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ABSTRACT. We extend the theory of Aubry-Mather measures to
Hamiltonian systems that arise in vakonomic mechanics and sub-
Riemannian geometry. We use these measures to study the asymp-
totic behavior of (vakonomic) action-minimizing curves, and prove
a bootstrapping result to study the partial regularity of solutions
of convex, but not strictly convex, Hamilton-Jacobi equations.

1. INTRODUCTION

In classical (unconstrained) mechanics one looks for trajectories z(t)
that are minimizers (or critical points) of the action

(1) /tl L(z,&)dt,

to
in which L, the Lagrangian of the mechanical system, is the difference
L =T —V between the kinetic energy, T'(z, ), and potential energy
V(z). These trajectories are characterized by the Euler Lagrange equa-
tions

Constrained (non-holonomic) systems appear naturally in mechanical
problems. Non-holonomic systems satisfy the d’Alembert-Lagrange
principle, and are described by equations of the form:

in which R represents the reaction forces that impose the constraint.
Unfortunately, unless the constraint is integrable (holonomic case) these
equations cannot be derived from a variational principle. Vakonomic
mechanics is an alternative formulation to the non-holonomic mechan-
ics [AKN97] based on a variational principle. In these systems, for
each point x in the configuration space there is a distribution D, of

velocities which is a finite dimensional subspace of R™. Then one looks
1
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for trajectories that are minimizers (or critical points) of (1) with the
constraint that

for all t. We should point out that these two approaches are not equiv-
alent. As a model for mechanical systems, vakonomic systems corre-
spond to realizing constraints using large anisotropic inertia, whereas
d’Alembert-Lagrange principle corresponds to the large anisotropic fric-
tion limit [AKN97]. Furthermore, vakonomic mechanics has important
connections with sub-Riemannian geometry [Str86], [Str89], [LS95],
and is also an important model for control theory [FS93], [BCD97].

The integrability theory for classical unconstrained systems is well
known. This paper is a first approach to study this problem for vako-
nomic systems in the framework of Aubry-Mather theory and viscosity
solutions of Hamilton-Jacobi equations. We extend techniques from
previous works (see references bellow) to use viscosity solution methods
and construct generalizations of Aubry-Mather measures. As applica-
tions, we discuss the asymptotic behavior of vakonomic trajectories
and the regularity theory for Hamilton-Jacobi (see also [EJ89], [EG99],
[Gom00]).

Let T™ = R"/Z" be the n-dimensional torus. A smooth distribution
D is a subset of the tangent space of TT" that at each point x € T" is
a constant rank linear subspace D, of T, T", furthermore D, depends
smoothly on z. We assume that the rank of D, is constant m < n and
that there exist vector fields f!,---, f™ such that

D, :Span{flv'“ 7fm}

Additionally, without loss of generality, we suppose that f1,---, f™ are
orthonormal with respect to some metric in TT". In local coordinates
the metric is given by its components ¢” and we have

g frf = o
1 J *
We assume that the metric g% is definite positive in T'T", that is, for
some 6 > 0
97xix; = 0IxI>,  Vx eR"™
A Lipschitz curve z(-) : [0,7] — T" is compatible with D, if for
almost every ¢ € [0, 77,
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that is, there exists, for almost every ¢ € [0,7], a vector v € R™ such
that
iy (t) = f/i(x)%
Given a Lagrangian
L:TT" - R

we would like to study the trajectories x(-) : [a, b] — T™ that minimize

b
/ L(z,t)ds,

and are compatible with the distribution D. Such trajectories are called
vakonomic trajectories.

the action

A particularly important class of Lagrangians L has the form

1 ..
L([L’, 1‘) = §gzj(l‘)$zl'j - V(.T),
the first term is the kinetic energy and V' (z) is the potential energy.

We assume through this paper that L is given by the above expression,
or is a related Lagrangian

Lp(z,t) = L(z, %) + Px,

for P € R™.

Since V' is bounded we may add any constant to L without changing
the minimization problem. Therefore we may assume without loss of
generality that L > 0.

Vakonomic trajectories for such Lagrangians were characterized com-
pletely in [KOO01]. Our objective in this paper is somewhat different -
we consider generalized vakonomic trajectories (measures supported on
D) and develop an analog of Aubry-Mather theory. Our methods will
be a combination of dynamical systems ideas with viscosity solutions
of Hamilton-Jacobi equations.

Let the Hamiltonian H be defined by

. 1
H(p,z) = sup [p' ffop — L] = Elpf\z +V(z).
veR™

The Hamiltonian dynamics associated to H is given by the Hamilton’s
equations:

(2) T = _DPH(pv {L‘) p = DxH(p7 ZL’)
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A classical procedure to integrate these equations [AKN97] is to build
a a smooth solution u(z, P) of the Hamilton-Jacobi equation:

(3) H(P + D,u,z) = H(P),

with H(P) being the unique value for which the equation admits a pe-
riodic solution u. Then this solution is a generating function that yields
a change of coordinates X (p,z) and P(p,z) defined by the equations:

(4) p=P+D,u X =x+ Dpu.

This change of coordinates simplifies (2) into:

P=0 X =-DpH(P).

In other words, this means that for each P there is an invariant torus
in which the dynamics is simply a rotation. However, (3) does not
admit, in general, smooth solutions and this procedure is not valid.
Nevertheless, as we show in this paper, one can recover weak analogs
of the classical integrability using viscosity solutions methods.

One of the most important cases is the one in which the distribu-
tion satisfies an Hormander-type condition, that is, f!,--- , f™ together
with finitely many brackets [f¢, f7], [[f%, f7], f*], ... span T,T" at each
point. If this condition is fulfilled, we say that D is bracket generating.
Under this condition we will show that one can construct a viscosity
solution to (3) that enjoys a limited regularity (Holder continuity).

If D is bracket generating the vakonomic system is controllable, i.e.,
given two points x,y € T" and any time 7' there exists a compatible
trajectory 7 : [0,7] — T™ with v(0) = = and y(T") = y [Cho39] (see
also Carathéodory [Car(09], and [Bac86)).

The outline of this paper is the following: in section 2 we prove the
existence of viscosity solution of stationary Hamilton-Jacobi equations,
and study the Holder regularity of such solutions. In section 3 we intro-
duce generalized Mather measures and use duality theory to connect
the minimal measure problem with viscosity solutions of Hamilton-
Jacobi equations. Section 4 is dedicated to the characterization of the
support of the generalized Mather measure. Finally in section 5 we
consider some applications, the asymptotics of vakonomic trajectories
and the partial regularity for solutions of Hamilton-Jacobi equations.
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2. ERGODIC AND STATIONARY PROBLEMS

In this section we study the existence and regularity properties of
viscosity solutions that arise from control problems related to vako-
nomic mechanics. Since some of the readers may not be familiar with
viscosity solutions, we first recall the definition of viscosity solution,
however for more details and related material, one should consult, for
instance, [FS93] or [BCD97].

Let F' be a continuous function. A function w is a viscosity solution
of the Hamilton-Jacobi equation

F(D,u,u,x) =0

provided that for any smooth function ¢ such u—¢ has a local maximum
(resp. minimum) at a point z¢ then F(D,¢(z), u(zo),zo) < 0 (resp.
> 0).

The discounted cost infinite horizon problem consists in finding the
value function u® defined by

+oo
W)= o /0 UL (3, 4) + Pi,

in which the infimum is take over all trajectories that satisfy z(t) €
'Dx(t), that iS,

= fr(@)us,
for some bounded control u(-) : [0, +00) — R™.

Proposition 1. u® is a periodic viscosity solution of

au® + H(P + D,u®, z) = 0.
Furthermore
(5) —C<au*<C,
uniformly in «.
PROOF. u“ is a periodic viscosity solution, using standard results in
viscosity solutions theory [FS93|. Since L(z, &)+ P > —C' (because L
grows quadratically in &) we have au® > —C. Choosing the constant
trajectory @ = 0, which is admissible, we obtain (5). [

Before stating and proving the next result it is convenient to recall
the properties of the sup and inf convolutions ([JLS88], and [FS93]).
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Given a bounded function u define the sup convolution u¢ by

2
©) u(a) =sup [u(y) ~ 2.
y
Similarly the inf convolution is given by
. jz —y?
(7) uc(r) = 1inf |u(y) + —5—1 .
y €

Proposition 2 (Properties of sup and inf convolutions).
(1) u® and u. are, respectively, semiconver and semiconcave.
(2) |Dpuc|, |Dyuc| < €.
(3) If u is a wviscosity solution of H(Dyu,v) = H then u¢ and u.
satisfies, respectively,
H(D,u,z) < H + O(e), H(D,ue, ) > H + O(e)

almost everywhere and in the viscosity sense.

PROOF. The proof of these statements can be found in [FS93], pages
241-243. [ |

Proposition 3. Assume D is bracketing generating, then u® is Holder
continuous uniformly in o.

PROOF. The proof of this result when f* and [f?, f’] span TT" can
be found in [EJ89]. Using similar techniques we sketch the proof in the
general case. The proposition is a corollary of the following lemma:

Lemma 1. Suppose that D is bracketing generating and |fyDyu| < C
in the viscosity sense. Then u is Holder continuous of exponent 3 = ﬁ
in which k is the number of brackets required to generate TT™.

PRrROOF.  First step: give the viscosity solution define u¢ as in (6).
Then, as in [EJ89], we have

C

with the constants not depending on e.
Define X*(t) : T" — T™ to be the time-t flow map corresponding to
the differential equation

T = fr(x) z(0) = z.

Note that
u(z) — u (X" (t)z)| < Ct,
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for all sufficiently small ¢, uniformly in €. Observe that
XF(t)(z) =z + fu(2)t + O(t?),
as t — 0. For each commutator [f;,, fi,] define the vector field, for ¢
small,
X2 (f) = X ($12) X2 (12) X (—gV/2) X2 (—1/2)
note that
X2 (4)(2) = 3+ [fir, fi) (@)t + O(3?).

By induction define (for ¢ < 0 we use the convention t* = —|t|*)
Xz im () =
— X sime (fm=1)/m) xoim (1)) X2y i (1) /) xeim g1/,
We claim that

X m(0)(w) = @ b (o, fuly ] it + O(EDI)
For the proof of this claim see [BCD97] (Lemma 1.19, p. 236) or

[HH70].
As in [EJ89], we have, for ¢ sufficiently small,

jue (X () (1)) — ()] < O

Define maps Y;(t) = X (t), j = 1,---,n, in such a way that
%Y} spans TT". This is possible because of the hypothesis on the

vector fields. Note that
Y(s) =Yi(s1) - Ya(sn) seR"”

defines, by the implicit function theorem, a (local) diffeomorphism from
R™ to T™ for s sufficiently small. Thus for y sufficiently close to = we
have

ut(y) — u(@)] = [us(Y(s)x) — u(x)] < Cly — x|/

in which k is the number of brackets necessary to span TT". "
As a corollary of this proof we also have: if v : [0,7] — R™ is
bounded and xz(t) is a trajectory of

& = f(x)v(t)
then |u(z(t)) —u(x(0))| < C|t|, that is, u is Lipschitz along compatible
trajectories.
Furthermore the proof also shows that for any x there exists an open
set of points y such that there is a compatible trajectory connecting x
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to y in finite time (actually this is a particular case of Chow’s theorem
[Cho39] mentioned at the introduction, see also [Bac86]). |
Related results for minimal time problems can be found in [Liv80],

[Ran82], [Gyu84], [Gyu87], and [Sor92].

Corollary 1. For almost every x there exists the directional derivative
along a curve whose tangent is f(x)v, for any v € R™

PRrROOF. Observe that
lu(X*(t)(z)) — u(z)| < CJt|

thus u is Lipschitz along this curve and so has a directional derivative
(along the curve) for almost every ¢. Then applying Fubinni’s theorem
yields that for a.e. x such derivative exists. |

Theorem 1. There exists a viscosity solution u of the equation

(8) H(P + Dyu,z) = H(P).
This solution is Holder continuous.

PrROOF.  Since au® is bounded and u® is periodic and uniformly
Hélder continuous we get that through some subsequence au® — —H,
for some number H. Also u® — minu® is periodic, uniformly bounded
and Holder, through some subsequence it converges to a periodic Holder
continuous function u. Standard stability results for viscosity solutions
imply that u is a viscosity solution of (8). [ |

Proposition 4. For almost every x we have

H(P + Dyu,x) = H(P).

REMARK. Note that the derivative may not exist for almost ev-

ery x but the Hamiltonian only depends on the directional derivative.

PROOF. See [BCDI7|, theorem 2.40, p. 128. [ |
Finally we discuss the uniqueness of H(P).

Theorem 2. H(P) is unique.
PROOF. Suppose u; and uy are viscosity solutions of
H(P + Dyu;,x) = H;(P) (1=1,2).

Assume H,(P) > H,(P) and by adding constants, if necessary, we may
also suppose that 0 < uy < u;. For € small enough

H(P + Dyuy,z) + euy > H(P + Dyus, x) + €ug
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The comparison principle (see [BCD97], theorem 2.12, p. 107) implies
u1 < us, which is a contradiction. [ |

3. DUALITY AND GENERALIZED MATHER MEASURES

In this section, using the duality techniques from [Gom02] we develop
a generalization of Mather measures to vakonomic systems.

We say that a positive probability measure p on D is a vakonomic
measure if for any ¢ € C*(T") we have

(9) A;DMﬂ@WM@JOZQ

The motivation for this definition is as follows: suppose v : T" — R™
is a given function. Let x(-) be a solution of

T = f(x)v(x).
Define a probability measure p on D by
1 /7
fim o [ wla(o),0)dt — [ vla, fo)dn,
D

T—oo 1’ 0

through some subsequence, for all bounded continuous functions ¥ :
TT" — R. Furthermore note that

1T _ 1

for any ¢ € C'(T"). Thus [, gm Do¢f(x)vdp(x,v). Thus vakonomic
measures should be though of as generalized compatible curves.
Let M be the set of signed Radon measures such that

/kugw,

in which v : R™ — [1, +00) is a weight function that satisfies

efo) Lo bl
7(v) 7(v)
as [v] — 4o00. Note that M is the dual of CJ(D), that is the set of

continuous functions ¢ € D that satisfy
()

pl—oc Y (|v])

The advantage of using the weight function ~ is that then vD,¢(z) €

— 0.

C’g, and so the constraint (9) is continuous, that is, if u, — p and
Jp vDgé(x)dp, = 0 then [ vD,é(x)dp = 0.
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Consider also the following subsets of M:
My ={pu € M : pis a vakonomic measure}

and
/\/llz{uej\/l:,uzo,/duzl}.
The minimization problem that we wish to consider is
inf Ldj.
Mo M /D H

If D =TT" then this is Mather’s minimal measure problem, as formu-
lated by Mane [Mn96]. The next lemma is taken from [Mn96]:

Lemma 2 (Mane). For any constant C' the set of measures y € MgN

M that satisfy
/Ldu <(C

is compact with respect to the weak-x topology in (Cg)’.
Using this lemma we prove the existence of a minimal measure:
Theorem 3. There exists a minimal measure p € MyN My such that
inf Ldy = | Ldu.
it [ = [ v
Furthermore this measure is supported on a graph (z,v(x)).

PROOF. Suppose u, is a minimizing sequence in M, N M such that

d inf Ldyu.
/DL M”_)Mérml/vtl/p a

Since the infimum is finite f Ldyu,, < C for some constant C' indepen-
dent of n. The previous lemma implies j,—p for some measure g,
through some subsequence. Then for any fixed k

/min{L,k:}d,unﬁ/min{L, k}du.
D D
Thus

. < .
/Dmln{L, k:}d,u_Mégﬁwl/DLd,u

The monotone convergence theorem implies

< inf Ldyu.
[, [ 1
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By contradiction assume that p is not supported on a graph (z,v(z)).
Construct a measure fi supported in the graph (x, v(z)) with v(z) being
the unique function (defined p almost everywhere) for which

[ o@owin = [ votwyin
" /D b(,v)dfi = /D b(w, o())df

Then i is a probability measure that satisfies (9). Since L is strictly
convex in v the average action of ji is smaller than the one of yx, which
is a contradiction. [ |

This minimization problem is a convex linear programming problem
over a space of Radon measures. Related control problems have been
studied by duality methods [VL78a], [VL78b], [LV80], [FV89], [FV8S]
and [Fle89], in which Fenchel-Rockafellar duality theorem [Roc66] is
used to analyze optimal control problems. Using Legendre-Fenchel
duality theory we obtain:

Theorem 4. We have

(10) ,ulélff/t ; Ldp = 12f sgp H(D,o,x).
REMARK. In the case in which D = TT" (or more generally the
tangent space of a Riemannian manifold) this identity is proved in
[CIPP9S].

Before proving this theorem we need some preliminary results and
definitions.

Suppose that F is a Banach space with dual E’ with the dual pairing
between E and E’ denoted by (-,-). Let hy : E — (—00,4+00] be a con-
vex, lower semicontinuous function. The Legendre-Fenchel transform
hi : E' — [—00, 00| of hy is defined by

hi(y) = Sup (—(z,y) = ha(x)),

for y € E’. For concave, upper semicontinuous functions hy : £ —
(—o00, +00| the Legendre-Fenchel transform h} is defined similarly by

B3(y) = inf (—(z,y) — ha(a)).

A classical duality result is the Legendre-Fenchel-Rockafellar duality
theorem that we quote next:
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Theorem 5 (Rockafellar [Roc66]). Let E be a locally conver Haus-
dorff topological vector space over R with dual E*. Suppose hy : E —
(—00, +00| is convex and lower semicontinuous, hy : E — [—00, 4+00)
1s concave and upper semicontinuous. Then

(1) sup hae) = (@) = inf hi(y) = K3(y),

provided that either hy or hy is continuous at some point where both
functions are finite.

To use this theorem to prove identity (10) we define two functions
hy and hy on C9(D) ~ CI(T" x R™) and compute the dual problem of
of

sup ha(¢) — hi(9).

$€CO(D)
The first function h; is defined by

m(6) = sup [~6(z,0) — Liz,v)].

(z,v)€D
Let
C=cl{¢: ¢(x,v) = Dyp(x)f(z)v,9 € C(T")},

if
h2(¢):{0 ifpeC

—o00 otherwise.

and set

Proposition 5. We have
. Ldp  if p € My
=4 |
+00 otherwise,

and

i) = {O Jore M

—00  otherwise.

REMARK. This proof is is very similar to the one in [Gom02], the only
main difference being the functions h; and hy. This shows how gen-
eral these duality methods are to handle generalizations of the Aubry-
Mather theory and relate them to Hamilton-Jacobi equations.
PRrROOF. The Legendre-Fenchel transform A} of hy is

i = s (= [odu—m(s)).

$€CY(D)

We claim that for all non-positive measures p, hi(u) = oo.
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Lemma 3. If p # 0 then hi(pu) = +oo.

ProoF. If p 2 0 there is a sequence of non-negative functions ¢,, €
CY(D) such that

/—¢nd,u — +00.
Thus, since L > 0,
sup —¢, — L < 0.
D
If p # 0, we have hj(u) = +o0. .

Lemma 4. If u > 0 then

hi(u)z/Ldu+ sup (/wdu—supw)-

PpeCy(D)

PROOF. Let L, be a sequence of functions in CJ(D) increasing point-
wise to L. Any function ¢ in CJ(D) can be written as ¢ = —L,, — ¥,
for some ¢ also in C9(D). Therefore

— | ddu—h —
¢€S(}121(JD)( / ¢dp 1(¢)>

= sup (/Lndu+/wdu—sup(Ln+1/z—L)).

PeCy(D)
Note that L, — L < 0 implies
sup L, — L <0,
D

thus

sup(L, + ¢ — L) < sup .
D D

Therefore

_ du — h L,d dp — .
d)escugrgp)( /¢ 1t 1(<Z>)> > wesggrzp) (/ M+/w [ Sup(w))

By the monotone convergence theorem [ L,du — [ Ldu, and so

— du — h Ld dp —
¢escug1(op)( /(b I 1(¢)> 2/ u+w68é121(>p) (/w 0 Sup(¢)),

as required. "
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If [ Ldp = +oo then hi(u) = 4+o0. Also if [du # 1 then

sup (/zﬁdu—supqﬂ) zsupa(/d,u—l) = 400,

YeCY(D) a€R

by taking 1) = «, constant. So, hi(u) = 400, and therefore a finite
value of h} is only possible if [du = 1.
If [du =1 we have, from the previous lemma,

B () > / Ly,

by taking ¢ = 0.
Also, for any function ¢

/ (~6~ Lydp < sup(—6 — L),

if [dp=1. Hence
sup (— / cbdu—hlw)) < [ Lau
#eCY(D)

. Ld if peM
hlwz{f o e M

+00 otherwise.

Thus

Now we will compute hj. First observe that if u ¢ M then there
exists ¢ € C such that

/ ddp # 0.
and so
. _ < . N _ )
s Joe g
If p € My then [ ¢dp =0, for all ¢ € C. Therefore

0 if ue My
2(#) peC / Gy {—oo otherwise.

Theorem 5 yields then

sup ha(¢) — hi(¢) = inf hi(p) — h3(u),
$€CY(D) neM

provided we prove that h; is continuous on the set hy > —oo. This is
the content of the next lemma.
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Lemma 5. hy is continuous.

PROOF. Suppose ¢, — ¢ in CY. Then [|¢,]l, and [|¢]|, are bounded
uniformly by some constant C'. The growth condition on L implies that
there exists R > 0 such that

~ ~

sup—¢ — L= sup —¢ — L,
D T"XBR

for all ¢ in CY(D) with 6], < C. On Bg, ¢, — ¢ uniformly and so

sup —¢, — L — sup —¢ — L.
D D

This result completes the proof of Theorem 10.
Applying this results we have the main result of this section

Theorem 6.

H=— inf / Ldy.
MEMoﬂMl

Proor. We have by theorem 10

- i < cx)<H
ue/\zxsﬁMl/Ldu < sgp H(Dyuf,z) < H 4+ Ofe)

in which u® = w * n,, with 7. a standard mollifier, that is a positive
smooth function, supported in a ball of radius €, with [ 7. = 1.
Take a viscosity solution u of

H(Dyu,x)=H

Let ¢ be an admissible trajectory for which
Te

e (0) = uta(T) = [ Llatd) = AT+ 0F0)

with T, = % Dividing the previous identity by 7. and letting ¢ — 0 we
get
— / Ldp > H
in which p is the measure defined by
1 [
[ oty =tim = i,

by taking an appropriate subsequence. This measure is, by the remark
in the beginning of section 3, a vakonomic measure. |
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4. SUPPORT OF GENERALIZED MATHER MEASURES

As was proved in the previous section, the generalized Mather mea-
sure is supported on a graph. The next proposition we develop some
formal calculations that relate the support of the generalized Mather
measure with the solution of Hamilton-Jacobi equations. Then in the-
orem 7 we prove a rigorous version of this proposition.

Proposition 6. Let i be a generalized Mather measure and u a (smooth)
viscosity solution of

H(Dyu,z) = H.

Then u is supported on the set (x,v) in which v is a minimizer of
D,ufv+ L(z, fv).

ProOOF. If the proposition were false then there would be a set of
positive i measure for which

H(D,u,z) < —D,ufv — L(z, fv).
Thus
F:/H(Dmu,x)du < —/Dmufvd,u—/Ldu.

But [ Dyufvdp =0, and — [ Ldu = H, which yields a contradiction.
Note that L(z, fv) is strictly convex in v, therefore for each z there
exists a unique minimizer v(zx). |

Before proving a rigorous version of the previous proposition we dis-
cuss some properties of H and its Legendre transform L.

Proposition 7. H(P) is convex in P and superlinear.

PROOF. Since

H(P)= sup —/L+Pvdu
pneMonMy
H(P) is the supremum of a family of convex functions - thus it is
convex.
To show that H(P) is superlinear it suffices to observe that
_ PP
2

|fDocu|2 2
H(P + Dyu,z) = S fPfDau At +V(z) >~|P|*+C

in a set of positive measure, since f is bracketing generating, and is
non-negative elsewhere. [ |
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Let L(Q) denote the Legendre transform of H(P):

L(Q) = sup —H(P) = PQ,
which is finite because H is superlinear.

Proposition 8. Suppose u* is a minimizing measure corresponding to

inf /L(:c, fv) + Pf(x)vdpu.

peEMonMy
Define
@ = [ty
Then

PROOF. Define

L(Q) = inf /L(a:,fv)d,u.

peEMoNM [ f(z)vdu=Q

Then we can write

H(P) = sup —-PQ - L(Q),

that is H(P) is the Legendre transform of L(Q). Thus L(Q) = L(Q).
Also

and so it follows
L(Q*)+ PQ*=—-H(P) = /L + P fodp*.

|

Let DpH(P) denote the subdifferential of H(P) at the point P.

Since H is convex D;F(P) is always non-empty. Then a standard
convex analysis argument yields:

Corollary 2.

Q(P) = / vdu* € Do H(P).
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The next theorem is a generalization of Fathi’s results [Fat97a, Fat97b,
Fat98a, Fat98b] (see also [E99], and [EG99]) that asserts that the sup-
port of the Mather measure is a subset of the graph of the derivative
of a viscosity solution of the Hamilton-Jacobi equation. Here we use
the techniques from [EG99).

Theorem 7. Let u be a generalized Mather measure. Then v = f(P+
D,u) p-almost everywhere.

PROOF. Write

Av,) = 5ol + V()
for v € R™. Note that
H(fp,x) = H(p, ),
and H is strictly convex in v. Thus for any v and w
H(w,z) > H(v,x) + DyH(v,z)(v — w) + %\v —wl?.
Let u be a viscosity solution. Let
w=w(y) = f(y) (P + Du(y)),
which, by corollary 1, is defined for almost every y, and let
v="0v(z) = [ne* (f()(P + Dou(-))] (x).
Note that

[ Duite(a) o) w(e) ~ wly)nte - iy =0

and so

o))+ 6,0) < [ nlo = p)A(w(y).x)dy,
with

542) =3 [ nle = y)lo(o) — wl)dy
Observe that for almost every y

H(w(y), o)ne(z —y) = [H(P) + O()] ne(x — y),
since for almost every y
H(w(y),y) = H(P),
and |r — y| < e whenever 7.(z — y) is non-zero. So we have

H(v(z),x) + Be(z) < H(P) + Ofe),
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pointwise.
Also we have

/ lv(x) — zPdp(z, 2) <
/ H(v H(z,z) — DyH(z x)(v(z) — 2)du(z, 2),

by strict convexity of H. Thus

%LW@%%WML@+A@W@@S

< H(P)+ /D —H(z,x) — DyH(z,2)(v(z) — 2)dpu(z, z) + O(e)
Note that
[ itttz (D) @i, ) =

= [ DG 2) 5 @)Duln < w)@n.2) + O(0) = OF0)
since
/ Dy H(z,2)fDypdp(z, 2) = 0,
for all periodic and smooth ¢(x). Also

/D Dol (2, 2)(n. * FP)dp(z, =) = QP + O(e).

Note that

—H(z,x) — DyH(z,2)z = L(fz,z),

which implies
Lfmaw—mﬁ@@mM@@:ﬂ@-
Therefore
3 [lo==Pdu+ [ pan < TP)+ (@ + PQ+ 0() = O0)

From this we conclude that 5. — 0, through some subsequence, pu-
almost everywhere. So p-almost every point is a point of approximate
continuity of fD,u, thus

* (fDau) — fDyu,

p-almost everywhere. From this we conclude v = fD,u p-almost ev-
erywhere. [ |
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Corollary 3. For any ¢(x) smooth and periodic we have

| #DaD.sdn =0

5. APPLICATIONS

In this section we discuss some applications of the generalized Mather
measures. The firstly we prove asymptotic properties of certain vako-
nomic trajectories, then we study regularity for Hamilton-Jacobi equa-
tions and, finally we apply some of our results to the homogenization
of Hamilton-Jacobi equations.

5.1. Asymptotics. The first applications is to prove that minimizing
vakonomic trajectories have their asymptotic behavior controlled by
the derivative of the effective Hamiltonian H.

Proposition 9. Suppose y(+) is an optimal trajectory for the Hamilton-
Jacobt equation, 1i.e.,

u(z, P) = /0 L(v,%) + P¥ + H(P)ds + u(y(T), P)

Then

}Eﬂ M = —DpH(P),

provided such a derivative exists.

PrOOF. For any other P’
T
u(z, P') < / L(v,9) + Py + H(P')ds + u(y(T), P')
0

Thus

-y D0 ey~ E (P < O

Let P/ — P and then T — oo. [ |

5.2. Regularity. The last result on this paper uses a bootstrapping
technique to show that whenever the viscosity solution w is Lipschitz
then the difference quotients of fD, u are L?-Holder continuous on the
support of the Mather set.
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Theorem 8. Let 1 be a Mather measure and w a Lipschitz periodic
viscosity solution to

H(D,u,x) = H.

Then there exists a constant C' depending only on H and on the Lips-
chitz constant of u such that for all w € R"

lin% |f(z + hw) D0 — f(x)Dyu(x)|*du < C|hl,

=0 Jn

in which 4 = u(z + hw) and u° = n, * .

PrRoOOF. Fix w € R™ and define 4(z) = u(x + hw). Then, almost
everywhere,

H(D,a,x + hw) = H,
and by setting 4¢ = 7. * u, we have
H(D i, x4+ hw) < H + Ce.
Therefore
%|f(a: + hw) Dt — f (2) Dyul*+
+ f(z)Dou[f (z + hw) Dytt® — f(z)Dou)] <

< H(D,u,x + hw) — H(Dyu,z) + Ch <
< C(e+h)

Integrating with respect to p we obtain

% |f(2 + hw) Dy — f(2)Dyu|Pdp <
Tn
< —h | f(z)Dyu(f(x+ hw)— f(x))D,0dp+ Cle+ h) =
T
=C(e+h).
The result follows from sending € — 0. [ |

Finally we we would like to point out that this result may not be
optimal since formal computations seem to indicate that on the Mather
set we should have

/\fDm<szu)|2du < C.

However, we were unable to improve the previous proof to obtain a
result like the previous one.
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Proposition 10. Suppose u is a smooth solution of

H(D,u,z) = H.

Let v be a corresponding Mather measure. Then

/‘fDm<fDmU)|2d/L <C.

ProoOF. Apply fD, twice to the equation
|fDyul?

5 +V(r)=H

to obtain
|fDx(wau)|2 + fDxufDx<fDZ(fDxu)) + (fDx)2V =0.
Since [ fDyufD,¢dp = 0 for all ¢ periodic, we have
[ FD.utDAIDL( D) =0,
and since V' is smooth the result follows.
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