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para |α| < 1 + β

Kβ

(b)15

O método de Gauss-Seidel converge para a solução do sistema Aα,βx = bα,β
se e só se o raio espectral da matriz iteradora do método for inferior
à unidade, rσ(CGS) < 1.

CGS = −M−1
GSNGS

Aα,β =MGS +NGS, MGS =

 1 0 0

−α 1 0

0 −β 1

 , NGS =

 0 α 0

0 0 β

0 0 0


A equação dos valores próprios

det (CGS − λI) = 0

é equivalente à equação

det (NGS + λMGS) = 0

det (NGS + λMGS) =

∣∣∣∣∣∣∣
λ α 0

−λα λ β

0 −λβ λ

∣∣∣∣∣∣∣ = λ2 (λ+ α2 + β2)

σ(CGS) = { 0, 0, −α2 − β2}

rσ (CGS) = α2 + β2

O método de Gauss-Seidel convergirá pois no conjunto

{(α, β) ∈ R2 : α2 + β2 < 1} .
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Fórmula interpoladora de Lagrange:

p3(x) =
3∑

j=0

f(xj)lj,3(x), lj,3(x) =
3∏

i=0,i6=j

x− xi
xj − xi

p3(x) = 4 l0,3(x) + 3 l1,3(x) + 2 l2,3(x) + 0 l3,3(x)

l0,3(x) =
(x− 3)(x− 4)(x− 5)

(2− 3)(2− 4)(2− 5)
= −1

6
(x− 3)(x− 4)(x− 5)

l1,3(x) =
(x− 2)(x− 4)(x− 5)

(3− 2)(3− 4)(3− 5)
=

1

2
(x− 2)(x− 4)(x− 5)

l2,3(x) =
(x− 2)(x− 3)(x− 5)

(4− 2)(4− 3)(4− 5)
= −1

2
(x− 2)(x− 3)(x− 5)

p3(x) = −2

3
(x− 3)(x− 4)(x− 5) +

3

2
(x− 2)(x− 4)(x− 5)

−(x− 2)(x− 3)(x− 5)

p3(x) = −1

6
(x− 5)(x2 − 4x+ 12)

(b)15

Melhor aproximação mı́nimos quadrados:

q∗2(x) = (a∗0 + a∗1x)(x− 5) = a∗0φ0(x) + a∗1φ1(x)

φ0(x) = x− 5, φ1(x) = x(x− 5)[
〈φ̄0, φ̄0〉 〈φ̄0, φ̄1〉
〈φ̄1, φ̄0〉 〈φ̄1, φ̄1〉

][
a∗0

a∗1

]
=

[
〈f̄ , φ̄0〉
〈f̄ , φ̄1〉

]
, 〈φ̄, ψ̄〉 =

2∑
i=0

φ̄iψ̄i

φ̄0 = [φ0(xi)] =

 −3
−2
−1

 , φ̄1 = [φ1(xi)] =

 −6
−6
−4

 , f̄ = [f(xi)] =

 4
3
2


〈φ̄0, φ̄0〉 = 14

〈φ̄0, φ̄1〉 = 34 = 〈φ̄1, φ̄0〉

〈φ̄1, φ̄1〉 = 88

〈f̄ , φ̄0〉 = −20

〈f̄ , φ̄1〉 = −50
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[
14 34

34 88

][
a∗0

a∗1

]
=

[
−20

−50

]
⇒

[
a∗0

a∗1

]
= − 5

19

[
3

1

]

q∗2 = − 5

19
(x+ 3)(x− 5)
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(a)15

Q(f) = w0f(0) + w1f(x1)

Q(p) = I(p), ∀p ∈ P2 ⇐⇒ Q(xm) = I(xm), m = 0, 1, 2

w0 + w1 = b

w1x1 =
b2

2

w1x
2
1 =

b3

3

w0 =
b

4
, w1 =

3b

4
, x1 =

2b

3

Q(f) =
b

4

[
f(0) + 3f

(
2b

3

)]
(b)15

Q(f) = I(p1), p1(x) = f [0] + f [0, x1]x

E(f) = I(f)−Q(f) = I(f − p1) = I(vW2)

v(x) = f [0, x1, x], W2 = x(x− x1), x1 =
2b

3

Introduzindo a função u definida por:

u′(x) =W2(x), u(x) =

∫ x

0

W2(t)dt =
x2

3
(x− b)

E(f) = I(vu′)

Integrando por partes:

E(f) = [u(x)v(x)]b0 − I(v′u)

Sendo u(0) = 0, u(b) = 0 o primeiro termo é zero.
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Sendo u(x) ≤ 0, ∀x ∈ [0, b], o teorema do valor médio para integrais permite
escrever

E(f) = −v′(η)I(u), η ∈]0, b[

Usando a definição de derivada da diferença dividida e a relação desta
com a derivada da função resulta:

v′(η) = f [0, c, η, η] =
f ′′′(ξ)

6
, ξ ∈]0, b[

Atendendo finalmente a que:

I(u) = − b4

36

obtém-se o resultado pretendido:

E(f) =
b4

216
f ′′′(ξ)

[4] {
y′(x) = f(x, y(x)), x ≥ 1,

y(1) = 2,
f(x, y) = x2 + y2

(a)15

Método de Euler modificado (passo h): Y (1 + h) ≈ y1

y1 = y0 + hf

(
x0 +

h

2
, y0 +

h

2
f(x0, y0)

)
, m ≥ 0

x0 = 1, y0 = 2, f(x0, y0) = 5

y1 = 2 + h

[(
1 +

h

2

)2

+

(
2 +

5h

2

)2
]

y1 = 2 + 5h+ 11h2 +
13

2
h3

(b)15

Método de Taylor de ordem 3 (passo h): Y (1 + h) ≈ y1

y1 = y0 + hf(x0, y0) +
h2

2
(dff)(x0, y0) +

h3

6
(d2ff)(x0, y0) m ≥ 0

(dff)(x, y) =

(
∂

∂x
+ f(x, y)

∂

∂y

)
f(x, y)
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(d2ff)(x, y) = (df (dff))(x, y)

(dff)(x, y) = 2x+ f(x, y)2y = 2(x+ x2y + y3)

(d2ff)(x, y) = 2[1 + 2xy + f(x, y)(x2 + 3y2)]

x0 = 1, y0 = 2, f(x0, y0) = 5

(dff)(x0, y0) = 22, (d2ff)(x0, y0) = 140

y1 = 2 + 5h+ 11h2 +
70

3
h3

Resoluçao do exame de 16.JUN.2011


