9) (@, y) = (3 o) vy) gw.y),  Vge (D)

q—1 ;
B .
=0

ha
(g +1)!
e Métodos de Runge-Kutta de ordem 2:

T(z,y; h) = (df) (@, y) + O(h™)

oy h) = (1) f(ay) + 7] ( b ot y))

2 2

h 0
T(z,y:h) = & [dfef(w, y)—3 8—}25(967 Y; 0)] +O(h?)

oe Método de Euler modificado ou do ponto médio (y = 1):

h h
Ynt1l = Yn + hf (xn + §7yn + 5 f(xmyn)>

3
oe Método de Runge-Kutta cléssico de ordem 2 (7 = Z)

h 2h 2h
Yn+1 = Un + Z |:f($n>yn) + 3f (xn + ?7 Yn + ? f(xnayn))‘|

1
oe Método de Heun (7 = 5)

h
Yt = Y+ 5 (@0 Yn) + f (@0 A By + B (00, yn))]

e Métodos de Runge-Kutta de ordem 3:
3
p(x,yih) = viepi(x,y; h)
j=1
p1(z,y;h) = f(z,y)

7j—1
iz, yh) = f <$+@jh,y+h25ﬁ%($,y;h)>7 i=23

i=1



3

3

oh3

{dizﬂx, 01220y, o>] Lo

oe Método de Runge-Kutta classico de ordem 3

h
Yntl = Yn + = [(101 + 4302 + 903]

6

h h
¥1 :f(xnayn)a (p2:f($n+_7yn+_901)

2 2

Y3 = f (xn + h7 Yn — thl + 2h§02)

oe Método de Runge-Kutta-Nystrom de ordem 3

h
Ynt1 = Yn + = [2¢01 + 32 + 33]

8

3 3

2h 2h
Solzf(xnayn)a W?Zf(xn"{'_»yn_‘__(pl)

2h
3

2h
p3=f $n+—,yn+?¢2

oe Método de Runge-Kutta-Heun de ordem 3

h
Yn+1 = YUn + — [@1 + 3(:03]

4

3 3

h h
01 = f(Zn,Yn), 902_f(xn+_7yn+_§01)

2h 2h
3= fTp+ —5,Yn+ =5 2

3

e Métodos de Runge-Kutta de ordem 4:

3

5
oz, y;h) =Y vz, y; h)
j=1

o1(z,y;h) = f(2,y)

J—1

=1

4

T(%y;h)zﬁo

{dﬁf (z,y) —

8490 . 5
5 Wx,y,oﬂ L ow)

oe Método de Runge-Kutta classico de ordem 4:

h
Ynt1 = Yn + = [P1 + 202 + 2003 + 4]

6

h h
o1 = f(Tn,Yn), 902=f(xn+—7yn+—901)

_ _'_h +h
Y3 = Tn 2ayn 2902 )

2 2

04 = f(zn + h,yn + hips)

10



oe Método de Runge-Kutta-Gill de ordem 4:

h
Ynt1 = Yo+ o [901 +(2-V2)p + 2+ V2)ps + 904}

h h
01 = f(Zn,Yn), 902:f(37n+§7yn+§¢1)

h V2 -1 242
ws=flTn+ = Yn+ hor + heo
2 2 2
V2 2442
904=f<xn+h,yn—7hsoz+ 5 hes

oe Método de Runge-Kutta-Merson de ordem 4:

h
Ynt1l = Yn + 6 (01 + 4pg + 5]

h h
01 = f(Tn,Yn), 902=f(xn+—7yn+—901)

3 3
_ N h N h N h
Y3 = Tn 3 » Yn 6 ¥1 6 P2
_ N h N h N 3h
P4 = T, 2 y Un ] ¥1 ] ¥3
h 3h
w5 = f <$n+h,yn+§sﬁ1 —7903+2h804)
oe Método de Runge-Kutta-Fehlberg de ordem 4:
[ om0 2107
Yot = Un 21671 " 25657° T 410474 577

h h
01 = f(Zn,Yn), 902=f(:vn+—,yn+—<m)

4 4
3h 3h 9h
903:f(93n+§7yn+5901+3—2902
12h 1932 7200 7296
o4 =f $n+1—3,yn+rg7 4,01—?97 <,02+T97h903>
905:f(xn+h7yn+;l%2h901_8h902+%h§03_%hﬁp4>

Métodos multipasso lineares com p + 1 passos, p > 0:

p p
Ynt1 = Z AgYn—k + Z bie f(Tn—ks Yn—k)s n=p
k=0

k=—1

|ap| + [by| # 0
x, = To + nh, n=20,1,..., N, NeZ*

11



e Erro de discretizacao local:

1
T(x,y;h) = 7 Z(x+h)— Zaka—kh

- Z bef(x — kh, Z(x — kh))

k=-1

Z'(t) = f(t, Z(t)), Z(x) =y

e Condigoes de consisténcia (¢ > 1: ordem de consisténcia, f € C7(D)):

{(]212 C():O, 01:0, CQ?éO

q>2: Co=0, Ci=0C=---=C;=0, Cg1#0
P
C():l—zak, Cl—l—f-Zkak—Zbk,
k=0 k=-—1
P
Ci=1-)Y (—kYaz—j Z (—k)" by, j=23,...
k=0 k=—1
F(yih) = o Con (A1) (2,9) + O
= gy G D
e Condigao da raiz:
p
— pptl _ Zaiﬂ"p k H (r—r;)
7=0
(i) Il <1, j=0,1,....p; (i) [rj] =1=p'(r;) #0

e Métodos de Adams-Bashforth (f,, :== f(zm,Ym)):

p
Yn+1 :yn+hzbkfn—ka nZP
k=0
Ci=Chy=---=C,=0, q=p+1
p
Ci=1-jY (kY 'b,  j=12....q
k=0

h
Ynt1 = Yn + § [3fn - fnfl]
=1, ¢g=2
oce p q 5h2 , ;
(@, ysh) = 45 (dpf)(@,y) + O)

\

(

h
Ynt1 = Un [23fn, — 16 f,—1 + 5 fn_2]

1

ce p=2, qg=3:
p q a3
8

T(@,y;h) = — (d}f) (@, y) + O(hY)

\

12



h
Yn+1 = 24 [55fn 59fn—1 + 37fn72 - 9fn73]7
oce p=3, g=4

251 k4
7(z,y;h) = oLh

\ = S () () + O(K)

Ynt+1 = Yn + 720 [1901f, — 2774 f,—1 + 2616 f,,_»
ce p=4, ¢=>5: —1274f, 3 + 251 f,,_4],

5
(0, h) = e (d3)(,9) + O

e Métodos de Adams-Moulton (f,, := f(Zm, Ym)):

p
yn+1:yn+h Z bkfn*ku nZP
k=-—1
Ci=0C=---=Cy;=0, g=p+2

Ci=1-j> (kY 'o,  j=12,....q
k=—1

;

Yn+1 = [fn-i—l + fn]
o p=0, q=2 )
| (@yh) = =55 (@) (.y) + O

h
Ynt1 = Yn + E [5fn+1 + an - fn—l]
ce p=1, ¢g=3:

(o, h) = o (d3) ) + O

h
yn+1 = Un + aa [9fn+1 + 19fn - 5fn71 + fn72]
ce p=2, q=4&

(e, 19h4 (@) () + O(K)
| 7@ yih) = =55 (dr /)@, y) + O
( h
Yn+1 = Yn + ﬁo [251fn+1 + 646 f,, — 264 f, 1
oce p=3, ¢g=>5: +106 f,,—2 — 19 f,,_3]
3h°

7(z,y;h) = (d7f)(z,y) + O(h°)

160



