INSTITUTO SUPERIOR TECNICO

Licenciatura em Engenharia Fisica Tecnologica

Licenciatura em Engenharia e Gestao Industrial
Ano Lectivo: 2003/2004

ANALISE NUMERICA
Formulario

1. Representagao de Nimeros e Teoria de Erros

Erro, erro absoluto, erro relativo (z ~ x):

i) zeR: e=x-17, lez], (55:%, |0z (x #0)
iy
€z

i) zeR": e=z-—17, llezl, 0z =

Representagao de numeros reais (notagao cientifica):

r=omf €R\{0}
(base) 3 € N\ {1}, (sinal) o € {+, -},

(expoente) t € Z
(mantissa) m = (0.a1as...)g € [, 1],

ai€{0717'”7ﬁ_1}7 al%o

Sistema de ponto flutuante:

FP(B,n,t1,t2) ={r € Q: x =0mp'} U{0}
ﬁEN\{1}> UE{+7_}7 t1§t§t27

ttty €T
m = (0.ajay...a,)s €[, 1— 037",

aie{oalv“'aﬁ_1}7 a'17é0

Arredondamentos:

z=0(0.a1ay...0,0041...)p X B €R, fi(z) € FP(8,n,t,t2)

(i) arredondamento por corte:

fi(z) = 0(0.a1az ... a,)s x

(i) arredondamento simétrico (3 par):

o(0.a1as...a,)g x G, 0<api1 < g
fi(z) 3
o[(0.aras...a,)s+ 37" x B, 5 < pyr < B



Erros de arredondamento (x = omf3' € R, 7 =fl(z) € FP(8,n,t1,12)):

(i) arredondamento por corte:
lez| < 87, 0| <=
(ii) arredondamento simétrico:

1 1
j<_t—n 5j<— 1—n::U
el <187 <5
( U: unidade de arredondamento do sistema FP(3,n,t;,t) )

Algarismo significativo:

r =oml0' € R, 7 =0(0.a1az...a,)10 X 10° € FP(10,n,t,t5),

. . . N 1,
a; é algarismo significativo de 7 se |ez| < 5 gt

Propagacao de erros (x:(xl,...,xn)eR”, ¢o:R" >R, T~u, quﬂogzﬁ):

5 3 " 0¢
epr) = 9(z) — d(2) ~ ég(x) = a—%(l’) B
k=1

n 2%

€@ o | Tk, (€)
Op(z) = o) dp() = ;%,xk ()03, Doy, (T) = e
o(x) — () - < - -
65)(5:) - Qb {L‘) ~ 6(;5 + 6arr7 6(;5 - Zp¢,mk 55:k7 6arr = Z Qk5arrk

k=1 k=1

2. Resolugao de Equagoes Nao-lineares (f : R — R)

Método da bisseccao (f(z) =0, f € C(la,b]), f(a)f(b) <O0):

—a
Tl = T+ Sy sgnlf(a)f(zm)], m=0,1,...
b—a

|2 = | < [Tmga — T

Método do ponto fixo (f(z) =0 < z = g(2)):

(lg(z) —g(y)| < Llx—y|, Ve,yeICR, L<1; g(I)ClI)

Tima1 = g(Tm), m=20,1,...
|2 — 1| < Lz — 2, |z — x| < L™z — x|
L
|2 — x| < 1_L|$m+1—$m|7 |2 — Ty Sﬁ|xm+1_xm|



Lm
~—1-L
oe ¢ (2)#£0, geCYI), L =max,|d(z) <1:

|21 — 20|

2= Tm41 = g/(gm)(z - xm)a Sm € int(z,xm)
2 — Tpmy1| < Lz — T, |2 — zpm| < L™z — x|
lim —|Z ~ T =1g'(z)] = KU
m—oo |z — Xy, >
oe ¢M(2)=0,r=1,...,p—1, gP(2)#£0, p=2,3,..., gecCP)
1
2= Tmy1 = _'(_1>p+1g(p)(€m>(z — ZTm)?, Em € nt(z,7,,)
p!
1 1 P
z2 = Tmp1| < Kplz — ", |2 — x| < Kp7P (K5’1|z—mo|)
K, = 1 max ‘g(p)(x)|
P p' zel
2, 1
lim |2 — Tmpa| —~ ]g(p)(zﬂ —: Kl

oo [z alP P

Método de Newton (f(z) =0, f'(z)#0, fe C*()):

m+1 — dm — ) :O,].,...
e T T,y
1"
2= Tyl = —;fl((i";)> (z — a:m)Q, Em € int(z, zp)
1 m
2= mp| < K|z =z, |z —am| < - (K2 — o)*

_ maxee ()]
2minger | /()]

. |2 — T f(2) 2]
1 = =K
e fr—aaP 2PG)| T
|z—xm+1|§%_c|xm+1—xm|, se Klz—z,]<c<1
Método de Newton modificado:
(f7(z)=0, r=0,....p—1, fP®>)#£0, p=2,3,..., fecr(I))
f(xm)
m+1 — dm — , =0,1,...
e e
X .
A LR N C R S VR



1
2= Tpi1| < Kolr — 2|, |2 = | < 7 (Kofz = zo])*
2
Ky = 3 max|g"(x)]
2 = 5 maxlg(x
|Z xm+1| Loy 1 h/(Z)
lim Z—Tmitl 2 ! _. Kb
P e A R V1) >

onde h étal que f(x)= (z—2)’h(z), h(z)#0

Método da secante (f(z) =0, f € C*(I)):

Tm — Tm—1
Tma1 = T — f(Tm) i . m=1,2,...

f(@m) = f(@m1)’

- J" ()
Z—Tm4+1 = _2f,(€m)

‘Z_$m+1| < K’Z _xm| ‘Z_xm—1|a

(z —xm) (2 — 1), Ems M € IN6(Tp_1, 2, Tpy)

_ maXeer | f(2)]
2 minxel |f/(.1')|

r—1 . K[T] _— \/g—l—l
TN, = 9

2 = @l _ | S"(2)
o [zt |2f(2)

ic|af;m+1—xm\, se Klz—xz,q] <c<1

3. Resolugao de Sistemas Lineares (Az =b, A€ L", b,x € R")

Normas matriciais induzidas por normas vectoriais (x € R*, A € L"(R)):

n n
2l = i lzlle =4 /D laif? |0 = max fa]
i=1 i=1

1Al = ggjaggl; jail  N[All = /7o (A*4) Al = max Z |as]

1<i<n
(norma por coluna) (norma por hnha)
ro(A) = max | Ail s AL, ..., A, @ valores préprios de A

Numero de condi¢ao de uma matriz:

cond,(A) = [All, [A7"],, p=1,2,00,  condi(A) = rs(A)rs(A™)

Condicionamento de sistemas lineares ( , AT =10):

|2 = 2ll, _ cond, ( 1A~ Ally 1o — bl
el 1 — 1A A”pcond 1Al 161l

1All»




14— All,

condy(A) = [A = A, |47, <1, p=1200
1Al

Métodos iterativos:

) = Cz®) 4, k=0,1,...
C=—M"'N, w=Mb MAN=A=L+D+U

o = 2] < elfe - 2®], 2 = 2®] < e - 2]
o = ] < T o0 = 2B,z — o0 < 2 ) o)
— e —c
e — 2] < -5 at® 2O, e=lcl <1)

e Método de Jacobi (M = D):
2" =D b —(L+ U)W, k=0,1...

I = ¥l < 1tz = 2@

n

_ ) _ ij _ i
u—lrg%(aﬂrﬁz), =y | Bi=
=1 j=it1
e Método de Gauss-Seidel (M = D + L):
2R+ _ p-1 (b — LD U$(k)) ’ k=0,1...
i~ 2®lle < ol — 20
i—1 n
_ i N | = %
= lrgas)% | i Z ai; |’ b Z Qi
j=1 J=i+1

I
e Método da iteragao simples ou da relaxagao linear (M =—, weR\ {0}):
w
aGaRy :x(k)—l—w(b—Ax(k)) , k=0,1,...
. . . D
e Método de Jacobi modificado (M =—, welR\ {O}):
w
™) = (1 —w)z® + wD™ ' [b— (L +U)2®], k=0,1,...
. . ) D
e Método de Gauss-Seidel modificado ou SOR (M = + L, weR\ {O}):

") = (1= w)a®™ +wD™ (b— La®t) — U2®) | k=0,1,...



4. Resolugao de Sistemas Nao-lineares (f : R* — R")

Método do ponto fixo (f(z) =0 < z = g(2)):

(lg(z) —g(y)| < Lz —y|, Voe,ye DCR*, L<1; g(D)CD)

(secio) L=swla )

2 = g(:p(m)), m=0,1,...
Iz — 20D < Ljjz — 2™, Iz = 2| < L™z — 2|
2 = 2™ < 7= Llll’(m“) =M, ]z =2t < ﬁﬂl’(mﬂ) |

m

m L
Iz = o) < T2 [l — 2]

Método de Newton generalizado (f(z) =0, f € C*(D), det[Js(z)] # 0):

{ m=0,1,...
Tr(atm) Azt = — f(am),

1 m
2 =2tV < Kz = a2 e =2 < 2 (Kz =20’

— =8 Je(x ’1,
w, | 57 = sl

M My = e sup [ Hy, ()], H,,

1<i<n x€D ¢

K= P f,

€LY W)= 5o

5. Interpolagao Polinomial

Formula interpoladora de Lagrange:

(x) = Z i 1), i) = ‘ H :IZ_—Z”ZZ

Formula interpoladora de Newton:

pn(a:):f[xo]—i—Zf[xo,..., HCE—I'@ xo,...,a:j]:ZL

flro,z1, ..., 2] = flos, @2, 2] _f[xo’xl""’a:j*ﬂ, Jj=2,3,...

f[Il] - f[xo]

T1 — o

f[x(b xl] =




Férmula do erro:

= Wn+1(l') = f[l'm ce 7$n7$] Wn-i-l(x)

Wi (z) = H(m—xi), € € int(zg, ..., Ty, x)

6. Teoria da Aproximacao

Melhor aproximagao ¢* minimos quadrados de f € E em F' C FE, F subespaco de dimen-
sao n gerado por {¢o, ..., vn}, F espago pré-Hilbertiano:

If =& l=mElf=¢ls & (f-¢"0), VoeF

Qb* - Zaz@kv CL;Z = (M_l)k] <f7 (;Oj>a M e Ln7 M]k = <¢j7§0k>
k=0 =0
= Z appr, ap = s o) ) se {©o,...,¢n} éum sistema ortogonal
=0 (P Pr)

Polinémios ortogonais com respeito ao produto interno

b
(f.g) = / w(@)f(@)g(x) dz,  (f.g € Cllab), we Clabp), wlz)>0)

e Férmula de recorréncia:

{ Pnt1(2) = (¥ — Buy1)pn(r) — Cryron-1(), n=12...

wo(z) =1, ei1(z) =z — B
By = \WomPnd 4 g, o)
<<Pn7 90n> <90n717 90n71>
e Polinémios de Legendre, P, (x € [a,b] = [-1,1], w(z)=1):
2n + 1 n
Poii(x) = o zP,(x) — n—l—an_l(x)’ n=1,2...
Py(z) =1, P(x)=x
(= a 2\ _

2

Pn7pm :()7 v > Pn,Pn = )
(PP =0, Wngm  (PuP) =5

n=0,1,...



e Polinémios de Chebyshev, T;, (z € [a,b] = [-1,1], w(z) =1/V1—2?):

Thi1(z) = 22T, () — T4 (), n=12...
To(z) =1, Ti(x) =
T, (z) = cos(n arccos x), n=0,1,...
(T Tw) =0, Vngm, (D)=  (TnT)=7, n=12..
2141
T, (x;) =0, xi:cos%_—)ﬂ, 1=0,....,n—1, n=1,2,
n

7. Integracao

Férmulas de Newton-Cotes fechadas de ordem n (f € C([a,b])):

b n
10 = [ s~ L) =Y wafl)

L(z%) = I(2"), k=0,1,....n
h—
Tjin=a+jh, j=01,...,n, h = na
h(—=1)" /” - .
Wiy =1(:,) = —— t—1)dt, W)y = Wn_jn
D (]7 ) j'(n_,])' 0 Z]OJ#J( ) J J

v=1, nimpar
Eo(f) = I1(f) = L(f) = Co k"1 f)(g), {

v=2, npar

_ 1 " v—1 - o
cn,,,——(n+y)!/0 ) (GURAE

e Regra dos trapézios (Newton-Cotes fechada com n =1, h =b — a):

b—a h3 "
NH =S @+ fOL B =5, e @)
e Regra de Simpson (Newton—Cotes fechada comn =2, h = b ; CL):
b— b h®
LN ="5 fwar (“0) 0] B = g5

h—
e Regra dos trés oitavos ((Newton—Cotes fechada comn =3, h = a):

57 = T @) + 3+ W)+ 35— )+ FO). E(f) =~ f0(g)




h—
e Regra de Milne <(Newton—Cotes fechada comn =4, h = 1 a):

b — b
L(f) =2 {7]‘( )+ 32f(a+ h)+ 12f <“+ ) +32f(b— h) +7f(b)}
8h”
E = b
(N =550, e
Férmulas de Newton-Cotes abertas de ordem n:
b n
— [f@ds = L= Y wial
a j=0
L,(z%) = I1(2"), k=0,1,....n
. ) b—a
Tj,=a+(G+1h, j5=01,...,n, h:n+2
Win = I(lj’n / H t - 'L Wjn = Wn—jn
TL N j 1=0,i#£7

h—
e Regra do ponto médio (Newton—Cotes aberta comn =0, h = 5 a):

nn-o-af (). EBO-Tre. e

Férmulas de Newton-Cotes compostas:

. . b—a
l‘j:a+]hM, ij,l,...,M, h]\/[: M , ij:f(.ﬁEj)
e Regra dos trapézios composta :
L M—1
(M) _ "M
L) =5 f0+fM+2;fj]
b— a)h?
200 = =M ey e
e Regra de Simpson composta (M par):
b M/2 M/2—1
" (f) = ?M Jo+ fur +4Zf2j—1 +2 Z f2j
j=1 j=1
b—a)h}
() = L= M e g e (o)
e Regra dos trés oitavos composta (M multiplo de 3):
ah M/3—1 M/3 M/3
" (f) = TM Jo+ far +2 Z Y +32f3j71 +3Zf3j72
j=1 j=1 j=1
b—a)hj
B () = O ey ee o

80



10

e Regra de Milne composta (M multiplo de 4):

n M/4-1 M4 M4 M/4
IiM)(f) = 9_(])\/[ Tfo+7fm+ 14 Z faj + 32 Z faj—1 + 122 faj—o + 322f4j_3
j=1 j=1 j=1 j=1
2(b — a)hS
0 () = -2 o) ee o)

e Regra do ponto médio composta (M par):

XK (b— a)h3,

0 =2 Y fors BV () = ), E€ (ah)
j=1

Férmulas de Gauss:

10 = [w@f@de ~ 5= Y winf)

L(z%) = I(2"), k=0,1,...,2n+1

Tjn, J=0,1,...,n: zeros do polinémio ®,,, de grau n + 1 per-
tencente ao sistema {®g, @1, ...} de polinémios ménicos ortogonais
com respeito ao produto interno (f, g) = I(fg).

. <¢)n+17 (1)71+1>
q’%ﬂ (xj,n)q)nw(xj,n) ’

<q)n+17 (1)71+1>

win = I(ljn) = 1(13,,) = i=0,1,...,n

B, (f) = (2n+2) b
(1) = Sy, o
e Férmulas de Gauss-Legendre ([a,b] = [—1,1], w(z) =1):
Tjn, J=0,1,...,n: zeros do polinémio de Legendre P,
2 1 =0,1
Wjn = — ) =Y L..,n
T 2) P (@) Para (i)
2203 [(np + 1)14 .
Bu(f) = DL i) e (a)

(2n +3)[(2n +2)!]

oe Io(f) =2/(0)

N

oo L) =¢f <—\/§) VO <\/§>
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oo I3(f) = wosf(xo3) +wisf(r13) +wasf(re3) +wssf(rss)

1 6 1 6
Tos = 74| 7 (3 + 2\/;) =TT T13 = 7|7 (3 - 2\/%) = —T23
1 5 1 5
Wo,3 = 6 (3 - \/g) = W33, Wi3z= 6 (3 + \/%) = Wa3

e Férmulas de Gauss-Chebyshev ([a,b] = [-1,1], w(z)=1/V1 —2?):

ZT;, = COS 2j+17r Wiy = T ) =0,1 n
7m 2n+2 I ],n_n+17 ]_ P IR}
m n
E’Vl(f) = 22n+1(2n + 2)| f(2 +2)(§)7 § € ((l, b)

e Férmulas de Gauss-Legendre compostas:

’ M) It (o
10) = [ Fad w10 =TS > g (o)
a m=1

m h
$§m) :a+hM(m— 1)—|—7(l’j7n+1), hM =

9. Resolucao de Equacoes Diferenciais Ordinarias: Problemas de Valor Inicial

{ y'(x) = [z, y(x))

y(wo) = Yo
f:DcRVFM L RM D aberto, M ezt
fEC(D)7 |f(flf,y)—f(l‘,2)|§[/|y—2|, V(l’7y),((l},Z>GD
($0,YE)) eD

Métodos de passo simples:

Yn+1 = yn+h90(zn7yn;h>
x, = To + nh, n=0,1,..., N, NeZ*

¢ : Dx]0, 00[— RM, ¢ € C(Dx]0,00])
lo(x,y;h) — (o, 2;h)| < Kly — 2|, Y(z,y;h), (2, 2;h) € Dx]0, 00]

e Erro de discretizacao local:

[Y(x +h) =Y (2)] — p(z,y; h), Y(z)=vy

SRS

7(z,y; h) =
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e Frro de discretizacao global:

I () = B < XY () — ()] + 0 [etonso) 1]

7(h) = JBax, 17 (20, Y (20); h)]
e Método de Euler:
Yn+1 = Yn + hf(zna yn)

h
7(w,y;h) = S (Df)(w,y) + O()
D)) = (5 + 00 9)) Flo)
e Métodos de Taylor de ordem p:

hi
(j+ 1)

p—1
Yn+1 :yn+hz (D]f) (xmyn)
§=0
hP
(p+1)!
e Métodos de Runge-Kutta de ordem 2:

T(z,y;h) = (D?f)(z,y) + O(hP*)

o(x,y;h) = (L =) f(z,y) +7f (x + %w + %f(:v,y))

Tz, y:h) = %2 {DZf(%y)
_ %2 { (1 _ %) [D*f — (Df -V,)f] + (Df - %)f} (2,9) + O(h?)

oe Método de Euler modificado ou do ponto médio (y = 1):

2

-3 8—}:2@, y; 0)} + O(h?)

h h
Ynt1 = Yn + Nf <xn + Ea Yn + §f<xm yn))

1
oe Método de Heun (fy = 5)

h
Yn+1 = Yn + B Lf (s yn) + (20 + Y + R f (20, Yn))]

3
oe Método de Runge-Kutta de ordem 2 (propriamente dito) (7 = Z)

h 2h 2h
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e Método de Runge-Kutta classico de ordem 4:

h
Ynt+1 = Yn + 6 (01 + 202 + 203 + @4,
h h
Y1 :f(xn7yn)7 ©2 :f (l‘n+§7lyn+§¢l)
h h
wszf(xn+§,yn+§soz>, 01 = f(Tn + h,yn + hips)
ht D
-h D4 . 5
o h) = 1y [0 @) 5 55 0| + Ok

Métodos multipasso lineares com p + 1 passos, p > 0:

Yn+1 = Zakyn k+hzbkf Tt Yn—k ) nzp
k=—1

|ap| +1bp| # 0
x, = To + nh, n=20,1,..., N, NeZ*

e Erro de discretizacao local:

1
T([B,y; h) = 7

h Y(z+h)— Zaka—k:h

- Z bof(x — kb, Y (z — kh)),  Y(z)=y

k=1
e Condicoes de consisténcia (¢ > 1: ordem de consisténcia, f € C9T1(D)):
=1: 00:0, 01:0, 027&0
QZQ C’0:07 OIZCQZ"’:Oq:Oa Cq-l—l?éo

p
00:1—Zak, —1+Zkak—2bk,
k=0

k=-1

p
Cj=1-Y (=kYaz—j Z (k) b, =1, j=23,...

k=0 k=-1

h(]
T(z,y; h) =

(g+1)! Cop1(Df)(z,y) + O(h**)

e Condicao da raiz:

p
r)=rktl — E agr?=* Hr—rj)
7=0

(i) [l <1, 5 =01....p (i) |rj] =1=p'(r;) #0
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e Métodos de Adams-Bashforth (f,, :== f(zm,Ym)):

p
Yn+1 :yn—i_hzbkfnfk; nZP
k=0

h
Yn+1 = Yn + 5 [Bfn - fnfl]

| ey ) = 2 (D)) + OO0

oe p=1 ¢q=2: 4

h
Ynt1 = Yn + I 23f, — 16fn—1 + 5 fn_2]
ce p=2, ¢q=3:

3h3 3 4
| (@ yih) = S (D°f)(x,y) + O(R*)
h
Yn+1 = Yn + ﬂ [55fn =59 fpn1+37fn2— 9fn—3}7
=3, ¢q=4
o e B1Rt .
| 7oy ) = 2 (D) () + O

e Métodos de Adams-Moulton (f,, := f(Zm, Ym)):

p
Yn+1 :yn+h Z bkfn—ku nZP
k=-—1

h
Yn+1 = Yn + 5 [fnJrl + fn]

| (k) = 2 (D)) + O)

oe p=0, g=2:

h
Ynt+1 = Yn + E [5fn+1 +8f, — fn—l]

ce p=1, ¢=3: 5

| (k) =~ (D)) + O

h
Ynt1 = Yn + ﬁ [9fn+1 +19f, = 5fp1 + fn—2]

19R4
\ T('x7y’ ) 720

ce p=2, q=4

(D*f)(w,y) + O(h?)

[18.JUN.2004 |




