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Abstract

In this paper, we discuss a stochastic analogue of Aubry—Mather theory in
which a deterministic control problem is replaced by a controlled diffusion. We
prove the existence of a minimizing measure (Mather measure) and discuss its
main properties using viscosity solutions of Hamilton—Jacobi equations. Then
we prove regularity estimates on viscosity solutions of the Hamilton—Jacobi
equation using the Mather measure. Finally, we apply these results to prove
asymptotic estimates on the trajectories of controlled diffusions and study the
convergence of Mather measures as the rate of diffusion vanishes.

Mathematics Subject Classification: 35J60, 37J40, 49125, 60H30

1. Introduction

The objective of this paper is to understand a stochastic analogue of Aubry—Mather theory. The
original problem [Mat91] consists in determining a probability measure p(x, v) in T" x R”
(T" is the n-dimensional torus) that minimizes the average action

/L(x,v) du (D

for a given Lagrangian L with the constraint that p is invariant under the flow generated by
the Euler-Lagrange equations associated with L. This problem is equivalent [Mat0O1] to the
relaxed problem of minimizing (1) with the constraint

/ vD,¢pdu =0 ()

* Supported in part by FCT (Portugal) through programs POCTI, POCTI/32931/MAT/2000, BPD 1531/2000 and
NSF Grant DMS 97-29992.

0951-7715/02/030581+23$30.00 © 2002 IOP Publishing Ltd and LMS Publishing Ltd Printed in the UK~ 581


http://stacks.iop.org/no/15/581

582 D A Gomes

for any ¢ (x). In the case of controlled diffusions, we replace this constraint by
/ A'¢dp =0, (3)

for all ¢ smooth and periodic, in which A’¢ = vD,¢+(0%/2) A¢ is the infinitesimal generator
of the controlled diffusion [FS93].

We proceed as follows. In section 2 we construct a relaxed minimization problem on
a space of measures. Then, in section 3, we identify its dual by means of the Fenchel—
Rockafellar duality theorem [Roc66]. This dual problem turns out to involve Hamilton—Jacobi
equations which are studied in section 4. We prove equivalence between the strong and weak
problems (section 5), and characterize the minimizing measures using viscosity solutions of
Hamilton—Jacobi equations (section 6). Then we discuss several applications: regularity of
Hamilton—Jacobi equations (section 7), logarithmic transform, connection with eigenvalue
problems (section 8), asymptotics for controlled diffusions (section 9) and convergence of the
stochastic Mather measure as the diffusion coefficient vanishes (section 10).

The original Mather problem as well as its stochastic version are convex linear
programming problems over a space of Radon measures. Related control problems have
been studied by duality [VL78a, VL78b,LV80, FV89, FV88, Fle89], in which the Fenchel-
Rockafellar duality theorem [Roc66] is used to analyse optimal control problems. In this
paper, we apply similar techniques to understand Aubry—Mather theory and its stochastic
analogues.

Several authors have studied the relation between viscosity solutions of Hamilton—
Jacobi equations and Mather measures [Fat97a, Fat97b, Fat98a, Fat98b, E99, EGO1, Gom00a,
GomOO0b]. The results by Fathi [Fat97a, Fat97b, Fat98a, Fat98b] and Weinan [E99] make clear
the connection between viscosity solutions and Hamiltonian dynamics. The main idea is that
if, for each P € R", u(x, P) is a viscosity solution of

H(x,P+Dwu)=H 4

for some H(P) € R (here H is the Legendre transform of L), then there exists an invariant
set Z contained in the graph

{(x, P+ Deu(x, P))}.

Furthermore, 7 is a subset of a Lipschitz graph, i.e. Dyu(x, P) is a Lipschitz function on
w(Z), where m(x, p) = x. If H(P) is differentiable at P, then any solution (x(¢), p(¢)) of the
Hamiltonian dynamics

XZ_DPH(p7x)9 p:DXH(pvx) (5)
with initial conditions on Z satisfies

. |x(t)+ DpH{]|
lim —mM =

t—00 t

0. (6)

In the previous equation and in the remainder of the paper, we use the convention that
trajectories x(t) € T" are lifted to R"” whenever it is convenient.

In [Gom00a, GomOOb], this problem is studied in detail and more precise asymptotic
results are presented. We also prove regularity results for the viscosity solution of (4)—in
particular, under unique ergodicity of the Mather measure, uniform continuity in P (after
adding to u a suitable function of P). In [EG01] Mather measures are used to prove regularity
for solutions of Hamilton—Jacobi equations. The main results are L>-type estimates in the
difference quotients of D,u. The objective of this paper is to generalize these results to the
stochastic case.
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Most of the results in this paper hold (with appropriate modifications) for compact
manifolds—in the classical case this was studied by Fathi in [Fat97a, Fat97b, Fat98a, Fat98b].
In this more general case, T” x R" would be replaced by the tangent space 7'M of a compact
manifold M, and P by a cohomology class in H'(M,R). Also we could have used a more
general elliptic operator corresponding to the Laplacian.

2. Stochastic Mather measures

In this section we define a stochastic analogue of Mather’s minimal measure problem
[Mat89, Mat91, Mn92, Mn96]. To do so, we consider an ergodic diffusion control problem
and study an associated relaxed minimization problem on a space of measures. In the next
section, we identify its dual by means of the Fenchel-Rockafellar duality theorem and show
that the dual problem is, in some sense, a Hamilton—Jacobi equation.

Consider a controlled Markov diffusion [FS93] in R",

dx = 9(¢)dt + o dw, @)

where w is an n-dimensional Brownian motion, ¥(¢) is a bounded progressively measurable
control, i.e. ¥ (f) is measurable with respect to the o -field generated by w;, s < ¢ (see [FS93] for
more details), and o > 0 the diffusion rate (o0 = 0 corresponds to the standard Aubry—Mather
theory). The control objective is to minimize the long-time running cost

1 T
lim —E/ L(x(t), 9(1))dr,
0

T—+o0 T

over all bounded progressively measurable control processes v (¢); this is called the ergodic
control problem (here E denotes the expected value with respect to the underlying probability
measure). We assume that the function L (x, v) is smooth in both variables, Z" periodic in x,
coercive limy|— 400 (L (X, v)/|V|) = +00 and strictly convex in v, i.e. DﬁUL(x, v) >y > 0for
some fixed number y > 0. Furthermore, since adding a constant to L does not change the
nature of the problem, we also assume L > 0.

Let Q = T" x R", where T" is the n-dimensional torus, identified, when convenient, with
[0, 11" or R" with a periodic structure (in geometric terms, R” is the universal covering of
T™). A pair (x, v) = z represents a generic point z € 2, with x € T" and v € R". Choose a
function y = y(|v]) : Q@ — [1, +00) satisfying

L(x,v) . [v]
= 400 1

im , im =
|[v|—=+00 ]/(U) |v|—=+00 y(v)
Let M be the set of weighted Radon measures on €2, i.e.
M= {Signed measures on 2 with f ydlul < oo} .
Q

Note that M is the dual of the set Cg (2) of continuous functions ¢ with

. 9()
< 00, lim
lzl—>00 y (V)

— 0.

¢
loll, =sup|—
Q |V
Note that, for any ¢ € C*(T"), A’p € C;($2) and so (3) is well defined for j € M.
For each bounded progressively measurable control strategy ¢, consider the probability
measure 42 defined by

1

T
/«pdw}:;E/ $(x(1), B (1)) dr. (8)
Q 0
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Since each w7 is a probability measure, we may extract a weakly convergent subsequence such
that, as T — +oo, u — pu?,i.e., forany ¢ € C;’(Q),

/SZ¢dM?—>/Q¢dM"- ©

Mo = cl{u” : 9 (¢) bounded progressively measurable control}.

Let

Define
Mlz{ue/\/t:/duzl,,u>0}.
Q

The stochastic analogue of Mather’s problem consists in determining a measure u that
minimizes

inf [ Ldu. 10
;}_e./\l/lr(lJﬁMl/Q o .

For our purposes, however, it is convenient to consider a relaxed problem by replacing M by
a slightly larger set AV that we define next.
The infinitesimal generator corresponding to the controlled diffusion (7) is

v 0‘2
A% = Ap+v-Vo.

Proposition 1. Any measure u € M satisfies
/ Apdp =0 (1)
Q

for all p = p(x), ¢ periodic and C? (or C' ifo = 0).

Proof. Given a bounded progressively measurable control 9 (), consider the measures ,uz; and
u” as defined, respectively, by (8) and (9). We claim that

/ Alpdu’ =0
Q
for ¢(x) € C?(T"). To see this, recall Dynkin’s formula (see [FS93, p 391]):

T
e(x(T)) — p(x(0)) = E /0 A" Do (x(t)) dt

for any x(¢) solving (7) with ¥ (¢) bounded progressively measurable. In the case 0 = O,
this is just the fundamental theorem of calculus. Dividing by T and letting 7 — o0, we
obtain (11). O

Let Ny be the closure of the set of all measures that satisfy (11):
Ny =cl {u eM: / Aodu =0, Yo(x) € CZ(’]I‘”)} .
Q

In the case o = 0, the set N is the ‘measure theoretic’ analogue of the set of closed curves
on T". Indeed, if 6 :[0, 1] — T” is a piecewise smooth closed curve, then we can define a
measure ity by

1
/fdﬂe=/ f6@),0())dr.
Q 0

Clearly gy is in Ny, and since N is a linear space, it contains all linear combinations of
measures of this form. If a measure u € Ny is supported on a graph (x, v(x)), then the
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condition fQ A'¢dp = 0 for all ¢(x) implies that p is invariant under the semigroup with
infinitesimal generator AV™),
The additional problem that we will consider is

inf de,u. (12)

HeNyNM;
We will prove later on that

inf /Ld,u: inf /Ldu. (13)

neNyNM; neMonM;

This identity is a consequence of N being the weak-x closure of M. However, the proof of
this depends on (13) holding for a sufficiently large class of L (see [FV89,FV88, Fle§9] for
related proofs). Therefore, we will prove (13) directly.

The last issue we discuss in this section is the existence of a measure that minimizes

inf [ Ldpu.
Me}ﬁwl/ #

This measure is the stochastic analogue of the Aubry—Mather measure. A similar proof also
shows that there exists a minimizing measure in Ay N M. In the next section, we prove that

inf Ldu = inf Ldu.
it = ot [ L

First we quote a compacity lemma.

Lemma 1 (Mané [Mn96]). In Mg N M the set

de,u<c

is compact with respect to the weak-x topology in (C)(/))/.
With the help of this lemma, we prove the existence of a minimizing measure.

Theorem 1. There exists a measure . € Moy N M such that

Ldu= inf [ Ldpu.
f H ,Leﬁéwl/ #

Proof. Take any minimizing sequence (. Singe J Ldu < c, the previous lemma shows that
by extracting a subsequence, if necessary, wu,, —u. Thus, for any fixed &,

lim min(L, k) du, — /min(L,k) du.

n—+o0o

Thus,

in(L,k)du < inf Ld
/mln(,)u Meﬂlﬁmf I

for all k. But then by the monotone convergence theorem,

Ldu < inf Ldu,
[raws ot [raw

which proves the theorem. O
A similar proof yields the following theorem.

Theorem 2. There exists a measure i € Ny N M such that

Ldp= inf [ Ldp.
/ H Mejlv?mmlf H
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3. Identification of the dual problem

In this section we identify the dual problem of

min / Ldu.
HeNyNM;
The dual problem involves a Hamilton—Jacobi equation. Further analysis of this equation is
carried out in the remaining sections and yields important information about the minimizing
measure.

First we review some facts about convex duality. Let E be a Banach space with dual E’.
The pairing between E and E’ is denoted by (-, -). Suppose i : E — (—00, +00] is a convex,
lower semicontinuous function. The Legendre-Fenchel transform 47} : E’ — [—o0, +00] of
h, is defined by

hi(y) = sup(—(x, y) = h1(x))

xek

for y € E’. Similarly, for concave, upper semicontinuous functions 4, : E — (—00, +00], let

B3(v) = inf (= (x. y) = ha2 ().

Theorem 3 (Rockafellar [Roc66]). Let E be a locally convex Hausdorff topological vector
space over Rwith dual E*. Suppose h| : E — (—00, +00] is convex and lower semicontinuous
and hy : E — [—00, +00) is concave and upper semicontinuous. Then

Sl;phz(X) = hi(x) = inf A (y) — hy (), (14)
provided that either h| or h; is continuous at some point where both functions are finite.
For ¢ (x, v) € C) (), define
hi(¢) = sup (=¢(x,v) — L(x,v)).

(x,v)eR

Let C be defined by
C=cl{p:p(x,v) = A’(x), p(x) € C*(T")}.

Here cl denotes the closure in CS (if o = 0, we may take p(x) € C'(T"). If 0 = 0, we may
think of the elements in C, as generalized exact differential forms; indeed if 6 : [0, 1] — T" is
a piecewise smooth closed curve and ¢ € C, then

/¢dﬂe =0.

Define
0 ifp eC,
ha (@) = {—oo otherwise.
In this section we prove that
sup 12 (p) — hi(9) (15)
$eCH(Q)

is the dual problem of (12).
First we compute the Legendre—Fenchel transforms of #; and %, in order to apply
theorem 3 to (15).
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Proposition 2. We have

wo v |SLdw  ifpeM,
W) = {+oo otherwise
and
oo ifi e N,
) = {—oo otherwise.

Proof. Recall that

() = sup (— / ¢du — h1<¢)> .

$eCH(Q)
We claim that if u is not positive, then i} (u) = oo.
Lemma 2. If u # 0, then hi(u) = +o0.

Proof. If u 2 0, we can choose a sequence of positive functions ¢, € CB (£2) such that

/ —¢, du — +00.
Thus, since L > 0,

sup—¢, — L <O0.
Q

Therefore if © 2 0, then A} (1) = +o0. O
Lemma 3. If u > 0, then

h’f(u)>deu+ sup (/vfdu—supx/f).

Vecl(®)

Proof. Let L, be a sequence of functions in C 2 (£2) increasing pointwise to L. Any function
¢ in CY(K2) can be written as ¢ = —L, — ¥ for some ¥ also in C) (). Thus,

sup <—/¢du —h1(¢>) — ap (/ Lduct [ du = sup(Ly 49 - L)) -
$eCO(Q) Vel

Since L, — L <0,
supL, — L <0;
Q

thus
sup(L, + ¥ — L) < sup y.
Q Q

Thus

sup <—/¢du—h1(¢)) > sup <andu+f1/fdu—sup<1/f)>-
$eClS) Vet

By the monotone convergence theorem, | L, du — [ L du. Therefore

sup (—/q&du—hl(@) > [Laus sup (/wdu—supw)),
$eCY(Q) YeCl()

as required. ]
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If [ Ldp = +oo, then hj(n) = +o0. If [du # 1, then

sup (/I/fdM—SIlpl/f) > supo </d,u— 1) = +00
wecg(Q) acR

by taking ¥ = o, constant. Therefore A} (u) = +oo.
If [du = 1 we have, from the previous lemma,

hi () >/Ldu

by taking ¥ = 0.
Also, for any ¢,

f(—ab —L)ydu < sgp(—qb —L)

if [ du = 1. Hence
sup (—/¢du—h1(¢)) <[ran
peCh@)

JLdu if u e My,
+00 otherwise.

Thus
hi(p) = {
Now we will compute /3. First observe that if 1 & N, then there exists q3 € C such that

[dan o
and so
inf — [ ¢du < infa [ pdu = —o0.
pt [ oan<inta [ oo
If o € N, then [ ¢ du = 0 for all ¢ € C. Therefore
. 0 if ueMNy
* — _ — ’
ha () = é‘ég /zﬁdu {—oo otherwise.
This completes the proof of proposition 2. O

The Fenchel-Rockafellar duality theorem states that

sup (ha(@) — hi(¢)) = inf (hj(n) — h3(w)), (16)
$eCh (@) neM

provided on the set h, > —oo, h; is continuous. In the next lemma we prove that & is
continuous, and therefore (16) holds.

Lemma 4. h, is continuous.

Proof. Suppose ¢, — ¢ in Cg. We must prove that A;(¢,) — h((¢). Observe that ||¢,||,
and ||¢ ||, are bounded uniformly by some constant C. The growth condition on L implies that
there exists R > 0 such that

sup—<f5—L= sup —<13—L
Q

T x Bg

for all ¢ in CY(2) with [|¢]l,, < C, in which Bg = {v € R":|v| < R} is the ball of radius R
centred at the origin. On Bg, ¢, — ¢ uniformly and so

sup—¢, — L — sup—¢ — L. ]
Q Q
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Denote by H* the value

H* = — sup (ha(¢) — hi($)).
$eCl(®)

Theorem 4. We have
2
H* = inf {x :3p € CX(T"): — %Aq) + H(x, D) < /\} ,

in which

H(x,p)=sup—p-v—L(x,v)
v
is the Legendre transform of L.

Proof. Note that
o? o?
H*= inf sup ——Ap—vD,9p—L= inf sup——A¢+ H(x,D,¢). O
9eCA(T) (xvye@ 2 peC (T xeTn 2

We should remark that this formula for H* (which turns out to be equal to H: see the next
section) was proved, in the deterministic case, in [CIPP98§].

4. The cell problem

The last theorem in the previous section suggests that we study the equation

o? _
—TAu+H(x,Dxu)=H. a7

In this section, we prove that there exists a unique number H for which (17) has a periodic
viscosity solution. Using the results from [Kry87], we show that such a solution is C?. Then
we prove that the solution is unique (up to additive constants). Finally we prove estimates on
H and u that do not depend on o

Theorem 5. For o > 0, there exists a unique number H for which the equation

o? _
_TAM +H(x,D,u)=H

has a periodic viscosity solution. Furthermore, the solution is C* and unique up to constants.

Remark. When compared to the case o = 0, this result is extremely interesting because,
although H is still unique, the viscosity solution of H(D,u,x) = H is not unique up to
constants.

Proof. First we address the issue of the existence of a viscosity solution. To do so, consider
the infinite horizon discounted cost problem

o0
u® :infE/ e Y L(x,d)dt
0

with dx = ¢ dr + o dw, and the infimum is taken over bounded progressively measurable
controls ¥ (¢). We consider this problem in the limit « — 0. Then u“ is a periodic viscosity
solution of [FS93]
o2
_TAM(X + H(x, Dyu®) +au® =0.
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Since u“ is periodic and uniformly Lipschitz in o [FS93], there exists a subsequence #“ and u
periodic for which

u® —minu® - u
as @ — 0. The zero control ¥ = 0 is bounded and progressively measurable; thus we have
the estimate

o0 C
u® é/ e *L(x,0)dr < —.
0 o

Also becau_se L > 0, we have u* > 0. Thus 0 < u* < C/w, and so we have au® — —H
for some H (extracting a further subsequence if necessary). Then u is a periodic viscosity

solution of
2

o _
_TAM +H(x, Dyu) =H.

This solution  is actually C? by standard regularity results for non-linear uniformly elliptic
equations [Kry87]. . .
To prove uniqueness of H, suppose, by contradiction, that u; and H; (i = 1, 2) solve
—Au; + H(x, Dyu;) = H;.
Suppose u| — Uy has_a local maximum at xo. T_hen D.u; = D,up and Au; < Au, at xg. Thus
we conclude H; > H,. By symmetry, H, = H,.
The uniqueness of the viscosity solution is proved in the following lemma.

Lemma 5. There exists a unique (up to constants) viscosity solution of
—Au+ H(x, Dyu) = H.
Proof. To prove that the viscosity solution is unique, suppose, by contradiction, that u and v
are two distinct solutions (i.e. # — v is non-constant) of
—Au+ H(x, Dyu) = H.
Without loss of generality, we may assume that some small ball centred at the origin of radius

y does not contain any critical point of xy of u(x) — v(x) (otherwise, for convenience, we may
shift the coordinates). Fix €, A > 0. Note that

u(x) — v(x) — ee M (18)
has a local minimum at x.; with |x.,| < C independently of € and A. This holds because

. . . _ 2 o . .
u — v is periodic and e AxI” decreases as |x| — oo; therefore, the global minimum in (18)
must occur close to the origin. At x. ;, we have

D.u=D,v— 2erxe Ml

and

Au > Av — 2erne T’ +4ek2|x|ze’w“2.
Since

0=—-Aw—v)+ H(x, Dyu) — H(x, D,v),
we have

2 2
0 < 2eane il — 4ep|x, , Pe Ml 4 O(ene™ e,

Since there is a neighbourhood of the origin that does not contain a minimizer of u — v, for €
o e qs 2 .
small enough |x, ;| > ¥ /2. Dividing by ee *"<+I" and letting € — 0, we observe that

Y22 —Cca <.

Therefore, sending A — oo yields a contradiction. |

This yields the desired result. ]
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Proposition 3. H can be estimated independently of o by

inf H(x,0) < H <supH(x,0).

Proof. Suppose « has a minimum at xy. Then —(02/2) Au(xp) < 0 and D,u(xo) = 0. Thus,
2
H = —%AM(X()) + H(.X(), Dxu) g H(X(), O) g sup H(xa 0)
X

The other estimate is similar. O

Finally, we recall that standard estimates for controlled diffusions [FS93] also yield
that u is semiconcave (with semiconcavity constant independent of o) and Lipschitz (also
independently of o).

5. Equivalence between weak and strong problems

The next task is to prove that the value H*, computed by considering an infimum over measures
in Ny, is the same as

H = — inf (hj(u) — h3(w),
HneMg

which in turn coincides with H from the previous section. A useful characterization of H is
the following theorem.

Theorem 6. H coincides with the unique value H for which the equation
2
o -
—7Au+H(Dxu,x) =H (19)
has a periodic viscosity solution.

Proof. We know from theorem 5 that there is a single number H for which (19) admits a
periodic viscosity solution #. We can use that solution to build a Markov feedback strategy to
control the diffusion:

dx = —D,H(D,u, x)dt + o dw.

By Dynkin’s formula, a measure € My N M corresponds to this diffusion for which
/ Ldu=—H.

—H> inf /Ld,u:—I:I.

Thus

HEMENM,

Now suppose that —H < —H. This means that there exists € > 0, a measure
u¢ € Mo N M, and a bounded progressively measurable control ¢ such that

I -
/ Lduf = liminf E—/ L(x¢,9¢)dt < —H —e.
Q T—>+0 T Jp
Thus
T B T B
u(x) = igf E/ Lx,9)+ Hdt +u(x(T)) < E/ L(x€, 9+ Hdt +u(x“(T)).
0 0
The hypothesis in € implies that there exists a sequence 7,, — +o00 such that

T
E/ L(x¢, 99+ Hdr < —%Tn,
0

which is a contradiction for 7,, sufficiently large since u is bounded. ]
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Theorem 7. H* is the unique value for which the equation

o2
—TAM +H(x,Du) = H*

has a periodic viscosity solution.

Proof. First suppose u is a periodic viscosity solution of

o2 -
_TAM + H((x,Dyu) = H.

Then we claim that there is no smooth function i with

2
—%Aw +H(x, D) < H.

Indeed, if this were false, we could choose a point xg at which u — i has a local minimum.
At this point, we would have

2
~ T AV + Hso, D) > A

by the viscosity property. Hence H* > H by theorem 4.
To prove the other inequality, consider a standard mollifier 1, and define u. = n. * u, in
which * denotes convolution. Then

2
—%Aue + H(x, Deus) < H +h(e, x),

where

h(e,x) = sup sup |H(x, p)— H(y, p)l,
IpI<R [x—yl<e

where R is a bound on the Lipschitz constant of u. Let

H¢ = H +suph(e, x).

u. satisfies

2
o
—TAME + H(x, Dyu.) < HE.

Thus H* < lime_,o H* = H. Hence H* = H. O

This proof holds even when ¢ = 0; for o # 0, since u is C2, the mollification step is
unnecessary.

Corollary 1. We have

l}gjfvo(hf(u) —h3(w) = Mier}ao(h’f(u) — h3(w)).

Proof. Our previous results show that we can construct a probability measure w on M
such that
[ Lau= - = inf i)~ w30,
neNy

Since My C Ny, this completes the proof. (|
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6. Properties of stochastic Mather measures

In this section we study general properties of stochastic Mather measures. First we prove
that the stochastic Mather measure is supported in the graph (x, —D,H(D,u, x)) for any u
viscosity solution of (19). Then we show that the projection of this measure in the x-axis has
a density that satisfies an elliptic partial differential equation.

Theorem 8. Any stochastic Mather measure is supported in the graph (x, —D,H (x, Du))
for any u viscosity solution of (19).

Proof. Recall that, for any v, we have

o2 _
—TAM —vDyu—L(x,v) < H

with strict inequality unless v = —D,,I-_I (x, Dyu). Note that
2
/ —%Au —vDyudu =0
and
—/L(x, v)du = H.

Thus u is supported on (x, —D, H (x, D,u)); otherwise we would have

—/L(x,v)d,u < H,
which would be a contradiction. O

Since any stochastic Mather measure is supported on a graph, a natural question is whether
its projection in the x coordinates has a density. The answer to this question is affirmative,
and we prove that this density is the solution of an elliptic partial differential equation. Before
stating the result, recall that W2 is the Sobolev space of weakly differentiable functions w
with [ w? + |Dyw|* < o0.

Theorem 9. Let o be a stochastic Mather measure. Let v denote the projection of p in the
x coordinates. Then v = 0(x)dx for some density & € W'2. Furthermore, 0 is a weak
solution of

—V - (Ov(x)) + 0°A0 =0 (20)
forv=—D,H(x, D.u).

Proof. Recall that, for any smooth and periodic ¢ (x),

o2
/ <7A¢ + v(x)Dxd)) dv =0.

Let . be a standard mollifier, ¢ = n. * n. * v and v. = n, * v. Note that v, is a bounded
periodic C*° function (the bounds may depend on €). Then

2
0=/%mxveﬁdx—fv(x)Dx@e)dv.
Thus

2
/%|vae|2dx = /(vae)ne * (vv) dx.
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Note that

' / (Dyvon. # (vv) dx

+

< ‘/(vaav(x)ve dx

[ evaes @) = v x|
The first term on the right-hand side can be estimated by

C
Z/|va5|2d)c+—/|v5|2d)c
2 14

for any small y > 0. To estimate the second term, observe that, since v is Lipschitz,

1 * (vv) —V(X)Ve| < /ne(x = YIvx) —v[dv(y) < Ceve(x).

Thus

/ Dave(ne # (v9) — v(x)ve) dx

C
< Zf|vae|2dx+—€/|v5|2dx;
2 Y

therefore we conclude that

/|va€|2dx < c/ vl dx

uniformly in €. Now observe that v, > 0 and

/vgdle.

If [ [ve|?dx were unbounded, then we could normalize it defining oe = vV, with
I loe|*’dx =1 and y. — 0. Since o € W'"? uniformly, through some subsequence it
converges in L? to some o € L? with f |oz|2 dx = 1. However, @ > 0 and f(x = 0, which
is a contradiction. Therefore, we must have v, € W2 uniformly in €. Thus through some
subsequence, v, — 6 for some § € W'2, Thus dv = #(x)dx. Consequently, § is a weak
solution of

—V - (Ov(x)) + 207A0 = 0. 0
Observe that equation (20) is a non-symmetric zero eigenvalue problem. It is well known
[PW84] that
—V - (Bv(x)) + 107 A0 = 10

has a principal eigenvalue A with positive eigenfunction 6. To see that A = 0, just observe that

0= / %2A9 —V-(wkx)okx)) = )L/O.
Since 6 is non-negative, we get A = 0.
Corollary 2. The invariant measure 6 is unique.
Proof. Since 6 > 0 and an 0 dx = 1, there exists a point x¢ such that 6(xp) > 0. Then
Harnack’s inequality for elliptic equations implies 8 > 0 everywhere. Define w(x) by
0 =e".
It suffices to prove that w is unique. To do so, observe that w satisfies
o? o?|Dyw|? — 2D, wv

—Aw + —V.v=0.
2 2

Then the uniqueness lemma 5 implies that w is unique up to constants, i.e. 6 is unique up to a
normalizing factor. ]
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The previous theorem yields several important identities that we will use in the next
section. First define H (P) to be a number for which

2
—%Au+H(x,P+Dxu) — H(P) Q1)

has a periodic viscosity solution u(x, P)—because we can add arbitrary functions of P to u
and still get a solution of (21), we cannot assume that u is continuous in P. The function H (P)
is convex in P and so twice differentiable for almost every P.

Proposition 4. For any ¢ (x) periodic,
—/ Dy¢(x)D,H(x, P+ D,u)0(x, P)dx + %2 / A¢p(x)0(x, P)dx = 0. (22)
Furthermore,

/DXH(x,P+DXu)9(x,P)dx =0. (23)
Finally, for any P and P,

(P — P)/DPH(x, P+ Du)f(x, P)dx < H(P') — H(P); (24)
in particular if H is differentiable,

/ D,H(x, P+ Du)f(x, P)dx = DpH(P).

Proof. To prove (22) and (23), we will assume, without loss of generality, that P = 0 and omit
the arguments of the function in order to simplify notation. Observe that (22) follows from

0= /¢(x)(V (0D, H) + 10> A0) dx

by integration by parts.
Let 5. be a standard mollifier and let u. = 7, * u. Then

2
o _
—TAME +ne*x H(x, Dyu) = H.

Differentiate the previous identity with respect to x;:

2
o
_TADXIMG +Ne x (Hp, Dy yu+ Hy) = 0.

Since H p; is Lipschitz in x, we have
Ne * (Hp, Dy, x,u) = Hp, Dy, ue + O(e).
Note also that

2
/ <_%ADxiue + Hij?fxiM6> 6dx =0

since Dy, u. is smooth and periodic. Thus

/‘ne*Hxide—>0

as € — 0. Since 1. * H,, - H,, almost everywhere, we conclude

f H,6dx =0,

which proves (23).
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To prove the last part of the proposition, note that
H(x, P+ D.u(x, P")) — H(x, P+ Du(x, P))
> D,H(x, P+ D.u(x, P))[P'+ Dyu(x, P'") — P — Du(x, P)]. (25)
Let w = u(x, P’) — u(x, P). Note that

2
/ <—0—Au) + D, H(x, P + Dyu(x, P))wa) 6 dx = 0.
2
Thus, by integrating (25) with respect to 6 and using the previous identity, we obtain
(P'—P) / D,H(x, P+ Dyu(x, P)) < H(P') — H(P),

as required. g

7. Regularity estimates

In this section, we prove L>-type regularity estimates for the solution of (21). These estimates
are expressed using the invariant measures. A major advantage is that it is possible to prove
L?(0) estimates for the difference quotient | D u(x + y) — D,u(x)| that do not depend on o
explicitly, whereas pointwise or L? estimates with respect to Lebesgue measure depend on o
Therefore, our estimates extend up to the case o = 0; for a careful study of this case, consult
[EGO1, Gom00Oa, GomOOb].

Theorem 10. Suppose u solves (21) and y € R". Then

/ |Dsu(x +y) = Dau(x)]0 dx < Clyl*. (26)
Furthermore, if H (P) is twice differentiable at P, then

/ |Dyu(x, P) — Deu(x, P)|?0dx < C|P — P'|? 27)

for |P — P'| sufficiently small, and the constant C depends only on bounds for D% PI-_I .

Proof. Note that
2

—%[Au(x +y)—Au(x)]+ H(x+y, Dyu(x +y)) — H(x, D;u(x)) =0.
Since H is convex,
H(x+y, Deu(x +y)) — H(x, Dyu)
> y|Dcw|* + Dy H (x, Deu(x)) Dyw + Dy H(x, Du(x))y + O,

with w = u(x + y) — u(x). Integrating with respect to 6 dx and observing that || D u| o is
bounded independently of o, we obtain

yf |Dyw]*6 dx < Clyl?,
since
o2
/ |:DPH(x, Dyu(x))Dyw — 7Awi| fdx =0
and

/ D,H(x, D:u(x))8 dx = 0.
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Similarly, let w = u(x, P’) — u(x, P) and assume H(P) is twice differentiable at P.
Then

DpH(P)(P' — P)+C|P — P')?
2
> —%Aw +H(x, P+ Duu(x, P)) — H(x, P+ D.u(x, P)).
Note that
H(x, P+ D,u(x, P)) — H(x, P+ D.u(x, P))
> D,H(x, P+ Dyu(x, P))(P' — P+ Dyw) +y|P' — P+ Dywl|*.

Thus

yf |P'+ Dyu(x, P’y — P — Dyu(x, P)|?9dx < C|P — P'|?, (28)
since

(P — P)/D,,H(x, P+ D.u(x, P))0dx = (P'— P)DpH
and

2
/ —%Aw + D, H(x, P+ Dyu(x, P)) Dyw = 0.

From (28) we have (27), using (a + b)> < Cya” implies b> < C,a? for some constant Cy. [

In the next theorem, we prove that if H is strictly convex in a neighbourhood of a
point P, i.e.

H(P')> H(P)+w-(P' — P)+C|P — P|?,

supporting plane w of H at P and some constant y > 0, then the map (x, P) — P+D,u(x, P)
is non-degenerate. In the non-random case, this result is extremely important since it proves
that the invariant sets contained in (x, P + D,u) change with P; see [Gom00a] for a detailed
discussion.

Theorem 11. Suppose H is strictly convex at a neighbourhood of a point P and differentiable
at P. Then

f |P + Dyu(x, P) — P' — Du(x, P)|*0dx > C|P — P'| (29)
for |P — P'| sufficiently small.

Proof. Let w = u(x, P') — u(x, P) and assume H (P) is strictly convex in a neighbourhood
of P. Then

DpH(P)(P' — P)+C|P — P')?
2
< —%Aw + H(x, P+ Dou(x, P')) — H(x, P+ D,u(x, P)).

Note that
H(x, P+ D.u(x, P)) — H(x, P+ D,u(x, P))
< D,H(x, P+ D,u(x, P))(P' — P+D,w)+T|P' — P+ D,w|

for some I' > 0. Thus

F/ |P'+ Du(x, P') — P — Du(x, P)]’0dx > C|P — P'|?,
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since
(P — P)/D,,H(x, P+ Dyu(x, P))0dx = (P' = P)DpH
and

2
o
f—TAw+DpH(x,P+DXu(x,P))wa=0. 0

In the case o = 0, it is possible to prove L™ estimates on D? u on the support of 0
[EGO1]. However, this is not the case of ¢ > 0, at least with estimates independent of o.
Indeed, if Dfxu were uniformly bounded in o then u, would converge uniformly, through
some subsequence as ¢ — 0, to a function u, viscosity solution of

H(x, Du) = H.
But then u would be both semiconvex and semiconcave and we know that, in general, u is
only semiconcave. However, some regularity exists, as was remarked in section 4, namely
one-sided bounds on D? u (semiconcavity) that do not depend on o

8. Explicit formulae and examples

In this section we discuss several formulae for both H and invariant measures. The next
proposition shows that, given the solution u(x, P), it is possible to compute the density 6
(under smoothness assumptions), not of the invariant measure but of a time-reversed version.
Before stating this proposition, we should observe that, in the case o = 0, the invariance of
the measure 6 (x, P) under the flow is described by the equation

V- (Ov(x)) =0,
i.e. 0 is invariant under the dynamics. Assume further that we can make the change of
coordinates

X =x+ Dpu, p=P+D,u.
In these new coordinates the Hamilton equations (5) are simplified to

X =—-DpH, P=0.

For fixed P, the set defined by p = P + D,u is invariant. We turn our attention to invariant
measures supported on this set. First observe that since X is constant, the measure p defined

forA c T",
pi = [ ax.
A
is an invariant probability measure, with respect to the dynamics
X =DpH.

The change of coordinates formula yields
w(A) = f det(I + D? pu) dx.
X=1(A)
Therefore, the measure v defined for B C T" by
v(B) = / 0(x, P)dx,
B

with 0(x, P) = det(I + Df plt), is an invariant measure under the dynamics
X =D,H(P+ D.u, x). (30)
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Proposition 5. Assume u(x, P) is a smooth solution of (21). Then
6(x, P) = det(I + D?pu)

is a solution of a time-reversed version of (20):

O_2
SA+Y - (G(x) = 0. 31)

Proof. Let v(x, P) = Px +u(x, P). Then
2
—%Av+H(x, D.v) = H(P). (32)

The claim is that & = det D2 ,v solves

2
—%AG +V(OD,H(x, Dyv)) = 0.

Differentiate (32) with respect to P to get

2
—%ADPU +D,HD>pv = DpH.

Note that D,HD?,v = (D?,v)"D,H and multiply the previous identity by the cofactor
matrix cof D?,v:

2
—%cof D2, vADpv +det D?,vD, H = cof D>,vDpH.

Observe that cof D?,v is divergence free [Eva98] and so
cof D2, vADpv = D, (det D?pv).

Therefore
o’ 2 2 2 7
—TDx(det D;pv) +det D;pvD,H = cof D pvDpH.

By applying V- to the previous identity, we have
2
—%A9+V~(9DPH)=O. 0

Now we turn our attention to the special case

2
H(x, p) = % +V (),

with V periodic. For this special Hamiltonian, we will present an alternative representation
formula for H (P) as well as exhibit a (non-periodic) invariant measure. This will follow some
ideas of [Hol77].

Suppose u is a periodic viscosity solution of

2
—%Au +H(x, P+ D)= H(P).

Px+u
p=exp|——F .
o

Then ¢ solves

Define

0'4 _
S5 AP+ V(X)p = H(P)¢.
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Thus H is an eigenvalue of the operator (6*/2) A¢ + V (x)¢. Consider the related operator

L _ Px/t72 04 —P)c/(r2 _ 04 2 |P|2
y=e" A PI+VEY = A =0 PDy + (V) + 5 ) v

Then H is also an eigenvalue of L with periodic boundary conditions.
Proposition 6. H is the principal eigenvalue of L.

Proof. The operator L has a principal eigenvalue A with positive and periodic eigenfunction ¢.
Let u = —o?log @. Then u is smooth, periodic and satisfies the Hamilton—Jacobi equation

o2
—TAM +H(x, P+ Du)=A\.

By uniqueness of H, we have A = H. O

Next we exhibit an invariant measure for this system, although this is not a probability
measure (unless P = 0).

Proposition 7. Let

Px+u
9:eXp<—2 3 )

o

Then 0 is an invariant measure.

Proof. It suffices to check that
2

%AO +V((P+Du)f) = 0.
The next proposition was suggested to me by one of the referees.

Proposition 8. Suppose V(x) = V(—x). Then, for any P,
u(x, P) +u(—x, P))

o2

0(x) = exp (—
is an invariant measure.

Proof. Fix P and write u(x) = u(x, P). Observe that
Dyu(x) — Dxu(—x)e

D6 =— —

and

A — (Dxu(x) ;zl)xu(—x)>20 _ Au) -;Au(—x)a
We must show that

%2A9 + V- ((P+ Dyu(x))0(x)) =0.
Note that
%ZAQ —600) <_ Au(x) +2Au(—x) N (P + ?gx;t(x))z

L Diu(=x))> (P +Du(x))(P + Dm(—x)))

202 o2 (33)
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and
V- ((P+Dyu(x))0(x)) = (P+D,u(x))D0(x) + Au(x)6(x)

2 —
—0(x) (Au(x)_ 1P+ Du@P | (P+ Du)(P + Do x))>.
o o

Thus
o2
7A0 +V - ((P+Dyu(x))d(x))

(Au(x) —Au(—x) (P+Du(x)? (P+ Dxu(—x))2>
=0(x) - +

2 202 202
0(x) - _
= 7(H(P) —V(=x)—HP)+VXx) =0
since V(x) = V(—x). ]

9. Asymptotics

In this section, we study the asymptotic behaviour of the controlled process x (7). First we will
do some formal calculations motivated by the case o = 0 [EG01, Gom00a, GomOOb]. Define

X =x+ Dpu.

Then, by Ito’s formula (see [Dur96, p 68]),

2
dX =dx + D%xu dx + %DpAu dr.

Thus, since dx = —D,H dt + o dw,
02
dX = <—D,,H(I + D% u) + 7D,:Au) dt + o (1 + D% u) dw.

Differentiating equatiozl (21) with respect to P, we note that —D,H(I + Df,xu) +
(62/2)DpAu = —DpH and so

E(X (1) — X(0)) = —DpHt,

since
t
E/ o(1+ D3 u)dw =0.
0

Theorem 12. Suppose H is differentiable at P. Then

t _
lim E& =—DpH.

t—00 t

Proof. Let u be a viscosity solution of (21). Let v* be an optimal control such that
u(x,P)=E /Ot L(x,v*) + Pv*+ H(P) +u(x(), P).

Then

u(x, Py < E/ L(x,v")+ P'v + H(P) +u(x(t), P).
0
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Subtracting these two equations,
C < E/I(P’ — P)v*+ H(P') — H(P).
0
Thus
E/OZ v¥ = —DpHrt +0(1).

Since dx = v*dr + o dw, we have
t t
E/v*:E/ dx = Ex(1). 0O
0 0

10. Convergence as o — 0

In this last section we prove that stochastic Mather measures converge to a Mather measure as
the diffusion rate o vanishes.
Let H, be the unique number for which

2
—%Aua + H(x, Dyuy) = H, (34)

has a periodic viscosity solution u,. The bounds on H, obtained in section 4 imply that,
through some subsequence, H, — H as ¢ — 0 for some number H. Since u, is uniformly
Lipschitz in o, through some subsequence u, — u uniformly. Standard stability results on
viscosity solutions imply that u is a viscosity solution of

H(x, Dyu) = H.

The properties of this limit were studied under certain assumptions of the behaviour of the
viscosity solution when o = 0 by Bessi in [Bes00].

Let 1, be a stochastic Mather measure associated with (34). Since the support of . is
bounded independently of o, we can extract a weakly convergent subsequence u, — u and
J du = 1. Note that

—H, :/Ldua — /Ld,u: —H.
Furthermore, for any smooth function ¢ (x),
o2
0= / TAQS +uvD¢pdu, — /vacﬁd,u.
Thus, u satisfies

/Ld,u:—l:l

with the constraints f du =1and f vD,¢ du = 0. Thus, w is a Mather measure.
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