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Abstract

Hamilton-Jacobi Equations, Viscosity Solutions and Asymptotics of Hamiltonian

Systems
by

Diogo Aguiar Gomes

Doctor of Philosophy in Mathematics
University of California at Berkeley

Professor Lawrence C. Evans, Chair

The objective of this dissertation is to understand the relations between Hamiltonian dy-
namics and viscosity solutions of Hamilton-Jacobi equations. By combining ideas from
classical mechanics with viscosity solution techniques we study the asymptotic behavior
and invariant sets of Hamiltonian systems. Then we consider the problem of slowly varying
Hamiltonians and provide a weak interpretation of both the adiabatic invariance of action
and the Hannay angle. We apply measure and ergodic theory tools to characterize fine
properties of Hamilton-Jacobi partial differential equations and show how ergodic proper-
ties of the Hamiltonian dynamics control the regularity of viscosity solutions. In particular,
we prove a (sharp) partial uniqueness result for the time independent case, study the reg-
ularity of solutions and prove several estimates on difference quotients. Finally, we prove
that the dual of a certain infinite dimensional linear programming problem, that is the core
of Aubry-Mather theory, is equivalent to determining viscosity solutions of Hamilton-Jacobi

equations.



To Alexandra.

iii



iv

Acknowledgements

My advisor, Professor Lawrence C. Evans, deserves special thanks by his guidance and
enthusiasm about my research. Many parts of this thesis were discussed during our weekly
meetings having benefited enormously from his suggestions and advice.

I am grateful to Professor Waldyr Oliva, who initiated me to research in Hamilto-
nian systems, by his support, encouragement and many comments and suggestions about
my work.

Part of the last chapter of this dissertation was written at the University of Rome
I, La Sapienza, while participating in the TMR, program on viscosity solutions and applica-
tions. Besides having access to an extrordinary library, I beneficiated enormously from the
knowledge and expertise of Professors M. Bardi (from U. of Padova), C. Dolcetta, and A.
Siconolfi.

I have greatly profited from the comments and suggestions of many of my col-
leagues and friends, in particular L. Barreira, H. Bursztyn, J. Colliander, P. Duarte, D.
Markiewicz, and R. L. Fernandes. I am also grateful to all the community of the Mathe-
matics Department at Berkeley as well as at the Instituto Superior Técnico.

I have been supported by the program PRAXIS XXI while on leave from the

Mathematics Department of Instituto Superior Técnico.



Chapter 1

Introduction

The objective of this dissertation is to understand the relations between Hamilto-
nian dynamics and viscosity solutions of Hamilton-Jacobi equations. By combining ideas
from classical mechanics with viscosity solutions and control theory techniques we study the
asymptotic behavior and invariant sets of Hamiltonian systems. Furthermore, we show how

ergodic properties of the Hamiltonian dynamics control the regularity of viscosity solutions.

Building upon the pioneering works of A. Fathi [Fat97a], [Fat97b], [Fat98a], and
[Fat98b], and W. E [E99], we recover and extend several results from Aubry-Mather theory
[Mat89al, [Mat89b], [Mat91], [Mn92], [Mn96], using partial differential equations methods.
Then we consider the problem of slowly varying Hamiltonians and provide a weak interpre-
tation of both the adiabatic invariance of action and the Hannay angle. Additionally we
apply measure and ergodic theory tools to characterize fine properties of Hamilton-Jacobi
partial differential equations. In particular, we prove a (sharp) partial uniqueness result
for the time independent case, study the regularity of solutions and prove several estimates
on difference quotients (for different proofs, extensions of these results and applications
consult [EG99a]). Finally, we show that the dual of a certain infinite dimensional linear
programming problem, that is the core of Aubry-Mather theory, is equivalent to determining

viscosity solutions of Hamilton-Jacobi equations.

In the chapters 2 to 4 we discuss background material: optimal control theory
(chapter 2), classical mechanics and KAM theory (chapter 3), and homogenization of
Hamilton-Jacobi equations (chapter 4). Then in the next two chapters we present the

new results that we describe briefly bellow.



Classical Theory

Let H = H(p, x) be smooth and periodic in € R. Suppose that, for each P, there
exists a constant H(P) and a function u(x, P) (u periodic in z) solving a time independent
Hamilton-Jacobi equation

H(P + Dyu,z) = H(P). (1.1)

Moreover, assume that both H(P) and u(z, P) are smooth functions. Then, if the system

of equations

p=P+D,u X =2+ Dpu (1.2)

defines a smooth change of coordinates X (z,p) and P(z,p), the Hamilton equations
i=DyH p=—D,H, (1.3)

can be rewritten as

X=DpH P=0.

This last problem is trivial, thus the solution of the differential equation (1.3) is reduced to

inverting the change of coordinates (1.2).

In the general case, the classical theory is unsatisfactory. Firstly, it is well known
that the non-linear partial differential equation (1.1) need not have a smooth solution
(smooth in z, for each P). Secondly, for fixed P there is not uniqueness, not even up
to constants. Therefore, in general, smoothness in P cannot be guaranteed. Finally, even
in the case in which u and H are smooth, the system of equations (1.2) may not have a

solution or the functions X (x,p) and P(x,p) may not be smooth or globally defined.

Viscosity Solutions

In general, equation (1.1) does not admit smooth solutions. Consequently, we
have to introduce appropriate weak solutions - viscosity solutions. A bounded uniformly
continuous function wu(z) is a wiscosity solution of (1.1) if for any smooth function ¢(z)
such that u — ¢ has a local maximum (respectively, local minimum) at some point xg then

H(P + Dyp(x0),70) < H(P) (respectively, > H(P)).

The existence of both H(P) and u(z, P) viscosity solution of (1.1) was estab-

lished by Lions, Papanicolaou and Varadhan [LPV88] in their study of homogenization for



Hamilton-Jacobi equations. Equation (1.1) was considered in order to study the limit of

solutions V¢ of the terminal value problem
—VEf+ H(D,V*, %) =0, VYz,1)=g(x), ase—0.
It turns out that V¢ converges uniformly to a function V' that solves
~Vi+ H(D,V) =0, V(z,1)=g(x),
H(P) being characterized by:

Theorem 1 (Lions, Papanicolaou, Varadhan). The function H(P) is the unique num-
ber A for which the equation
H(P+ Dyu,z) =\

has a periodic viscosity solution. Furthermore H(P) is convex in P.

Aubry-Mather Theory

J. Mather in [Mat89a], [Mat89b], and [Mat91] considered the problem of minimiz-

ing the functional
Al = [ Lan

over the set of probability measures p supported on T" x R™ that are invariant under the
flow associated with the Euler-Lagrange equation

doL 0L _

dt dv Oz
Here L = L(v, x) is the Legendre transform of H, and T" the n-dimensional torus, identified
with R™/Z™ whenever convenient.

The main idea is to replace invariant sets by invariant probability measures. The

supports of such measures are the analogs of the invariant sets defined by P = constant

given by the classical theory.

Theorem 2 (J. Mather). For each rotation vector w € R™ there exists an invariant

probability measure p supported on T™ x R™ such that

/vd,u:w,



where (x,v) is the generic point on T™ x R™,

mln/Ldu = /Ldu,

where the minimum s taken over all probability measures v, invariant under the Fuler-
Lagrange equation and with [vdv = w. Moreover, u is supported on a Lipschitz graph

v =v(z). Furthermore, there exists a vector P such that

min / (L + Pv)dn = / (L + Pv)dp,

where the minimum s taken over all probability measures n, invariant under the Fuler-

Lagrange equation.

The connection between Aubry-Mather theory and viscosity solutions of Hamilton-
Jacobi equations was discovered, independently, by A. Fathi [Fat97a], [Fat97b], [Fat98a],
[Fat98b], and W. E [E99]. Their main result is:

Theorem 3 (A. Fathi, W. E). Suppose u(z, P) is a viscosity solution of equation (1.1).
Then there exists an invariant set I contained on the graph {(x, P+ Dyu(z, P))}. Further-
more, T is a subset of a Lipschitz graph, i.e. Dyu(x, P) is a Lipschitz function on w(Z),
where w(x,p) = x is the projection in the spatial coordinate. If H is differentiable at P,
then any solution (x(t),p(t)) of (1.3) with initial conditions on T satisfies

|z (t) — DpHt|

lim =0.
t—o0

The proof that 7 is a Lipschitz graph is a modification of a related proof by J.
Mather [Mat91]. In [E99] W. E considers time-dependent Hamiltonians with one degree of

freedom for which more precise results can be proved.

New Results

Since H is convex, it is twice differentiable for almost every P. For such values of

P, we can extend the previous theorem and give more precise asymptotics:

Theorem 4. Suppose (z(-),p(-)) is a solution of the Hamiltonian equations with initial

conditions on I. Furthermore assume H is twice differentiable at P. Let

—y|| := mi — k
lz =yl == min |z —y + kI,



i.e. the "periodic distance” between x and y. Then there exists a constant C such that

|aw—wf%—DPH“gcvuﬂw—xmw-

If there exists a continuous function w, with w(0) = 0, such that

u(z, P) — u(z, P')] < w(|P - P'|),

then
|2(t) — 2(0)[| A w(d)
)

|z(t) — 2(0) — DpHt| < m(sin + C'té.

In particular, if w(§) < C§ then
lz(t) — x(0) — DpHt| < C.
Finally, if, for all x € w(Z), u(zx, P) is uniformly differentiable in P, then

z(t) + Dpu(z(t), P) — x(0) — Dpu(x(0), P) — DpHt = 0.

A similar result holds for time dependent problems. We extend this theorem to
slowly varying Hamiltonians H (p, x, et) and discuss the way homogenization theory for time

dependent problems is related with adiabatic invariants and Hannay angles.

Then we consider a class of measures that can be obtained as weak limits of min-
imizing trajectories. Let (z(t),p(t)) be a trajectory with initial conditions on the invariant

set Z. For E C T™ x R"™ define the measure

T
pr(B) = 7 [ 16(a(t).pt0)

Because p7 is a probability measure and p(t) is bounded, we can extract a weakly converging
subsequence as T" — oo to some invariant measure p. Since Z is closed, this measure will

be supported on Z. The relation between this measures and Mather measures is:
Theorem 5. Suppose up — p as T — oo. Then
/(L—i—P-fu)d,u—inf/(L—i—P-v)dy,
v

where the infimum is taken over all probability measures that are invariant under the Euler-

Lagrange equations. Consequently p is a Mather measure.



Given a Mather measure p, there exists a viscosity solution of (1.1) and a sequence

of measures pr as before, such that upr — u.

Any Mather measure p is supported on the graph p = P+ Dyu, for any u, viscosity
solution of (1.1).

The last part of the theorem implies that the union of the supports of all Mather
measures - the Mather set - is a subset of the graph p = P+ D, u, for any u viscosity solution
of (1.1). This statement is surprising because the solution may not be unique, even up to
constants. Actually, Mather measures encode important information about the dynamics
and are key tools in proving regularity results for viscosity solutions. An example of one of

these results is the uniform continuity theorem:

Theorem 6. Suppose p is an ergodic Mather measure with (i|gpp(u) uniquely ergodic with

respect to the restricted flow. Assume P, — P. Then
u(z, Pn) — u(z, P)

uniformly on the support of o = w*u, provided an appropriate constant C(P,) is added to

u(z, Py).

This theorem is particularly important because it shows that u is uniformly con-
tinuous in P on the support of u. Therefore there exists w(-) such that, on supp pu,
lu(z, P) — u(z, P")] < w(|P — P'|), exactly the information needed in the statement of
theorem 4 in order to get improved asymptotic estimates. The hypothesis on the theorem
are sharp, in the sense that without unique ergodicity one may to construct counterexam-
ples. In general, non uniqueness examples are obtained by combining viscosity solutions

techniques with Mafie’s results [Mn96].

Using difference quotients it is possible to prove additional regularity estimates on

viscosity solutions:

Theorem 7. Let u be a periodic viscosity solution of (1.1), and p a Mather measure. Then
[ 1D2uta +.P) = Dyt P)ldo = O(lyP)
with 0 = 7 . Furthermore, if H is twice differentiable at P then

/ |Dyu(z, P') — Dyu(z, P)|?do = O(|P — P')?).



Derivation and applications of such estimates are discussed in detail in a joint
paper with L. C. Evans [EG99a]. Many of these results may be extended to the case
of periodic time-dependent Hamiltonians, which is the subject of the second joint paper

[EGI9Db]. Some of these results are discussed, with slightly different proofs, in chapter 6.

Finally, using Fenchel-Legendre duality, we show that Mather’s problem is the
dual of computing H. More precisely:

Theorem 8 (Duality Formula).

Cinf /(L + Pv)du = inf sup H(P+ Dyp,z) = H(P),
© invariant peCt, x
Jdp=1 © periodic

This formula characterizes the minimum of Mather’s problem and can be used to

compute H numerically.



Chapter 2

Optimal Control

This chapter we review Optimal Control Theory and Viscosity Solutions for Hamil-
ton-Jacobi-Belmann equations. Firstly we discuss the applications of Optimal Control The-
ory to Calculus of Variations. Secondly we derive the Hamilton-Jacobi-Belmann Equation
and define viscosity solutions. Then we study an important tool to find fixed points for
this equation - the additive eigenvalue problems. Finally we discuss the Infinite Horizon
Discounted Cost problem.

The main references for this chapter are the books [BCD97] and [FS93]. For
an introduction to Hamilton-Jacobi-Belmann equations and viscosity solutions the reader
may want to consult [Lio82], [Bar94], or [Eva98]|. The additive eigenvalue problems follows
[Con95], [Con97], [Con96]. Other references include [CD87] and [Nus91].

2.1 Introduction to Optimal Control

The terminal cost problem in optimal control consists in minimizing a functional

Ju] = /t "L, 8)ds + 0(z(h),

among all Lipschitz paths z(-), with initial condition x(¢) = = and satisfying the differential
equation & = u. To make explicit the dependence on the initial conditions we write J[x, ¢; u]
instead of J[u].

To ensure that the minimum is achieved and is non-degenerate, we need to impose

certain conditions on the Lagrangian L and terminal cost .



Let L : R?"*1 — R ( we write L(z,v,t) with € R", v € R” and t € R) be a

smooth function, strictly convex in v, i.e., D2, L positive definite, satisfying the coercivity

L(z,v,t)
[v]

condition lim|,|_, = 00, for each (z,t); furthermore, suppose that L(z,v,t) > 0, by
adding a constant, if necessary; assume also L(z,0,t) < ¢1, |D,L| < coL + c3 for suitable
constants ¢y, ca and cs; finally, suppose that there exists a positive function C'(R) such that

D?,L < C(R), |D,L| < C(R) whenever |v| < R.

Example 1. Although the conditions above are somewhat technical, this class of functions

is rather broad; for instance,
L 7
L(z,v,t) = v Av —V(x,t),

where A is a positive definite matrix and V a periodic smooth function, satisfies these
hypothesis. L is the Lagrangian corresponding to a particle in a periodic time dependent

potential. <

Assume 1 is a bounded Lipschitz function and tyg < t < t;. For each control
u € L*®([t,t1]), x € R™ let x(+) be the solution of the differential equation & = u with initial
condition z(t) = . Define the cost functional J by

J(a, ) = /t " L(a(s), (s), )ds + ().

The integral term in the definition of J is called the running cost. Suppose we want to
minimize J among all controls w in the control space L*[t,t1; R™]. Define the value function
V by

V(x,t) = inf J(x,t;u). (2.1)
uel

This function measures the smallest possible cost starting from a state x at time t. The

next proposition gives some straightforward, yet useful, bounds on V.

Proposition 1. The value function V satisfies the inequalities
—[[¥lle <V < ety —t] + 1]l o-

PRrROOF. The first inequality follows from the fact that L > 0. To get the second inequality,
simply observe that V' < J(z,#0) < c1]t1 — t| + [|¢]|co- [ |
For a general Lagrangian the infimum may not be attained by any control u.

However, with the previous hypothesis on L and 1, it is possible to prove that this infimum
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is indeed a minimum. In the next example we prove this directly. The general case is the
main theorem in this section.

Example 2 (Lax-Hopf formula). Suppose L = L(v). By Jensen’s inequality

- L t /ttl L(#(s) > L <t1 L t /ttl ¢(5)> ~r <fl__“z> ,

where y = z(t1). Therefore it suffices to consider constant controls of the form u(s) = {=.

Hence

V(z,t) = inf {(tl — )L <y - ”3) + w(y)] ,

yeR™ t1 —t

and this inf is clearly a minimum. <

The Dynamic Programming Principle states that the evolution operator for the

value function V satisfies a semigroup property.

Theorem 9 (Dynamic Programming Principle). Suppose to <t <t <t,. Then

V(z,t) = inf inf

yeR" 2() /t Lia(s), (5), 5)ds + V(w, 1) |, (2:2)

where z(t) =z and x(t') = y.

PROOF. Let V(x,t) denote the right hand side of (2.2). For fixed € > 0 let 2¢(s) be an

almost optimal trajectory corresponding to V' (z,t), i.e.,
J(x,t;3%) < V(x,t) +e.

First we claim that V (z,t) < V(z,t)+e. To see this we may take z(-) = z¢(-) and y = z¢(t').
Then Y
V() < [ La(s),8°(6),s)ds 4 V(3.
t
Also
V(y,t') < J(y, 15 %)

Thus V(z,t) < J(z,t;2°) < V(x,t) + €, as required. Since € is arbitrary, V (z,t) < V(x,t).
To prove the other inequality we will argue by contradiction. Indeed, if V(z,t) < V(z,t),

we could choose € > 0 and a control u¥ such that

/t L(z*(s),i(s), s)ds + V(y,t') < V(z,t) —¢,
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where @f = uf, 2¥(t) = 2, and y = 2%(¢'). Choose u” so that
. t50') S V(g t) + 5.

Define a control u*(s) = uf(s) for s < ¢’ and u*(s) = u’(s) for ¢’ < 5. Then

V(z,t) —e > tt’ L(z#(s), 4% (s), s)ds + V(y, ') >
2 tt L(z*(s),3%(s), s)ds + J(y,t’;ub) —£=
- J(x’t; U*) B % > V($,t> - éa

which is a contradiction. [ |
The evolution semigroup that maps the terminal cost to the value function is
monotone, i.e., if Y1 < )9 then the corresponding value functions satisfy Vi < V5. More

precisely:

Proposition 2. Suppose 11(x) and ¥o(x) are bounded Lipschitz functions with i < 1a.
Let Vi(x,t) and Va(z,t) be the corresponding value functions. Then Vi(z,t) < Va(x,t).

PrOOF. Fix € > 0. Then there exists an almost optimal trajectory x¢ such that

Va(w, 1) > /t " L(a%(s), #5(s), 5)ds + o (25 (t)) — €.

Clearly .
Via,t) < /t L(a(s),8(s), 8)ds + 1 (2(11)),
and so
Vi(z,t) = Va(w,t) < hi(a(t1)) — ¥2(a(t1)) +e <.
Since € is arbitrary this proves the proposition. [

An important corollary to this proposition is that the value function depends

continuously, in L* norm, on the terminal data (L*° well-posedness).

Corollary 1 (L well-posedness). Suppose 11(x) and 1(x) are bounded Lipschitz func-

tions. Let Vi(x,t) and Va(z,t) be the corresponding value functions. Then
sup [Vi(z,t) — Va(z, 1) < sup |¢1(z) — ¢a(2)].

PROOF. Note that 11 < ¥y = 1y + sup, [¥1(y) — ¥2(y)|. Let Vs be the value function

corresponding to 1o. Clearly, Vo = Va + sup, [¢1(y) — ¢2(y)|. By the previous proposition
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Vi — Vi < 0 which implies Vi — V5 < sup,, |1 (y) — 12(y)|. By reversing the roles of V; and

V5 we get the other inequality. |
As before, suppose L(x,v,t) is convex in v, and satisfies the coercivity condition
limy, oo L@vd) — 5o, The Legendre transform of L, denoted by L*, is the function

[v]
L*(p,x,t) = sup [—’U P L(.’E,U,t)] :
v

Our definition of Legendre transform agrees with the definition in [FS93] or [BCD97] and
is the usual in optimal control problems but it is different from the customary in classical
mechanics. The latter one is L¥(p, x,t) = sup, v - p — L(z,v,t), as defined, for instance, in
[Arn99] or [Eva98]. The relation between them is obvious L*(p,x,t) = L¥(—p,z,t). Our
definition simplifies the definition of viscosity solutions for the terminal value problem.

It is customary to denote L*(p,xz,t) by H(p,z,t). This last function is called
the Hamiltonian corresponding to the Lagrangian L. This transform has some important

properties:
Proposition 3. Suppose that L(x,v,t) is convex and coercive in v. Let H = L*. Then
1. H(p,z,t) is convez in p;

2. H*=1L;

H(x,p,t)
Pl

3. For each (x,t), lim, o = 00;
4. Define v* by the equation p = —Dy,L(x,v*,t); Then

H(p,z,t) = —v* - p— L((z,v",t);
5. Similarly define p* by the equation v = —DpH (x,p*,t); Then
L(z,v,t) = —v-p* — H((z,v",t);

6. If p=—D,L(z,v,t) orv=—Dy,H(z,p,t) then Dy L(z,v,t) = —D,H(p,x,t).

PrRoOOF. The first fact follows from the fact that the supremum of convex functions is

convex. To prove the second one note that

H*(z,w,t) =sup—w-p— H(p,z,t) =supinf(v — w) - p+ L(x,v,t).
p p Y
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If we choose v = w we get

H*(z,w,t) < L(z,w,t).
The reverse inequality is obtained by observing that, since L is convex in v, there exists s
such that L(z,v,t) > L(z,w,t) +s- (v —w) and so

H*(z,w,t) >supinf(p+s) - (v — w) + L(z,w,t) > L(x,w,t),
P v

by choosing p = —s. To prove the third observation note that
Lz, M2t
H(CL‘,p,t) >\ — ( [l )

)

| |
by choosing v = —)\“%'. If we let |p| — oo we conclude
H t
limint ZO2E) 5
pl=oe Pl
Since A is arbitrary we get
H t
lim inf H(z.p:t) =
lp|—o0 P

To prove the fourth part note that, for fixed p, the function —v-p— L(z, v, p) is smooth and
strictly convex. Therefore its unique minimum (which exists by coercivity and is unique
by strict convexity) is achieved when —p — D, L = 0. The fifth part is similar. Finally, to
prove the last part, note that if p = —D,L(x,v,t) then H(x,p,t) = —v-p — L(x,v,t) if we
differentiate with respect to x we conclude D, H = —D,L. [

Let ¢ be a continuous function. The superdifferential of 1/ at the point x, denoted
by D1 (z), is the set of values p € R™ such that

s 2 )~ b() —p-v

<0.
|v|—0 ‘U’

Consequently, p € D} ¢(x) if and only if
Yz +v) <P(x) +p-v+ov),

as |v| — 0. Similarly, the subdifferential of 1) at the point =, denoted by D, v(z), is the set

of values p such that
Y L C I

> (.
o] =0 v

These sets are one-sided analog of derivatives. Indeed, if v is differentiable

D, (z) = Dip(z) = {Datp(2)}.

More precisely,
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Proposition 4. If D, (z), D}vy(x) # 0 then Dyvy(x) = Di(x) = {p} and ¢ is differ-
entiable at x with Dy = p. Conversely, if ¢ is differentiable at x then

D, (z) = Dfp(z) = {Datp()}-

PROOF. First we claim that if D, ¢(x) and D} (x) are both non-empty they must coincide

and have a single element denoted by p. Indeed for any p~ € D, ¢ (x) and pt € Df(x)
>0 lim sup

liming P& ) (@) —p” -v > Y(x+v) =) —pt v
v]—0 v l0]—0 v

<0.

By subtraction we conclude

+ -
— . v
lminf &P
ER [v]
In particular, by choosing v = —e%, we get
—lp™ =pT| >0,

which implies p~ = p*™ = p. This (unique) element p satisfies

i Y@+ — @) —p-o ~0,
o]0 |v]

and so Dy = p.
To prove the converse, we just have to observe that if ¢ is differentiable then

Y@ +v) = (@) + Datp(2) - v + o(v). u

Proposition 5. Let ¢ be continuous. Then, if p € Df1(xg) (resp. p € D, v(xg)) there
exists a C* function ¢ such that 1(x) — ¢(x) has a strict local mazimum (resp. minimum,)
at o and p = Dy¢(xq). Conversely, if ¢ is a C function such that ¥ (x) — ¢(z) has a local
mazimum (resp. minimum) at xo then p = Dy¢(xo) € DFh(xo) (resp. D, v(xo)).

PROOF. By subtracting p- (x — z¢) + 1(x0) to 1) we may assume ¥ (xo) = 0 and p = 0. By

changing coordinates we can take zop = 0. Then 0 € D+ (0) and so

lim sup (@)
z—0 7]

<0.

Hence there exists a continuous function p(z), with p(0) = 0 such that

P(x) < |zlp(x).
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Let n(r) = max);<,{p(z)}. This function is continuous, non-decreasing and 7(0) = 0.

Define 2la
p(z) = dr + |z|?.
(x) / n(r)dr + |2

x|
Note that ¢ is C' and ¢(0) = D,¢(0) = 0. Moreover for x # 0
2|z| )
#(@) ~0(e) <lelote) ~ [ )i —lal? <0
Thus ¥ — ¢ has a strict local maximum at 0.

Conversely, suppose 9(x) — ¢(x) has a local maximum at 0. Without loss of
generality we may assume 1(0) — ¢(0) = 0, and so ¢(0) = 0. Then ¥ (x) — ¢(x) < 0 or
equivalently

Y(x) <p-(z—20) + (0(x) —p- (x — 20)).
Thus, by choosing p = D,¢(zp), and using the fact that

¢(x) —p- (v —x0)

lim =0,
) |z — x|
we conclude that D,¢(xg) € D (o). The case of a minimum is similar. [

A continuous function f is said to be semiconcave provided there exists a constant
C such that f(z +y) + f(z — y) — 2f (x) < Cly|*>. Semiconvex functions are defined

analogously.

Proposition 6. The following are equivalent:
1. f is semiconcave;
2. f(z) = f(x) — Clz|? is concave
3. if dy+ (1—=XN)z=0, for0 < XA <1, then

M +y)+ (1 =N fe+2) = fz) < CAy” + (1= N[z

Furthermore, if f is semiconcave

a. D f(z) #0;

b. if D f(x) # 0 then f is differentiable at x;



16

c. there exists a constant C such that, for any p; € D} f(x;) (i =0,1),
(zo — 1) - (po — p1) < Clag — a1 [*.

REMARK. A similar proposition holds for semiconvex functions.

PrOOF. Clearly 2 = 3 = 1. Thus, to prove the equivalence, it suffices to check that
1 = 2. By subtracting C|z|? to f we may assume C' = 0. By changing coordinates, it
suffices to prove that that for any x,y such that Ax + (1 — \)y =0

Af(z)+ (1 =XNfly) - f(z) <0. (2.3)

We claim that the previous equation holds for any A = %, for any 0 < k < 27. Clearly
(2.3) holds when j = 1. Now we proceed with induction in j. Assume that (2.3) holds for
A= 2% Then we claim that it holds with A = 2]% If k is even we can reduce the fraction,

therefore we may suppose that k£ is odd, A = 23% and Az 4+ (1 — X\)y = 0. Now note that

o= L[E-1 L k-1 1[k+1 | k1
oot T )Y Ty e T )

Thus
1 k—1 k—1 1 k+1 k+1
1(0) = 2f<2j+1x+ (1_ 2j+1>y> +2f<2j+1 Tt <1_ 2j+1>y>
but, since k — 1 and k + 1 are even, ko = % and ky = % are integers. Hence

Since 1270 + l~€1 =k we get

102 gt + (1- 5 ) f0)

Since f is continuous and the rationals of the form 2% are dense, we conclude that

FO) = Af(z) + (1 =N f(y),

for any real 0 < A < 1.
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To prove the second part of the proposition note that, by proposition 4, a = b.

To check a, i.e., that D} f(z) # 0, it suffices to observe that if f is convex then D} f(z) # 0.

By subtracting C|x|? to f, we can reduce to the convex case. Finally if p; € DJ f(x;)
(¢=0,1) then for

f(x0) = Clzo|* < f(a1) — Cla|* + (p1 — Cx1) - (wo — 1),

and
f(z1) = Clz1|* < f(zo) — Clzol* + (po — Cmo) - (z1 — 20).
Thus
0 < (p1 —po) - (xo — x1) + Clzg — 21|?,
and so (po —pl) . (xo - xl) S C|$0 - I1’2. [ |

Theorem 10 (Main Theorem). Suppose x € R? and tg < t < t;. Assume L(z,v,t)

is a smooth function, strictly convex in v (i.e., D2 L positive definite), and satisfying the

coercivity condition lina|v|_>OO

L(I7U7t)

R = 99 for each (z,t). Furthermore suppose L bounded

below (without loss of generality, we may take L(x,v,t) > 0); assume also L(x,0,t) < ¢y,

|DyL| < coL + c3 for suitable constants c1, ca,and c3; finally suppose that there exists a
positive functions Co(R),C1(R) such that |D,L| < Co(R) and |D?,L| < C1(R) whenever
|v| < R. Then for any bounded Lipschitz function v:

1. There ezists a control u* € L*[t,t1] such that the corresponding path x*, defined by

the initial value ODE

satisfies

Vi t) = /t " L(a(s), 37 (s), 8)ds + (z" (11)).

There exists a constant C, which depends only on L, 1) and t1 — tg but not on x ort
such that |u(s)| < C fort < s < t1. The optimal trajectory x*(-) is a C2[t,t1] solution

of the Euler-Lagrange equation

i DuL = DsL =0 (2.4)

with initial condition x(t) = x.
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3. The adjoint variable P, defined by
P(t) = =D, L(z*,1%,t)), (2.5)

satisfies the differential equation

P(s)=D,H(P(s),x*(s),s) &*(s) = —DpH(P(s),x™(s),s)
with terminal condition P(ty) € D;v(x*(t1)). Additionally
(P(s),H(P(s),z"(s),s)) € D"V (z*(s),s)
fort < s <t.
4. The value function V is Lipschitz continuous, thus differentiable almost everywhere.

5. Suppose D2, L is uniformly bounded. Then for each fived t < t1, V (x,t) is semiconcave
m .

6. (P(s), H(P(s),xz*(s),s)) € DYV (x*(s),s) fort < s < t; and so D,V (z*(s),s) exists
fort < s <t.

PrROOF. We divide the proof of the theorem into several lemmas.
For R > 0, define Up = {u € U : ||lu|]|«c < R}. First we prove the existence of a
minimizer in /. Then we give bounds on the minimizer ug that do not depend on R.

Finally we let R — oo.
Lemma 1. J is weakly-x lower semicontinuous.

PROOF.  Suppose u, is a sequence of controls such that u,—u in L*>[t,t;]. Then, by
standard ODE theory, the corresponding sequence of trajectories z,(-) converges uniformly

to z(-). Thus
J(x,t;up) :/t 1 [L(zn(5),un(s),s) — L(x(s),un(s), s)] ds+
+ [ Dla(s)ua(s) )5 + wlan(),

The first term, fttl [L(zn(s),un(s),s) — L(z(s),un(s), s)] ds, converges to zero. Similarly,

(xp(t1)) — Y(x(t1)). Finally, convexity of L implies

L(z(s),un(s),s) > L(z(s),u(s),s) + DyL(x(s),u(s), s)(un(s) — u(s)).
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. *
Since up,—u
t1

t Dy, L(z(s),u(s),s)(un(s) —u(s))ds — 0.

Thus
liminf J(x,t;uy,) > J(x, t;u),

and so J is weakly-*x lower semicontinuous. m
Lemma 2. There exists a minimizer ur of J in Ug.

Proor. Take a minimizing sequence u,, € Ugr such that

J(z, t;uy) — inf J(z,t;u).
uEUR

This sequence is bounded in L*°. Therefore by Banach-Alaoglu theorem we can extract a
weakly-* convergent sub-sequence uniu Rr. Clearly up € Ur. We claim that

J(z, t;ur) = inf J(z,t;u).

uEUR

Indeed, by weakly-* lower semicontinuity,

inf tiu) < t; < lim inf t;up) = inf Jhu).
ulenuRJ(x, ju) < J(z,t;ug) < liminf J(z,t; uy,) ulerbRJ(:c u)

which proves the lemma. m
The next task is to prove bounds on the optimal control ugr that do not depend
on R, so that we can let R — oo. First we assume v differentiable. Then we approximate
1 by smooth functions and pass to the limit.
Suppose r € [t,t1) is a point where up is strongly approximately continuous, i.e.,

r+4
plun(r) =l 5 [ plun(s)ds,

for all ¢ continuous. Define Pg by
t1
Pgr(r) = Dyo(xzp(t1)) + D, L(zg(s),ur(s),s)ds.

r

Lemma 3 (Pontryagin’s maximum principle I). Assume v is differentiable. Then for

almost every r € [t,t1)

ug(r) - Pr(r) + L(zg(r),ur(r),r) = Iﬁlg}% [v- Pr(r) + L(zg(r),v,r)]. (2.6)
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PROOF. Choose v such that |v| < R. For r € [tg,t1) where ug is strongly approximately
continuous define

v if r<s<r44
us(s) =
ur(s) otherwise.

Define

zr(s) if t<s<r

z5(s) = zp(r)+ (s —r)v if r<s<r+0

zR(s)+0& if r+6<s<ty,

where
1 r+4

&= 5/ [v —upr(s)]ds.

Then

J(t, w3 um) < J(t w5 05) = / " Llas(s), us(s), 9)ds + p(a(tn) + 665).

This inequality implies

r+6
[L(zs(s),v,8) — L(zgr(s),ur(s),s)] ds+

_l’_

[L(zRr(s) + 68, ur(s),s) — L(zr(s),ur(s),s)] ds+

T

+
>

+
S|l = = 9=

[Y(zr(t1) + 685) — P(zr(t1))] = 0.
As § — 0, the first term converges to

Lizr(r),v.7) — Llza(r), un(r), 7).
the second to .

1

[ DeLlon(s) unls). s (0~ ),
and the third to Dy¢(zgr(t1)) - (v — ugr(r)). Thus this implies that for almost every r
L(zgr(r),v,r) — L(zgr(r),ur(r),r) + Pr(r) - (v —ug(r)) > 0.

Therefore

ug(r) - Pr(r) + L(zg(r),ur(r),r) = Igllg}% [v- Pr(r)+ L(zg(r),v,r)],

as required. -



21
Lemma 4. Assume v is differentiable. Then there exists a constant C' that does not depend
on R such that |Pr| < C.

PROOF. Since v is Lipschitz and differentiable we have | D1 < ||Dy¢)||cc < 0o. Therefore

t1
Pr(s)| < / DaL(r(r), wn(r), rldr + | Dat o

Since |L,| < coL + c3,
|PR(5)| < C(VR(t7m) + 1)7

for some appropriate constant C. We know, by proposition 1, that there exists a constant
(1, that does not depend on R, such that Vg < Cy. Therefore |Pgr| < C. n

We will see that these bounds on Pgr imply uniform bounds on upg.

Lemma 5. Assume v differentiable. There exists Ry > 0 such that, for any R,
[urlloc < Ri.

PROOF. Suppose |p| < C. Then, for each c;, the coercivity condition on L implies that

there exists Rj such that if v - p+ L(x,v,s) < ¢; we have |v| < R;. But since
ur(s) - Pr(s) + L(zr(s),ur(s),s) < L(zr(s),0,s) < c1,

we get [|[ug|loo < Ry. "
Since up is bounded independently of R, we have V = J(x,t;ug,), for Ry suffi-

ciently large. Define u* = up,. Similarly define P = Pg,.

Lemma 6 (Pontryagin’s maximum principle II). If ¢ is differentiable, the optimal

control u* satisfies
u* - P+ L(z",u*,s) =min[v- P+ L(z*,v,s)] = —H(P,z", s),
v

and so

P =—-D,L(z*,u",s) and u* = —D,H(P,z",s),
where H = L*. Furthermore P satisfies the terminal condition P = Dgyp(z*(t1)).

ProOOF. Clearly it suffices to choose R sufficiently large. m
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Lemma 7. Assume 1 differentiable. The minimizing trajectory is C? and satisfies the

Euler-Lagrange equations (2.4). Furthermore
P=D,H(P,z*,t)  i=—D,H(Px*1).

PROOF. By its definition P is continuous. Since #* = —D,H(P(s),z*,s), z* is C*. But
then, since P itself is given by the integral of a continuous function,
t1
P(r) = Dotp(a*(t1)) + | DoL(z™(s),u"(s), s)ds,

,
we conclude that P is C!. Additionally, i* = —D,H (P, z*,s) and so #* is C* which implies
that x is C?. We have

which implies

d
2 DuL(a",#",1) = Dy L(a", ", 1) = 0.

Furthermore, since D, L(z*,2*,t) = —D,H (P, z*,t), we conclude
P =D,H(P,z*t) i*=—D,H(P,z*,1t),

as required. m
To take care of the general case where v is only Lipschitz, consider a sequence of

smooth functions 1, — v uniformly, and with || Dy |0 < Lip(¥)). For each vy, let

Tn(tiu) = / " L(a(s),i(s), £)ds + tn((t1)).

Let 2 and u) be, respectively, the optimal trajectory and control. Similarly define P, to
be the associated adjoint variable. By passing to a subsequence, if necessary, x,(t1) and
P, (t1) converge, respectively, to some xy and Fy. The corresponding optimal trajectories
x; and optimal controls u also converge uniformly to optimal trajectories and controls for

the limit problem. Define the adjoint variable P(s) = lim,,_,o, P,, Then, for almost any s,
u* - P(s) 4+ L(z*(s),u”(s),s) = inf [v- P(s) + L(z*(s),v, s)],
v

which implies
P(s) = =D, L(z*(s), %" (s), s),

for almost every s. But, since in the previous equation both sides are continuous functions,

the equality must in fact hold for all s.



Lemma 8. Fort < s <ty, (P(s), H(P(s),z*(s),s)) € D~V (z*(s),s).
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PrOOF. Fix an optimal trajectory z* and associated optimal control u*. Choose r < ¢

and y € R™. Let x, = 2*(r). Define

Y — Ty

g, %
u"=u
+ e

Y

such that 2%(r) = y.
Observe that

Viz(t),t) = /ts L(z*(7),u*(7), 7)dT + V(2" (s), s)

and also .
V() ) < /t L(ah(7), ut (7), 7)dr + V (5, 7).
This implies that
V(LU(S), S) - V(y7 T) < ¢(y7 7“)
with . .
by, 1) = /t L(a(r), it (r), 7)dr — /t L(a* (7, u* (7), 7)dr.

Since ¢ is differentiable in y and r

(=Dy¢(z7(s), s), —Drd(z"(s), 8)) € D"V (2"(s),s)
Now note that

(1) = 2" (1) + yr__:? (r—1),

hence

T—1
5 —

1
D,L——
t+ YUt

Dyd(a*(s), s) = /t DL

and by integration by parts we get

Dyp(x*(s),s) = DyL(2*(s), 2" (s),s) = —P(s).

Similarly,
Dyé(y,r) = L(z*(s),i*(s), s) + / D, Ll (r— )+ DxLL(T)(T -
¢ (r—1t)? (r—1)
Y — Ty _U*(T)
_DUL(T_t)Z + D L——
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Integrating by parts and evaluating at y = z*(s), r = s,

D, p(x*(s),s) = L(z*(s),2*(s),s) — u*(s)DyL(x*(s), 2" (s),s) = —H(P(s),z*(s), s),
as required. -
Lemma 9. The value function V is Lipschitz continuous.

PRrOOF. Fix t < t; and choose x,y. Assume first that t; — ¢t < 1. Then

where V(x,t) = J(z,t;u*). Thus there exists a constant C', depending on the supremum of

D, L and the Lipschitz constant of ¢ such that
V(yat) - V(ZL‘, t) < C|l‘ - y|

Now suppose t; —t > 1. Define u(s) = u* + (x —y) if t < s < t+ 1 and u(s) = u*(s) for
t+1<s<t;. Then

where the constant C' only depends on the supremum of D, L, not on the Lipschitz constant

of 1. By reversing the roles of x and y we conclude
V(y,t) = V(z, 1) < Clz —yl.
Without loss of generality suppose ¢ < t. Note that
|V (z,t) — V(z*(t),1)| < C|t — 1.
To prove that V is Lipschitz in ¢ it suffices to check that
|V (z*(),1) — V(z, )| < CJt — 1. (2.7)

But since &* is uniformly bounded |2*(f) — x| < C|t — | hence the Lipschitz property proved
before implies (2.7). n

Lemma 10. V s differentiable almost everywhere.
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PrOOF. Since V is Lipschitz, differentiability almost everywhere follows from Lipschitz
continuity by Rademacher theorem. ]
In general, the value function is only Lipschitz but we have a one-sided control on

the second derivatives, namely semiconcavity.

Lemma 11. Suppose D2, L is uniformly bounded. Then for each fived t < t1, V(x,t) is

semiconcave in T.
Proor. Fix ¢t and x. Choose any y € R™. We claim that
V(z+y,t)+V(z—y,t) <2V(x,t)+ Cly%,
for some constant C'. Clearly
Vizgt+y)+V(z—y)—2V(z) <

t1
< / [L(z* +y, 2" +79,s) + L(x* —y,2" —g,s) — 2L(z", 2", s)] ds,
t

where y(s) = yﬁ:i. Observe that

L(z* +y,4* +9,8) < L(z*,#* + 9, 5) + D L(z*,&* + 9, 8)y + Cly|?
and similarly for the other term. Also we have
L(z*,&* +9,8) + L(z*, " — ¢, s) < 2L(z*, 3%, s) + C|y|*.
Thus
L(z* +y, 3" +9,8) + L(z* —y,i* — g, s) < 2L(a*, 3%, 5) + Cly|* + Cly|*.
From this inequality implies the lemma. L]

Lemma 12. We have (P(s), H(P(s),z*(s),s)) € DYV (z*(s),s) fort <s < t1. Therefore
D,V (x*(s),s) exists fort < s < t.

PROOF. Let u* be an optimal control at (x,s) and let P be the corresponding adjoint
variable. Define the function W by

z*(r) —y

W =J(y,rut
(y,7) <y,r,u o

) -V,



Then for any y € R” and t < r < ¢y,

V(yvr) - V(I’,S) < W(yvr)7
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with equality at (z,s). Since W is a continuously differentiable function, it suffices to check

that

and

D, W (s,z*(s)) = H(P(s),z"(s), s).

To prove the first identity note that

t1
D,W (s,xz*(s)) = D, Ly + D,Ledr,
S

T—S
t1—s"

where (1) =
by parts we get
DyW(s,z*(s)) = DyL(x*(s),2%(s),s) = P(s).

To prove the second identity note that

D.W(s,z*(s)) = —L(z*(s),2*(s), s) + ! D, L¢ + D, Ldr,

s

where
T—38

¢(1) = " (s)

_tl—s

Again by applying the Euler-Lagrange equation and integration by parts we get
Dy W (s, 2%(s)) = —=L(x"(s),2"(s), ) + Do L(z"(s), 2" (s), 5)2"(s),

or equivalently
D, W (s,z*(s)) = H(P(s),z"(s), s).

The final part of the lemma follows from proposition 4.

This finishes the proof of this theorem.

Using the Euler-Lagrange equation %DUL — DL = 0 and integration

Now we prove that whenever the optimal trajectory is unique the value function

is differentiable along this trajectory. Consequently non-differentiability exists only when

there are shocks, i.e., points where there is more than one minimizing trajectory.
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A point (x,t) is called regular if there exists a unique trajectory x*(s) such that

x*(t) = x and
Vie,t) = / La*(s), & (s))ds + (" (1),

It turns out that regularity is a necessary and sufficient condition for differentiability of the

value function.

Theorem 11. V is differentiable at (x,t) if and only if (x,t) is a reqular point.
Proor. Differentiability implies regularity is the next lemma.

Lemma 13. IfV is differentiable at a point (x,t) the optimal trajectory is unique.

PRrROOF. Since V is differentiable at (x,t) we have #*(t) = —D,H («*(t),p(t)). Therefore,
given the value of D,V (x*(t),t), we can compute £*(¢). The solution of the Euler-Lagrange
equation (2.4) is completely specified by the initial state 2*(¢) and velocity *(t). Thus it
follows that the optimal trajectory is unique. n

To prove the converse we need an auxiliary lemma.

Lemma 14. Suppose there exists p such that |[D;V (-,t) — plle(B(z,2e)) — 0 as € — 0.
Then V is differentiable at (x,t) and D,V (x,t) = p.

REMARK. This continuity property of the derivative of the value function generalizes the
regularity results from [JS87].

PRrROOF. Since V is Lipschitz it is differentiable a.e., Fubbini’s theorem implies that for
almost every (with respect to Lebesgue measure on S~ ') direction k, V is differentiable

for almost every (with respect to Lebesgue measure on R) y = 2 + Ak. For such directions

ds.

V@¢%4ﬂ%ﬂ—p%x—w_1/WDHNx+dw—WJ%ﬂﬂ%w—w
|z — 9l 0 |z -y

Suppose € < |z — y| < 2e. Then

’V@J%Jd%ﬂ—p%w—w
|z —

‘ <DV (5 1) = pllpoo (B(w,26))-

In principle the last equality only holds almost everywhere. However the left-hand side is
continuous. Therefore the inequality holds for all y. Thus when y — =

'V(w,t)—V(y,t) —p'(x—y)
[z =y

-0
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which implies D,V (z,t) = p. "
Suppose V' is not differentiable at (x,t). We claim that (x,t) is not regular. Indeed,

if V' is not differentiable, the previous lemma implies that for any p,
D2V () = pllpoe(B(z,2¢)) = O-
Thus, we can choose two sequences x), and x2 such that x! — z but
lim (31" (£)  lim (#2)" (¢).

We claim that this implies that (z,t) is not regular. Indeed, if (z,t) is regular, x, is any

sequence converging to z, and x(-) an optimal trajectory corresponding to z, then

s(t) — ¥ (¢).

Tn

If this were not true we could extract a convergent subsequence iy, (t) — v # *(t). Let
y(+) be a solution of the Euler-Lagrange equations with initial conditions y(t) = z(t) and
y(t) = v. Note that z(-) — y(-) uniformly and so

V(z,t) = lim V(x,,t) = lim J(xp, t;d,) = J(x,t;9) > J(z,t;27) = V(z,t)

n—oo n—oo

which is a contradiction. [ |

REMARK. This theorem implies that all points along (z*(s), s) with ¢ < s < t; are regular.

2.2 Hamilton-Jacobi-Belmann Equation and Viscosity solu-

tions

The dynamic programming principle (Theorem 9) has an infinitesimal counterpart

- the Hamilton-Jacobi-Belmann (HJB) partial differential equation (PDE).

Theorem 12. Suppose the value function V is differentiable at (x,t). Then, at this point,
V' solves the Hamilton-Jacobi-Belmann PDE

—Vi+ H(D,V,z,t) = 0. (2.8)
Proor. If V is differentiable at (z,t) then, by part 6 of theorem 10 we get the result. W

Corollary 2. The value function V solves the HJB equation a.e..
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PROOF. Since the value function V is differentiable a.e. by theorem 10, theorem 12 implies
the result. |
However, it is not true that a Lipschitz function solving the HJB equation a.e. is

the value function for some terminal data, as we show in the next example.

Example 3. Consider the HJB equation
—Vi+ DV =0

with terminal condition V'(z,1) = 0. Clearly the value function is V' = 0 and it solves the
HJB equation everywhere. However there are other solutions, for instance,
0 if Jz|>1-—t¢

V(l‘,t):
le| =1+t if |z|<1—t

satisfies the same terminal condition and solves the equation a.e.. <

A bounded uniformly continuous function V' is a wiscosity subsolution (resp. su-
persolution) of the Hamilton-Jacobi-Belmann PDE (2.8) if for any smooth function ¢ such
that V' — ¢ has a local maximum (resp. minimum) at (z,¢) then —D;¢ + H(Dyp,x) < 0
(resp. > 0) at (z,t). A bounded uniformly continuous function V' is a wiscosity solution of
the HJB equation provided it is both a subsolution and a supersolution.

In one space dimension there is a simple criteria to decide whether a function V

is or not a viscosity solution:

Proposition 7. In one space dimension, a Lipschitz, piecewise smooth function V is a

viscosity solution of (2.8) equation provided:
1. 'V solves the equation almost everywhere;
2. whenever D,V is discontinuous we have D,V (x~,t) > D,V (z™,t).

Although the value function is not, in general, a classical solution of (2.8) it is a
viscosity solution. The idea behind this definition is that if V' is smooth and V' — ¢ has a
maximum or minimum at (z,¢) then D,V = D,¢ and V; = ¢;. However, this definition
makes sense even if V' is not differentiable. Another motivation for the definition of viscosity

solution is to consider the parabolic approzimation of the equation (2.8)

—Dwuf + H(Dyuf, z,t) = eAuc. (2.9)
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This equation arises naturally is stochastic control theory (see [FS93]). The limit ¢ — 0
corresponds to the small noise limit.

Proposition 8. Let u® be a family of solutions of (2.9). Suppose as ¢ — 0 the sequence

u® — u uniformly. Then u is a viscosity solution of (2.8).

PROOF. Suppose ¢(z,t) is a smooth function such that u — ¢ has a strict local maximum

at (Z,t). Then we must prove that
—Di¢ + H(Dy, T, 1) < 0.

Since, by hypothesis, u¢ — u uniformly, we can find (Z.,t.) — (Z,t) such that u¢ — ¢ has a

local maximum at (Z,t.). Thus

Duf (T, te) = DP(T, L)

and
AU (T, te) < AP(Te, Te).
Thus
—Di(Te, te) + H(Dy(Te, te), Tey te) < €AP(Te, Le).
Thus it suffices to let ¢ — 0 to end the proof. |
Another useful characterization of viscosity solutions is given in the next proposi-
tion.

Proposition 9. Suppose V' is a bounded uniformly continuous function. Then V is a
viscosity subsolution of (2.8) if and only if for any (p,q) € DTV (x,t), —q + H(p,z;t) < 0.
Similarly V' is a viscosity supersolution if and only if for any (p,q) € D~V (x,t), —q +
H(p,z;t) > 0.

Proor. This is a immediate corollary to proposition 5. [

Example 4. In example 3 we found two solutions of the equation —V; + |[D,V|?> = 0
with the same terminal condition. It is easy to check that the value function V' =0 is a
viscosity solution of this equation. However the other solution is not a viscosity solution;
indeed take ¢ = t 4 5. Then V — ¢ has a local minimum when (z,t) = (1,0); however

—¢1 + |Dy¢p|* = —2 < 0 which contradicts the definition of viscosity solution. <
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This definition is consistent with the definition of classical solution:
Proposition 10. A smooth viscosity solution of (2.8) is a classical solution.

PROOF. If V is smooth then DYV = D~V = {(D;V, D, V)}. Since V is a viscosity solution

we get immediately
-D,V + H(D,V,z,t) <0, and — D,V + H(D,V,z,t)>0,

thus —D,V + H(D,V,z,t) = 0. [

We know that, in general, there are no smooth solutions of the Hamilton-Jacobi-
Bellman equation. However, if we ask for solutions that solve the equation a.e., we loose
uniqueness. Fortunately, viscosity solutions are not only the natural definition of solution,

since the value function V is a viscosity solution, but also they are unique.

Theorem 13. The value function V' given by (2.1) is a viscosity solution of the terminal

value problem for the Hamilton-Jacobi-Bellman PDE (2.8).

PRrOOF. Before proving the theorem we need some definitions and a lemma. Define the

action kernel K (z,y;t,t1) by the formula

t1

K(z,y;t,t1) = inf / L(x(s),z(s), s)ds. (2.10)
z(t)=a,z(t1)=y J¢

When t; is fixed we may write instead K(z,y;t). Let Ti; be the (nonlinear) operator

defined by

Ty Y(z) = if;f K(z,y;t,t1) + ¢¥(y).

This is a alternative way compute the value function associated with the terminal cost 1.

Lemma 15. If ¢(z,t) is a smooth function then

. Tyt nd(5 t + h)(z) — d(x,1)
11m
h—0 h

= Dip(z,t) — H(Dyop(z,t), x,t).

Proor. It suffices to prove that, for h sufficiently small, T} ;44¢(-,t + h) is a smooth
function. Observe that the PDE

—W, + H(D,W,z,t) =0,

with terminal condition W (z,t + h) = ¢(x,t + h) has a unique classical solution (obtained

using the method of characteristics), for ¢ < s <t + h and h sufficiently small (depending
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on ¢). The Pontryagin maximum principle implies that this solution is in fact the value
function. The lemma follows easily using the characteristics method for this problem. m
Suppose ¢ is a smooth function such that V' — ¢ has a local maximum at (7, 1),

with V(Z,t) = ¢(z,t). Then ¢ >V and so
Tizn@( 6+ 1)(@) 2 T,V ST+ ) (@) = V(T 1) = (T, ).
Thus

}lllnf(l) Tf,z+h¢(’7% + Z)(‘T) - (Z)(Ta %) 2 07

which implies

The case where V' — ¢ has a local minimum is similar. |

Theorem 14 (Comparison principle). Suppose U and V are, respectively, a viscosity
subsolution and a viscosity supersolution of the Hamilton-Jacobi-Belmann equation (2.8).

Furthermore assume U(x,t1) < V(x,t1). Then

Uz, t) < V(x,t).
PROOF. See [FS93]. [
Theorem 15 (Uniqueness). The value function is the unique viscosity solution.

PrOOF. Let Vi and Vs be two viscosity solutions with the same terminal cost. Then by

the comparison principle we would have V; < V, and, by symmetry, Vo < V. |

2.3 Additive Eigenvalue Problems

In this section we study the time dependent Hamilton-Jacobi-Belmann equation
using additive eigenvalues techniques (see [Con95], [Con97] and [Con96]). Other references
for additive eigenvalue problems and applications include [CD87], and [Nus91].

Let V be the viscosity solution of the Hamilton-Jacobi-Belmann equation
—DyV + H(D,V,z,t) =0,
with terminal condition V' (z, 1) = 1(z). Then

V(o t) = it (K(x,y:t) + (y)) = T



33

Assume that L is 1—periodic in the ¢ variable. Define
Ki(z,y) = K(z,y;t1 — 1),

and

Tn = Ttl—n,tl .

In general, even when L is periodic in ¢, the solutions of the HJB equation (2.8)
are not periodic in time. Indeed, if L > 0, the value function is decreasing as t increases.
Therefore T),, does not have fixed points. Thus, the natural question is whether there are
functions u(x) such that

Thu(x) = u(x) + Hn,

for some value H and for all integers n.
Suppose T is a (possibly nonlinear) operator acting in suitable function space C
containing the scalars. An additive eigenvalue and a corresponding additive eigenvector are,

respectively, a number A and a function v such that
Tv=v+ A\

The existence of 1—periodic (in time) solutions of

—D,V + H(D,V,z,t) = H (2.11)

is equivalent to the existence of additive eigenvectors and eigenvalues for the operator T7.
The appropriate choice for the space C, where 717 is defined, turns out to be the space of
functions {g : R — R | ¢ is continuous and [0, 1]™ — periodic}. It is not hard to prove that
T is well defined in this space and that T7g is uniformly Lipschitz independently of g.
To prove the existence an additive eigenvalue in C, consider the auxiliary operator
Lg(z) = Tig(z) — min Tag(y)-
Proposition 11. Suppose L has a fized point. Then T1 has an additive eigenvalue and

eigenvector.

PROOF. Suppose g is a fixed point for L. Define A = minyecrn T19(y). Then Thg = g + A.
[ |

Theorem 16. The operator T} has an additive eigenvalue H and corresponding eigenvector

w. Furthermore the additive eigenvalue is unique.
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PRrROOF. The existence of a fixed point is a consequence of Schaefer’s theorem (see [Eva98]).
For the proof consult [EG99b].
To prove uniqueness of additive eigenvalue assume that we can find g1, g2,A1, and
Ao such that
Tigi=g+M  Tig2= g2+ o,

with A\; # Xo. Let h = g1 — g2 and choose T such that h(Z) = sup h. Then, for some 5y € R"
91(Y) + K1(Z,9) = 01(T) + 1
and
92(7) + K1(Z,Y) > 92(T) + Aa.
Hence
92(7) — 91(¥) = 92(T) — 91(T) + A2 — A1,

but since h(y) = sup h we conclude
Az — A1 <0,

hence, by symmetry, Ao = Aq. |

REMARK. However the additive eigenvector need not be unique - see example 12.

2.4 Discounted Cost and Infinite Horizon

For optimizing long-time running costs is natural to consider the discounted cost

functional J,
Jalwiu) = / L(x(s), #(s))e*ds,
0

where the trajectories x(-) satisfy the differential equation & = u with the initial condition
z(0) = z, and « > 0 is the discount rate. In financial applications, the discount rate may
be the inflation rate or interest rate.

Define the value function u,(z) = inf J,(x;u), where the infimum is taken over

controls u € L*°[0, +00).

Proposition 12. There exists a constant C' that does not depend on « such that

Ug < —.
«



35

PROOF. Since L(z,0) is bounded

U () < Jo(z,0) < / L(z,0)e”*ds < g
0

«

The analog of the dynamic programming principle is

Proposition 13. For anyt >0

t
to(z) = inf / L(x(s), i (s))e=ds + e~ un (2 ().
0
ProoF. Note that
t 00
uq(x) = inf </ L(xz(s),z(s))e” “ds + eas/ L(x(s),:i:(s))eo‘sds> <
0 t
t
< inf/ L(x(s),2(s))e”*ds + e~ *uq(x(t)),
0
and the other inequality is trivial. |
Proposition 14. Suppose u, is smooth. Then it satisfies the equation
H(Dyuq,x) + aug = 0. (2.12)

PrROOF. If w is smooth then at t =0

%(e_o‘tua(z(t)) = —aug(z) + 2(0) - Dyug(z) = —L(x, 2(0)).

Hence

0 = auq(x) — (0) - Dyug(z) — L(z, (0)) < aug(z) + H(Dguq, ).

Conversely, for any other trajectory y(-) with y(0) =0,

U () < /0 L(y,9)e”*ds 4+ e~ “uq (y(t)).

Consequently,
0 > aug(z) — §(0) - Dyua(x) — Lz, 9(0))

In particular if we choose 3(0) conveniently we conclude
0 > auq(x) + H(Dyuq, ),

ie., auq(z) + H(Dzuq,x) = 0. n
In fact we may prove that 2.12 is satisfied in the viscosity sense (defined exactly

as above).
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Theorem 17. u, is a viscosity solution of (2.12).

PROOF. Similar to the finite horizon case - see [FS93]. [
Using the same techniques as before one can show that the optimal trajectories

exist and satisfy the Euler-Lagrange equations with negative dissipation:

d OL 0oL 0L

L === =0. 2.1

ior “or or " (2.13)
If x(t) solves (2.13) the energy given by the Hamiltonian H need not be conserved.
Example 5. Let L = % + cosx. The equations are

T — axr+sinx = 0.

When a = 0 the energy H = % — cosz is conserved but for a > 0

dH .9
— =i’
dt
Thus the energy increases in time, unless © = 0. <

Proposition 15. Suppose x(t) solves (2.13) and p(t) = —D,L. Then

@ =aD,L -v.
dt

Proor. We have

dH
— = DyHp+ DyHi = v(aDy L+ Dy L) — Dy L

which gives the result. |
In an appropriate sense, this equation approximates, as o — 0, the time indepen-
dent Hamilton-Jacobi equation

H(Dyu,z) = H. (2.14)
for some H that will not be necessarily 0.

Theorem 18. There exists a function u and constants c, such that uq, —cq — u uniformly.
Furthermore there exist a constant H such that o, — H. The limit function u is a viscosity

solution of (2.14).

PrROOF. We just present a sketch of the proof - the details can be found in [LPV88] or
[Con95].
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Lemma 16. Suppose there exist constants c, such that uy,—co, — u uniformly. Furthermore

suppose g, — H. Then u is a viscosity solution of (2.14).

PROOF. See [LPV88] or [Con95|. n

To prove convergence we need some estimates.

Lemma 17. Suppose u, solves (2.12). Then there is a constant C, which does not depend

on « such that

IDztal|co < C

PrROOF. Since u, >0
H(Dyu® x) <0.

By coercivity of H we get the result. ]

We may take ¢, = minu,. Then the sequence u,, — ¢, is bounded and equicontin-
uous. Thus we can use Ascoli-Arzela theorem to extract a subsequence such that u, — cq
converges uniformly to some function wu.

Finally we have to show that awu, converges.
Lemma 18. The sequence aug is uniformly bounded.

PrOOF. This follows proposition 12. ]
From the previous lemma we can extract a subsequence such that, for some fixed
point T, au,(T) converges. Since u, is periodic and has a uniformly bounded Lipschitz

constant we conclude that au, converges uniformly to a constant. |
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Chapter 3

Hamiltonian Systems

In this chapter we review Hamiltonian dynamics and discuss the connections with
Hamilton-Jacobi equations. In particular we study the integrability of Hamiltonian systems
via classical Hamilton-Jacobi theory (generating functions theory), and perturbative meth-
ods (KAM theory). Finally, we discuss the theory of adiabatic invariants and its relations

with homogenization theory.

3.1 Hamiltonian Systems

Let H : R — R ( we write H(p,z,t) with z € R", p € R", and t € R) be
a smooth function. The Hamiltonian Ordinary Differential Equation (Hamiltonian ODE)

associated with the Hamiltonian H and canonical coordinates (p,x) is
i=(D,H)"  p=—(D.H). (3.1)

REMARK. Generally one writes © = D,H and p = —D, H. However, for certain purposes,
it is convenient not to identify line vectors with column vectors.

We say that a set of coordinates (p,x) are canonical coordinates with respect to a
ODE (&,p) = (f,9) and Hamiltonian H if f = D,H and g = —D,H.
REMARK. The adjoint variable defined in equation (2.5) is a solution of a time reversed
Hamiltonian ODE.

Usually, the Hamiltonian H represents the total energy of the system. If H is time

independent, then the energy is conserved, as shown in the next proposition:
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Proposition 16. Suppose (p(t),z(t)) are solutions of (3.1). Then

d

ZH((),2(t), 1) = DeH (p(t), 2(1), 1),

in particular H is a constant of motion if it does not depend explicitly on time.

PROOF. Suppose (p(t),z(t)) solve (3.1). Then

d

ﬁH(x(t),p(t)) =D,Hx+ D,Hp+ D:H = DxH(DpH)T — DpH(DxH)T + D:H,
thus %H(:p(t),p(t)) = DH. [
Example 6. The one dimensional pendulum corresponds to H(p,z) = % —cosxz. Then

the equations of motion are

T=Dp p= —sinz.

Since the energy is conserved, the solutions of these equations lie on level sets H(p,z) = E.

Therefore p(z) = \/2(E + cosx). <

In general, we may assume H to be time independent. Indeed, if H depends
on t, define two extra variables (F, ), canonically conjugated. Consider the Hamiltonian
K = H(p,xz,7) + E. Then

. 0K

oK oK  OH
TTOE

1 E=-——=-"".
or or

Thus ¢t = 7, up to additive constants, K is a constant of motion, and the equations for the
remaining coordinates are left unchanged. However, in some applications it is convenient

to have explicit time-dependence.

3.2 Hamilton-Jacobi Theory

When changing coordinates in a Hamiltonian system one must be careful because
the special structure of the Hamiltonian ODE is not preserved under general change of

coordinates. To overcame this problem we study the theory of generating functions.

Proposition 17. Let (p,x) be the original canonical coordinates and (P,X) be another

coordinate system. Suppose S(z, P) is a smooth function such that

p=(D,S(z,P))T X =(DpS(z,P))T
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defines a change of coordinates. Furthermore assume that DQQCPS 1s non-singular. Let

H(P,X,t) = H(p,z,t). Then, in the new coordinate system, the equations of motion are
X =(DpH)"  P=—(DxH), (3:2)

i.e., (P,X) are canonical coordinates. In particular, if H does not depend on X, these
equations simplify to

X =(pH) P=0.
If the generating function S(x, P,t) depends on time define H = H + DS and the equations

of motion are again in canonical form (3.2).

PROOF. Observe that

and so
DpySP = — [D3,S(DpH)" + (Do H)" + D7, 5] (33)

Since H(P,DpS,t) = H(D,S,x,t) + DS,
DxHD?pS = D,HD?,S + D, H + D2,S.

Transposing the previous equation and comparing with (3.3), using the fact that Dg pS =

(D%_9)T is non-singular and D2_S is symmetric,
P=—(DxH)T.
We also have
X =D, X&+ DpXP + DX = D>p,S(D,H)" + D%4,SP + D2,8S.

Again using the identity H (P, (DpS)T,t) = H((D,S)T,z,t) + DS, we get

DpH + DxHD%pS = D,HD%,S + D%,S.
Again by transposition,we get

X = (DpH)” + (D}pS)" (P + (DxH)T),

which implies X = (DpH)T. [



41

The function S in the previous proposition is called a generating function. There
are several other types of generating functions which depend on other coordinates - see
[Arn99], [AKN97] or [Gol80] for details. The systematic approach to generating functions

requires exterior calculus and symplectic geometry.

Example 7. Let H = W. When S =P -z — ’“"2—2, we get the change of coordinates:

In the new coordinates, H(p,r) = H(P) = %2 and so the equations of motion are

It turns out that, in principle, we can find generating functions that transform
the original Hamiltonian H (z, p) in a Hamiltonian H(P) depending only on P by solving a
PDE. When this is possible we say that the Hamiltonian ODE is completely integrable.

Proposition 18. Suppose S(x, P) is a smooth generating function such that in the new

coordinates (X, P), H(X,P)= H(P). Then S is a solution of the PDE
H(D,S,z) = H(P). (3.4)
Furthermore if H depends on time, S(z, P,t) solves DyS + H(D,S, z,t) = H(P).

PrROOF. If p= D,S then H(D,S,z) = H(P). Clearly, the time dependent case is similar.
|
However, in general, the PDE (3.4) does not have global smooth solutions. Indeed,
there are examples of systems that are not completely integrable (see [AKN97] or [Oli95],
for instance), and therefore, in such examples, (3.4) cannot have a globally defined solution.
Note that in the last proposition we have, in general, two unknowns, S and H(P).
Finding H(P) is as important as finding S! Finally note that if we allow H to depend both

on X and P the equation that we have to solve is
H(D.S,x) = H(DpS, P).

Suppose H(p, z) is [0,1]™ periodic in z. In general the solution of the Hamilton-
Jacobi equation (3.4) may not be periodic. Even if we require that the canonical change of

variables X (z,p) and P(x,p) be periodic in x the corresponding generating function S may
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not be periodic. For instance, it may have the form S = P - x + u(z), where u is a periodic
function.
Suppose for each P we can find H(P) such that there exists a periodic smooth
solution u of the PDE
H(P + Dyu,z) = H(P). (3.5)

Define the generating function S = P - x + u. Assume further that
p=P+ D,u Q=x+ Dpu
defines a smooth change of coordinates. Then, in the new coordinates
P=0 Q=DpH.

If we identify @ mod [0, 1]" the orbits will lie in a n dimensional tori. These are called
Lagrangian tori (see [E99]). Moreover, the rotation vector w = lim;_,oo @ of the orbits
x(t) exists and is

x(t) Q(t)

w= lim—:limT:DpF,

t—oo t t—o0

since Dpu is bounded (under smoothness and periodicity assumptions).

3.3 KAM theory

We know that, in general, it is not possible to find global smooth solutions of the
Hamilton-Jacobi PDE. However, in some trivial cases, e.g. H = H(p), one can find explicit

solutions of the PDE. In this example, any function u(P) and H(P) = H(P), solves
H(P + Dyu) = H(P).

The Kolmogorov-Arnold-Moser (KAM) theory studies the case where H can be written
as H(p,x) = Ho(p) + dH1(p, ), for 0 sufficiently small. Using perturbative methods, it is
possible to find (under generic assumptions) smooth solutions for the Hamilton-Jacobi PDE

and thus prove the existence of Lagrangian tori.

Theorem 19 (KAM). Suppose H(p,z) = Ho(p) +0H1(p, ) where Hy and Hy are smooth
and Hy is [0,1]™ periodic in x. Assume that the non-degeneracy condition det szHo #£0
holds. Then, if § is small enough, there exists a function H(P) defined on a set Ps such
that for all P € Pj there exists a smooth periodic solution u(P,x) of the equation (3.5).

Moreover, |P§| — 0 as 6 — 0.
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PRrROOF. For the proof of this theorem see [Gal83] and [MS88]. However, since the proof
is quite technical the reader may want to read first the sketch in [Arn99] or [AKN97].
The main idea is to construct a sequence of approximate solutions of the Hamilton-Jacobi
equation

Ho(DyS) + 6Hy(D,S, z) = H(P).

The first approximation is S = z - P + §.51, where S; satisfies
DpHo(P)Dmsl + Hl(P,[E) = 0.

At this point one usually expands H;(P,z) in a multiple Fourier series and (under non-
resonance conditions on DpHj) we can find a solution S;. The generating function that
is obtained gives us a change of coordinates that transforms the original Hamiltonian in a

new Hamiltonian H; with the form
H'(P,X) = Hy(P) + 62H, (P, X; ).

By applying this procedure to H' the terms up to 6% will be removed in . In general
the error in H ' is 62". This is a superconvergent method, similar to Newton’s method.
Finally under non-resonance assumptions it is possible to prove that these approximations
converge for most values of P. Indeed if det Df,pHo # 0 the the set of values of P for which

this iterative procedure may not converge may be dense but it will have a small measure.
|

Example 8. Let H = % + dcosxz. Then S; = —Si%. This yields the generating function

S=xP—¢ Si% and a new Hamiltonian
P?  §2cos?(X)

—1 _ 3
H (P.X) ="+~ +00). <

Even in the case where the Hamiltonian does not have a small parameter it may be

possible, by conveniently rescale the variables, to make appear one and apply KAM theory.

Example 9. Suppose

2
H(p,z) = ]p;| + V().

Rescale p to % and time to tv/0. Then this system is equivalent to one with

_ P

H
1779

+ 0V (z).



44

To this system we can apply KAM theory. Since the invariant tori exist for all time, we can
rescale back the time and show that in the original system there are KAM tori for |p| large

enough. <

The next theorem is a generalization of KAM theorem under weaker conditions
and it is particularly useful in the time dependent case where the previous non-resonance

condition is never satisfied.
Theorem 20 (Isoenergetic nondegeneracy). Suppose
H(p,x) = Ho(p) + 0H1(p, x)
where Hy and Hy are smooth and Hy is [0,1]" periodic in x. Assume that

Dngo (D,Ho)T"
D,Hy 0

det # 0.

Then, if § is small enough, there exists a function H(P) defined on a set Ps such that for
all P € Ps there exists a smooth periodic solution u(P,x) of the equation (3.5). Moreover,
|P§| — 0 as § — 0.

PrOOF. The proof is similar to the KAM theory but the non-resonance condition has to
be adapted (see [Gal83], [MS88], [Arn99] or [AKN9T]). [ ]

This previous theorem is particularly useful when the perturbation is time de-
pendent. Indeed, by using the standard way to pass from a time dependent to a time-
independent, the condition in theorem 19 will always fail. However, in general, we can still
apply the previous result.

We finish this section with an example due to Péschel [P6s82]. This example
illustrates the importance of Diophantine conditions and the differentiability properties of

solutions of a Hamilton-Jacobi equation.

Example 10. Consider the linearized equation

with f periodic. Assume that v and f can be written as

u(zx) = Z age’™® flx) = Z bae'®.

aeZ™ aEeL™
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Then

hence

Go = .
¢ P«
The convergence of the Fourier series of u can be estimated in terms of the coefficients b,

and a Diophantine condition on P. More precisely, if
IP-al > Cla] ™, (3.6)

we have

Y laal <C Y7 Iballal.

aEeZm™ aEeZn™

For instance if P is linearly dependent over the rationals, i.e. there exists a vector a € Z"
such that a - P = 0, then the convergence cannot be guaranteed since some coefficients
can be infinite. However almost every P will satisfy a condition like (3.6). There are also
values of P that, although not being linearly dependent over the rationals, do not satisfy
(3.6). For those numbers the convergence may be a lot harder to prove or the series may
not converge at all.

To compute the derivative D pu, the Diophantine condition is even more important.
Indeed, if we differentiate formally a, in P we get

boor

Dpag = ——2%
pa i(P-a)

Thus in the absence of a Diophantine condition, convergence may be a lot harder to obtain.
<
3.4 Invariant measures
As before, suppose u is a smooth periodic solution of
H(P + Dyu,z) = H(P).
Assume further that we can make the change of coordinates

X =z+ Dpu p=P+ D,u.
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For fixed P the set defined by p = P + D, u is invariant. Now we turn our
attention invariant measures supported on this set. First observe that since X is constant,

the measure

u(a) = | ax.

A
is a invariant probability measure, with respect to the dynamics
X = DpH.
The change of coordinates formula yields
w(A) = / det(I + D?pu)dz.

X—1(A)

Therefore the measure v
v(B) = / a(z)dz,
B
with a(x) = det(I + D?pu), is a invariant measure under the dynamics
& = D,H(P + Dyu,x). (3.7)
Proposition 19. The density a satisfies the nonlinear partial differential equation
V (a(x) DpH(P + Dy, ) = 0.

PROOF. Since the measure v is invariant we have, for any set B with smooth boundary

0B,
d

dt ©:(B)
where ©(z) is the flow corresponding to (3.7).

a(z)dr =0

This implies

D,H(P + Dy, z)a(x)dx = 0.
0B
Using the divergence theorem we conclude

/BV (a(x)DpH (Dyu, z)) dz = 0.

Since B is arbitrary, this proves the proposition. |
One of the main questions in ergodic theory is whether invariant measures can be
obtained by time averaging along trajectories. More precisely, is it true that for any Borel

set B

W(B) = lim + /O (b)), (3.8)

t——+o00 t

at least for ”generic” trajectories z(t) = ©.(z)?
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Proposition 20. If the rotation vector w = DpH is linearly independent over the rationals
(i.e. w-v =0, forveZ", implies v =0) then for almost any initial point (3.8) holds for
all Borel sets B. If w is not incommensurable, define Fr to be the o-algebra generated by

the ©-invariant sets. Then

t
lim / 1(2(t)) = v(B|FD),
0
where v(B|Fr) is the conditional probability of B given Fr.

ProoF. This is a straightforward application of the ergodic theorem [Dur96]. n

Finally we would like to point out that the Diophantine condition that appears in
the KAM theorem has an interpretation in terms of invariant measures. Suppose we have a
linear completely integrable Hamiltonian system with Hamiltonian H(p). Then the orbits
are straight lines. If D,H is linearly independent over the rationals then the Lebesgue
measure is the unique ergodic measure on the torus [0,1]". One could ask how long do we

have to take T" such that the measure ur defined by the ergodic average

3 [ stnas = [ saur

gives a good approximation to the Lebesgue measure. It turns out that a Diophantine
condition is exactly what is necessary for having a small value of T'. This can be seen by
considering fi(z) = ¢ for k € Z". Then
eik-wT -1
dup = ————
/ Tl = =570
and so, for many values of k this number can be rather large if w is close to a resonance,

whereas the average of fi with respect to the Lebesgue measure is zero.

3.5 Adiabatic Invariants

Now we consider the case in which the Hamiltonian depends slowly on time, i.e.,
H(p,x,et), for some small parameter €. Suppose H is periodic in time (without loss of
generality we may assume period one, i.e. H(p,z,t) = H(p,z,t+ 1)). We are interested in
the asymptotic properties for times 0 < ¢ < %, when € — 0. In principle, we could try to

find a periodic (in time) solution of the time dependent Hamilton-Jacobi equation

—DiS+ H(P + D,S,x,et) = H.(P) (3.9)
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and find a global change of coordinates. This approach has two main problems: one is that
this equation may not have a smooth solution, the other is that even if a smooth solution
exists it may be very hard to determine explicitly. Sometimes it is easier to solve, for fixed
t, the equation

H(P + DyS,x,et) = H(P, et). (3.10)

In fact, in the one dimensional case the latter equation can be solved explicitly (up to
computing integrals and solving algebraic equations). Suppose that equation(3.10) has
a smooth (in all variables) and periodic (in t) family of solutions. Furthermore assume
X =DpS and p = P + D,S defines a smooth change of coordinates. Then we can write
P(t) = P(xz(t),p(t)) and X (t) = X (x(t),p(t)). The function P is called the action and X
the corresponding angle. We say that the function P is an adiabatic invariant provided
sup |P(t) — P(0)] = O(c).
o<t<i
In general, we do not expect the function X (¢) to be conserved. The natural question turns

out to be whether we can approximate X (t) by
— t p—
X(t)=X(0)+ / DpH(P,es)ds.
0
A reasonable conjecture would be that

sup [ X(t) - X ()] = O(L).

o<t<t
- — €

The next example show that this is false.

Example 11. Let L(z,,t) = M where [c(t)] < 1, ¢(t) = 1 for t € [1/8,3/8] and
c(t)=—1fort e[5/8,7/8].

More generally we may always add to the solutions u(z,t) of (3.10) any periodic
function f(P,t). This yields another family of solutions of the same equation. The arbi-
trariness of f makes meaningless any comparison of X (%) with X (%) unless ¢ is integer. So
the only thing we can expect to be true generally is that the limit X (1) — X(1) — Oy,

called the Hannay angle, exists. If this limit exists it can be computed by the formula

Op = lim (DpH.(P) — DpH(P,es))ds.
€E—> 0
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Since the PDE (3.10) may not have classical solutions, it might be impossible to
define the action variable. Even when this is possible there is no rigorous proof that it is an
adiabatic invariant or that the Hannay angle exits. However, it is commonly believed that
these facts are true, at least for generic (in an appropriate sense) Hamiltonian systems and
“most” initial conditions.

Sometimes is convenient to work with a rescaled form of (3.9), namely
—D,S+ H(P+ D,S,~,t) = H(P),
€

with 0 < t < 1. One would expect, as ¢ — 0, the oscillatory effects to be averaged. This is

in fact true and is studied in the next chapter.
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Chapter 4

Homogenization Theory

Homogenization theory for Partial Differential Equations studies solutions with
high frequency oscillations. Such rapid oscillations may represent small-scale or micro-
scopic structure of a material. The main goal of this theory is to understand the limits as
oscillations become more and more rapid.

The adiabatic invariants theory motivates the study of the limit as ¢ — 0 of

viscosity solutions of the Hamilton-Jacobi-Belmann equation
x
VLt H (vae, ;,t) —0, (4.1)

with terminal condition V¢(x,T) = ¢g¢(x). Such limit problem is a typical example of the
applications of homogenization theory.

We assume that H(p,y,t) is smooth, strictly convex in p, bounded from below and
[0, 1]™-periodic in y. Furthermore, we suppose that g¢ — g uniformly. To understand what
should be the limit problem we start with some formal calculations. Many of the results in
this chapter were proved by the first time in the ”classical-yet-unpublished” paper [LPV8S].
For more details about homogenization of Hamilton-Jacobi equations the reader should

consult [Con95], [Con97], [Con96] or the book [BDIS|.

4.1 Formal calculations

Suppose V¢ — Vj uniformly as ¢ — 0. Assume V¢ has the expansion V¢(z,t) =

Vo(z,t) + eVi(%,t) + O(e?), where V; is the first-order correction term to Vp. Then, by
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matching powers of ¢, we find that

_ W

ot (ey, t) +H (DxVO + Dyvlayat) = O(E)’

T

where y = . Letting ¢ — 0 we deduce that V; should be a periodic solution of the cell
problem

H(P + Dyu,y,t) = H(P,t), (4.2)

with P = D,Vj and H(P,t) = 9.
This formal calculations suggest that the (viscosity) solution V¢ will converge to
some function V' that solves

4.2 Convergence

Motivated by the previous computations we study the convergence of V¢ to some
function V' using viscosity solutions methods. Consider the cell problem (4.2). From theo-
rem 18, we know that for each P and t (fixed) there exists a unique H(P,t) for which the
equation

H(P + Dyu,z,t) = H(P,t) (4.3)

has a periodic viscosity solution. The function H(P,t) is called the effective Hamiltonian.
Obviously, the viscosity solution of H(P + Dyu,x,t) = H(P,t) is not unique. In fact,
given any solution u(P,x,t), v(P,z,t) = w(P,z,t) + f(P,t), for any arbitrary function f, is
another solution. Even modulo functions of P and ¢ the solution may not be unique (see
Example 12). Also u may not be smooth as a function of ¢.

Note that the cell problem is the same problem that we have to solve to con-
struct invariant tori in the Hamilton-Jacobi or KAM theory if the Hamiltonian is time-

independent. When H depends on t the cell problem is used in the adiabatic invariants

theory.

Theorem 21. The viscosity solution V¢ of the terminal value problem (4.1) converges

uniformly to the viscosity solution of
Vi + H(D,V,t) =0 (4.4)

with terminal value V(z,T) = g(x).
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PrROOF. By choosing a suitable subsequence ¢ — 0 we may assume V¢ — V uniformly.
Now we claim that V' is a viscosity solution of (4.4). First we need to prove that if ¢ is a

C' function such that V — ¢ has a strict local maximum at (&, ) then

Assume this statement is false. Then there exists a maximum point (i,7) of V — ¢ and

6 > 0 such that
Let u(y) to be a viscosity solution of the problem
H(Dy¢(#, 1) + Dyu(y), y,t) = H(Dy (&, 1), 7). (4.6)

Define
¢ (2,1) = Blx,t) + eu(=).

We claim that in the viscosity sense

—¢5(z,t) + H(Dyo(z,t),t) >

wl >

in some ball B((#,%),r) ¢ R™! with radius 7 > 0, chosen small enough, depending only
on the modulus of continuity of D,¢ and H. Indeed, let ¢ be a C' function and suppose
¢ — % has a local minimum at (21,t;) € B((#,%),7). Note that since ¢¢ is Lipschitz this
implies that |D,v(x1,t1)| and |Dgp(x1,t1)| are bounded by a constant that depends only
on the Lipschitz constant of ¢¢. Observe also that

1t

)_77( ’ )7

T x t T
et - > (2=
€ € € € €

where n(z,t) = 1 [¢(ex, et) — ¢(ex,et)], for (z,t) € B((2,1),r). Thus u — n has a local
minimum at (2, &), Since u is a viscosity solution of (4.6) then
N t . — N A
# (Daotani) + Dy (2,2 ) 24) = HD0(0,D).0)
€ € €

By adding D;¢(%,%) to both sides and using (4.5) we conclude
o - x
Dig(2,t) + H(D29(2,t) + Datp(z1, 1) — Dadp(21, 1), ?17?5) >0

If r is chosen small enough (depending on the modulus of continuity of D,¢) then

NGRS

Tr1 ~
7?71:) 2

Dig(x1,t1) + H(Dytp(z1,t1)
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Since u does not depend on ¢,

and so Dyp(z1,t1) = Dyp(x1,t1). Thus

| D

Dyyp(z1,t1) + H(Dgp(z1,11), %7 t)

v

By having chosen r even small enough (depending on |D;H|) one has

T 0
Dyp(x1,t1) + H(Datp(a1, 1), f,tl) >3

Hence ¢° is a viscosity supersolution of
x
D,V + H(D,V,—,t) =0,
€

in B((&,1),r); also V¢ is a viscosity subsolution of the same equation. Thus, by the com-
parison principle,

Ve(d,f) - ¢°(2,8) < sup  (V—¢)
OB ((#,8),r)

which contradicts the assumption that V' — ¢ has a local maximum at (z, f).

The other part of the proof, when V' — ¢ has a strict local minimum, is similar.l

4.3 Effective Hamiltonian

Since we are only interested in solving the cell problem (4.2) for fixed ¢, in this
section we will assume, for simplicity of notation, that H does not depend on t.

Given a classical solution of the time independent Hamilton-Jacobi equation (4.3)
it is easy to construct a classical solution of the Hamilton-Jacobi-Belmann PDE (2.8) by
using separation of variables. The next proposition proves a generalization of this idea for

viscosity solutions.

Proposition 21. Let u(x, P) be a periodic viscosity solution of H(P + Dyu,z) = H(P).
Then V (z,t) = u(z, P) + H(P)(t — t1) is a viscosity solution of the problem

~Vi+H(P+D,V,z) =0

with terminal condition V (t1,x) = u(P, z).
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PROOF. Suppose u is a viscosity solution of H(P + Dyu,x) = H(P) and ¢ a smooth
function. Fix (x,t) and assume that V' — ¢ has a local maximum at (x,t). Then, since V is

differentiable in ¢, ¢; = V; = H(P); moreover u(-) — ¢(-,t) has a local maximum at z thus
H(P + Dyg(z,t),2) < H(P) = ¢y,

or equivalently —¢y + H(P + Dy¢(x,t),z) < 0. The other part of the proof, when V — ¢

has a local minimum, is similar. |

Lemma 19. For fized P the Legendre transform of H(P + -,x) is L(v,z) + P -v

PROOF. By the definition of Legendre transform,
sup—v-p—H(P+p,z)=sup—v-(P+p)—HP+p,z)+P-v=L(v,x)+ P-v,
P P

as required. [

Theorem 22. The effective Hamiltonian can be computed explicitly by

H(P)=— lim inf Jo! L (s),i(s)) + P - d(s)ds + u(P,z(t))
t=00 2| (0) =2 h

where u(P,x) is any periodic viscosity solution for the problem (4.3) and the inf is taken

over all Lipschitz trajectories with x(0) = x, for some fized x.

PROOF. Since the value function is the unique viscosity solution of the Hamilton-Jacobi-
Bellman terminal value problem we can use the representation formula:
t1
Vi t) = ir(lf)/t L(x(s), 3(5)) + P - i(s)ds + u(P, (t1)),
since [H(P +-,2)*](v) = L+ P -v, by Lemma 19. But V(x,t) = uw(P,z) + H(P)(t —t;) by
Proposition 21. Thus, setting ¢ = 0, dividing by ¢; and letting ¢t; — oo, we get the result.
See also [Con95], for a different proof. [ ]

From this theorem follows immediately

Corollary 3. For any bounded Lipschitz function i

H(P) = — lim inf Jo L(x(s). &(s)) + Pi(s)ds + 7!)(90(15))

t—00 z(.) t

PRrROOF. This follows from last theorem and proposition 1. |

We conclude this section by stating some properties of H.
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Proposition 22. The effective Hamiltonian H(P) is Lipschitz, convex and superlinear in

P.

PROOF. See [LPV88] or [Con95|. [ |
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Chapter 5

Invariant Sets

The objective of this chapter is to develop, using viscosity solutions methods,
an analog of the Hamilton-Jacobi integrability methods (generating functions) and KAM
theory.

In general, there are no smooth solutions of the problem
H(P + Dyu,z) = H(P). (5.1)

Therefore we cannot apply the classical theory of generating functions. KAM theory at-
tempts to solve this problem for a class of Hamiltonians where perturbation methods can
be applied. Our approach is quite different. We use the fact that, under mild assumptions
on H, there exists a viscosity solution of (5.1)

Any viscosity solution u of (5.1) is differentiable almost everywhere. Thus one is
led to study the analog of a KAM tori: the graph (z, P + D,u) with u differentiable at
. Such set turns out to be backwards invariant, not forward invariant. This, however, is
sufficient to construct for each P an invariant set Z.

In general, v and H are not smooth thus we cannot make the canonical change
of variables X = z 4+ Dpu and p = P + D,u. But to the classical statement X = DpH
corresponds a weak analog

lim “‘Sf) = DpH(P),

t—o0
for almost every value P.
These results were proved originally by Moser et al. [JKM99] and W. E [E99]

in the one-dimensional case. Using a different formulation, the case of compact manifolds
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was studied by A. Fathi [Fat97a], [Fat97b], [Fat98al], and [Fat98b]. We present an unified
approach to these results in sections 5.1 - 5.3. Then we study the structure of the invariant
set and viscosity solutions (section 5.4), prove new the asymptotic estimates (section 5.5),
and apply our results to the study of adiabatic invariants (section 5.6).

Before developing the general theory, we consider an example where we can solve

the time independent Hamilton-Jacobi equation and gain some insight over the problem.
Example 12. Consider the Hamiltonian corresponding to a pendulum,
H(p,x) = p* — cosz.

We can find explicitly the solution of the corrector problem (5.1). Indeed, for each P € R

and a.e. x € R, the solution u(P,x) satisfies

(P + D,u)?

5 = H(P) + cosz.

This implies F(P) > 1 and

Dyu=—-P+ \/2(F(P) +cosz), ae. zeR

Thus

x
u= / —P+ s(y)\/Z(H(P) + cosy)dy
0
where |s(y)| = 1. Because u is a viscosity solution, the only possible discontinuities in
the derivative of u are the ones that satisfy Dyu(z™) — Dyu(xt) > 0. Therefore s can
change sign from 1 to —1 at any point but jumps from —1 to 1 can happen only when

\/ 2(H(P) + cosx) = 0. If we require 27m-periodicity there are two cases, first if H(P) > 1

the solution is C! since \/ 2(H(P) + cosy) is never zero. These solutions correspond to

invariant torus. In this case P and H(P) satisfy the equation

2P =+ /027r \/2(F(P) + cosy)dy.

It is easy to check that this equation has a solution H(P) whenever

27
27| P| > V2(1 + cosy)dy.
0

When this inequality fails, H(P) = 1 and s(x) can have a discontinuity. Indeed, s(z) jumps
from —1 to 1 when x = w+ 2km, with k € Z, and there is a point ¢ defined by the equation

2w
—/ s(y)v/2(1 + cosy)dy = 2P,

0
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in which s(x) jumps from 1 to —1. In this last case the graph (x, P + D,u) is a backwards
invariant set contained in the unstable manifold of the hyperbolic equilibria of the pendulum.
The graph of H(P) has a flat spot near P = 0.

This example also shows that the cell problem does not have a unique solution.
Indeed cos x is also 47 periodic. So if we look for 47 periodic solutions we find out that for
|P| small we can have two points where the derivative is discontinuous and we can choose

freely one of them because our only constraint is periodicity. <

In the last example, the graph (x, P + Dyu) is not invariant, at least for small
|P|. However, this set is backwards invariant. The main idea is that by running the time
backwards we eventually end up with an invariant set. This will be the construction used

in the general case.

5.1 Invariant sets

In chapter 3 we proved that, given a smooth periodic solution of the time inde-

pendent Hamilton-Jacobi equation
H(P + Dyu,z) = H(P), (5.2)

it is possible construct an invariant set: the graph (z, P+ D,u). Usually this set is identified
with a n dimensional torus. As in the previous example, we would like to extend this
construction to viscosity solutions. Suppose that u is a periodic viscosity solution of (5.2).
Then w is a Lipschitz function in z, and so, by Rademacher theorem, it is differentiable a.e..

Let G be the set given by
G = {(z, P+ Dyu) : uis differentiable at z} .

However, if we look at the previous example, we see that G is not an invariant set - it is
only backwards invariant. The next proposition shows that this is a general fact. Let Z; be
the backwards flow (time-reversed flow) associated with the Hamiltonian ODE associated
with H

p=D,H(px) &=—D,H(pa). (5.3)

Proposition 23. G is backwards invariant under Z; - more precisely, for all t > 0, we have

Et(g) cg.
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PROOF. Let u be a viscosity solution of (5.2). Consider the time dependent problem
~Vi+ H(P+ D,V,x) =0,
with terminal condition V' (¢1,x) = u(P,x). The (unique) viscosity solution is
V(x,t) = u(z) + H(P)(t — t1).

If w is differentiable at a point xg then, by theorem 11, (¢,x2) = (0,x¢) is a regular point.

Thus there exists a unique trajectory z*(s) such that z*(0) = g and

V(z0,0) = /0 1 L(z*(s),2%(s)) + P - 2" (s)ds + u(x*(t1)).

By theorem 10, along this trajectory the value function V is differentiable. Recall that the
adjoint variable is defined by

p*(s) = P+ D,V (z*(s),s).
We know that the pair (z*, p*) solves the backwards Hamilton ODE (5.3). Therefore
(z%(s), P+ D2V (27 (s),5)) = (z7(s), p(s)) = Es(z,p(0)) = Es(z, P + DV (2,0)).
This implies
Es(z, P+ Dyu) € G,
for all 0 < s < t1. Since t; is arbitrary the previous inclusion holds for any s > 0. |

For periodic time-dependent problems we can consider an additive eigenvector u(x)
corresponding to the evolution semigroup associated with the time-dependent Hamilton-
Jacobi equation

—Vi+ H(P+ D,V,z,t) =0.
Then G will be invariant under the time one =; backwards flow. Other construction is
to consider the (time-one periodic) set G = {(s,Z5(2)),s € S,z € G}, where S' = R/Z

(looking at the time as periodic). Then this set is backwards invariant. .

Lemma 20. If G is an invariant set then its closure G is also invariant.

PROOF. Take a sequence (z,,p,) € G and suppose this sequence converges to (x,p) € G.
Then, for any ¢, Z¢(zn, pn) — Z¢(x,p). This implies Z;(z,p) € G. [ |
Define G; = &, (?) Note that G; is, in general, a proper closed subset of G. Let

Z = N=>0Gt.
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Theorem 23. 7 is a nonempty closed invariant set for the Hamiltonian flow.

PROOF. Since G; is a family of compact sets with the finite intersection property, its

intersection is nonempty. Invariance follows from its definition. |

This theorem generalizes the original one dimensional case by Moser et al. [JKM99]
and W. E [E99]. A. Fathi has a different characterization of the invariant set using backward
and forward viscosity solutions [Fat97a], [Fat97b], [Fat98a], and [Fat98b].

In the proof of theorem 23 we do not need to use the closure of G. Even if z € ?\g
we have Z(z) € G, for all ¢t > 0. Indeed, by theorem 10, the only points in an optimal
trajectory that may fail to be regular are the end points.

We will see later that whenever the equation 5.2 has a classical solution, for in-
stance when KAM theory is applicable, the set Z corresponds to an invariant torus and
G = 7. In general the set G can be though of as a generalized unstable manifold of the set

7.

5.2 Rotation vector

It turns out, as we explain next, that the dynamics in the invariant set Z is
particularly simple. Suppose there is a smooth (both in P and z) periodic solution of
the time independent Hamilton-Jacobi equation (5.2). Define X = x + Dpu. Then, for

trajectories with initial conditions on the set p = P + D,u we have
X = DpH(P),

or, equivalently, X (t) = X (0) + DpH (P)t. Therefore the dynamics of the original Hamil-
tonian system can be completely determined (assuming that one can invert X = z + Dpu).

We would like to prove an analog of this fact for orbits in the invariant set Z. A
simple observation is that, in the smooth case,

lim xit) = DpH(P) = w, (5.4)

t—o00
the vector w is called the rotation vector. The next theorem shows that (5.4) holds, under

more general conditions, for all trajectories with initial conditions in the invariant set Z,

provided DpH exists.
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Theorem 24. Suppose H(P) is differentiable for some P. Then, the trajectories z(t) of

the Hamiltonian flow with initial conditions on the invariant set Z(P) satisfy

lim gjsf) = DpH(P).

t—o0

PRrROOF. Fix P and P’ and choose any (z,p) € Z. By the representation formula (4.7)

HH(P) = — lim JEL(x*(s), 8% (s)) + P &% (s)ds + u(z* (1), P)

t—oo t ’

for some optimal trajectory z*. Furthermore

H(P')=—lim inf Ji
t—00 z(-):z(0)=x t

Thus

HP) > — liming o A0 (5)) + P& (s)ds + u(P.a*(8))

t—o00 t

The right hand side is equal to

k@'ify@“+ﬂw»

— lim inf
t—o0

Therefore

H(P')— H(P) > limsup fot(P =P #(s)ds = lim sup (P=P) a:*(t)

t—o0o t t—o00 t
This implies immediately that for any vector (2
_ Q- x*(t
_DpH(P)-Q > limsup
t—o00 t
Replacing 2 by —2 yields
_ Q- z*
_DpE(P)-Q < liminf =)
t—o00 t

Consequently

_DpE(P) = Tim T

t—oo ¢
Now note that the optimal trajectory z*(s) with initial conditions (z*(0),p*(0)) € Z solves
the backwards Hamilton ODE. So, any solution z(¢) of the Hamilton ODE with initial

conditions on Z satisfies

as required. [
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Corollary 4. Suppose z(t) is a optimal trajectory with initial conditions in Z. Then, for
any subsequence t; such that
t.
w = lim L( 1)
j—00 tj
exists,

H(P')>H(P)+(P-P)-w,

i.e. w€ DpH(P).

PRrROOF. By taking t; — +o0o instead of ¢ — 400 in (5.5) we get
H(PY-H(P)>(P-P)-w,

which proves the result. [
REMARK. These proofs are also valid for time dependent systems, we just would have to
consider integer instead of arbitrary times.

We say that rotation vector w is incommensurable provided that the unique solu-
tion v € Q™ of the equation

w-v=20

isv=0.

It is easy to see that if the rotation number incommensurable then there are
no periodic orbits and the trajectories may be dense (modulo Z"), for instance when the
system is integrable, or they may have a complicated Cantor-set like structure [Mos86]. In
dimension one if the rotation number is rational then there are periodic orbits. However

the proof seems to depend heavily on the dimension.

5.3 Regularity of the Invariant Set

In the two previous sections we proved that for each P there exists an invariant
set Z in which the Hamiltonian dynamics is particularly simple. However, little information
is available, so far, about the structure of this set itself. In this section we apply a method
by J. Mather [Mat91] to show that the invariant set is a Lipschitz graph - in particular this
implies improved regularity for viscosity solutions.

The set 7 is contained in the closure of a graph, namely (z, P + D u), where u is

a viscosity solution of the cell problem

H(P + Dyu,z) = H(P).
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In general the derivative D,u may be discontinuous (see example 12). However we will

prove that this does not happen in Z. Define the projection 7 : Z — R" by 7(p, x) = z.
Proposition 24. D,u is continuous at all points x € w(Z).

PrROOF. This follows from the observation that = € w(Z) is a regular point. |
The objective of this section is to improve the previous result and prove the,
perhaps surprising, result that the invariant set is a Lipschitz graph. To prove this result

we start by quoting a lemma from [Mat91].

Lemma 21. Suppose K > 0, then there exist €,6,m,C > 0 such that for any
a,f:to— e, tg+¢) — R”
solutions of the Euler-Lagrange equation with |(t)|, |3(t)| < K, |a(to) — B(to)| < 6 and
|6(to) — B(to)| = Cla(to) — Bto),

then there exist C1 curves

a,b:[to—€to+e¢ — R

with a(to —€) = ato —€), b(to —€) = B(to —¢€), alto+¢€) = B(to+€), b(to+¢€) = a(to+¢),
and

A(a) + A(B) — A(a) — A(b) > nla(te) — Blto)]?,

where

for any Ct curve z(-).

PrOOF. The idea of the proof is to construct explicitly a and b from o and 3. More
a(t)+6(t)

precisely, let u(t) = 090 and define
a(t) = p(t)+
+ w [a(to — 6) — /.L(t(] — 6)] + t—gio—kﬁ [ﬁ(t(] 4 6) _ M(to + 6)] :
€ €
and
b(t) = u(t)+
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Then by analyzing carefully A(a) and A(b) one can arrive to the desired inequality - for
details consult [Mat91]. [ |

Theorem 25. The invariant set I s a Lipschitz graph, more precisely, there exists a

constant C' such that if (z,p), (',p') € T then |p — p'| < Clz — 2/|.

ProoOF.  We will prove this theorem by contradiction. For simplicity of notation we
consider the time-independent case. Assume the theorem is false. Then for any n, there
exists (n, pn), (2, 0},) € Z such that |p, — pl,| > n|z, — x},|. Since p,, p,, are bounded this
imply |z, — 2},| — 0 and so |p, — pj,| — 0 (by proposition 24). Define v, = DpH (pp, z),
v, = D,H(p),, ;). Since H is strictly convex we have |v, — v,,| > On|z,, — 2|, for some

0 > 0 and all n large. Indeed, since x, — x/,
00 = | 2 D2, H(po — )| — (D2, (o — )| + ol | — ) = Onfo, — |

Let €,8,1n7,C > 0 be as in the previous lemma (with K is a uniform bound on
D,(p,z) for (z,p) € Z). Choose n so large that n > C'. Let o and 3 be the solutions of the
Euler Lagrange equations that pass through z,, and 2], when ¢ty = 0, and with &(0) = vy,

$(0) = v/,. Then
u(a(=€)) = A(a) +ula(e))  u(B(—e€)) = A(B) + u(B(e)),
and, because this trajectories are absolute minimizers
u(a(=e€)) < Aa) +u(B(e))  u(B(=e)) < Ab) + u(ale)).
By combining these equations we get
A(a) + A(B) < A(a) + A(b).

Thus
0 < nlv, — v, > < Ala) + A(B) — A(a) — A(D) <0,

which is a contradiction. [ |

5.4 Uniqueness and decomposition

In general, the solution of the cell problem (5.2) is not unique (see example 12).

In this section we state conditions under which the viscosity solution of (5.2) is unique (up
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to constants), proving a partial uniqueness result on the invariant set. Furthermore, we
show that whenever the solution is not unique the invariant set Z can be decomposed in a
suitable way. In the next chapter we will study again this problem using measure theoretic
tools and improve some of this results.

First consider the case in which there exists a smooth solution and the rotation
vector satisfies non-resonance conditions. In this situation the viscosity solution is indeed

unique.

Theorem 26. Suppose that H is differentiable at Py and the rotation vector Dpﬁ(Po) 18
linearly independent over the rationals. Assume further that in a neighborhood of Py there
exists a smooth (both in x and P) solution uy of the cell problem (5.2) such that the change
of variables X (x) = x + Dpu has inverse x(X) = X + ¢(X) with ¢ continuous. Then, up

to a constant, the viscosity solution of the cell problem is unique.

PROOF. Suppose us is another viscosity solution of the cell problem. We may assume
u1 < ug with equality u;(xo) = ua2(zg) at a point xg, by adding a constant if necessary. Let

V1 and V5 be solutions of the time dependent problem
—D,V; + H(P + D, Vi, ) = 0,

with terminal value Vj(z,T) = u;, i = 1,2. By monotonicity V; < Va. To prove the other
inequality, take an optimal trajectory x7(-) for V; with 2(T") = x¢. This is possible because
uy is differentiable and therefore there there exists a unique optimal trajectory that passes

through each point. Then
Va(21(0),0) < J1(271(0), 05 1),
since at x7(T") = xo, Va(zo,T) = Vi(xo,T). But
J1(21(0), 05 27) = Vi(1(0), 0; 27)

, consequently, along this trajectory, Vo < Vi. In particular, since the rotation vector is
incommensurable and x(X) is continuous the trajectory is dense. Thus V; = V, everywhere,

and, consequently, u; = us. |

Corollary 5. Suppose Ho(p) + eHi(p,x) for € sufficiently small. Then, if the conditions of
the KAM theorem hold, the KAM tori agree with the the invariant sets obtained via viscosity

solutions.
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Now we will study the case in which the cell problem has more than one solution
(modulo constants). Let u; and ug be genuinely different solutions, i.e., u; —ug not constant.
Define
Ut{z :ui(z) < uz(z)}, U {z:ui(z) > ua(x)}.

Let
Gt ={(z,p) : € U',p = Dyuy(x),u; differentiable at x},

and, similarly,
G~ ={(z,p) : x € U™, p = Dyus(x),usy differentiable at x}.
Proposition 25. G* are backwards invariant sets.

ProoF. It suffices to prove that G~ is backwards invariant since the other part of the
proof is completely symmetric. Recall that the action kernel K (x,y;t), defined in equation

(2.10), is t
Kyt = ot /t L(x(s), #(s), 5)ds.

z(t)=z,z(

Choose any point (z,p) € G~ Then, for any z

ui(x) + H(P)t < K(x, z;t) + u1(2).

In particular we may choose Let z = E;(x), where Z; is the backwards Hamiltonian flow for

ug starting at (x,p) = (x, Dyus(x)). Hence
ug(x) + H(P)t = K(z,2;t) + ua(2).

Thus

0 < up(z) —ua(z) <ur(z) —ua(z).
Therefore u;(z) > ug(2). [ |

Theorem 27. Ifu; and uy are viscosity solutions of the cell problem then also is u = uj Aus,

where (uy A ug)(x) = min{u; (x), ua(z)}.
PrOOF. Note that w is a bounded Lipschitz function. Moreover
V(z,1) = u(z) + H(P)t = inf (K (,y; ) + u(y)).

This implies that V is a viscosity solution of —D;V + H(P + D,V,z) = 0. But since
D,V = H(P) we get H(P + Dyu,z) = H(P). [ |
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5.5 Asymptotics

In section 5.2 we proved that

+ _
lim x(t) — DpH,

t—o0

for all trajectories in the invariant set Z. However such property does not give precise
information about the difference x(t) — DpHt, for instance is it bounded as t — oo? In the
integrable case we have x(t) — DpHt = O(1), as t — oo. In this section we prove a new
general estimate, namely z(t) — DpHt = O(t'/?) using viscosity solutions (the best results
so far were x(t) — DpHt = O(t)) If more assumptions are made in the regularity in P of

u(z, P) then this estimate can be improved.

Theorem 28. Suppose x(+) is a solution of the Hamiltonian equations with initial conditions
on Z. Furthermore assume H is twice differentiable at P. Let ||z —y|| = mingezn |z —y+k|,

i.€., the "periodic distance” between x and y. Then there exists a constant C such that

2(t) — 2(0) — DpHt| < C/[Jo(t) — 2(O)].

If there exists a continuous function w, with w(0) = 0, such that
|U(CC,P) - U(LE7P/)| < W(|P - P/’)v

then
Cllz(t) = z(0)|| Aw(0)
)

Finally if u is uniformly differentiable in P in w(Z) then

+ Cté.

|z(t) — 2(0) — DpHt| < mé_in

x(t) + Dpu(z(t), P) — 2(0) — Dpu(x(0), P) — DpHt = 0.

PROOF. Let u(z, P) be the viscosity solution of H(P + D,u,z) = H(P). Then, for some
C* function z*(s) with z*(¢t) = y and 2*(0) = =

t
u(z, P) = u(y, P) + / [L(z*,4*) 4+ P-&" + H(P)| ds.
0
For any other P’

t
u(z, P') <u(y, P") + /0 [L(z*,d*) 4+ P'-&* + H(P")] ds.
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Therefore

u(x, P) —u(x, P") > u(y, P) — u(y, P') + /01t (P—P')-i*+H(P)— H(P)|ds.

If H is twice differentiable (or at least C1'1) at P
H(P)<H(P)—w- (P —P)+C|P - P}
where w = —DpH(P). Thus
t

u(z, P) — u(x, P") +u(y, P") — u(y, P) > (P — P')- /0 [&* — w] — Ct|P' — P2

The left hand side can be estimated by
w(z, P) — u(z, P') + uly, P') — u(y, P) < Cllz — y|.

If we let |P — P'| = M we get

t
[ & —al < o=l
If there exists a continuous function w, with w(0) = 0, such that
u(z, P) — u(z, P')] < w(|P - P'|)

then
u(z, P) — u(x, P') +u(y, P') — u(y, P) < Cllz — y|| Aw(|P — P'|).

Finally if u is uniformly differentiable in P we get
z(t) + Dpu(z(t), P) — x(0) — Dpu(x(0), P) — DpHt = 0.
This last equality shows that whenever the change of coordinates
X =2+ Dpu

makes sense in the invariant set, we have X = DpH. [
In the next chapter we will use measure-theoretic tools to show a modulus of

continuity in P, w(d), actually exists making more precise the previous theorem.
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5.6 Adiabatic Invariants

This final section is dedicated to study of slowly varying Hamiltonians of the form
H(p, x,et), where € is a small parameter. We prove convergence of the effective Hamiltonian
to an "averaged Hamiltonian” as € — 0. Then we relate this result with the Hannay
correction for the angle variables.

Assume, as before, that L(x,v,t) is a periodic time-dependent Lagrangian, i.e.
L(z + k,v,t + 1) = L(x,v,t), for k € Z™. Suppose € > 0, and consider the Lagrangian
L(x,,et).

By the results in section 2.3 we know that there exists a function V(z,t) and a

constant H(P) such that V(z,0) = V(z,1) and
— D,V + H(P + D,V,z,et) = H(P).

It is reasonable to expect that, as € — 0, the solution of this problem looks more

and more like an average of time independent problems
H(P+ D,V,z,et) = H(P,et).
The next proposition is a first step in this direction.

Proposition 26. As ¢ — 0 we have H.(P) — Ho(P) where

1
HO(P):/O H(P, s)ds.

NI

More precisely, |H.(P) — Ho(P)| < Cez.

PRrROOF. Let k be an integer and € = k% Divide the interval [0, k%] into equal k subintervals

I; = [tj,tj+1], 0 < j < k, and t; = jk. Let u. be an additive eigenvalue for the time

dependent terminal value
~DV + H(P + D,V,z,et) =0, V(x, k?) = uc(z),
i.e., V satisfies V(x,0) = uc(x) — k?H.(P). Then
k)2
~k*H(P) + uc(2*(0)) = ue (z* (k%)) + / [L(z*(s),2"(s),es) + P - &*(s)] ds,
0

for some minimizing curve x*.



For 0 < j < k,

V(x,t;) = inf

inf | Vel i)+ [ (L)), es) + P ils)]ds

J

Along the optimal trajectory z*,

V(@™ (t;), t5) = V(2" (tj11), tj1) Jr/J+1 [L(x"(s),2"(s), €s) + P - i™(s)] ds.

Let u; 41 be a periodic viscosity solution of
Livly 55 p titl
H(P + Dmujﬂ, x, 7) = H(P, 7)
By adding an appropriate constant to u;1 we may assume that
sup [V (z, tj41) — ujpa(z)| < C,
xX
for some constant C' that does not depend on k or j. Also

- L($,U, t]i)’ S %a

sup sup |L(z,v 12

s
) ﬁ)
z,|v| <Rt <s<tjt1

here R is an upper bound for |#*|. Therefore

_ ts:
sup |V (2, t;) — uj1 (z) + H(P, 222 )k| < C.

2
Thus
t
sup |V (z,t;) — V(z,tj11) + H(P, Jk—;l)m <C
Hence
k=1 tin
sup |V (z,0)+ ) H(P, 2—2)k| < Ck
=0
and so
_ 15 i
A.(P)= 2 S AP 10
=0

Thus [H(P) — Ho(P)| < Cez, as e — 0.
For a PDE proof of the previous theorem consult [EG99b].
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If u(x, P;t) is Lipschitz in ¢ we can improve the rate of convergence of H, to H.
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Proposition 27. Suppose u(x, P;t) is Lipschitz and periodic in t, and, for each fized t, a
viscosity solution of

H(P + Dyu,z,t) = H(P,t).
Then |H(P) — Ho(P)| < Ce.

PROOF. Let k be an integer and € = % Divide the interval [0, k] into k subintervals. For
0<j<klett;=jand uj(r) = u(x,etj). Define v; = Zfzjﬂ H(P,t;).
Lemma 22. For0 < j <k

.
V(1) = uj(@) + 7] < O+ =),

Proor. By adding a suitable constant to © we may assume
|V (x,tr) —u(z, ty)| < C,

so the assertion is true for j = k. Now note that

t.
sup sup |L(:c,v,f —L(SC,’U,]TH

’) ) <
x,|v|[ <R tj<s<tjt1

= Q

)
where R is an upper bound for |#*| along optimal trajectories. Therefore
sup [V(z,tj-1) —uj—1(x) +7j-1] <
X

< sup |V (z,t5) — uj(x) + 5] +sup [uj —uj1| +
X X

%
The Lipschitz hypothesis on u implies
C
Sup luj —uj_1| < s
this proves the lemma by induction. ]
Hence
V(z,0) =+ O(1),
and so [H, — Hy| < Ce. [

Now we proceed with some formal derivations. Our objective is to show that the
difference H.(P) — H(P) encodes the Hannay correction for the angle variables.
Suppose
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Take an optimal trajectory z¢. Then

t

/6 L(x—e,:te,s) +P-if = (HO(P) + Hi(P) + 0(1)> t+0(1),
0 € €

where the o(1) term is a € dependent term, as € — 0 and the O(1) is a time dependent term,

as t — +o00. Thus, for P’ close to P,

pP-P
t

€

[ e < P IP) g ) () o1) + 0()

- €
Let t — 400 and then P — P’ to get
_ 1 (<., DpHy(P) —
—lim - [ &= ———2+DpH(P)+o(1).

t—o00 t 0 €

The term DpH is the analog of the Hannay angle (the minus sign appears due to the time
reversal).

The main problem with this formal derivations is that our estimates yield bounds
on Hjp, at least when the cell problem admits a family of Lipschitz (in ¢) solutions. However

we do not have any information concerning the differentiability of H; in P.
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Chapter 6

Invariant Measures

The main goal of this chapter is to understand regularity properties of viscosity
solutions of Hamilton-Jacobi equations in terms of certain probability measures (Mather
measures) supported in the invariant sets defined in the previous chapter. These measures
are important by themselves because they describe the asymptotic behavior of certain tra-
jectories of Hamiltonian systems. We derive many of its properties using new viscosity
solutions techniques.

J. Mather [Mat91] considered the problem of minimizing the functional

Al = [ Lan

over the set of probability measures p supported on T" x R™ that are invariant under the
flow associated with the Euler-Lagrange equation

dor o _

dt dv Oz
Here L = L(xz,v) is the Legendre transform of H, and T" the n-dimensional torus, identified
with R"/Z"™ whenever convenient.

One can add also the additional constraint

/vdu:w,

restricting the class of admissible measures to the ones with an average rotation number w.
It turns out [Mn91] that this constrained minimization problem can be solved by adding a

Lagrange multiplier term:

Aplp] = /L(x,v) + Pudp.
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The main idea is that instead of studying invariant sets one should consider in-
variant probability measures. The supports of such measures correspond to the invariant
sets (tori) defined by P = constant given by the classical theory.

In this chapter we present a construction of such invariant measures using Young
measures. Then by applying viscosity solution methods we prove important properties.
Namely, we show that the support of this measures is contained in the invariant sets we
obtained before. Also, given a minimizing measure, it is possible to associate to it a viscosity
solution of the Hamilton-Jacobi equation that records all the information carried out by the

measure. Regularity estimates for the solutions of the equation
H(P + Dyu,x) = H(P) (6.1)

are given, improving some of the results in the previous chapter. We also study the con-
nection with the adiabatic invariants theory. Finally we clarify the connection between
Aubry-Mather theory and the existence of viscosity solutions of (6.1) by proving that one
problem is the dual of the other, using Fenchel-Legendre duality.

Many of the results in sections 6.2, 6.3, 6.6, and 6.7 as well as those concerning
difference quotients appear also in the joint papers [EG99a] and [EG99b]. These results

benefited immensely from the help of my advisor L. C. Evans.

6.1 Weak convergence

In this section we present some background material in weak convergence and
Young measures. Details can be found in [Eva90], for instance.

Suppose fi is a bounded sequence of real-valued functions defined on a bounded
set U C R™. Then there exists a subsequence (still denoted by fi) and a bounded function
f: U — R such that for any ¢ € C(U)

Jim [ o= [ or

However we cannot conclude that for any 1 we have

Jim [ i) = [ un,

Even in simple examples the previous identity fails.
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Example 13. Let U = [0, 27], fi(x) = sin(kz). Then

/Q<Z>fk — 0,

and so f = 0. However

lim fi=m.
k—+oo U

Theorem 29. Suppose fir is a bounded sequence of real-valued functions defined on a
bounded set U C R™. Then there exists a measure pu defined on 0 = U x R™ such that
for any ¢ € C(Q)

in_ [ vl @) = [ dw)dutey).

k——+o0

Furthermore, for almost every x, there exists a probability measure v, such that

[ steaisten = [ ([ vtoavan ) as

PRrROOF. Consult [Eva90], for example. [ |

The measures v, are called the Young Measures associated with the sequence fy.

6.2 Young Measures for Hamiltonian Systems

Young measures are used to encode fast oscillations that may be lost under weak
convergence. This is why they are natural objects to study Hamiltonian systems of the form
H(p,%,t), as ¢ — 0. Here H(p,y,7) is 1—periodic in 7, Z" periodic in y, satisfying the
usual coercivity, convexity, and smoothness hypothesis, and € > 0 is a (small) parameter.

Let V (z,t) be a periodic solution (periodic both in  and ¢) of the Hamilton-Jacobi
equation

—D\V + H(P+ D,V,z,t) = H(P).

For each ¢, let z¢(-) be a minimizing trajectory for the optimal control problem and p¢(-)

the corresponding adjoint variable. Then, for any s and ¢
t
V(z€(s),s) = / [L(z(r),2%(r),r) — P-a%(r) — H(P)] dr + V (z(¢), t).

Theorem 30 (Mather measures). For almost every 0 < t < 1 there exists a measure

(Mather measure) vy such that for any, smooth and periodic iny and T, function ®(p,y, T,t)

(pS,

€
€
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with ®(t) = [ ®(p,y, 7,t)dvi(p,y, 7). More precisely, for any smooth function ¢(t)

1 € 1
/¢(t)@(p€,$,t,t)dt—>/ () (t)dt,
0 € € 0

as € — 0 (through some subsequence, if necessary).

PRrROOF. In general, the sequence (x{, E) is not bounded. However if we consider ”‘f mod Z"
and E mod 1, this sequence is clearly bounded, and since, by hypothesis, ® is periodic this
does not change the result. Also p¢ can be uniformly bounded independently of €. Thus,
by the results of the previous section, we can find Young measures v; with the required
properties. [

We now prove that these measures are supported on the invariant set.

Proposition 28. Let V be a periodic (in x and t) solution of —DiV + H(P + DV, z,t) =
F(P) and v; an associated Mather measure. Then p = P + D,V 1, a.e..

PROOF. The measure v; was obtained as a weak limit of measures supported on the closure
of p=P+ D,V, for some fixed V. Thus the support of the limiting measure should also
be contained on the closure of p = P+ D, V. |
Latter we will improve this result and show that p = P + D,V, v a.e. for any
(periodic in x and t) solution of —D;V + H(P + D,V,x,t) = H(P).
It turns out that these measures have important special properties, not only they

are invariant measures but also, in a suitable sense, action-minimizing measures. First we

will prove the invariance property, and then, in section 6.4, address the minimizing property.

Theorem 31. For any smooth periodic (iny and 7) function ¢(p,y,T)

/ Dy¢(p7 Y, T)DPH(pv Y, 7_) - Dp¢(p7 Y, T)DxH(pa Y, 7—) + DT¢(p7 Y, T)dl/t =0.
Proor. Note that

€

dt €

dp(pe, =, %)  Dy¢DpH — Dy¢p D, H + D+¢b

Let

V(p,y,T) = Dyd(p,y, 7)DpH (p,y, 7) — Dp(p,y, 7) D H(p,y, 7) + Do (p, y, 7).

1 €
X

/ w(pG )
0 €

Then

oA+

)dt = O(e)
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which implies

/ wdyy, = 0,

for almost every t. |
Corollary 6. The measure v; is invariant.

Proor. This is just a restatement the previous theorem since a measure v is invariant

provided
d
i / o(z(z; 7+ p),p(p; 7+ p), 7+ p)dr = 0,

for all C! functions ¢(z,p, 7), periodic in = and 7. [
Now we prove a variant of theorem 31 for the case where ¢ only depends on x and
is Lipschitz continuous. The main technical problem that we need to solve is to make sense
of what D,¢(x) means in the support of the measure. Although ¢ is differentiable almost
everywhere with respect to Lebesgue measure, the measure v, may be supported exactly
where the derivative does not exist.
We say a function ¢ : R™ — R” is a version of D,¢ if the graph of ¢ is contained

in the vertical convex hull of the closure of the graph of D,¢. More precisely if

¥(x) € Doip(x),
where
Dyo(x) =co{p:p= lim Dy¢(zy,), with z,, — z, ¢ differentiable at z,}.

Proposition 29. Assume that ¢ has the property that if x,, — x and ¢ is differentiable at
x and at each x,, then Dy¢(x,) — Dygp(x). Furthermore any version of Dy¢ coincides with

the derivative of ¢ at all points where ¢ is differentiable.

PRrROOF. The hypothesis on ¢ implies immediately that

Drp(x) = {Dzg(2)},

if ¢ is differentiable at x. |
The solutions of H(P + Dyu,z) = H(P) have this property but this is not true

for general Lipschitz functions.
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Theorem 32. If ¢ : R™ — R is a Lipschitz function then, for almost every t, there exists

a version of Dy¢ such that

/quﬁ(y)DpH(p, y, T)dvy = 0.

Proor. Consider a sequence ¢, — 0 such that

1 Tt 1
/ So(pen7 ) 7)dt - / /ngtht7
0 €n €n 0

for all smooth, and periodic in y and 7 functions . Let z, be any sequence such that

zp — 0. Then
1 xn ¢ 1
/ o(p™, zn + ,)dt—>/ /godutdt.
0 €n €n 0

Since ¢ is differentiable almost everywhere, it is possible to choose z, — 0 such that, for each

n, Dyo(z, + %) is defined for almost every t. Now consider the sequence of vector-valued

measures [, defined by

T ot
) : C(pﬁn, y t)dta

€n €n €n

/C(pyymt)dun = /01 Day(zn +

for all vector valued smooth, and periodic in y and 7 functions . Since D, ¢ is bounded,
we can extract subsequence, also denoted by pu,, that converges weakly to a vector measure
. Also du = dndt, for some family of vector measures ;.

Then, for almost every t, 7, << 14, in the sense that for any set A, v4(A) = 0 implies
that the vector n;(A) = 0. Therefore, by Radon-Nikodym theorem, we have dn, = ¥ dvy,
for some L!(14) function v;. Now it is clear that v is, for each (x,p), in Dy, and so it is
a version of D, ¢.

Finally, to see that
/thpH(p7 Y, T)th = 07
we just have to observe that

/ DyH (p.y,7)djin = Oler)

and so
0_/DpH(p7y77_>d77t_/thpH(p7yv7—)th7

for almost every t. |
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6.3 Viscosity Solutions - 1

Assume that V¢ is a periodic viscosity solution of the Hamilton-Jacobi equation

—D,V + H(P+ D,V*,

a8

D) =T(P)

with terminal data V¢(z,1) = eV(%,1). Let u(z) = V(x,1) be an additive eigenvalue for
the terminal value problem —D,V + H(P + D,V,z,t) = 0, V(x,1) = u(x). Let ¢ be an

optimal trajectory.

Proposition 30. There exists a function X (-) such that, as € — 0, ¢ — X (-) uniformly;

thus &€ — X. Additionally

Furthermore

where
and L=H . Finally

PROOF. Since z¢ is uniformly bounded and equicontinuous, there exists a function X(-)

such that
z () — X (1),

uniformly as € — 0 (possibly after extracting a subsequence €, — 0). And consequently

Observe that

uniformly as t — 0. Thus
DVE(x(t),t) + DV (x(¢),t) - &°(t) — 0.
Along minimizing trajectories

€ € . € € ‘ t . € :L‘E t . €
D, Ve(zt(t),t)-a*=—-H|P+p",—,- )| —L|(z°—,- | —P-if,
€€ €€



and
Therefore
or equivalently

Thus

To prove L = H it suffices to check that for any P
LX) > —H(P) - P X.
Take V¢ to be a periodic viscosity solution of

)

—-D,V*+ H <ﬁ> + D, Ve,

a8
LRSS

) =)
with V¢ — 0 uniformly. Then, for almost every y € R™,
DVE(y + 2°(t), t) + D V(2y + 2°(t), 1) - #°(t) — 0,
where x€ is the optimal trajectory for V€. Now note that
re( 2 € . € 7 e x¢ e x€ t
D, V(e*y +x°(t),t) - a*>—-H | P+ D, V-, ey+ —,- | —L |3 ey+ —, -
€ € €

and
(7€ D (7€ ¢ I7( D
D)V =H|P+ D,V ey+ —,- | — H(P).
€ €
Thus

by passing to the limit. Finally note that
€
@ = —D,H <p2 m) .
€

i€ — / D, Hdv; = X.

Thus

80
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Corollary 7. Suppose H(P) is differentiable. Then

for all minimizing trajectories.
PrROOF. Since
x(t
lim ®) _

t—oo

it suffices to observe that X = —DpH. This happens because L' = H and L(X) =
—-P-X - H(P). |
Using viscosity solutions methods, we prove that the support of these measures is

contained in the closure of the graph of P+ D,u, where u is any solution of H(P+ D,u,x) =
H(P).

Theorem 33. Let u be any periodic viscosity solution of H(P + Dyu,x) = H(P). Then

for almost every t, u is differentiable vy a.e. and p = P + Dyu.

PROOF. By strict convexity of H, there exists « such that
vlp = a* + H(p, ) + DyH (p,z) - (¢ — p) < H(q,2).
Choose ¢ to be a version of P + D u (we will write, for simplicity, ¢ = P + D,u). Then
7/ lp— (P + Dyu)|2dy, < /H(P—l— Dyu,x)dv, — /H(p,a:)dut—

- /DpH(p, x)(P + Dgu — p)duvy.

but the right-hand side integrates to zero because
H(P + Dyu,r) < H(P)
everywhere (since we are using a version of D,u and by convexity of H),
/ pD,H — Hdy, =1 P / D,Hdv, = —PX.

Thus H + L + PX =0, and
/DpHDxudut =0.

To show that we do not really need a version of D u and instead w is differentiable

on the support of v, note that any version of P 4+ D,u is in the vertical convex hull of the
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closure of the graph of P + D,u. However any point (x,p) in the closure of the graph of
P+ D,u
H(p,z) = H(P)

but if the version of p = P + D u were a strict linear combination of points in the closure
of the graph of P+ D,u
H(p,x) < H(P),

because H is strictly convex. This implies that for almost everywhere in the support of 14,
p = P+ D,u, where D,u is in the closure of the derivative of u. To prove differentiability
it suffices to observe that the backwards flow maps any point into a point where u is
differentiable. Since the measure is invariant we conclude that w is 14 almost everywhere
differentiable. |

Observe that by taking minimizing trajectories of the Lagrangian L(%, 1) we con-
structed flow invariant measures supported on the graph p = P + D,u. Since there are

several solutions (even modulo constants) of the equation
H(P + Dyu,z) = H(P),

the previous result is indeed a partial uniqueness result for the solutions of this equation,
i.e., if u; and ue are two different solutions we have D, u; = D,us v; almost everywhere,
for any such measure v.

One could think that the set Z could be identified with the union of the supports
of all possible measures v,. However this is not true, see example 12, and Z may be in fact

larger.

6.4 Connection with Aubry-Mather theory

Next we show that Mather’s definition of minimizing invariant measures [Mat91]
is equivalent to our definition.

We say that a measure y is a minimizing measure with rotation number w if

/Ld,u:inf/Ldy,

where the infimum is taken over all probability measures v invariant under the Euler-
Lagrange equations, and satisfying

vdy = w.
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It can be proved that for each w there exists a P and a measure p that minimizes the

functional
/ L + Pudp.

In [Mn96] these measures were obtained as weak limits of minimizing trajectories for the

Lagrangian L(z,v) + Pv.

Theorem 34. Suppose p a Mather measure, associated with a periodic viscosity solution
of
H(P + Dyu,z) = H(P).

Then p minimizes
/L + P - vdn,
over all invariant probability measures 7).

ProOOF. If the claim were false, there would be an invariant probability measure v such

that
H:/L+Pvdu>/L+PvdV:>\.

We may assume that v is ergodic, otherwise choose an ergodic component of v for which
the previous inequality holds. Take a generic point (z,v) in the support of v and consider

the projection z(s) of its orbit. Then

u(z(0)) — H(P)t < /0 L(z(s),2(s)) + P - a(s)ds + u(z(t)).

Ast— o .
1
t/ L(z(s),2(s)) + P - 2(s)ds — —A\,
0
by the ergodic theorem. Hence
—H < =)\,
which is a contradiction. |

Next we prove that any Mather measures (as defined originally by Mather) is
”embedded” in a viscosity solution of a Hamilton-Jacobi equation. To do so we quote a

theorem from [Mn96].

Theorem 35. Suppose pu(P) is a ergodic minimizing measure. Then there exists a Lipschitz

function W : supp(u) — R and a constant H(P) > 0 such that

—L — Pv=H(P)+D,Wv+ D,WD,H.
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By taking Was initial condition (interpreting W as a function of x alone instead of
(z,p) - which is possible because supp p is a Lipschitz graph) we can embed this minimizing

measure in a viscosity solution. More precisely we have:

Theorem 36. Suppose u(P) is a ergodic minimizing measure. Then there exists a viscosity

solution u of the cell problem
H(P + Dyu,z) = H(P)

such that w = W on supp(u). Furthermore, for almost every x € supp(u) the measures vy

obtained by taking minimizing trajectories that pass trough x coincides with L.

PROOF. Consider the terminal value problem V(z,0) = W(x) if x € supp(u) and V' (z,0) =
400 elsewhere, with

—D\V + H(P+ D,V,z) = H(P).

Then, for = € supp(u) and ¢ > 0

Also if = ¢ supp(p) then
V(.%, _t) < V(I‘, _8)7

if s < t. Hence, as t — oo the function V(x,—t) decreases pointwise. Since V' is bounded
and uniformly Lipschitz in x it must converge uniformly (because V is periodic) to some

function u. Then u will be a viscosity solution of
H(P + Dyu,z) = H(P).

Since u = W on the support of u, the second part of the theorem is a consequence of the
ergodic theorem. |

In the case in which, for the same P, there are several different measures 14, we
could use several functions Wy ... Wy as initial condition to construct a viscosity solution
of H(P + D,u,r) = H(P). By adding constants to W; we may change this solution. This

explains the non-uniqueness.
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6.5 Regularity Estimates

Suppose u is a classical solution of
H(P + Dyu,z) = H(P).

If det D2 pu # 0,
X:erDpu P:p+D3¢U

defines, at least locally, a smooth change of coordinates. If u is a viscosity solution, the
meaning of Dpu is not at all clear, even less the one of det chpu. Nevertheless, in the
previous chapter, many classical facts were recovered by using viscosity techniques. There-
fore one would expect these expressions to be defined in some weak sense. In this section
we will try to get regularity estimates for u and obtain more precise information about the
dynamics. We start by studying the continuity of v in P in the invariant set. This estimates
will improve the partial uniqueness result from the previous chapter. Then we will develop
the L? and L™ regularity theory for higher derivatives (for a more complete discussion,
consult [EG99al)

Fix P and let (z,p) € Z. Assume that z(-) is a minimizing trajectory with initial
condition z(0) = z. By adding a suitable constant to u(-, P") we may assume u(x(0), P) =

u(z(0), P").

Proposition 31. Suppose v is a Mather measure. Let P, — P. Then there exists a point

x in the support of m*v (the projection of v in the x coordinate) such that for any fivzed T

sup |u(z*(t), P) — u(z*(t), P,)| — 0,
0<t<T

as n — oo, provided u(x, P,) = u(x, P).
PRrROOF. First we prove an auxiliary lemma

Lemma 23. There exist sequences on the support of m*v, x, — x, Tn — X, pp — P and
Pn — p, where (z,p) and (xn,pn) are optimal pairs for P and (&, pyn) are optimal pairs for

P,.

REMARK. the nontrivial point of the lemma is that the limits of p,, and p, are the same.
PrRoOOF.  Take a generic point (xg,pp) in the support of v. Let x*(t) be the optimal
trajectory for P with initial condition (zg,pp). Then for all ¢ > 0

H(P + Dyu(z*(t), P), z*(t)) = H(P).
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Also, for almost every v,
H(P, + Dyu(a™(t) +y, Pp), 27()) = H(Pn) + O(ly),

for almost every ¢t. Choose y, with |y,| < |P — P,| such that the previous identity holds.
By strict convexity of H in p, we get

#* (1€ + 06% < C|P, — P,

where
€ =[P = Put Dou(a’ (1), P) = Dyula () + yn, Pa)]
and
i*(t) = —DpH(P + Dyu(x*(t), P),xz*(t)).
Note that
L[ i< 1p -y MR L)
o [0 () + . P) = @ (T) 4+ 9, P

T

Therefore we may choose 1" so that

1 (T
— t*(t)E| < 2|P — B,).
7| v <2
Thus

1 (T

7 || 1P+ Daa’ (6. P) = Po = Dou(w(0) + s P < CIP = Pl

0
Hence we may choose 0 < t,, < T for which
|P 4+ Dyu(x*(ty), P) — Pp — Dyu(z™(tn) + yn, Pn)|2 < C|P — P,|.

Let x,, = 2*(tp), Tn = x*(tn) + Yn, and

pn = P+ Dyu(z*(ty,), P) Dn = P + Dyu(z* (tn) + yn, P).

By extracting a subsequence, if necessary we may assume x,, — &, T — x, etc. "
To see that the lemma implies the proposition, let x} (¢) be the optimal trajectory
for P with initial conditions (x,,py). Similarly let Z; (¢) be the optimal trajectory for P,

with initial conditions (Zy,, py). Then

t
u(xy, P) = / L(z},3}) + P- il + H(P)ds +u(z(t), P),
0
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and

t
w(Zp, Py) = / L(Z5, &%) + Py - &% 4+ H(P,)ds + u(Z%(t), P,).
0

On 0 <t < T both z} and z; converge uniformly and, since by hypothesis
w(xp, P),u(Zn, P,) — u(zx, P),

we conclude that u(z}(t), P,) — u(z}(t), P) — 0 uniformly on 0 < ¢ < T [

n

Theorem 37. Suppose v is an ergodic Mather measure with v|s.,p.,) uniquely ergodic with

respect to the restricted flow. Assume P, — P. Then
u(z, Pp) — u(z, P),

uniformly on the support of m*v, provided that an appropriate constant C(P,) is added to
u(z, Py).

PrROOF. Fix e > 0. We need to show that if n is sufficiently large then

sup |u(z, P,) —u(z, P)| <e.
zEsupp(v)

Choose M such that || Dyu(z, P)|, | Deu(x, Pp)|| < M. Let § = g5;. Cover suppv with
finitely many balls B; with radius < d. Choose x as in the previous proposition. Let
x*(t) be the optimal trajectory for P with initial condition z. Then there exists T5 and
0 < t; < Ty such that z; = 2*(¢t;) € B;. Choose n sufficiently large such that

sup fu(az"(t), P) —u(z™(t), Po)| <
0<t<T5s

DO

Then, on each y in B;

(s, Pa) = uly, )| < 4AM3 + 5 <.

|

In [Mn96] Mané proved that up arbitrarily small generic perturbations of the
Lagrangian L all Mather measures are uniquely ergodic, therefore unique ergodicity seems
to be a reasonable hypothesis. Furthermore the non-uniqueness implies that some ergodic-

type hypothesis is necessary.
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Corollary 8. Let v be as in the previous theorem. Suppose that H(P) is differentiable at
P. Then there exists an increasing function function w(d) with w(0) =0 such that

() = 2(0)[| A w(d)
5

|z(t) — z(0) — DpHt| < mdin + Ct46,

for all (generic) trajectories of the Hamilton equations with initial conditions in the support

of v.

Proor. It suffices to apply theorem 28 with

w(d) = sup sup |u(z, P) — u(z, P')|.
|P—P/|<6 zEsupp v

|
Finally, we compute an explicit formula for Dpu along trajectories (provided this

derivative exists).

Proposition 32. Suppose H(P) is differentiable in P and u(x(0), P) = u(z(0),P"). If

Dpu exists along the trajectory z(-) then
t —
DM“:—/(i—DPHaﬂm&
0
PRrROOF. Note that .
—/ (& — DpH)ds € Dpu(z(t), P)
0

and when the derivative exists it must coincide with a unique point in Dpu. |

A formal calculation yields

o
D% u = —ds
Px A or
In the invariant set, p = P + D u is a Lipschitz function. Thus we may be able to compute

the derivative Dl%mu since % ”should” be defined almost everywhere.

This observation motivates the study of the regularity of the derivatives of u in

the invariant set. Our approach is set via L?(1;)-type regularity estimates.

Theorem 38. Suppose H is twice differentiable at P. Then (with o = w*v)

/ww@fq—mm%m%ngP—Pﬁ
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PROOF. Let u(x, P) be a family of solutions of
H(P + Dyu(x, P),r) = H(P).
If by Dyu(x, P") we denote a version of D u(x, P’) then
H(P' + Dyu(z, P'),z) < H(P").
By subtraction and strict convexity of H we get

D,H(P + Dyu(z, P),z)(P' + Dyu(z, P') — P — Dyu(z, P))+
+0|P — P' 4 Dyu(z, P) — Dyu(z, P> < H(P') — H(P).

Then
/DpH(P + Dyu(z, P),z) (Dyu(z, P') — Dyu(z, P)) do = 0,

by theorem 32 . Also
(P — P) / D,H(P + Dyu(x, P), 2)do — DpH(P)(P' — P).
Thus
9/ |P — P' + Dyu(x, P) — Dyu(z, P')|?do = H(P') — H(P) — DpH(P)(P' — P).
If H(P) is twice differentiable at P then
/ |P — P' + Dyu(z, P) — Dyu(z, P')|*do < C|P — P'|.

Applying to this estimate a weighted Cauchy inequality we end the proof. |
Now we turn our attention to L?(c)-type regularity estimates for differential quo-

tients in the z variable.

Theorem 39. Suppose u is a periodic viscosity solution of
H(P + Dyu,z) = H(P),
and v and o = v measures as in the previous theorem. Then

/Dxu(x +y, P) — Dyu(z, P)|do < Cy|*.
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PrROOF. Without loss of generality, assume P = 0 and H(P) = 0. Then, for any version
of Dyu(z + )
H(Dyu(x+y),z+y) <0.

Subtracting H(Dgu(zx),x) yields
H(Dyu(zr +vy),x+y) — H(Dzu(z),z) <O0.
Thus
01Du(x +y) — Dyu@)[ + DyH(Dau(x), 2)(Dau(z + y) — Dyu()) <
H(Dyu(x +vy),z) — HDyu(z +y),z+y). (6.2)
Note that
H(Dyu(z +y),x) — H(Dyu(z + y),z +y) < Cly|* — Do H(Dyu(e +y), 2)y.
Integrating (6.2) with respect to o we conclude
0 [1Dsuta+y) — Dou(w)Pdo < Cly — [ DDl +y). 2y
Since

/ DoH(Dyu(z +y), 2)ydo — / (DL H(Dyulz + y),z) — DaH (Dyu(x), 2)] ydo,

we get,
0
3 [ 1Daute+ ) — Duta) Pdo < CloP,
using a standard weighted Cauchy inequality. |
In the setting of KAM theory one considers small perturbations of integrable
Hamiltonians

H(p,z) = Ho(p) + AH1(p, z), (6.3)

with H; bounded with bounded first and second derivatives, the previous theorem yields

Corollary 9. Suppose H is of the form (6.3). Then, for X sufficiently small,
/ \Dou(z +y, P) — Dou(z, P)[2do < CAly[2.

PRrROOF. Repeating the calculations in the proof of the previous theorem with a Hamiltonian

like (6.3) proves this bound. [ |
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6.6 Young Measures and Adiabatic Invariants

In this section we survey extensions of the previous results for time-dependent

Hamiltonians. Since the proofs are similar we will omit them and refer the reader to
[EGI9D].
Let Vi(z,t) be a periodic (both in  and ¢) solution of the Hamilton-Jacobi equation

~DV, + H(P + D, V., t) = H.(P).
€
Assume z¢(+) is a minimizing trajectory. Then, for any s and ¢

¢
Ve(z€(s),s) = / [L(z(r), 3 (r),r) — P-i(r) — He(P)] dr + Ve(z“(t), t).

We proceed now, as in section 6.2, to construct a family of Young measures associated with

these trajectories.

Theorem 40. For almost every 0 < t < 1 there exists a measure vy such that for any

smooth periodic (both in y, T and t) function ®(p,y,T,t)
x€ t —
D(pf, —,-,t) = Ot
(p ) € ) 67 ) ( )7
with ®(t) = [ ®(p,y, 7,t)dvi(p,y, 7). More precisely, for any smooth function ¢(t)

1
/ oL
0

€ ¢ 1 .
L tdt — / () D(t)dt,
€ € 0

as € — 0.

PROOF. The proof is the same as in theorem 30. |
Now we will show that each of this measures is invariant for the flow induced by

the Hamiltonian H (p,y,7,T), for fixed 0 < T' < 1.
Theorem 41. For any smooth periodic (in y and T) function ¢(p,y,T)
/qub(p, Yy, 7)DpH (p,y, 7, t) — Dpg(p,y, 7) D H(p, y, 7, t) + Dr¢(p, y, 7)dvy = 0.

PrOOF. The proof is exactly the same as in theorem 31. |

Finally we have the analog of theorem 32:

Theorem 42. If ¢ : R™ — R is a Lipschitz function then, for almost every t, there exists
a version of D,¢ such that

/Dx¢(y)DpH(p, y, T, t)dvy = 0.

PROOF. The proof is exactly the same as in theorem 32. |
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6.7 Viscosity Solutions - 11

Take V, as before, to be a [0, €] x [0, 1] periodic viscosity solution of the Hamilton-
Jacobi equation

~DV, + H(P + D, V., t) = H.(P).
€
Let ¢ be an optimal trajectory.

Theorem 43. There exists a function X () such that, as € — 0, z¢(t) — X (t) uniformly in
t € [0,1]; thus i€ — X. Also H.(P) — H(P) and V. — V, where V is a periodic viscosity
solution of the equation

—DiV + H(P+ D,V,t) = H(P).

In the previous equation, H(P,t) denotes, for each t, the unique value for which the equation
H(P + Dyu,y,t) = H(P,t)

has a periodic viscosity solution u(y). The function, V does not depend on x and so it solves

the (ordinary) differential equation
-DV + H(P,t) = H(P),
in the viscosity sense. In particular this implies
[— 1 [—
H(P)= / H(P,t)dt.
0
Furthermore Ve(zc(t),t) — V(X (t),t) = V(t), uniformly in t, and

D,V. + D,V,-i€ — D,V + D,V - X = D,V.

Additionally
L <x€, x,t) —~ _—P.-X—-H(Pt).
€
Finally,
—P-X —H(P,t)=L(X,t),
where

*

and L = H .
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PROOF. Since z€ is uniformly bounded and equicontinuous there exists a function X (-)
such that
zt(t) — X(1),

uniformly as € — 0 (possibly after extracting a subsequence ¢, — 0). And consequently
(1) — X (¢).

Since V is bounded (possibly after subtracting a constant ¢.) and equicontinuous we may

find a function V and a subsequence ¢ — 0 such that
Ve(z“(t),t) =V,

uniformly as t — 0, and by passing to a further subsequence, if necessary, we may assume
H.(P) — H(P). By the results from chapter 4, we know that ¥ must be a viscosity solution
of

—DyV + H(P+ D,V,t) = H(P).

Since V. has period € the limit V' does not depend on z. Thus
DiVe(x€(t),t) + Dy Ve(x€(t),t) - °(t) = D,V = H(P,t) — H(P).
Along minimizing trajectories
D:r‘/e(xg(t)at) i =-—H <P +p57 >t> - L (i'i xat> -P- -%67
€
and
Dt‘/;:H<P+pE, ,t) *FE(P)
Therefore we conclude that
__ x€
—H(P,t)— L <x’6, ,t> —P-i°—0,
€
or equivalently
L <$ x,t) ~ _H((Pt)-P-X.
€
Thus
L

/Ldut — _H(P,t)—P-X.

Finally we claim that L = H . To see this, it suffices to check that for any P

L(X)>-H(P)-P-X.
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Take V, to be a periodic viscosity solution of
~D\V, + H (P + D,V % t) — H.(P).
Then, for almost every y € R™,
DyVe(€®y + a%(t), 1) + DaVe(e’y + 2°(t), 1) - @°(t) = DV,

where z€ is the optimal trajectory for V. and V = lim_q V.. Now note that

D V(Ey + (1), t) - i€ >

~ ~ wﬁ I'E ~
>—-H (P—{—DzVe,egH— ,t> - L <:’U€,ey+ ,t> — P i,
€ €
and
DV, = H (mpm,w “’,t> _H.(P).
€
Thus
L>-H(P,t)-—P X,
by passing to the limit. |

Using viscosity solutions methods we prove that the support of these measures is
contained in the closure of the graph of P+ D,u, where u is a solution of H(P+ D,u,z,t) =

H(P,t) and D,u is an appropriate version of the derivative of u.

Theorem 44. Let u be any viscosity solution of H(P + Dyu,x,t) = H(P,t). Then, for

almost every t, p = P + Dyu, vy a.e., where Dyu is a version of Dyu.

PROOF. By strict convexity of H, there exists « such that
Ylp — q\2 + H(p,x,t)+ DpH(p,z,t) - (¢ —p) < H(q,z,1).
Choose ¢ to be a version of P + D,u (an will denote, as usual ¢ = P + D,u). Then
’y/ Ip— (P + Dxu)IQth < /H(P+ Dyu,x,t)dy, — /H(p,x,t)dyt—
— /DpH(p, z,t)(P + Dyu — p)duyy.
but the right-hand side integrates to zero because

H(P + Dyu,z,t) < H(P,t)
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everywhere (since we are using a version of D,u and H is convex),
/prH — Hdvy, =1L P/D,,Hdut =-P-X,

thus H+ L+ P- X =0, and
/DpHDmudUt = 0.

6.8 Convex duality

In the papers [FV88], [FV89] and [Fle89], the Fenchel duality theorem [Roc66]
is used to analyze optimal control problems. This motivated us to investigate the duality
relation between Aubry-Mather theory and viscosity solutions of Hamilton-Jacobi equations.
In particular, we found that the problem of finding an Aubry-Mather measure is the dual
of computing H.

Let Q = T™ xR"™, where T™ is the n dimensional torus, identified, when convenient,
with [0,1]™. A pair (z,v) = z represents a generic point z € ), with z € T™ and v € R".
Choose a function v = y(|v]) : 2 — [1, +00) satisfying

|v]

Lv,z) = 400 lim —— =0.
o] =400 Y(V) o] —+o00 ¥(v)

Let M be a set of weighted Radon measures on {2, i.e.,
M = {p signed measure on 2 with /7d|,u| < oo}

Note that M is the dual of Cj(Q), i.e., the set of continuous functions ¢ with

¢ . 9(2)
=sup |—| < oo, lim — 0.
Define
./\/llz{ué./\/l:/d,u:l,,u>0}
and

Mo =cl{peM: /UDgcgodu =0, Vo(x) € CHT™)}.

The set M3 is the “measure theoretic” analog of the set of closed curves on T". Indeed, if

0 :1]0,1] — T™ is a piecewise smooth closed curve, define a measure py by

1 .
/Qfduez/o F(0(1),0(t))dt.
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Clearly ug belongs to Mo, and since Mo is a linear space, it contains all linear combinations
of measures of this form.

For ¢ € C7(£2) define

hi(¢) = sup (=¢(z,v) — L(z,v)).

(z,0)EN

Let C be defined by
C=cl{¢p:¢=0vDyp,0€CHT™)},

here cl denotes the closure in Cj. We can think of the elements in C as generalized closed

differential forms; indeed if 6 : [0,1] — T™ is a piecewise smooth closed curve and ¢ € C

[ o =o.

0 ifpeC

then

Define

ha(¢) =

—oo otherwise.

We will show that the problem of computing

sup  ha(p) — hi(o) (6.4)

¢€Cy ()

is the dual problem of computing Aubry-Mather measures.
Let E be a Banach space with dual E’. The pairing between E and E’ is denoted
by (-,-). Suppose h : E — (—o00,+00] is a convex, lower semicontinuous function. The

Legendre-Fenchel transform h* : E' — [—00, +00] of h is defined by

h(y) = sup (—(2,y) — h(z)),

for y € E’. Similarly, for concave, upper semicontinuous functions g : E — (—o0, +00] let

9" (y) = inf (—(z,y) —g(x)).

The Rockafellar-Fenchel duality theorem states that

sup g(x) — f(z) = irylf () — 9" (y), (6.5)

more precisely,
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Theorem 45 (Rockafellar). Let E be a locally convex Hausdorff topological vector space
over R with dual E*. Suppose h : E — (—o0,+00] is conver and lower semicontinuous,
g: E — [—00,+00) is concave and upper semicontinuous. Then (6.5) holds, provided that

either h or g is continuous at some point where both functions are finite.

PROOF. See [Roc66]. [ |
We now compute the Legendre-Fenchel transforms of h; and ho in order to apply

this theorem to problem (6.4).

Proposition 33. We have

i} [ Ldu if ue My
() =
400 otherwise,

and

0 if pue Mo

—00  otherwise.

PrOOF. Recall that
= s (= [odu-m@)).
¢€Cq (Q)
First we will show that if p is non-positive then hj(u) = oo.

Lemma 24. If u # 0 then hi(un) = +o0.

PROOF. If p # 0 we can choose a sequence of positive functions ¢, € C7(£2) such that

/—gbnd,u — 400.

Thus, since

sup —¢, — L <0,
we have hj(pn) = +oo. n

Lemma 25. If u > 0 then

Wi = [Ldn+ sup (/wdu—supw>.

PeCy ()
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PrOOF. Let L,, be a sequence of functions in Cj(f2) increasing pointwise to L. Any

function ¢ in CJ () can be written as ¢ = —L,, — 1, for some 1 also in C{ (). Thus

— [ ¢du—h = Lodp + | dy —sap(Ly, +¢ — L) ) .
¢escuglzm< /aﬁu 1(¢)> %SC%IEQ)(/ [ /w sup( 0 ))

Since
supL, — L <0,
we have
sup(Ly + 4 — L) < sup¢.
Thus

_ du — h > L,d dp — .
£¥@< /¢u u@)_£¥@</ u+/wu wmw)

By the monotone convergence theorem [ L,dy — [ Ldu. Therefore

— [ ¢dp —h Ld dy —
¢€SC%IEQ)( /¢ 1 1(¢)> 2/ u+¢€sbllgrzg) </¢ 1 Sup(¢)>,

as required. m

If [ Ldp = +oo then hj(pu) = +oo. If [du # 1 then

sup (/zﬂdu—supzﬂ) > supa(/d,u,—l) = 400,

PeCy (Q) a€R

by taking 1) = «, constant. Therefore hj(u) = +o0.
If [dp =1 the previous lemma implies

hiw = [ Ldg,

by taking ¥ = 0.
Also, for any ¢
[(-o- Dau < swp(-6 - 1)

if [dp=1. Hence
sup (—/¢dl~b—h1(¢)> < /Ldﬂ'
$€Cy(9)

| Ldu if pue M

Thus

400 otherwise.
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If 11 & M then there exists ¢ € C such that

/@du#O-
Therefore
inf — [ ¢dy < inf bdj = —oo.
i = [ o < st [ b=

If 4 € My then [ ¢du =0, for all ¢ € C. Therefore

. ) 0 if p e My
() = it [ o =

—oo otherwise.

The Fenchel-Rockafellar duality theorem states that

sup (ha(@) — hi(¢)) = inL(hT(M) — h5(p))-
$eCy () He

provided on the set hy > —o0, hy is continuous, which is true because hy is continuous, as

shown in the next lemma.
Lemma 26. h; is continuous.

PROOF. Suppose ¢, — ¢ in Cj. Then ||¢,|, and ||¢|, are bounded uniformly by some
constant C. The growth condition on L implies that there exists R > 0 such that

sup—qg—L = sup —qg—L,
Q TnxBpr

for all ¢ in CJ(Q) with ||¢|l, < C. On Bg, ¢, — ¢ uniformly and so

sup—¢, — L — sup—¢ — L.
Q Q

Denote by H* the value

H*=— sup (ha(¢) — hi(9))
$eCy (Q)

Theorem 46. We have

H* =inf{\:3p € CY(T™) : H(Dyp,z) < A}.
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Proor. Note that

H* = inf sup —vDyp— L= inf sup H(Dgp,x).
PECHT™) (z,0)eN ! eeCL(T™) zeTn (D )

Let ' denote the set of piecewise smooth closed curves 6 : [0,1] — T™. Define
M3 = clspan{uy : 0 € T'}.

The next task is to prove that the value H*, computed by considering a infimum over

measures in Mo, is the same as the value obtained using measures in Msj.

H =~ inf (hi(s) = h3()

Recall that another characterization of H is that H is the unique value for which the
equation

H(Dyu,z) = H
has a periodic viscosity solution.

Theorem 47. H* is the unique value for which the equation
H(Dyu,z) = H*

has a periodic viscosity solution.

PRrROOF. First suppose u is a periodic viscosity solution of
H(Dyu,z) = H.

We claim that there is no smooth function v with
H(D,,r) < H.

Indeed, if this were false, we could choose a point xg at which u — ¢ has a local minimum.
At this point we would have
H(waa :L‘O) > F?

by the viscosity property, which is a contradiction. Hence H* > H.
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To prove the other inequality consider a standard mollifier 7. and define u, = ne*u.
Then
H(Dyue,x) < H + h(e, ),

where

h(e,z) = sup sup |H(p,z)— H(p,y)l,
[pI<R |z—y|<e

where R is a bound on the Lipschitz constant of u. Let H¢ = H + sup, h(e,z). Thus u,
satisfies

H(Dyue,x) < HE.
Thus H* < lim_o H* = H. Hence H* = H. |

Corollary 10. We have

Jint (hi(n) = h3() = inf (i) = B3(0).

PROOF. Our previous results show that we can construct a probability measure p on M3

such that
(h1(p) = h3(p))-

Since M3 C Mj this completes the proof. |

/Ldu =H = inf
/LEMQ
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