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1. Introduction

Wigner measures [LP93] are a powerful tool to study the semiclas-

sical limit in quantum mechanics. The objective of this paper is to

present new applications of Wigner measures and related techniques to

the study the Aubry-Mather theory [Mat91] and the related quantum

action problem [Eva03].

In quantum mechanics, Wigner measures are measures on phase

space which encode the semiclassical behaviour as h, the Plank con-

stant, tends to zero. In particular, for stationary states of the Schrödin-

ger equation, they yield measures which are invariant under the classi-

cal dynamics. In classical mechanics, the Mather measures are action

minimizing measures which are invariant under the same dynamics. At

the present, the connection between the semiclassical limit of station-

ary states of the Schrödinger equation and Mather measures is still

unknown. In [Eva03] it was suggested a related quantum action prob-

lem which in the semiclassical limit yields Mather measures. In this

paper, we investigate further the quantum action problem and we prove

that the corresponding Wigner measures converge to Mather measures

as h→ 0. We also indicate how these techniques extend to the study of
1
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stochastic Mather measures [Gom02] and how to construct a quantum

analog.

The plan of this paper is as follows: in section 2 we review some ba-

sic results concerning stationary states (eigenvectors) of the Schödinger

equation. We focus our attention in variational principles and its rela-

tions with classical mechanics, namely the Aubry-Mather theory. Sec-

tion 3 concerns the construction of Wigner measures in the periodic

setting (Tn). The construction of Wigner measures in Tn is somewhat

similar to the one in Rn, with the Fourier transform being replaced

by Fourier series. In this section we also present some applications to

the study of semiclassical limit of stationary states for the Schrödinger

equation. Next, in section 4, we formulate in terms of Wigner mea-

sures the Evans’ quantum action minimization problem. The existence

of minimizers and the connection with Mather’s theory is studied, re-

spectively, in sections 5, and 6. Finally, the stochastic Mather problem

and its quantum analog are discussed in section 7.

2. Variational principles in quantum and classical

mechanics

In this section we review, without proof, some well known variational

principles in quantum mechanics, as well as some (formal) relations

with the Aubry-Mather theory in classical mechanics.

Proposition 1. A state ψ is a critical point of the functional

H[ψ] =

∫
Tn

h2

2
|∇ψ|2 + V (x)|ψ|2,

under the constraint

M [ψ] ≡
∫

Tn

|ψ|2 = 1

if and only if it is an eigenvector of the Schrödinger equation

Lψ = −h
2

2
∆ψ + V (x)ψ.

Since only the first eigenvalue is a minimum, it is natural to consider

further variational principles which may give useful insight for high-

frequency states. One such principle can be found in [GM83]:
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Proposition 2. Suppose ψ is an eigenvector of the Schrödinger equa-

tion with Bloch wave structure

ψ = aei
Px+u(x)

h ,

in which a and u are periodic real-valued functions and a > 0. Then

(1) −h
2

2
∆a+

[
|P +Dxu|2

2
+ V (x)

]
a = Ea

and

(2) div(a2(P +Dxu)) = 0.

Furthermore, ψ is a critical point of the action

S[ψ] =

∫
Tn

−h
2

2
|∇a|2 +

[
|P +Dxu|2

2
− V (x)

]
a2,

under the constraints: ∫
Tn

a2 = 1,

stationary current

div(a2(P +Dxu)) = 0,

and total current intensity∫
Tn

a2(P +Dxu) = Q.

Proof. See [GM83], or also [Eva03]. �
Unfortunately, the Guerra-Morato action S is not positive definite

and in general critical points may not be minimizers.

Motivated by considerations in classical mechanics L. C. Evans [Eva03]

introduced the quantum action, which, for a Bloch-Wave type state

ψ = aei
Px+u(x)

h is

AQ[ψ] =

∫
Tn

h2

2
|∇a|2 +

[
|P +Dxu|2

2
− V (x)

]
a2.

Its critical points, under the same constraints as in proposition 2,

are local minima of the quantum action, and are quasi-modes to the

Schödinger operator.

The problem of minimizing the quantum action should be considered

a quantum analog the Mather problem of finding a probability measure

µ which minimizes the action

A[µ] =

∫
Tn×Rn

L(x, v)dµ,
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with

L =
|v|2

2
− V (x),

under the constraints∫
Tn×Rn

vDxφdµ = 0, for all φ(x) ∈ C1(Tn),

which is the analog to (2), and the average rotation number, which is∫
Tn×Rn

vdµ = Q.

3. Wigner measures and semiclassical limits

In this section we define and study Wigner measures for periodic

problems, and present some applications to the semiclassical limit of

stationary states of the Schrödinger operator as h→ 0. As one would

expect, the results are parallel to the ones in the non-periodic set-

ting, for instance see [LP93], with Fourier transform being replaced by

Fourier series.

Given a state ψ, which is a function in L2(Tn), one wants to compute

the averages of observables, such as momentum or energy. Observables

are linear operators a and its average is given by 〈ψ, aψ〉.
Frequently, observables are pseudo-differential operators, associated

with a smooth symbol a(x, p). In the periodic setting the momenta p

are quantized and instead of taking values in Rn they belong to the

lattice hZn. The main problem is that in pseudo-differential calculus

there is not a unique way to associate an operator to a given symbol,

as well as to define the average value of an observable a. A common

choice is the Weyl quantization rule:

〈ψ, aψ〉 =
∑

p∈hZn

∫
Tn

∫
Tn

a(x, 2πp)ψ̄(x+
y

2
)ψ(x− y

2
)e−2πipy/hdydx.

If a is just a function of x then

〈ψ, aψ〉 =

∫
Tn

a(x)|ψ|2dx.

In the case in which a depends only on p the average value is

〈ψ, aψ〉 =
∑

p∈hZn

a(2πp)|ψ̂(p)|2dx,
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in which, for p ∈ hZn,

ψ̂(p) =

∫
Tn

ψ(x)e−2πip·x/hdx

are the Fourier coefficients.

The Wigner measure on Tn ×Rn is defined by its x-density for each

p ∈ hZn

Wh(x, p) =

∫
Tn

ψ̄(x+
y

2
)ψ(x− y

2
)e−2πipy/hdy.

In this way

〈ψ, aψ〉 =
∑

p∈hZn

∫
Tn

a(x, 2πp)Wh(x, p).

It turns out that if ψ is an eigenvector of the Schrödinger equation then

Wh has several remarkable properties which encode the semiclassical

behaviour of ψ as h → 0. These properties are well known for the

non-periodic case and will record them here in the periodic case for the

convenience of the reader.

Proposition 3 (Mass estimate). Suppose ψ is smooth and∫
Tn

|ψ|2 = 1

then ∑
p∈hZn

∫
Tn

Wh(x, p) = 1.

Proof. The Poisson summation formula asserts that, in Tn,∑
p∈hZn

e−2πip·y/h = δ(y).

Therefore∫
Tn

∫
Tn

ψ̄(x+
y

2
)ψ(x− y

2
)

[ ∑
p∈hZn

e−2πipy/h

]
dydx =

∫
Tn

|ψ|2dx = 1.

�

Proposition 4 (Energy estimate). Suppose ψ is a normalized eigen-

vector of the Schrödinger equation

Lψ = Eψ.
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Then, ∑
p∈hZn

∫
Tn

[
|2πp|2

2
+ V (x)

]
Wh(x, p) = E.

Proof. Observe that

∑
p∈hZn

∫
Tn

[
|2πp|2

2
+ V (x)

]
Wh(x, p)

(3)

=
∑

p∈hZn

∫
Tn

∫
Tn

[
|2πp|2

2
+ V (x)

]
ψ̄(x+

y

2
)ψ(x− y

2
)e−2πipy/hdydx.

Recall that
|2πp|2

2
e−2πipy/h = −h

2

2
∆y

(
e−2πipy/h

)
,

therefore,∑
p∈hZn

∫
Tn

∫
Tn

|2πp|2

2
ψ̄(x+

y

2
)ψ(x− y

2
)e−2πipy/hdydx

= −h
2

2

∑
p∈hZn

∫
Tn

∫
Tn

ψ̄(x+
y

2
)ψ(x− y

2
)∆y

(
e−2πipy/h

)
= −h

2

8

∑
p∈hZn

∫
Tn

∫
Tn

e−2πipy/h
[
∆x

(
ψ̄(x+

y

2
)
)
ψ(x− y

2
)

+ψ̄(x+
y

2
)∆x

(
ψ(x− y

2
)
)
− 2Dxψ̄(x+

y

2
)Dxψ(x− y

2
)
]
.

By the Poisson summation formula, we conclude that this last term is

−h
2

8

∫
Tn

(∆ψ̄)ψ + ψ̄∆ψ − 2|Dxψ|2 =
h2

2

∫
Tn

|Dxψ|2.

Using Poisson summation formula in (3),∑
p∈hZn

∫
Tn

[
|2πp|2

2
+ V (x)

]
Wh(x, p) =

h2

2

∫
Tn

|Dxψ|2 + V (x)|ψ|2 = E,

using that

−h
2

2
∆ψ = (E − V (x))ψ,

and that
∫
|ψ|2 = 1. �
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Proposition 5. Suppose ψh is a family of (norm one) eigenvectors of

the Schrödinger equation

Lψ = Ehψ,

with Eh bounded. Then, through some subsequence, if necessary, Wh

converges, weakly in an appropriate topology, to a positive measure W0

as h→ 0.

Proof. As in [LP93], we consider the following space of sequences of

continuous functions

A =

{
(φk)k∈hZn : φk ∈ C0(Tn),

∑
k∈hZn

φk(x)e
2πiky/h ∈ L1(Tn

y , C0(Tn
x))

}
.

With the norm

‖φk‖A =

∫
Tn

sup
x

∣∣∣∣∣ ∑
k∈hZn

φk(x)e
2πiky/h

∣∣∣∣∣ dy,
A is a separable Banach space.

Therefore, by weak convergence theory, it suffices to check that Wh

is a bounded linear functional on A. As, if this is the case, we can

extract an weakly convergent subsequence. So, consider φk ∈ A and

write

∑
p∈hZn

∫
Tn

φk(x)Wh(x, p)dx

=
∑

p∈hZn

∫
Tn

∫
Tn

φk(x)ψ̄(x+
y

2
)ψ(x− y

2
)e−2πipy/hdydx

=

∫
Tn

∫
Tn

(∑
p∈hZn

φk(x)e
−2πipy/h

)
ψ̄(x+

y

2
)ψ(x− y

2
)dydx.
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This implies∣∣∣∣∣ ∑
p∈hZn

∫
Tn

φkWh(x, p)dx

∣∣∣∣∣
≤
∫

Tn

∫
Tn

∣∣∣∣∣ ∑
p∈hZn

φk(x)e
−2πipy/h

∣∣∣∣∣ |ψ̄(x+
y

2
)ψ(x− y

2
)|dydx

≤
∫

Tn

[
sup

x

∣∣∣∣∣ ∑
p∈hZn

φk(x)e
−2πipy/h

∣∣∣∣∣
∫

Tn

|ψ̄(x+
y

2
)ψ(x− y

2
)|dx

]
dy

≤
[
sup

y

∫
Tn

|ψ̄(x+
y

2
)ψ(x− y

2
)|dx

][∫
Tn

sup
x

∣∣∣∣∣ ∑
p∈hZn

φk(x)e
−2πipy/h

∣∣∣∣∣ dy
]

≤ ‖φk‖A‖ψ‖2
L2 .

�

Proposition 6. The limiting measure obtained in proposition 5 is

invariant under the Hamiltonian dynamics, that is, as a measure in

Tn × Rn,

p ·DxW0 −DxV ·DpW0 = 0.

Proof. Observe that

pDxWh

=

∫
Tn

pe−2πipy/h
[
Dxψ̄(x+

y

2
)ψ(x− y

2
) + ψ̄(x+

y

2
)Dxψ(x− y

2
)
]
dy

=
h

4πi

∫
Tn

e−2πipy/h
[
∆ψ̄(x+

y

2
)ψ(x− y

2
)− ψ̄(x+

y

2
)∆ψ(x− y

2
)
]
dy

=
1

2πih

∫
Tn

e−2πipy/h
[
V (x+

y

2
)− V (x− y

2
)
]
ψ̄(x+

y

2
)ψ(x− y

2
)dy,

using in the last line the Schrödinger equation. Let φ(x, p) be a test

function. Then

−
∑

p∈hZn

∫
Tn

Dxφ(x, 2πp)pWhdx =
∑

p∈hZn

∫
Tn

φ(x, 2πp)pDxWhdx

=
∑

p∈hZn

∫
Tn

∫
Tn

e−2πipy/hφ(x, p)

[
V (x+ y

2
)− V (x− y

2
)

2πih

]
·

· ψ̄(x+
y

2
)ψ(x− y

2
)dydx.
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Observe that, by expanding V is Fourier series

V (x+ y
2
)− V (x− y

2
)

2πih
=
∑
k∈Zn

V̂ke
2πikx e

πiky − e−πiky

2πih
.

Then∑
p∈hZn

∑
k∈Zn

e−2πipy/hφ(x, 2πp)Vke
2πikx e

πiky − e−πiky

2πih

=
∑

p∈hZn

∑
k∈Zn

φ(x, 2πp)Vke
2πikx e

−2πi(p−kh/2)y/h − e−2πi(p+kh/2)y/h

2πih

=
∑

p∈hZn

∑
k∈Zn

Vke
2πikxφ(x, 2π(p+ kh

2
))− φ(x, 2π(p− kh

2
))

2πih
e−2πipy/h

using summation by parts. Therefore

−
∑

p∈hZn

∫
Tn

Dxφ(x, 2πp)pWhdx

=

∫
Tn

∫
Tn

∑
p∈hZn

∑
k∈Zn

Vke
2πikxφ(x, 2π(p+ kh

2
))− φ(x, 2π(p− kh

2
))

2πih
·

· e−2πipy/hψ̄(x+
y

2
)ψ(x− y

2
).

Since V is smooth, then Vk = O(|k|−N), for any N large enough. Also

φ(x, 2π(p+ kh
2

))− φ(x, 2π(p− kh
2

))

2πih
=

2πk

i
Dpφ(x, 2πp) +O(h|k|2).

Thus, as h→ 0,

−
∑

p∈hZn

∫
Tn

Dxφ(x, 2πp)pWhdx

=

∫
Tn

∫
Tn

∑
p∈hZn

∑
k∈Zn

2πikVke
2πikxDpφ(x, 2πp)e−2πipy/h·

· ψ̄(x+
y

2
)ψ(x− y

2
)dxdy +O(h)

=

∫
Tn

∫
Tn

∑
p∈hZn

DxV (x)Dpφ(x, 2πp)e−2πipy/h·

· ψ̄(x+
y

2
)ψ(x− y

2
)dxdy +O(h),
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and therefore

lim
h→0

∑
p∈hZn

∫
Tn

Dxφ(x, 2πp)pWhdx = −
∑

p∈hZn

∫
Tn

DxV Dpφ(x, 2πp)W0dx.

�

4. Action minimizing Wigner measures

In Mather’s theory, one is interested in probability measures µ on

Tn × Rn that minimize the action A[µ] and satisfy the holonomy con-

straint ∫
Tn×Rn

vDxφ(x)dµ = 0,

for all φ ∈ C1(Tn), as well as fixed rotation vector∫
Tn×Rn

vdµ = Q.

Inspired by the work [Eva03], which only uses classical tools, we sug-

gest that in the semiclassical limit one should consider Wigner mea-

sures that minimize the quantum action. More precisely, given a state

function ψ with L2 norm

(4)

∫
Tn

|ψ|2 = 1,

we define its action as

(5)
∑

p∈hZn

∫
Tn

∫
Tn

[
|2πp|2

2
− V (x)

]
e−2πipy/hψ̄(x+

y

2
)ψ(x− y

2
)dydx.

The corresponding holonomy constraint is

(6)
∑

p∈hZn

∫
Tn

∫
Tn

pDxφe
−2πipy/hψ̄(x+

y

2
)ψ(x− y

2
)dydx = 0,

for all φ ∈ C1(Tn). The rotation vector of the state ψ is

(7) 2π
∑

p∈hZn

∫
Tn

∫
Tn

pe−2πipy/hψ̄(x+
y

2
)ψ(x− y

2
)dydx = Q.

In terms of the function ψ this problem can be rewriten as minimizing

(8)

∫
Tn

h2

2
|Dψ|2 − V (x)|ψ|2
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under the constraints (4),

(9) h div
[
ψ̄Dxψ − ψDxψ̄

]
= 0,

and

(10)
h

i

∫
Tn

[
ψ̄Dxψ − ψDxψ̄

]
= Q.

In the case in which ψ has the Bloch wave form

ψ = aeiu/h,

with a and u real valued, a periodic and

u(x) = P · x+ v(x),

for some P ∈ Rn and a Zn-periodic function v, expressions (4), and (8)

to (10) are equivalent to

(11)

∫
Tn

|a|2 = 1,

the quantum action, to be minimized, is

(12)

∫
Tn

[
h2

2
|Da|2 +

a2

2
|Du|2 − V a2

]
dx,

the holonomy constraint is

(13) div(a2Du) = 0,

and the rotation vector is

(14)

∫
Tn

a2Dudx = Q.

Therefore this problem is equivalent, as long as we restrict our class of

states to Bloch-wave type states to the one in [Eva03].

5. Existence of quantum-action minimizing measures

In this section we show the existence of a global minimizer of the

quantum action. To do so, consider a sequence of functions ψn which

satisfy the constraints (4) and (6) and are a minimizing sequence for

(5). Then, since h is fixed, ψn is a bounded sequence in W 1,2 and

therefore it converges, extracting a subsequence if necessary, strongly

in L2 and weakly in W 1,2 to some function ψ. This function satisfies∫
Tn

|ψ|2 = 1,
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as well as, for all φ(x) ∈ C1(Tn),

h

∫
Tn

(
ψ̄Dxψ − ψDxψ̄

)
Dxφ = 0,

since by (9)

h

∫
Tn

(
ψ̄nDxψn − ψnDxψ̄n

)
Dxφ = 0,

and
h

i

∫
Tn

(
ψ̄Dxψ − ψDxψ̄

)
= Q.

Finally, ∫
Tn

V (x)|ψn|2 →
∫

Tn

V (x)|ψ|2,

and

lim inf
n→∞

∫
Tn

1

2
|Dxψn|2 = lim inf

n→∞

∫
Tn

1

2
|Dxψ|2 +DxψDx(ψn − ψ)

+
1

2
|Dx(ψn − ψ)|2

≥
∫

Tn

1

2
|Dxψ|2.

Therefore, the Wigner measure associated with ψ is a minimizer of the

quantum action problem.

6. Connection with Mather theory

In general Wigner measures are not positive measures, which creates

technical problems when we study the limit h → 0. The standard

idea to handle this problem [LP93] is to consider the convolution with

Husimi functions, that is, properly normalized gaussians in p and x.

More precisely,

Proposition 7. Let

ζh(x, p) = Chne−2π(|x|2+|p|2)/h,

in which the constant is chosen so that∑
p∈hZn

∫
Rn

ζh(x, p)dx = 1.

Then

W̃h = ζh ∗Wh
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satisfies

W̃h + Ch ≥ 0,

for some constant C and all h sufficiently small.

Proof. The fact that W̃h has total mass one follows from Fubinni’s

theorem. To prove positivity, observe that

W̃h(x, p) =
∑
j∈Zn

∑
k∈hZn

∫
Tn

∫
Tn

Chne−2π(|j+x−z|2+|p−k|2)/he−2πiky/h·

· ψ̄(z +
y

2
)ψ(z − y

2
)dzdy

=
∑
j∈Zn

∑
k∈hZn

∫
Tn

∫
Tn

Chne−2π(|j+x−(z1+z2)/2|2+|p−k|2)/he−2πik(z1−z2)/h·

· ψ̄(z1)ψ(z2)dz1dz2,

using the change of coordinates

z1 = z +
y

2
z2 = z − y

2
.

Set u = p− k, and then∑
k∈hZn

e−2π|p−k|2/he−2πik(z1−z2)/h

= e−2πip(z1−z2)/h
∑

u∈hZn

e−π|u|2/he2πiu(z1−z2)/h.

Let w = z1−z2

h
. The sum∑

hn/2e−2π|u|2/he2πiuw

corresponds to the mid-point sum for the integral∫
Rn

h−n/2e−2π|u|2/he2πiuwdu,

on a regular mesh of size h, or, by change of coordinates, to the integral∫
Rn

e−2π|v|2e2πi
√

hvwdv.

This integral is

e−πh|w|2/2 = e−π|z1−z2|2/(2h).

The error for the mid-point sum can be bounded uniformly by the

absolute value of the second derivative multiplied by h2, that is

h2

∫
Rn

(1 + |v|2 + h|w|2)e−2π|v|2dv = O(h),
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for our choice of w.

Thus

W̃h(x, p) =
∑
j∈Zn

∫
Tn

∫
Tn

Chn/2e−2π|j+x−(z1+z2)/2|2/h
[
e−π|z1−z2|2/(2h) +O(h)

]
·

· e−2πip(z1−z2)/hψ̄(z1)ψ(z2)

=
∑
j∈Zn

∣∣∣∣∫
Tn

e−π|j+x−z|2e2πipzψ(z)dz

∣∣∣∣2 +O(h),

and the O(h) term is bounded by h‖ψ‖2
L2 . �

Corollary 1. Wh converges to a positive probability measure.

Finally we would like to prove that this probability measure is indeed

a Mather measure.

Proposition 8. Let Wh be a quantum-action minimizing measure.

Then, as h→ 0∫
Tn×Rn

|p|2

2
− V (x)dWh →

∫
Tn×Rn

|p|2

2
− V (x)dW0.

Proof. It suffices to observe that both∫
Tn

Wh(p, x)dx ≥ 0
∑

p∈hZn

Wh(p, x) ≥ 0

and use standard weak convergence techniques. �
We also have to check the holonomy constraint

Proposition 9. The measure W0 satisfies∫
pDxφdW0 = 0.

Proof. This follows from the identity

h

∫
Tn

(
ψ̄Dxψ − ψDxψ̄

)
Dxφ = 0,

and from the fact that

h
(
ψ̄Dxψ − ψDxψ̄

)
is a bounded measure, uniformly in h. �

Theorem 1. The measure W0 is a Mather measure.
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Proof. The previous results show that the action ofW0 is the limit as

h→ 0 of the quantum action of Wh and that W0 satisfies the holonomy

constraint. In [Eva03] it was proved that the limit of the quantum

action as h → 0 is the minimal Mather’s action. Therefore W0 is a

Mather measure. �

7. Stochastic Mather measures

In this section discuss briefly the extension of the previous results to

construct quantum analogues of stochastic Mather measures [Gom02],

[ISM04]. The techniques are essentially identical to the previous ones

therefore we only highlight the main points.

In stochastic Mather’s theory one is interested in probability mea-

sures µ on Tn × Rn that minimize the action A[µ] and satisfy the

stochastic holonomy constraint∫
Tn×Rn

vDxφ(x) + ∆φdµ = 0,

for all φ ∈ C2(Tn).

As in section 4, we consider Wigner measures to study the semiclas-

sical limit, we impose the constraints (4), (7), the action is defined as

in (5), but the stochastic holonomy constraint is now defined by

(15)
∑

p∈hZn

∫
Tn

∫
Tn

[
pDxφe

−2πipy/h + ∆φ
]
ψ̄(x+

y

2
)ψ(x− y

2
)dydx = 0,

for all φ ∈ C2(Tn).

In terms of the function ψ this problem can be rewriten as minimizing

(8), under the constraints (4), (10) and

(16) h div
[
ψ̄Dxψ − ψDxψ̄

]
= ∆|ψ|2.

In the case in which ψ has the Bloch wave form, as in section 4, the

stochastic holonomy constraint is

(17) ∆a2 + div(a2Du) = 0.

Proceeding as in section 5 one can easily obtain existence of a min-

imizing Wigner measure for the stochastic quantum action problem.

Then, by sending h→ 0, and using the ideas of section 6 we prove that

these measures converge indeed to a stochastic Mather measure.
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