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Formulário

1. Representação de Números e Teoria de Erros

Erro, erro absoluto, erro relativo (x̃ ≈ x):

(i) x ∈ R : ex̃ = x − x̃, |ex̃|, δx̃ =
ex̃

x
, |δx̃| (x 6= 0)

(ii) x ∈ Rn : ex̃ = x − x̃, ‖ex̃‖, δx̃ =
ex̃

‖x‖ , ‖δx̃‖ (x 6= 0)

Representação de números reais (notação cient́ıfica):

x = σ m βt ∈ R \ {0}

(base) β ∈ N \ {1}, (sinal) σ ∈ {+,−}, (expoente) t ∈ Z

(mantissa) m = (0.a1a2 . . .)β ∈ [β−1, 1[, ai ∈ {0, 1, . . . , β − 1}, a1 6= 0

Sistema de ponto flutuante:

FP(β, n, t−, t+) = {x ∈ Q : x = σ m βt} ∪ {0}

β ∈ N \ {1}, σ ∈ {+,−}, t− ≤ t ≤ t+, t, t−, t+ ∈ Z

m = (0.a1a2 . . . an)β ∈ [β−1, 1 − β−n], ai ∈ {0, 1, . . . , β − 1}, a1 6= 0

Arredondamentos:

x = σ(0.a1a2 . . . anan+1 . . .)β × βt ∈ R, fl(x) ∈ FP(β, n, t−, t+)

(i) arredondamento por corte:

flc(x) = σ(0.a1a2 . . . an)β × βt

(ii) arredondamento simétrico (β par):

fls(x) =











σ(0.a1a2 . . . an)β × βt, 0 ≤ an+1 <
β

2

σ [(0.a1a2 . . . an)β + β−n] × βt,
β

2
≤ an+1 < β
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Erros de arredondamento (x = σmβt ∈ R, x̃ = fl(x) ∈ FP(β, n, t−, t+)):

(i) arredondamento por corte:

|ex̃| ≤ βt−n, |δx̃| ≤ β1−n =: uc

(ii) arredondamento simétrico:

|ex̃| ≤
1

2
βt−n, |δx̃| ≤

1

2
β1−n =: us

(

uc, us: unidade de arredondamento do sistema FP(β, n, t−, t+)
)

Operações aritméticas num sistema de ponto flutuante (x, y ∈ R; ◦ = +,−,×,÷):

x ◦ y = fl(fl(x) ◦ fl(y))

Algarismo significativo:

x = σm10t ∈ R, x̃ = σ(0.a1a2 . . . an)10 × 10t ∈ FP(10, n, t−, t+),

ai é algarismo significativo de x̃ se |ex̃| ≤
1

2
10t−i

Propagação de erros
(

x = (x1, . . . , xn) ∈ Rn, φ : Rn → R, x̃ ≈ x, φ̃ = fl ◦ φ
)

:

eφ(x̃) = φ(x) − φ(x̃) ≈ eL
φ(x̃) =

n
∑

k=1

∂φ

∂xk
(x) ex̃k

δφ(x̃) =
eφ(x̃)

φ(x)
≈ δL

φ(x̃) =
n
∑

k=1

pφ,xk
(x)δx̃k

, pφ,xk
(x) =

xk
∂φ
∂xk

(x)

φ(x)

δφ̃(x̃) =
φ(x) − φ̃(x̃)

φ(x)
≈ δL

φ(x̃) + δarr, δL
φ(x̃) =

n
∑

k=1

pφ,xk
δx̃k

, δarr =

m
∑

k=1

qkδarrk

2. Métodos Iterativos

Normas vectoriais (x = (x1, . . . , xn) ∈ Rn):

‖x‖1 =

n
∑

i=1

|xi|, ‖x‖2 =

√

n
∑

i=1

|xi|2, ‖x‖∞ = max
1≤i≤n

|xi|

(norma da soma) (norma Euclidiana) (norma do máximo)

Coeficiente assimptótico de convergência de ordem r ≥ 1 de sucessão {xm}, xm → x:

K [r]
∞ = lim

m→∞

‖x − xm+1‖
‖x − xm‖r
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3. Resolução de Equações Não-lineares (f : R → R)

Método da bissecção (f(z) = 0, f ∈ C([a, b]), f(a)f(b) < 0):

xm+1 = xm +
b − a

2m+2
sgn[f(a)f(xm)], m = 0, 1, . . . , x0 =

a + b

2

|z − xm| ≤
b − a

2m+1
, |z − xm+1| ≤ |xm+1 − xm|

Método do ponto fixo (f(z) = 0 ⇔ z = g(z)):

(

|g(x) − g(y)| ≤ L|x − y|, ∀x, y ∈ I ⊂ R, L < 1; g(I) ⊂ I
)

xm+1 = g(xm), m = 0, 1, . . .

|z − xm+1| ≤ L|z − xm|, |z − xm| ≤ Lm|z − x0|

|z − xm| ≤
1

1 − L
|xm+1 − xm|, |z − xm+1| ≤

L

1 − L
|xm+1 − xm|

|z − xm| ≤
Lm

1 − L
|x1 − x0|

◦ • g′(z) 6= 0, g ∈ C1(I), L = maxx∈I |g′(x)| < 1:

z − xm+1 = g′(ξm)(z − xm), ξm ∈]z; xm[

|z − xm+1| ≤ L|z − xm|, |z − xm| ≤ Lm|z − x0|

lim
m→∞

z − xm+1

z − xm
= g′(z), K [1]

∞ = |g′(z)|

◦ • g(r)(z) = 0, r = 1, . . . , p − 1, g(p)(z) 6= 0, p = 2, 3, . . . , g ∈ Cp(I)

z − xm+1 =
1

p!
(−1)p+1g(p)(ξm)(z − xm)p, ξm ∈]z; xm[

|z − xm+1| ≤ Kp|x − xm|p, |z − xm| ≤ K
1

1−p
p

(

K
1

p−1

p |z − x0|
)pm

Kp =
1

p!
max
x∈I

∣

∣g(p)(x)
∣

∣

lim
m→∞

z − xm+1

(z − xm)p
=

(−1)p+1

p!
g(p)(z), K [p]

∞ =
1

p!

∣

∣g(p)(z)
∣

∣

Método de Newton (f(z) = 0, f ′(z) 6= 0, f ∈ C2(I)):

xm+1 = xm − f(xm)

f ′(xm)
, m = 0, 1, . . .

z − xm+1 = − f ′′(ξm)

2f ′(xm)
(z − xm)2 , ξm ∈]z, xm[
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|z − xm+1| ≤ K|z − xm|2, |z − xm| ≤
1

K
(K|z − x0|)2m

K =
maxx∈I |f ′′(x)|
2 minx∈I |f ′(x)|

lim
m→∞

z − xm+1

(z − xm)2
= − f ′′(z)

2f ′(z)
, K [2]

∞ =

∣

∣

∣

∣

f ′′(z)

2f ′(z)

∣

∣

∣

∣

◦ • f (r)(z) = 0, r = 2, . . . , p − 1, f (p)(z) 6= 0, p = 3, 4, . . . , f ∈ Cp+1(I)

lim
m→∞

z − xm+1

(z − xm)p
=

(−1)p+1(p − 1)

p!

f (p)(z)

f ′(z)
, K [p]

∞ =
p − 1

p!

∣

∣

∣

∣

f (p)(z)

f ′(z)

∣

∣

∣

∣

Método de Newton µ-modificado:

(

f (r)(z) = 0, r = 0, . . . , µ − 1, f (µ)(z) 6= 0, µ = 2, 3, . . . , f ∈ Cµ(I)
)

xm+1 = xm − µ
f(xm)

f ′(xm)
, m = 0, 1, . . .

lim
m→∞

z − xm+1

(z − xm)2
= −1

µ

h′(z)

h(z)
, K [2]

∞ =
1

µ

∣

∣

∣

∣

h′(z)

h(z)

∣

∣

∣

∣

onde h é tal que f(x) = (x − z)µh(x), h(z) 6= 0

Método da secante (f(z) = 0, f ′(z) 6= 0, f ∈ C2(I)):

xm+1 = xm − f(xm)
xm − xm−1

f(xm) − f(xm−1)
, m = 1, 2, . . .

z − xm+1 = − f ′′(ηm)

2f ′(ξm)
(z − xm) (z − xm−1) , ξm, ηm ∈]xm−1; z; xm[

|z − xm+1| ≤ K |z − xm| |z − xm−1| , |z − xm| ≤
1

K
δqm

K =
maxx∈I |f ′′(x)|
2 minx∈I |f ′(x)| , δ = max{K|z − x0|, K|z − x1|}, qm : sucessão de Fibonnaci

lim
m→∞

|z − xm+1|
|z − xm|r

=

∣

∣

∣

∣

f ′′(z)

2f ′(z)

∣

∣

∣

∣

r−1

=: K [r]
∞ , r =

√
5 + 1

2

4. Resolução de Sistemas Lineares (Ax = b, A ∈ Mn(R), b, x ∈ Rn)

Normas matriciais induzidas por normas vectoriais (A = [aij ] ∈ Mn(R)):

‖A‖p = sup
x∈Rn\{0}

‖Ax‖p

‖x‖p

, p = 1, 2,∞
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‖A‖1 = max
1≤j≤n

n
∑

i=1

|aij|, ‖A‖2 =
√

rσ(A∗A), ‖A‖∞ = max
1≤i≤n

n
∑

j=1

|aij|

(norma por colunas) (norma Euclidiana) (norma por linhas)

rσ(A) = max
λ∈σ(A)

|λ|, σ(A) : espectro de A

Número de condição de uma matriz:

condp(A) = ‖A‖p ‖A−1‖p, p = 1, 2,∞, cond∗(A) = rσ(A)rσ(A−1)

Condicionamento de sistemas lineares (Ax = b, Ãx̃ = b̃):

‖x − x̃‖p

‖x‖p

≤ condp(A)

1 − ‖A−Ã‖p

‖A‖p
condp(A)

(

‖A − Ã‖p

‖A‖p

+
‖b − b̃‖p

‖b‖p

)

‖A − Ã‖p

‖A‖p

condp(A) = ‖A − Ã‖p ‖A−1‖p < 1, p = 1, 2,∞

Métodos iterativos:
Mx(k+1) = −Nx(k) + b, k = 0, 1, . . .

M + N = A = L + D + U

x(k+1) = Cx(k) + w, k = 0, 1, . . .

C = −M−1N = I − M−1A, w = M−1b

‖x − x(k+1)‖ ≤ c‖x − x(k)‖, ‖x − x(k)‖ ≤ ck‖x − x(0)‖

‖x − x(k)‖ ≤ 1

1 − c
‖x(k+1) − x(k)‖, ‖x − x(k+1)‖ ≤ c

1 − c
‖x(k+1) − x(k)‖

‖x − x(k)‖ ≤ ck

1 − c
‖x(1) − x(0)‖, (c = ‖C‖ < 1)

• Método de Jacobi (M = D):

x(k+1) = D−1
[

b − (L + U)x(k)
]

, k = 0, 1 . . .

• Método de Gauss-Seidel (M = D + L):

x(k+1) = D−1
(

b − Lx(k+1) − Ux(k)
)

, k = 0, 1 . . .

• Método de Jacobi modificado

(

M =
D

ω
, ω ∈ R \ {0}

)

:

x(k+1) = (1 − ω)x(k) + ωD−1
[

b − (L + U)x(k)
]

, k = 0, 1, . . .
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• Método de Gauss-Seidel modificado ou SOR

(

M =
D

ω
+ L, ω ∈ R \ {0}

)

:

x(k+1) = (1 − ω)x(k) + ωD−1
(

b − Lx(k+1) − Ux(k)
)

, k = 0, 1, . . .

5. Resolução de Sistemas Não-lineares (f : Rn → Rn)

Método do ponto fixo (f(z) = 0 ⇔ z = g(z)):

(

‖g(x) − g(y)‖ ≤ L‖x − y‖, ∀x, y ∈ D ⊂ Rn, L < 1; g(D) ⊂ D
)

(

g ∈ C1(D), L = sup
x∈D

‖Jg(x)‖
)

x(m+1) = g(x(m)), m = 0, 1, . . .

‖z − x(m+1)‖ ≤ L‖z − x(m)‖, ‖z − x(m)‖ ≤ Lm‖z − x(0)‖

‖z − x(m)‖ ≤ 1

1 − L
‖x(m+1) − x(m)‖, ‖z − x(m+1)‖ ≤ L

1 − L
‖x(m+1) − x(m)‖

‖z − x(m)‖ ≤ Lm

1 − L
‖x(1) − x(0)‖

Método de Newton generalizado (f(z) = 0, f ∈ C2(D), det[Jf(z)] 6= 0):

{

x(m+1) = x(m) + ∆x(m),

Jf(x
(m))∆x(m) = −f(x(m)),

m = 0, 1, . . .

‖z − x(m+1)‖ ≤ K‖z − x(m)‖2, ‖z − x(m)‖ ≤ 1

K

(

K‖z − x(0)‖
)2m

K =
M2

2M1















1

M1
= sup

x∈D
‖[Jf(x)]−1‖,

M2 = max
1≤i≤n

sup
x∈D

‖Hfi
(x)‖ , Hfi

∈ Ln, (Hfi
)jk =

∂2fi

∂xj∂xk

6. Interpolação Polinomial

Fórmula interpoladora de Lagrange:

pn(x) =

n
∑

j=0

fj lj(x), lj(x) =

n
∏

i=0,i6=j

x − xi

xj − xi

Fórmula interpoladora de Newton:

pn(x) = f [x0] +

n
∑

j=1

f [x0, x1, . . . , xj] Wj(x)
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Wj(x) =

j−1
∏

i=0

(x − xi), j = 1, 2, . . . , n

f [x0] = f(x0), f [x0, x1, . . . , xj ] =

j
∑

l=0

f(xl)
j
∏

i=0,i6=l

(xl − xi)

, j = 1, 2, . . . , n

f [x0, x1, . . . , xj ] =
f [x1, x2, . . . , xj ] − f [x0, x1, . . . , xj−1]

xj − x0

, j = 1, 2, . . . , n

Fórmula do erro:

en(x) = f(x) − pn(x) =
f (n+1)(ξ)

(n + 1)!
Wn+1(x) = f [x0, x1, . . . , xn, x] Wn+1(x)

Wn+1(x) =

n
∏

i=0

(x − xi), ξ ∈]x0; x1; . . . ; xn; x[

Relação entre as diferenças divididas e as derivadas de uma função:

f [x0, x1, . . . , xn] =
f (n)(ξ)

n!
, ξ ∈]x0; x1; . . . ; xn[

7. Aproximação Mı́nimos Quadrados

Melhor aproximação mı́nimos quadrados φ∗ de f ∈ E em F ⊂ E, F subespaço de dimen-
são n gerado por {ϕ0, . . . , ϕn}, E espaço pré-Hilbertiano:

‖f − φ∗‖2 = min
φ∈F

‖f − φ‖2 ⇔ 〈f − φ∗, φ〉 = 0, ∀φ ∈ F

φ∗ =
n
∑

k=0

a∗
kϕk,

n
∑

k=0

〈ϕj, ϕk〉a∗
k = 〈f, ϕj〉, j = 0, 1, . . . , n

φ∗ =

n
∑

k=0

a∗
kϕk, a∗

k =
〈f, ϕk〉
〈ϕk, ϕk〉

, se {ϕ0, . . . , ϕn} é um sistema ortogonal

Polinómios ortogonais com respeito ao produto interno

〈f, g〉 =

∫ b

a

w(x)f(x)g(x) dx, (f, g ∈ C([a, b]), w ∈ C(]a, b[), w(x) ≥ 0)

• Fórmula de recorrência:
{

ϕn+1(x) = (x − Bn+1)ϕn(x) − Cn+1ϕn−1(x), n = 1, 2, . . .

ϕ0(x) = 1, ϕ1(x) = x − B1

Bn+1 =
〈xϕn, ϕn〉
〈ϕn, ϕn〉

, n = 0, 1, . . . , Cn+1 =
〈xϕn, ϕn−1〉
〈ϕn−1, ϕn−1〉

, n = 1, 2, . . .
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• Polinómios de Legendre, Pn (x ∈ [a, b] = [−1, 1], w(x) = 1):







Pn+1(x) =
2n + 1

n + 1
xPn(x) − n

n + 1
Pn−1(x), n = 1, 2, . . .

P0(x) = 1, P1(x) = x

〈Pn, Pm〉 = 0, ∀n 6= m, 〈Pn, Pn〉 =
2

2n + 1
, n = 0, 1, . . .

An = lim
x→∞

x−nPn(x) =
(2n)!

2n(n!)2
, n = 1, 2, . . .

• Polinómios de Chebyshev, Tn

(

x ∈ [a, b] = [−1, 1], w(x) = 1/
√

1 − x2
)

:

{

Tn+1(x) = 2xTn(x) − Tn−1(x), n = 1, 2, . . .

T0(x) = 1, T1(x) = x

〈Tn, Tm〉 = 0, ∀n 6= m, 〈T0, T0〉 = π, 〈Tn, Tn〉 =
π

2
, n = 1, 2, . . .

An = lim
x→∞

x−nTn(x) = 2n−1, n = 1, 2, . . .

Tn(x) = cos(n arccos x), n = 0, 1, . . .

Tn(xi) = 0, xi = − cos
(2i + 1)π

2n
, i = 0, . . . , n − 1, n = 1, 2, . . .

8. Integração Numérica

Fórmulas de Newton-Cotes fechadas de ordem n (f ∈ C([a, b])):

I(f) =

∫ b

a

f(x) dx ≈ In(f) =
n
∑

j=0

wj,nf(xj,n)

In(xk) = I(xk), k = 0, 1, . . . , n

xj,n = a + jh, j = 0, 1, . . . , n, h =
b − a

n

wj,n = I(lj,n) =
h(−1)n−j

j!(n − j)!

∫ n

0

n
∏

i=0,i6=j

(t − i) dt, wj,n = wn−j,n

En(f) = I(f) − In(f) = Cnh
n+1+νnf (n+νn)(ξ)

Cn =
1

(n + νn)!

∫ n

0

tνn−1

n
∏

i=0

(t − i) dt, νn = 1 +
1

2
[1 + (−1)n] , ξ ∈]a, b[

• n = 1, h = b − a (Regra dos trapézios):

I1(f) =
b − a

2
[f(a) + f(b)], E1(f) = −h3

12
f ′′(ξ), ξ ∈]a, b[
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• n = 2, h =
b − a

2
(Regra de Simpson):

I2(f) =
b − a

6

[

f(a) + 4f

(

a + b

2

)

+ f(b)

]

, E2(f) = −h5

90
f (4)(ξ)

• n = 3, h =
b − a

3
(Regra dos três oitavos):

I3(f) =
b − a

8
[f(a) + 3f(a + h) + 3f(b − h) + f(b)] , E3(f) = −3h5

80
f (4)(ξ)

• n = 4, h =
b − a

4
(Regra de Milne):

I4(f) =
b − a

90

[

7f(a) + 32f(a + h) + 12f

(

a + b

2

)

+ 32f(b− h) + 7f(b)

]

E4(f) = −8h7

945
f (6)(ξ), ξ ∈]a, b[

• n = 5, h =
b − a

5
:

I5(f) =
b − a

288
[19f(a) + 75f(a + h) + 50f(a + 2h) + 50f(b − 2h) + 75f(b − h) + 19f(b)]

E5(f) = −275h7

12096
f (6)(ξ), ξ ∈]a, b[

• n = 6, h =
b − a

6
(Regra de Weddle):

I6(f) =
b − a

840

[

41f(a) + 216f(a + h) + 27f(a + 2h) + 272f

(

a + b

2

)

+27f(b − 2h) + 216f(b− h) + 41f(b)

]

E6(f) = − 9h9

1400
f (8)(ξ), ξ ∈]a, b[

• n = 7, h =
b − a

7
:

I7(f) =
b − a

120960

[

5257f(a) + 25039f(a + h) + 9261f(a + 2h) + 20923f(a + 3h)

+20923f(b− 3h) + 9261f(b − 2h) + 25039f(b − h) + 5257f(b)

]

E7(f) = −8183h9

518400
f (8)(ξ), ξ ∈]a, b[
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Fórmulas de Newton-Cotes abertas de ordem n:

I(f) =

∫ b

a

f(x) dx ≈ In(f) =

n
∑

j=0

wj,nf(xj,n)

In(xk) = I(xk), k = 0, 1, . . . , n

xj,n = a + (j + 1)h, j = 0, 1, . . . , n, h =
b − a

n + 2

wj,n = I(lj,n) =
h(−1)n−j

j!(n − j)!

∫ n+1

−1

n
∏

i=0,i6=j

(t − i) dt, wj,n = wn−j,n

En(f) = I(f) − In(f) = Cnh
n+1+νnf (n+νn)(ξ)

Cn =
1

(n + νn)!

∫ n+1

−1

tνn−1

n
∏

i=0

(t − i) dt, νn = 1 +
1

2
[1 + (−1)n] , ξ ∈]a, b[

• n = 0, h =
b − a

2
(Regra do ponto médio):

I0(f) = (b − a) f

(

a + b

2

)

, E0(f) =
h3

3
f ′′(ξ), ξ ∈]a, b[

• n = 1, h =
b − a

3
:

I1(f) =
b − a

2
[f(a + h) + f(b − h)] , E1(f) =

3h3

4
f ′′(ξ), ξ ∈]a, b[

• n = 2, h =
b − a

4
:

I2(f) =
b − a

3

[

2f(a + h) − f

(

a + b

2

)

+ 2f(b − h)

]

E2(f) =
14h5

45
f (4)(ξ), ξ ∈]a, b[

Fórmulas de Newton-Cotes fechadas compostas:

xj = a + jhM , j = 0, 1, . . . , M, hM =
b − a

M
, fj := f(xj)

• n = 1:

I
(M)
1 (f) =

hM

2

[

f0 + fM + 2

M−1
∑

j=1

fj

]

E
(M)
1 (f) = −b − a

12
h2

Mf ′′(ξ), ξ ∈]a, b[
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• n = 2 (M par):

I
(M)
2 (f) =

hM

3



f0 + fM + 4

M/2
∑

j=1

f2j−1 + 2

M/2−1
∑

j=1

f2j





E
(M)
2 (f) = −b − a

180
h4

Mf (4)(ξ), ξ ∈]a, b[

• n = 3 (M múltiplo de 3):

I
(M)
3 (f) =

3hM

8



f0 + fM + 2

M/3−1
∑

j=1

f3j + 3

M/3
∑

j=1

(f3j−1 + f3j−2)





E
(M)
3 (f) = −b − a

80
h4

Mf (4)(ξ), ξ ∈]a, b[

• n = 4 (M múltiplo de 4):

I
(M)
4 (f) =

4hM

90



7 (f0 + fM) + 14

M/4−1
∑

j=1

f4j + 32

M/4
∑

j=1

(f4j−1 + f4j−3) + 12

M/4
∑

j=1

f4j−2





E
(M)
4 (f) = −2(b − a)

945
h6

Mf (6)(ξ), ξ ∈]a, b[

• n = 5 (M múltiplo de 5):

I
(M)
5 (f) =

5hM

288

[

19 (f0 + fM) + 38

M/5−1
∑

j=1

f5j

+75

M/5
∑

j=1

(f5j−1 + f5j−4) + 50

M/5
∑

j=1

(f5j−2 + f5j−3)

]

E
(M)
5 (f) = −55(b − a)

12096
h6

Mf (6)(ξ), ξ ∈]a, b[

• n = 6 (M múltiplo de 6):

I
(M)
6 (f) =

hM

140

[

41 (f0 + fM ) + 82

M/6−1
∑

j=1

f6j + 216

M/6
∑

j=1

(f6j−1 + f6j−5)

+27

M/6
∑

j=1

(f6j−2 + f6j−4) + 272

M/6
∑

j=1

f6j−3

]

E
(M)
6 (f) = −3(b − a)

2800
h8

Mf (8)(ξ), ξ ∈]a, b[
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• n = 7 (M múltiplo de 7):

I
(M)
7 (f) =

hM

17280

[

5257 (f0 + fM) + 10514

M/7−1
∑

j=1

f7j + 25039

M/7
∑

j=1

(f7j−1 + f7j−6)

+9261

M/7
∑

j=1

(f7j−2 + f7j−5) + 20923

M/7
∑

j=1

(f7j−3 + f7j−4)

]

E
(M)
7 (f) = −1169(b − a)

518400
h8

Mf (8)(ξ), ξ ∈]a, b[

Fórmulas de Newton-Cotes abertas compostas:

xj = a + jhM , j = 0, 1, . . . , M, hM =
b − a

M
, fj := f(xj)

• Regra do ponto médio composta (M par):

I
(M)
0 (f) = 2hM

M/2
∑

j=1

f2j−1, E
(M)
0 (f) =

(b − a)h2
M

6
f ′′(ξ), ξ ∈]a, b[

Fórmulas de Gauss:

I(f) =

∫ b

a

w(x)f(x) dx ≈ In(f) =
n
∑

j=0

wj,nf(xj,n)

In(xk) = I(xk), k = 0, 1, . . . , 2n + 1

xj,n, j = 0, 1, . . . , n: zeros do polinómio Φn+1 de grau n + 1 per-
tencente ao sistema {Φ0, Φ1, . . .} de polinómios mónicos ortogonais
com respeito ao produto interno 〈f, g〉 = I(fg).

wj,n = I(lj,n) = I(l2j,n) = − 〈Φn+1, Φn+1〉
Φ′

n+1(xj,n)Φn+2(xj,n)
, j = 0, 1, . . . , n

En(f) =
〈Φn+1, Φn+1〉

(2n + 2)!
f (2n+2)(ξ), ξ ∈]a, b[

• Fórmulas de Gauss-Legendre ([a, b] = [−1, 1], w(x) ≡ 1):

xj,n, j = 0, 1, . . . , n: zeros do polinómio de Legendre Pn+1

wj,n = − 2

(n + 2)P ′
n+1(xj,n)Pn+2(xj,n)

, j = 0, 1, . . . , n

En(f) =
22n+3[(n + 1)!]4

(2n + 3)[(2n + 2)!]3
f (2n+2)(ξ), ξ ∈]a, b[
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◦• I0(f) = 2f(0)

◦• I1(f) = f

(

−
√

3

3

)

+ f

(√
3

3

)

◦• I2(f) =
5

9
f

(

−
√

3

5

)

+
8

9
f(0) +

5

9
f

(

√

3

5

)

◦• I3(f) = w0,3f(x0,3) + w1,3f(x1,3) + w2,3f(x2,3) + w3,3f(x3,3)

x0,3 = −

√

√

√

√

1

7

(

3 + 2

√

6

5

)

= −x3,3, x1,3 = −

√

√

√

√

1

7

(

3 − 2

√

6

5

)

= −x2,3

w0,3 =
1

6

(

3 −
√

5

6

)

= w3,3, w1,3 =
1

6

(

3 +

√

5

6

)

= w2,3

• Fórmulas de Gauss-Chebyshev
(

[a, b] = [−1, 1], w(x) = 1/
√

1 − x2
)

:

xj,n = cos

(

2j + 1

2n + 2
π

)

, wj,n =
π

n + 1
, j = 0, 1, . . . , n

En(f) =
π

22n+1(2n + 2)!
f (2n+2)(ξ), ξ ∈]a, b[

• Fórmulas de Gauss-Legendre compostas:

I(f) =

∫ b

a

f(x) dx ≈ I(M)
n (f) =

hM

2

n
∑

j=0

wj,n

M
∑

m=1

f
(

x
(m)
j,n

)

x
(m)
j,n = a + hM(m − 1) +

hM

2
(xj,n + 1) , hM =

b − a

M

(xj,n e wj,n são os nós e os pesos das fórmulas de Gauss-Legendre)

E(M)
n (f) =

b − a

2

(

hM

2

)2n+2
22n+3[(n + 1)!]4

(2n + 3)[(2n + 2)!]3
f (2n+2)(ξ), ξ ∈]a, b[

10. Resolução de Equações Diferenciais Ordinárias: Problemas de Valor Inicial

{

y′(x) = f(x, y(x))

y(x0) = Y0

f : D ⊂ R1+M → RM , D aberto, M ∈ Z+

f ∈ C(D), ‖f(x, y) − f(x, z)‖ ≤ L‖y − z‖, ∀(x, y), (x, z) ∈ D

(x0, Y0) ∈ D
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Métodos de passo simples:

yn+1 = yn + h ϕ(xn, yn; h)

xn = x0 + nh, n = 0, 1, . . . , N, N ∈ Z+

ϕ : D×]0,∞[→ RM , ϕ ∈ C(D×]0,∞[)

‖ϕ(x, y; h)− ϕ(x, z; h)‖ ≤ K‖y − z‖, ∀(x, y; h), (x, z; h) ∈ D×]0,∞[

• Erro de discretização local:

τ(x, y; h) =
1

h
[Z(x + h) − Z(x)] − ϕ(x, y; h)

Z ′(t) = f(t, Z(t)), Z(x) = y

• Erro de discretização global:

‖Y (xn) − yn(h)‖ ≤ eK(xn−x0)‖Y (x0) − y0(h)‖ +
τ(h)

K

[

eK(xn−x0) − 1
]

τ(h) = max
0≤n≤N

‖τ(xn, Y (xn); h)‖

• Método de Euler:
yn+1 = yn + hf(xn, yn)

τ(x, y; h) =
h

2
(dff)(x, y) + O(h2)

(dfg)(x, y) =

(

∂

∂x
+ f(x, y) · ∇y

)

g(x, y), ∀g ∈ C1(D)

• Métodos de Taylor de ordem q:

yn+1 = yn + h

q−1
∑

j=0

hj

(j + 1)!

(

dj
ff
)

(xn, yn)

τ(x, y; h) =
hq

(q + 1)!
(dq

ff)(x, y) + O(hq+1)

• Métodos de Runge-Kutta de ordem 2:

ϕ(x, y; h) = (1 − γ)f(x, y) + γf

(

x +
h

2γ
, y +

h

2γ
f(x, y)

)

τ(x, y; h) =
h2

6

[

d2
ff(x, y) − 3

∂2ϕ

∂h2
(x, y; 0)

]

+ O(h3)

◦• Método de Euler modificado ou do ponto médio (γ = 1):

yn+1 = yn + hf

(

xn +
h

2
, yn +

h

2
f(xn, yn)

)
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◦• Método de Runge-Kutta clássico de ordem 2

(

γ =
3

4

)

:

yn+1 = yn +
h

4

[

f(xn, yn) + 3f

(

xn +
2h

3
, yn +

2h

3
f(xn, yn)

)]

◦• Método de Heun

(

γ =
1

2

)

:

yn+1 = yn +
h

2
[f(xn, yn) + f (xn + h, yn + hf(xn, yn))]

• Métodos de Runge-Kutta de ordem 3:

ϕ(x, y; h) =

3
∑

j=1

γjϕj(x, y; h)

ϕ1(x, y; h) = f(x, y)

ϕj(x, y; h) = f

(

x + αjh, y + h

j−1
∑

i=1

βjiϕi(x, y; h)

)

, j = 2, 3

τ(x, y; h) =
h3

24

[

d3
ff(x, y) − 4

∂3ϕ

∂h3
(x, y; 0)

]

+ O(h4)

◦• Método de Runge-Kutta clássico de ordem 3

yn+1 = yn +
h

6
[ϕ1 + 4ϕ2 + ϕ3]

ϕ1 = f(xn, yn), ϕ2 = f

(

xn +
h

2
, yn +

h

2
ϕ1

)

ϕ3 = f (xn + h, yn − hϕ1 + 2hϕ2)

◦• Método de Runge-Kutta-Nystrom de ordem 3

yn+1 = yn +
h

8
[2ϕ1 + 3ϕ2 + 3ϕ3]

ϕ1 = f(xn, yn), ϕ2 = f

(

xn +
2h

3
, yn +

2h

3
ϕ1

)

ϕ3 = f

(

xn +
2h

3
, yn +

2h

3
ϕ2

)

◦• Método de Runge-Kutta-Heun de ordem 3

yn+1 = yn +
h

4
[ϕ1 + 3ϕ3]

ϕ1 = f(xn, yn), ϕ2 = f

(

xn +
h

3
, yn +

h

3
ϕ1

)

ϕ3 = f

(

xn +
2h

3
, yn +

2h

3
ϕ2

)
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• Métodos de Runge-Kutta de ordem 4:

ϕ(x, y; h) =
5
∑

j=1

γjϕj(x, y; h)

ϕ1(x, y; h) = f(x, y)

ϕj(x, y; h) = f

(

x + αjh, y + h

j−1
∑

i=1

βjiϕi(x, y; h)

)

, j = 2, 3, 4, 5

τ(x, y; h) =
h4

120

[

d4
ff(x, y) − 5

∂4ϕ

∂h4
(x, y; 0)

]

+ O(h5)

◦• Método de Runge-Kutta clássico de ordem 4:

yn+1 = yn +
h

6
[ϕ1 + 2ϕ2 + 2ϕ3 + ϕ4]

ϕ1 = f(xn, yn), ϕ2 = f

(

xn +
h

2
, yn +

h

2
ϕ1

)

ϕ3 = f

(

xn +
h

2
, yn +

h

2
ϕ2

)

, ϕ4 = f(xn + h, yn + hϕ3)

◦• Método de Runge-Kutta-Gill de ordem 4:

yn+1 = yn +
h

6

[

ϕ1 + (2 −
√

2)ϕ2 + (2 +
√

2)ϕ3 + ϕ4

]

ϕ1 = f(xn, yn), ϕ2 = f

(

xn +
h

2
, yn +

h

2
ϕ1

)

ϕ3 = f

(

xn +
h

2
, yn +

√
2 − 1

2
hϕ1 +

2 −
√

2

2
hϕ2

)

ϕ4 = f

(

xn + h, yn −
√

2

2
hϕ2 +

2 +
√

2

2
hϕ3

)

◦• Método de Runge-Kutta-Fehlberg de ordem 4:

yn+1 = yn + h

[

25

216
ϕ1 +

1408

2565
ϕ3 +

2197

4104
ϕ4 −

1

5
ϕ5

]

ϕ1 = f(xn, yn), ϕ2 = f

(

xn +
h

4
, yn +

h

4
ϕ1

)

ϕ3 = f

(

xn +
3h

8
, yn +

3h

32
ϕ1 +

9h

32
ϕ2

)

ϕ4 = f

(

xn +
12h

13
, yn +

1932

2197
hϕ1 −

7200

2197
hϕ2 +

7296

2197
hϕ3

)

ϕ5 = f

(

xn + h, yn +
439

216
hϕ1 − 8hϕ2 +

3680

513
hϕ3 −

845

4104
hϕ4

)
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Métodos multipasso lineares com p + 1 passos, p > 0:

yn+1 =

p
∑

k=0

akyn−k + h

p
∑

k=−1

bkf(xn−k, yn−k), n ≥ p

|ap| + |bp| 6= 0

xn = x0 + nh, n = 0, 1, . . . , N, N ∈ Z+

• Erro de discretização local:

τ(x, y; h) =
1

h

[

Z(x + h) −
p
∑

k=0

akZ(x − kh)

]

−
p
∑

k=−1

bkf(x − kh, Z(x − kh))

Z ′(t) = f(t, Z(t)), Z(x) = y

• Condições de consistência (q ≥ 1: ordem de consistência, f ∈ Cq+1(D)):

{

q = 1 : C0 = 0, C1 = 0, C2 6= 0

q ≥ 2 : C0 = 0, C1 = C2 = · · · = Cq = 0, Cq+1 6= 0

C0 = 1 −
p
∑

k=0

ak, C1 = 1 +

p
∑

k=0

kak −
p
∑

k=−1

bk,

Cj = 1 −
p
∑

k=0

(−k)jak − j

p
∑

k=−1

(−k)j−1bk, j = 2, 3, . . .

τ(x, y; h) =
hq

(q + 1)!
Cq+1(d

q
ff)(x, y) + O(hq+1)

• Condição da raiz:

ρ(r) = rp+1 −
p
∑

k=0

akr
p−k =

p
∏

j=0

(r − rj)

(i) |rj| ≤ 1, j = 0, 1, . . . , p; (ii) |rj| = 1 ⇒ ρ′(rj) 6= 0

• Métodos de Adams-Bashforth (fm := f(xm, ym)):

yn+1 = yn + h

p
∑

k=0

bkfn−k, n ≥ p

C1 = C2 = · · · = Cq = 0, q = p + 1

Cj = 1 − j

p
∑

k=0

(−k)j−1bk, j = 1, 2, . . . , q
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◦ • p = 1, q = 2:















yn+1 = yn +
h

2
[3fn − fn−1]

τ(x, y; h) =
5h2

12
(d2

ff)(x, y) + O(h3)

◦ • p = 2, q = 3:















yn+1 = yn +
h

12
[23fn − 16fn−1 + 5fn−2]

τ(x, y; h) =
3h3

8
(d3

ff)(x, y) + O(h4)

◦ • p = 3, q = 4:















yn+1 = yn +
h

24
[55fn − 59fn−1 + 37fn−2 − 9fn−3],

τ(x, y; h) =
251h4

720
(d4

ff)(x, y) + O(h5)

◦ • p = 4, q = 5:



















yn+1 = yn +
h

720
[1901fn − 2774fn−1 + 2616fn−2

−1274fn−3 + 251fn−4],

τ(x, y; h) =
95h5

288
(d5

ff)(x, y) + O(h6)

• Métodos de Adams-Moulton (fm := f(xm, ym)):

yn+1 = yn + h

p
∑

k=−1

bkfn−k, n ≥ p

C1 = C2 = · · · = Cq = 0, q = p + 2

Cj = 1 − j

p
∑

k=−1

(−k)j−1bk, j = 1, 2, . . . , q

◦ • p = 0, q = 2:















yn+1 = yn +
h

2
[fn+1 + fn]

τ(x, y; h) = −h2

12
(d2

ff)(x, y) + O(h3)

◦ • p = 1, q = 3:















yn+1 = yn +
h

12
[5fn+1 + 8fn − fn−1]

τ(x, y; h) = −h3

24
(d3

ff)(x, y) + O(h4)

◦ • p = 2, q = 4:















yn+1 = yn +
h

24
[9fn+1 + 19fn − 5fn−1 + fn−2]

τ(x, y; h) = −19h4

720
(d4

ff)(x, y) + O(h5)

◦ • p = 3, q = 5:



















yn+1 = yn +
h

720
[251fn+1 + 646fn − 264fn−1

+106fn−2 − 19fn−3]

τ(x, y; h) = −3h5

160
(d5

ff)(x, y) + O(h6)


