INSTITUTO SUPERIOR TECNICO
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Ano Lectivo: 2007/2008 Semestre: 12

MATEMATICA COMPUTACIONAL

Formulario

1. Representacao de Numeros e Teoria de Erros

Erro, erro absoluto, erro relativo (z = x):

i) zeR: e=x—2 el 55:2_%, 6:]  (x#£0)
i) zeR": ez=x—7, |es, 55:@—”?”, 18] (2 #0)

Representagao de nimeros reais (notagao cientifica):

r=omp" €R\{0}
(base) f € N\ {1}, (sinal) o € {+, -}, (expoente) t € Z
(mantissa) m = (0.a1az...)s € [B74 1], a; €{0,1,...,8—1}, a; # 0

Sistema de ponto flutuante:

FP(B,n,t,t")={2x€Q: z=0mp'} U{0}

BeEN\{l}, oe{+ -}, t<t<tr, it ttel
m = (0.a1ay...a,)s € 871, 1= 07", a; €{0,1,...,8—1}, ay # 0
Arredondamentos:
z=0(0.a1ay...a,a041...)p X " €R, fi(x) € FP(B,n,t,t")

(i) arredondamento por corte:

fl(r) = 0(0.a1az . ..a,)5 X 3

(ii) arredondamento simétrico (3 par):

o(0.a1as .. .a,)g X 4, 0<ap < g
ﬂs(ﬂf) = ﬁ
o[(0.araz...a,)s+ 37" x B, 5 <ap <f



Erros de arredondamento (z = omf' € R, 7 =fl(z) € FP(8,n,t,t1)):

(i) arredondamento por corte:
lez| < 57, |0z < 67" = ue

(i) arredondamento simétrico:
t—n 1 1—n
lez] < 5877, ‘5a~c|§§ﬁ = ug
( Ue, ug: unidade de arredondamento do sistema FP (3, n,t~,t1) )

Operagoes aritméticas num sistema de ponto flutuante (z,y € R; o=+, —, X, =):

z[o]y = fi(fi(z) o fi(y))

Algarismo significativo:

r =oml0' €R, T =o0(0.a1az...a,)10 x 10" € FP(10,n,t",tT),

1 ,
a; ¢ algarismo significativo de & se |ez| < 5 10

Propagagao de erros <x:(x1,...,xn)€R”, o:R"— R, =z, ggzﬂogb):

i = d¢
es(z) = d(x) — 9(T) =~ 655(53) = Z 8—xk(x) €7y
k=1
n ¢
Co(@) Tz (2)
O() = o(x) ~ 55(:?) - prk (7)0z,, Doy (T) = T;)
_ k=1
ox) 6@ _ P .
5(5(55) = ¢(x) ~ 5¢(j) + 6arra 5(;5(:2) = szb,:ckéfcka Oarr = Z q1~<:5arr;€
k=1 k=1

2. Métodos Iterativos

Normas vectoriais (z = (z1,...,x,) € R"):
n n
lzlh =) i, lellz = ¢/ > laif?, | ]leo = max |a
i=1 i=1
(norma da soma) (norma Euclidiana) (norma do maximo)

Coeficiente assimptotico de convergéncia de ordem 7 > 1 de sucessao {zp,}, T —

m—oo ||z =z "



3. Resolugao de Equagoes Nao-lineares (f : R — R)

Método da bissecgao (f(z) =0, f € C(la,b]), f(a)f(b) <O0):

b—a a-+b
Tyl = Ty + om+2 Sgn[f(a')f(xm)L m = 07 17 ceey ZTo = 5
b—a
|Z - xTn‘ < ‘Z xm+1| < |xm+l Tm

— om+l1 ’

Método do ponto fixo (f(2) =0 < z = g(2)):

(lg(z) —g)| < Llx—y|, Vo,yeICR, L<1; g(I)CI)

Tmt1 = g(zm), m=0,1,...
|2 — 1| < Lz — 2, |2 — x| < L™z — x|
1 L
2 = tml < T ltmir = 2ml, 12 = ] £ 7 lEme — @)l
m
‘Z_xm|§ 1_L|xl_x0‘

oe ¢ (2)#£0, geCYI), L =max,s|¢(z) <1:

2= ZTmg1 = G (Em) (2 — ), Em €)2; T
|2 — Zpmy1| < Lz — xp, |2 — @pm| < L™z — x|
. Z — xm+1 o [1} _ /
| _— = K\ =
Jim —— " =g'(2), o = 19'(2)]
oe ¢M()=0,r=1,...,p—1, ¢gP(2)#£0, p=2,3,..., gecCP)
1
Z = Tm41 = H(_1)p+lg(p)(§m)(z - xm)pa gm E]Z§ xm[
1 1 P
2= Tmp1| < Kplz — x|, |z — x| < Kp° (KI§’1|Z—$0\)
K,= 1 max ‘g(p)(x)}
P p' xzel
L2 wmn (DT bl L)
dn =9, K= )|
Método de Newton (f(z) =0, f'(z) #0, fe€ C*(I)):
f(am)
m = dm — s :0a17"'
S e R
"
2= Tppg1 = — S (&m) (z — xm)2, Em €]z, T

2f’($m>



Z = $m+1| < K‘Z - mm|2,

1 m
2 = | < 2= (K2 = wo])?

_ maxeer |[[7(2)]

2minge; |f'(z)]

s S f"(2) [2] _ f"(2)
e 2P() = |2f()
ce f(r)(Z):O77“:27..,7p—17 f(p)(z)#()? p:374>"'7 f60p+1(1)
remen (Do) ) el ‘f(”’(z)
L BT R R I IV )
Método de Newton p-modificado:
(f(’")(z) =0, 7r=0,...,u—1, f¥W(2)#0, p=23,..., fe C“(I))
xm+1:xm—u}f/((a;z)), m=20,1,...
. z—Tm 1 1W(2) g LM (2)
] P N TS A T ey
onde h étal que f(x)=(x—2)*h(x), h(z)#0
Método da secante (f(z) =0, f'(z) #0, fe C*1I)):
o _ Ty — Tm—1 o
Tma1 = T — f(Tm) Fom) = Fam )’ m=12,...
2= Tyl = —Qf;,((zm)) (2= 2m) (2 = Tm1), Ems M €]Tm—15 2; T

|2 = 1| S K|z — 2| |2 — T ],

o maXeer |1 (z)]
2minge; | f/(2)|

0 = max{ K|z — xo|, K|z — x1|},

‘Z_xm+l| _ f”(Z)

1
|z — x| < e §am
Gm : sucessao de Fibonnaci

V51

r—1

= K&], r

lim

m—co |z — x| |2f(2)

2

4. Resolugao de Sistemas Lineares (Ax =b, A€ M"(R), b,z € R")

Normas matriciais induzidas por normas vectoriais (A = [a;;] € M™(R)):

1All, = sup

A
H pr — 1’2700

serm\{o} [|]lp



1<i<n

n
HAﬂlzig§;§:VwL [All2 = v/ro(A*A), HAHm—-m&XE:Vw|
=1

(norma por colunas) (norma Euclidiana) (norma por hnhas)

re(A) = /\ma(x I\l o(A) : espectro de A
S

Numero de condi¢ao de uma matriz:

cond,(4) = [All, [A7],, p=1,2,00,  condi(A) =r,(A)rs(A7)

Condicionamento de sistemas lineares (Az = b, A% = b):
|z — 2l _ cond,( |A— Al | [Ib— b,
Izl =g — Lo AM(Dnd 1Al 111,
14— Al

s eondy(A) = A= Al AT, <1, p=1,2,00
1Al

Métodos iterativos:

Maz*+D = _Nz® 1 p, k=0,1,...
M+N=A=L+D+U

z B = Oz ®) gy, k=0,1,...
C=-M'N=I—-M"'A,  w=M"

lz — 2™V < el — 2], Iz — 2™ < F|lz — 29|
o = ® € T 20 —2®]], g - oD < 2 ) o9
p— C p—
o
le — 2™ < Iz — 2], (e=1Cl <1
—c
e Método de Jacobi (M = D):
2*D =D b—(L+U)2W],  k=01...
e Método de Gauss-Seidel (M = D + L):
kD) — (b Lo+ — ) ) kE=0,1...

D
e Método de Jacobi modificado (M =—, weR\ {O}):
w

2 = (1 = w)a® 4 wD ™ [b— (L + U)2®] k=0,1,...



D
e Método de Gauss-Seidel modificado ou SOR <M =—+L, wekR\ {O}):
w

2 = (1 — w)z® + wD ™! (b— Lkt _ Ux(k)) : k=0,1,...

5. Resolugao de Sistemas Nao-lineares (f : R" — R")

Método do ponto fixo (f(z) =0< z = g(2)):

(lg(z) —g)| < Lz —yl|, Yo,y DCR*, L<1; g(D)CD)

(secio). L=swisnl)

M+ — g (M), m=20,1,...
Iz = 2V < Ljjz — 2™, Iz = 2| < L™z — 2O
L
2 = o € ) oz = ami)) < L am g
Iz = 2t < Z e 20

Método de Newton generalizado (f(z) =0, f€ C*(D), det[J;(z)] # 0):

x(m+1) — x(m) + Ax(m)’
m=0,1,...
Tp(@m)Azm) = — f(zm),
1 m
2 =2V < Kz =2tz =2 < = (K]|z = 2@’
! @)
— =su T ,
My | M aepM 2
M2 - 112%}7%223 ||Hfz(‘r)|| ; Hfi €L ) (Hfi)jk - 8x]8xk

6. Interpolagao Polinomial

Formula interpoladora de Lagrange:

pu(z) = Z fi (@), li(z) = | 11

Formula interpoladora de Newton:

n

pn(x) = flzo] + Zf[xo,xl, ooy W)

j=1



i=0

f[xo] = f(x0)> f[x0>x1> ,33]] = j f(xl) ) J = 1a 27 , N

1=0 H (21— ;)
i=0,i£l
flao, o1, 3] = L0072 ’l’]; _fzo’xl’ e
j
Férmula do erro:
(n+1)
en(z) = f(x) — pa(z) = Jszrl(i) wi1(2) = flwo, z1, ..o, 2, 2] Wiga (2)

Wpi(z) = [[(x —2:),  €€lmoia;. . ;a2

i=0
Relacao entre as diferengas divididas e as derivadas de uma funcao:

)

n!

flzo, 1, ..., T4 , € €z x5 xy]
7. Aproximacao Minimos Quadrados

Melhor aproximacao minimos quadrados ¢* de f € E em F C E, F subespaco de dimen-
sao n gerado por {¢o, ..., vn}, F espago pré-Hilbertiano:

Hf—cb*Hz:{glei;le—chz & (f—-¢"9)=0, VoeF

n

¢ => aer. > (epenap={fe), j=01,....n
k=0 k=0

<f> ©k)

Lot se {®o,...,¢n} ¢éum sistema ortogonal
(P, o)

n
* * *
¢ :E APk, Qg
k=0

Polinémios ortogonais com respeito ao produto interno

(f.g) = / w(@)f(@)g(@) dr,  (f.g € Clla b)), we Clabp), w(z)>0)

e Formula de recorréncia:

{ Son+1(x> = (m - Bn+1>80n(x> - Cn+190n—1(x)7 n=12...

wo(z) =1, o1(r) =0 — B
By = Towen) gy o = @)
<80n> QOn> <90n—1> @n—l)



e Polinémios de Legendre, P, (x € [a,b] = [-1,1], w(z) =1):

2n+1 n
{ Paale) = 2 aP() — = Puale), n=
Po(x) = 1, Pl(x) =
(P,,Py) =0, VYn# (Pa, P = —2
ny - m/ — Y n m7 n7n_2n+1a
. Y (2n)!
A, = xll_{gox P,(x) = STETIER n=12...

e Polinémios de Chebyshev, T, (z € [a,b] = [-1,1], w(z) =1/V1—2?):

{ Toii(z) = 22T, (z) — T, 1 (), n=12...

To(x) =1, Ti(x)=x

(Th, Tp) =0, Yn#m, (Ty, Ty) =, (T, T,) = g

A, = lim 27 "7, (x) = 2", n=12 ...
T, (x) = cos(n arccos z), n=01,...
2+ 1
T, (z;) =0, x; = — OSM 1=0,...,n—1,

on

8. Integragcao Numérica

Férmulas de Newton-Cotes fechadas de ordem n (f € C([a, b])):

:/abf(x)dx

Q

Tin=a+jh, j7=0,1,...,n, h =

Wijp = [(Z] n) = / H t - Z Wjp = Wn—jn

1=0,i#£7
En(f) = 1(f) = L(f) = CuhmHiHve flre) (g
1
O = o (n+v,)! /Lwn_ll_[t_2 o =145 [1+(=1)

en=1 h=0b—a (Regra dos trapézios):

b—a h?

L(f)=—=f@+fO)  E(f)=—35/),

L(f) =) winf(x;n)
=0



b—a

en=2 h= 5 (Regra de Simpson):
b— b h®
L ="5" favar (50) 1 10] . B =g
en=23, h= %a (Regra dos trés oitavos):
b—a 3h° (@)
L(f) = —g— [fla) +3f(a+R) +3f(b—h) + f(B)],  Es(f) = —55/7(E)
en=4 h= bjTa (Regra de Milne):
L(f) = 69_0“ Tf(a) +32f(a+ h) + 12f <“;rb) +32f(b—h) + Tf(b)
7
()= -5 fO€), €€l
en=>5 h= b g a
Is(f) = 62;; [19f(a) + 75f(a + h) + 50f(a + 2h) + 50f(b — 2h) + 75f(b — h) + 19f(b)]
7
Bi(f) =~ fOe), € elad]

en=20, h= b—Ta (Regra de Weddle):

Is(f) = bngOa A1f(a) + 216 f(a + h) + 27f (a + 2h) + 272f <a;tb)

+2Tf(b— 2h) + 216f(b— h) + 41f(b)}

hY
Ei(f) = —1s 19O, €elal]
en="7 h= b ; a.
L(f) = 120_92 = [5257f(a) + 25039 (a + h) + 9261 (a + 2h) + 20923 (a + 3h)

4+20923f (b — 3h) + 9261 f(b — 2h) + 25039 f (b — h) + 5257 f(b)

8183h°

— (®)
o/ P ©. ecla]

E?(f) =




Férmulas de Newton-Cotes abertas de ordem n:

—
&H
X
Il
M-
E
\c:.
&H
QH
3

Wy = I n / H t — 2 Wjn = Wn_jn
'] 1=0,i#7j

E,(f) = I(f) = L(f) = Cuhm v plton)(g)

1 o 1
= Vn— — 1 :1 _1 _17’L
1 A | UL S LY
b—a , 1
en=0 h= 5 (Regra do ponto médio):

Wn=0-07(*30). BN =500, ¢l

2
en—1h=" ; a4
W =" e se-n B =", o
.n:zh:b;“
BN =52 2s ) - 7 (“50) 420 1)

Eolf) = - fNO), € €lad]

Férmulas de Newton-Cotes fechadas compostas:

vj=a+jhy, =01 M, hy=—r fi=flx)
en= M-1
fl(M)(f) f0+fM+22fJ]
7j=1
b—
EYO(f) = =5 (), € elay



M/2 M/2—1
B (f) = [fo+fM+4Zf2g 2y fzj]

Jj=1 j=1

b—
EPO() =~y MafP©, €€y
e n =3 (M miltiplo de 3):
3h M/3—1 M/3
]ng)(f) = [f0+fM+2 Z f3]+3z faj—1 + faj- )}
J=1 7j=1
b—
ESO(f) =~ WafP©, €<y

e n =4 (M multiplo de 4):

m M/4-1 M/4 M/4
M M
LE )(f)— 90 [ (fo+ fur) + 14 ]Z; f4g+32; (faj—1 + faj-3 +12j2:;f4j—
2(b —
205 = 20Dt o), e e

e n=>5 (M multiplo de 5):

5h M/5—1
£ (f) = 28]\84 [19(f0+fM )+ 38 Z [
j=1
M/5 M/5

+75 Z (fsj—1 + f5j—a) + 50 Z (fsj—2 + f55-3)
j=1 Jj=1

55(b — a) ©)
O DO, cea

() = -

en =06 (M miuiltiplo de 6):

M/6-1 M/6
" (f) = 140 A1 (fo + far) + 82 Z foj +216Z (foj—1 + foj—s)
M/6 M/6
+27 Z (foj—2 + foj—a) +272 Z fej—3
j=1 Jj=1
b
() = 20 Dig 10, g cla

2]



e n =7 (M multiplo de 7):

. M/7-1 M/7

IM(f) = Toog0 | 2257 (fo + far) + 10514 > fri 425039 " (frj—1 + frize)

j=1 j=1
M7 M7

+9261 Z (frj—2 + frj—s) + 20923 Z (frj-3 + frj-a)
j=1 Jj=1
~1169(b — a)

518400 hé]g\/[f(g)@% 19 E]Cl,b[

EM(f) =

Férmulas de Newton-Cotes abertas compostas:

. ‘ b—a
.Tj:a+]hM, jZO,l,...,M, hM: Vi s ij:f(.Tj)
e Regra do ponto médio composta (M par):
M/2
b— a)h?
B0 =2 Y f B = CE M g, g oy
j=1

Férmulas de Gauss:

10) = [w@f@de = 5= Y waf()

I,(2%) = I(2%), k=0,1,....2n+1

ZTjn, J=0,1,...,n: zeros do polinémio @, de grau n + 1 per-
tencente ao sistema {®g, Py, ...} de polinémios ménicos ortogonais
com respeito ao produto interno (f,g) = I(fg).

o <(I)n+la (I)n+l>
Dy (Zj,n) Pry2(Tj,0) ’

<(I>n+1a (I)n+l>

E.(f) = (2n+2) b
(1) = Sl fe e, g o
e Férmulas de Gauss-Legendre ([a,b] = [—1,1], w(z) = 1):
Zjn, J=0,1,...,n: zeros do polinémio de Legendre P,
2 =0,1
Wiy = — , j=0,1,...,n
! (n 4+ 2) P (T)n) Prsa(T)n)
22nH3[(n 4+ 1)1]*
Bulf) = e DI gy ¢ oty

(2n+3)[(2n + 2)!3



oe Io(f) =2/(0)
N

L) =31 (— %) bSO+ f <\/§)

oo I3(f) =wosf(xo3) +wisf(r13) +wasf(re3) +wssf(rss3)

- |1 3+2\F - — L3 2\ﬁ -
Zo,3 = 7 5]~ xr33, 1,3 = 7 5]~ T2.3
Ly ) iy 5
w0’3_6 6 = Ws 3, w1,3—6 6 = W33

e Férmulas de Gauss-Chebyshev ([a,b] = [-1,1], w(z)=1/v1—2?):

27 +1 ™ _
Zjn = COS ™|, Wip = Jj=0,1,....n

o

Ea(f) = 22"“(;1 +2)

e Férmulas de Gauss-Legendre compostas:

’ Y hu ()
1) = [ fayde = 1000 =50 Y w1 («l)
a m=1

J=0

D), € b

m h b—
x():a+hM(m—1)+7M($j,n+1), hy = ¢

j7n

(xjn € wj, sdo os nés e os pesos das férmulas de Gauss-Legendre)

e

= fEMD(E), € Eab]

har "2 22083 (n 4+ D))
<5

2 2n + 3)[(2n + 2)!]
10. Resolugao de Equagoes Diferenciais Ordinarias: Problemas de Valor Inicial

{ y'(x) = fl,y(x))

y(xo) =Y
f:DcRIFM L RM D aberto, MeZ"
fGC(.D>, Hf(x,y)—f(m,z)” SLHy_ZH? V($,y>,($,Z>GD

(xOJ }/0) €D



Métodos de passo simples:

Yni1 = Yn + ho(Tn, yn; 1)
T, = To + nh, n=0,1,..., N, NezZ*

¢ : Dx]0, 00[— RM, ¢ € C(Dx]0,00[)

e Erro de discretizagao local:

(2, y;h) = + [Z(x + h) = Z(2)] = ¢(z,y;h)

SRS

Z't) = f(t, Z(t),  Z(x)=y

e Erro de discretizagao global:

1Y (20) = yn(R)|| < XY (2g) — yo()]| + % [eX(en—e0) 1]
T(h) = OISI}%XN |7 (n, Y (2,); h)|

e Método de Euler:
Yn+1 = YUn + hf(xna yn)

(o, y:h) = aldg ), y) + O(1?)

(dyg)(z,y) = <% + f(x,y) - Vy) g9(z,y), Vg € CY(D)

e Métodos de Taylor de ordem g:

ol g .
7=0

gy M q +1
(2, y; h) = G+ (df)(z,y) + OhT)
e Métodos de Runge-Kutta de ordem 2:

oy h) = (1= ) f(zy) + 7] ( F ot e y>)

2

2
rlogih) = g [ 1) =352 w00 + 0

oe Método de Euler modificado ou do ponto médio (v = 1):

h h
Yn+1 = Yn + hf <xn + §7yn + 5 f(xmyn))



3
oe Método de Runge-Kutta cléssico de ordem 2 <7 = Z)

h 2h 2h
Yn+1 = YUn + Z |:f(xn>yn) + 3f <xn + ?7 Yn + ? f(xmyn))]

1
oe Método de Heun (7 = 5)

h
Yn+1 = Yn + 5 [f(xm yn) + f (an + h, Yn + hf(xm yn))]

e Métodos de Runge-Kutta de ordem 3:
3
o(x,y;h) =Y vz, y; h)
j=1
e1(x,y;h) = fla,y)

j—1
ej(z,y;h) = f <x+ajh,y+h26jigpi(x,y;h)) 7 ji=2,3
i=1
3 83
_ 3 . @ . 4
) = Y [dff($>y) 4—8113 (x,y,O)} + O(h%)

oe Método de Runge-Kutta cléssico de ordem 3

T(x,y; h

h
Yo+ = Yo+ ¢ (o1 + 42 + @3]

h h
Splzf(xmyn)a @QZf(xn+§>yn+§901)

Y3 = f (an + h, Yn — h801 + 2h902>

oe Método de Runge-Kutta-Nystrom de ordem 3
h
Y1 = Yn+ o [201+ 392 + 303

oh oh
01 = f(Zn,Yn), 902:f(xn+?>yn+?ﬁpl)

2h 2h )

803:f(93n+§,yn+?¢2

oe Método de Runge-Kutta-Heun de ordem 3

h
Ynt1l = Yn + 1 [01 + 3p3]

3 3

2h 2h
p3=f Tnt U+ 5 P2

h h
901:f(33myn), SOQZf(xn—i__;yn_‘__(pl)



e Métodos de Runge-Kutta de ordem 4:
o(z,y; h prg z,y; h

@1(377?/; h) - f(x>y)

7—1
=1
4 84
4 59 ¥ ) 5
15 |4 =5 G5 )| + 00)

oe Método de Runge-Kutta cléssico de ordem 4:

7(z,y;h) =

h
Ynt1 = Yn + = [p1 + 202 + 2003 + 4]

6
h h
©®1 :f(xnayn)a @2:f(xn+§>yn+§(pl)
h h
o3 =f $n+§7yn+5902 ) 04 = f(z + h,yn + hips)

oe Método de Runge-Kutta-Gill de ordem 4:

h
Ynit =Y+ g [@1 +(2 = V2)py + (2 + V2) 3 + m}

h h
Splzf(xmyn)a @QZf(xn+§>yn+§901)

h V2 -1 2 -2
903:.]0 Tp+ = Yn + h§01+ hSO2
2 2 2
V2 2442
304:]0 <xn+h>yn_7hgp2 9 h@S

oe Método de Runge-Kutta-Fehlberg de ordem 4:

25 1408 2197 1
Ps

2167 T 25657 T oa®t T 5

Yn+1 = Yn + h |: 5

h h
01 = f(Zn,Yn), wzzf(xwrz,ywrzcm)

sh - 3h 9
8>yn 32301 3290

(e t2n 1992 00, T,
LS U T 5197 MY T 9197 P2 T 2107

13
439 3680 845 L )

<ﬂ5=f<xn+h,yn+216h — 8hya + —— 513 h<ﬂ3—m 04

@3:f(xn+



Métodos multipasso lineares com p + 1 passos, p > 0:

Ynt1 = Zakyn k+hz b f (Zn—ks Yn—k), nzp

k=-1

|ap| + [bp| # 0
T, = To + nh, n=0,1,..., N, NeZzZ"

e Erro de (hSCl@tiZﬁQé() local:
T\, VY, .T a .T
' Y5 h k

- Z bef(x — kh, Z(x — kh))

k=-1

Z'(t) = f(t, Z(1)), Z(x) =y

e Condigoes de consisténcia (¢ > 1: ordem de consisténcia, f € C7(D)):

q:1: 00:0, 0120, 027&0
q>2: Co =0, 012022"'20(1:07 Cq+17£0

p
C’ozl—Zak, 01—1+Zk&k—2bk,
k=0

k=1
p
Cj=1-> (=kYax—j Z (—k)" by, j=2,3,...
=0 j—
@y h) = e Cya(dLf) () + O(TH)
Wl = Gy Cm
e Condicao da raiz:
p
= Pt — Zakrp k H r—r;)
7=0
i) |5l <1, 7=0,1,...,p; (ii) |rjl=1=p'(r;) #0

e Métodos de Adams-Bashforth (f,, := f(zm,ym)):

p
yn+l:yn+hzbkfn—ka nZP

k=0
Ci=0C=---=C; =0, g=p+1

17



Yn+1 = [3fn fn—l]

5h2
L T(Jf,y, h) — E(

oce p=1, ¢g=2:
dif)(x,y) + O(R?)

h
Yn+1 = Yn + A [23fn - 16fn—1 + 5fn—2]
oe p=2, q=3:

h3
| 7wy h) = 2 (@) ) + OG0
( Yn+1 = 2]21 [55fn 59fn—1 + 37fn—2 - 9fn—3]7
°e p=3 a= 251k
| i) = 22 ) )+ O)

ce p=4, ¢=>5: —1274 f,—3 4+ 251 f,,_4],
-h) = 95h5 d5 O h6

e Métodos de Adams-Moulton (f,, := f(Zm, Ym)):

P
Yn+1 = YUn +h Z bkfn—ku n > p
k=—1
Ci=0C=---=C; =0, g=p+2
Ci=1=37Y (k)b i=1,2,...,q
k=—1

( h
Yn+1 = Yn + 5 [fn-l—l + fn]

oe p=0, ¢g=2: 4 )

(i h) = = (D)) + OR)

h
Ynt1 = Yn + E [5fn+1 + 8fn - fn—l]

oe p=1, ¢=3: 5

| (i) =~ (@) () + O0)

h
Ynt1 = Yn + ﬁ [gfn+1 +19fn, = 5fpn-1 + fn—2]
ce p=2, q=4

1904, .
(0,5 ) = o (), 9) + ()
( h
Yn+1 = Yn + =20 (251 fp 41 + 646 f,, — 264 f,_1
ce p=3, ¢q=>5: +106f,—2 — 193]
3h° p
T(z,y;h) = ——— (d}f)(z,y) + O(h°)
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