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Introduction

This book is dedicated to the study of calculus of variations and its
connection and applications to partial differential equations. We have
tried to survey a wide range of techniques and problems, discussing,
both classical results as well as more recent techniques and problems.
This text is suitable to a first one-year graduate course on calculus of
variations and optimal control, and is organized in the following way:

Finite dimensional optimization problems;
Calculus of variations with one independent variable;
Calculus of variations and elliptic partial differential equations;

Deterministic optimal control and viscosity solutions;

CUls W =

Duality theory.

The first chapter is dedicated to finite dimensional optimization,
giving emphasis to techniques that can be generalized and applied in in-
finitely dimensional problems. This chapter starts with an elementary
discussion of unconstrained optimization in R" and convexity. Then
we discuss constrained optimization problems, linear programming and
KKT conditions. The following chapter concerns variational problems
with one independent variable. We study classical results including
applications to Riemannian geometry and classical mechanics. We also
discuss sufficient conditions for minimizers, Hamiltonian dynamics and
several other related topics. The next chapter concerns variational
problems with functionals defined through multiple integrals. In many
of these problems, the Euler-Lagrange equation is an elliptic partial
differential equation, possibly non linear. Using the direct method in
the calculus of variations, we prove the existence of minimizers. Then
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6 INTRODUCTION

we show that the minimum is a weak solution to the Euler-Lagrange
equation and study its regularity. The study of regularity follows the
classical path: first we consider energy methods, then we prove the De
Giorgi-Nash-Moser estimates and finally Schauder estimates. In the
fourth chapter we consider optimal control problems. We study both
classical control theory methods such as the dynamic programming
and Pontryagin maximum principle, as well as more recent tools such
as viscosity solutions of Hamilton-Jacobi equations. The last chap-
ter is a brief introduction to the (infinite dimensional) duality theory
and its applications to non-linear partial differential equations. We
study Mather’s problem and Monge-Kantorowich optimal mass trans-
port problem. These have important relations with Hamilton-Jacobi

and Monge-Ampére equations, respectively.

The pre-requisites of these notes are some familiarity with the
Sobolev spaces and functional analysis, at the level of [Eva98b]. With
some few exceptions, we do not assume familiarity with partial differ-
ential equations beyond elementary theory.

Many of the results discussed, as well as important extensions,
can be found in the bibliography. In what it what concerns finite
dimensional optimization and linear programming, the main reference
is [Fra02|. On variational problems with one independent variable,
a key reference is [AKIN9T|. The approach to elliptic equations in
chapter [3| was strongly influenced by the course the author frequented
at the University of California at Berkeley by Fraydoun Rezakhanlou,
by the (unpublished) notes on Elliptic Equations by my advisor L. C.
Evans, and by the book [Gia83]. The books [GTO01] and [Gia93]
are also classical references in this area. Optimal control problems are
discussed in [l The main references are [Eva98b|, [Lio82], [Bar94]
[F'S93], [IBCDY97]. The last chapter concerns duality theory. We rec-
ommend the books [Eva99] [Vil03a], [Vil] as well as the author’s
papers [Gom00], [GomO02b].
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Finite dimensional optimization problems

This chapter is an introduction to optimization problems in finite
dimension. We are certain that many of the results discussed, as well as
its proofs, are familiar to the reader. However, we feel that it is instruc-
tive to recall them and, throughout this text, observe how they can be
adapted for infinite dimensional problems. The plan of this chapter is
the following: we start in §I]by considering unconstrained minimization
problems in R, we discuss existence and uniqueness of minimizers, as
well as first and second order tests for minimizers. The following sec-
tion, §2| concerns properties of convex functions which will be needed
throughout the text. We start the discussion of constrained optimiza-
tion problems in §3| by studying the Lagrange multiplier method for
equality constraints. Then, the general case involving both equality
and inequality constrains is discussed in the two remaining sections. In
g4 we consider linear programming problems, and in §5| we discuss non-
linear optimization problems and we derive the Karush-Kuhn-Tucker
(KKT) conditions. The chapter ends with a few bibliographical refer-

ences.

The general setting of optimization problems is the following: given
a function f: R™ — R and a set X C R"”, called the admissible set, we
would like to solve the following minimization problem

min f(x)

@ reX,

i.e. to find the solution set S C X such that

fly) =ik f,

9



10 1. FINITE DIMENSIONAL OPTIMIZATION PROBLEMS

for all y € S. We should note that the "min” in should be
read "minimize” rather than "minimum” as the minimum may not
be achieved. The number infx f is called the value of problem ().

1. Unconstrained minimization in R"

In this section we address the unconstrained minimization case,
that is the case in which the admissible set X is R”. Let f: R" — R
be an arbitrary function. We look for conditions on f that

e ensure the existence of a minimum,;

e show that this minimum is unique.

In many instances, existence and uniqueness results are not enough:

we would also like to

e determine necessary or sufficient conditions for a point to be a
minimum,;

e estimate the location of a possible minimum.

By looking for all points that satisfy necessary conditions one can
determine a set of candidate minimizers. Then, by looking at sufficient
conditions one may in fact be able to show that some of these points

are indeed minimizers.

To study the existence of a minimum of f, we can use the following
procedure, called the direct method of the calculus of variations: let

(x,) be a minimizing sequence, that is, a sequence such that

f(z,) — inf f.

Proposition 1. Let A be an arbitrary set and f : A — R. Then there
exists a minimizing sequence.
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PrOOF. If inf4 f = —oo, there exists x,, € A such that f(z,) —
—00. Otherwise, if inf4 f > —oo ,we can always find z,, € A such
that inf, f < f(z,) < infs f + 2, which again produces a minimizing
sequence. ]

Let f: R® — R. Suppose (x,) is a minimizing sequence for f. If
x, (or some subsequence) converges to a point z, and, if additionaly,

f(x,) converges to f(x), then z is a minimum of f because

f(z) = lim f(z),
and
lim f(x,) = inf f,
because x, is a minimizing sequence. Thus f(x) = inf f. Although

minimizing sequences always exist, they may fail to converge, even up

to subsequences, as the next exercise illustrates:

Exercise 1. Consider the function f(z) = e~*. Compute inf f, give an
example of a minimizing sequence. Show that no minimizing sequence
for f converges.

As the previous exercise suggests, to ensure convergence it is nat-
ural to impose certain compactness conditions. In R", any bounded
sequence (x,) has a convergent subsequence. A convenient condition
on f that ensures boundedness of minimizing sequences is coercivity:

a function f: R™ — R is called coercive if f(x) — +o00, as |z| — oc.

Exercise 2. Let f be a coercive function and let x,, be a sequence such
that f(x,) is bounded. Show that x, is bounded. Note in particular

that if f(x,) is convergent then x, is bounded.

Therefore, from the previous exercise, it follows

Proposition 2. Let f : R — R be a coercive function. Let (x,) is
a minimizing sequence for f. Then there exists a point x for which,
through some subsequence x,, — x.
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Unfortunately, if f is discontinuous at z, f(x,) may fail to converge
to f(x). This poses a problem because if z,, is a minimizing sequence
f(z,) — inf f and if this limit is not f(z) then x cannot be a mini-
mizer. It would, therefore, seem natural to require f to be continuous.
However, to establish that = is a minimizer we do not really need con-
tinuity. In fact, a weaker property is sufficient: it is enough that for
any sequence (z,) converging to x the following inequality holds:

(2) liminf f(z) > £(x).
A function f is called lower semicontinuous if inequality holds for

any point x and any sequence x,, converging to x.
Example 1. The function

1 if x#0
0 if =0

0 if x#0
1 if =0

1S not. |

ADD HERE GRAPH OF FUNCTIONS

Proposition 3. Let f : R" — R be lower semicontinuous and let
(x,) C R™ be a minimizing sequence converging to x € R™. Then x is

a minimizer of f.

PRrROOF. Let x, be a minimizing sequence. Then
inf f = lim f(x,) = liminf f(x,) > f(x),
that is, f(z) <inf f. O

Lower semicontinuity is a weaker property than continuity, and

therefore easier to be satisfied.
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Establishing the uniqueness of minimizer is, in general, more com-
plex. A convenient condition that implies uniqueness of minimizers is

convexity.

A set A C R" is convex if for all z,y € A and any 0 < A < 1 we
have \x 4+ (1 — A)y € A. Let A be a convex set A function f: A — R
is convex if, for any z,y € Aand 0 < X\ < 1,

[z + (1 =Ny) <Af(z)+ (1 =N f(y),

and it is uniformly convex if there exists # > 0 such that for all z,y € A
and 0 < A <1,

FOz 4+ (1= XNy) + M1 = Nz —y* < Mf(2) + (1= N f(y)-

Example 2. Let || - || be any norm in R™ Then, by the triangle
inequality

1Az + (1 =Nyl < [Az]l + (11 = Ayl = Allzll + (1 = Nyl
for all 0 < A < 1. Thus the mapping = — ||z|| is convex. <

Exercise 3. Show that the square of the Euclidean norm in R?, ||z||* =
>o. @i is uniformly convex.

Proposition 4. Let A C R" be a convex set and f : A — R be a convex
function. If x and y are minimizers of f then so is Ax + (1 — \)y, for
any 0 < X\ < 1. If f is uniformly convex then x =vy.

ProoF. If  and y are minimizers then f(x) = f(y) = min f.
Consequently, by convexity

FO+ (1= N)y) < Af(x) + (1 - N)f(y) = min f.

Therefore Az + (1 — A)y is a minimizer of f. If f is uniformly convex,
and choosing 0 < A < 1, we obtain

fOz4+ 1 —=Ny) +60X1 =Nz —y> < min f,

which implies x = y. 0
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The characterization of minimizers, through necessary or sufficient
conditions is usually made by introducing certain conditions that in-
volve first or second derivatives. Let f : R® — R be a C? function. Re-
call that D f and D?f denote, respectively the first and second deriva-
tives of f. Also we use the notation that a n x n matrix A > 0 if A
is semidefinite positive and A > 0 is A is definite positive. The next
proposition is a well known result that illustrates this.

Proposition 5. Let f : R® — R be a C? function and x a minimizer
of f. Then

Df(x)=0 and  D*f(z) > 0.

PrROOF. For any vector y € R™ and ¢ > 0 we have
0< f(z +ey) — f(z) = eDf(x)y + O(e),
dividing by €, and letting ¢ — 0, we obtain
Df(x)y = 0.
Since y is arbitrary we conclude that:
Df(x)=0.

In a similar way,

fatey) 1 w=ey) =2/@) _ rpe iy o),

and so, when € — 0, we obtain

0<

y" D f(x)y > 0.

l

Let f : R® — R be a C! function. A point z is called a critical
point of f if Df(x) = 0.

Exercise 4. Let A be any set and f : A — R be a C' function in
the interior int A of A. Show that any mazximizer or minimizer of f is

either a critical point or lies on the boundary 0A of A.
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We will now show that any critical point of a convex function is a

minimizer. For that we need the following preliminary result:

Proposition 6. Let f : R® — R be a C* convex function. Then, for

any x,y we have

fly) = f(z) + Df(x)(y — ).

Proor. We have

(A=Nf(@)+Af(y) = fe+A(y—2)) = f(2)+AD f(2)(y—z)+o(|Ay—2)]).

Thus, reorganizing the inequality and dividing by A we obtain

f(y) > f(x) + Df(x)(y — ) + o(1),
as A — 0. U

We can use now this result to prove:

Proposition 7. Let f : R® — R be a C' convex function and x a
critical point of f. Then x is a minimizer of f.

PROOF. Since Df(x) =0 and f is convex, it follows from proposi-
tion [0 that

fy) = f(=),
for all y. O

Exercise 5. Let f(z,\) : R" x R™ — R be a C? function, Ty a mini-
mizer of f(-,0), with D2, f(xo,0) definite positive. Show that, for each
A in a neighborhood of A = 0, there exists a unique local minimizer )
of f(+,\) with xx|x=0 = zo. Compute Dyx) at A = 0.

Growth conditions on f can be used to estimate the norm of a
minimizer. In finite dimensional problems, estimates on the norm of a
minimizer are important for numerical methods. For instance, if such
an estimate exits, it makes it possible localize the search region for

a minimizer. In infinite dimensional problems this issue is even more
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relevant as it will be clear later in these notes. An elementary result is

given in the next exercise:

Exercise 6. Let f : R" — R be such that f(x) > Ci|z|> + Cy, C; > 0.
Let xg be a minimizer of f. Show that

fly) = Cs

Tol <
‘0’— Cl ?

for any y € R".

Exercise 7. Let f(z,\) : R* — R be a continuous function. Suppose
for each X there is at least one minimizer x, of x — f(x,\). Suppose
there exists C' such that |z)| < C for all X in a neighborhood of A = 0.
Suppose that for A\ = 0 there exists a unique minimizer xo. Show that

hm)\_,o Ty = Xo.

Exercise 8. Let f € C'(R?). Define u(x) = infycg f(z,y). Suppose
that

lim f(z,y) = +oo,

lyl—o0
uniformly in x. Let xog be a point in which the infimum in y of f is
achieved at a single point yo. Show that w is differentiable in x at xg

and that
ou 0
a_x(%) = a_i(xoayo)-
Give an example that shows that w may fail to be differentiable if the

mfimum of f in y is achieved at more than one point.

Exercise 9. Find all mazima and minima (both local and global) of

2

the function xy(1 — x? — y?) on the square —1 < z,y < 1.

2. Convexity

As we discussed in the previous section, convexity is a central prop-
erty in optimization. In this section we discuss additional properties of

convex functions which will be necessary in the sequel.
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2.1. Characterizarion of convex functions. We now discuss
several tools that are useful to characterize convex functions. We first
observe that given a family of convex functions it is possible to build
another convex function by taking the pointwise supremum. This is a
useful construction and is illustrated in figure

ADD FIGURE HERE

Proposition 8. Let I be an arbitrary set and f, : R - R, 1 € I, an
indexed collection of convex functions. Let
f(x) = sup f.(x).
el
Then f is convex.

ProoOF. Let x,y € R” and 0 < A < 1. Then
f(/\l’ + (1 - >‘>y) = Su? fL(Ax + (1 - /\)y) S sup /\fb(x) + (1 - /\)fb(y)
Le

el

S sup )‘fu (ZE) + Sup(l - )‘)sz(y)

el o€l

= Af(2) + (1 =X f(y).

O
Corollary 9. Suppose f : R" — R is a C' function satisfying
fy) = f(z) + Df(x)(y — ),
for all x. Then f s convex.
PRrROOF. It suffices to observe that

f(y) 2 sup f(z) + Df(@)(y — ),
which by proposition [§]is convex. Finally, we just observe that

sup f@) + Df(x)(y —x) = fy),
and so the equality follows. O

Proposition 10. Let f : R™ — R be a C? function. Then f is convex
if and only if D*f(x) is positive semi-definite, for all v € R™.
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PROOF. Observe that if f is convex then for any y € R™ and any
€ > 0 we have

flx—ey)+ flz +ey) —2f(x)

> 0.
€2 -

By sending € — 0 and using Taylor formula conclude
y' D*f(x)y = 0,

and so D?f(z) is semi-definite positive.

Conversely,

1) = 1) = [ D+ sty — )y — a)ds -
= Dj@ =)+ [ [Dfa+ sty =)y =) = Dfa)ly - )} ds

=Dﬂw@—xwgé{Asw—xFDv@+w@—xMy—wwck
> DI)(y — o),

since (y — 2)TD?*f(x + ts(y — z))(y — x) > 0, by the semi-positive
definiteness hypothesis. O

Proposition 11. Let f : R" — R be a continuous function. Then f is
convez if and only if

(3) flx+y) + flo —y) —2f(x) >0,

for any x,y € R".

Proor. Clearly convexity implies . Let z,y e R, and 0 < A <
1 be such that Ax + (1 — A\)y = z. We must prove that

(4) Af(@) + (1 =Nf(y) = f(2)

holds. We claim that the previous equation holds for any A = 5, for
any 0 < k < 27, Clearly (4) holds when j = 1. Now we proceed with
induction in j. Assume that holds for A = 2% Then we claim that
it holds with A = 2]% If k is even we can reduce the fraction, therefore
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we may suppose that k is odd, A = 2]% and Az + (1 — A\)y = 0. Now
note that

CI[k=1 (k1 D[R+l k1
e lgmtt\ g )Y Ty g T\ T Y ) |
Thus
1 k—1 k—1 1 k+1 k+1
f(z)§§f<2j+1x+(1_ 2j+1)y)+§f(2j+lx+<1— 2j+1)y)

__ k41
-2

but, since k—1 and k+1 are even, ko = % and k& are integers.

Hence

o235 (5 )3 (-2))

But this implies, that
ko + ki ko + ki
fle) < 2ﬂ4tﬂx»+(1— e )f@»

Since kg + ky = k we get

1)< i@+ (1= 575 ) F0)

k.
27

Since f is continuous and the rationals of the form 5> are dense in [0, 1],

we conclude that
f(2) < Af(x) + (1= N fy),
for any real 0 < A < 1. O

Exercise 10. Let f : R"® — R be a C? function. Show that the following

statements are equivalent:

1. f us uniformly convex;
2. D2f >~ >0, for some v > 0;
—yl? T
3. f (%) +pl= 43/\ A );rf(y);.
4. f(y) = f(x)+ Df(x)(y — ) + L|x — y|?, for some v > 0.

Exercise 11. Let o : R — R be a non-decreasing convex function, and
Y R" - R a convex function. Show that ¢ o is convex. Show by
gwing an example that if ¢ is not non-decreasing then ¢ o b may fail
to be convex.
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2.2. Lipschitz continuity. Convex functions enjoy remarkable
properties. We will first show that any convex function is locally
bounded and Lipschitz.

Proposition 12. Let f : R — R be a convex function. Then f is
locally bounded and locally Lipschitz.

PROOF. For z € R? denote |z|; = >, |#*|. Define X); = {z € R?:
x|y < M}. We will prove that f is bounded on Xj;/s.

Any point x € X, can be written as a convex combination of the
points £Mey, where e is the k-th standard unit vector. Thus

f(x) < max{f(Mey), f(—Mey)}.

Suppose now f is not bounded by bellow on X;;/5. Then there exists
a sequence z,, € X)ys such that f(z,) — —oo. Choose a point y €
XM/4ﬂX]‘§4/8. Note that 2y — x,, € X;;. Therefore we can write 2y — x,,
as a convex combination of the points £Me,, i.e.

Yy = %xrﬂ—%zzjz)\fMek.
k£

Thus

F9) < ) + 5 max{F(Mey), f(~Mey)},

which is a contradiction if f(x,) — —oc.

Now we will show the second part of the proposition, i.e., that any
convex function is also locally Lipschitz. By contradiction, by changing
coordinates if necessay, we can assume that 0 is not a Lipschizt point,

that is, there exists a sequence x,, — 0 such that

|[f(zn) = f(O)] = Clanl,
for all C' and all n large enough. In particular this implies that

s 1) = £0)

n—00 |$n|

€ {—o0, +00}.
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and, similarly,

lim inf —f(xn) ~ f0)

€ {—o0, +oo}.

By the previous part of the proof, we can assume that f is bounded
on X;. For each n choose a point y, such that |y,[1 = 1 such that
Ty, = |Tp|1Yn. Then

f(@n) < anlfyn) + (1 = [22]) £(0),

which implies

|xn|

fyn) = f(0) +

Therefore

(5) lim sup —f(xn) — f0)

n—00 ’xn’

= —OO,
otherwise we would have a contradiction (note that f(y,) is bounded).

ite 0 = —L 4 — _lznl
We can also write 0 = Han % ~ THwa] Yn- So

1 |0
O < n + —Yn
F0) < T )+ oy o )
This implies
f 0 - f Tn
Because f(—y,) is bounded
which is a contradiction to . O

2.3. Separation. In this last subsection we study separation prop-
erties that arise from convexity and present some applications.

Proposition 13. Let C' be a closed convex set not containing the ori-

gin. Then there exists xg € C' which minimizes |x| over all x € C.
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ProoFr. Consider a minimizing sequence x,. By a simple compu-
tation, we have the parallelogram identity

S| 1

Tn+T
——— + ZHIH _meQ =

2

Because Wr% € C, by convexity, we have the inequality
2

Tp + T . 9
——|| > inf .
> inf [|y]

As n,m — oo we also have
Jzal, 7mll — inf o
But then, as n, m — oo, we conclude that
[0 = 2ml|* — 0.

Therefore any minimizing sequence is a Cauchy sequence and hence

convergent. 0

Exercise 12. Let F': R" — R be a uniformly convex function. Show

that any minimizing sequence for F is a Cauchy sequence. Hint:

Ty + T 0

L) > |2y —m|?
2 2

Proposition 14. Let U and V' be disjoint closed conver sets. Suppose

F(x,)+F(xy,)—2inf F > F(x,)+F(x,)—2F(

one them is compact. Then there exists w € R™ and a > 0 such that
(@U,iL‘—Z/) Za>07

forallz €U andy € V.

Proor. Consider the closed convex set W = U — V (this set is
closed because either U or V' is compact). Then there exists a point
w € W with minimal norm. Since 0 € W, w # 0. So, for all x € U
and y € V, by the convexity of W,

[wl® < [[A(z =) + (1 = Awlf?
= (1= AJwl* + 2A(1 = N (& =y, w) + N[le — y]*.
The last inequality implies
0.< (1= = Dlwl® + 21 = N)(z — y,w) + N|lz -y
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Dividing by A and letting A — 0 we obtain
(z —y,w) > [lw]* > 0.

O

As a first application to the separation result we discuss a general-
ization of derivatives for convex functions. The subdifferential 0~ f(x)
of a convex function f : R” — R at a point x € R” is the set of vectors
p € R™ such that

fy) =z f@)+p-(y—2),
for all y € R™.

Proposition 15. Let f : R" — R be a convex function and xq € R™.

Then 0~ f(xq) # 0.

PRrROOF. Consider the set E(f) = {(x,y) € R"™ : y > f(x)}, the
epigraph of f. Then, because f is convex and hence continuous, E(f)
is a closed convex set. Consider the sequence y,, = f(zg) — % Because
for each n the sets E(f) and {(xo,y,)} are disjoint closed convex sets,
and the second one is compact, there is a separating plane

(6) f(j;> Z O‘n(‘% - CCO) + 67“
for all £ and
7 F(ao) = - = < B < Flao)

Thus, from we get that (3, is bounded. Since f is locally bounded,
the inequality @ implies the boundedness of «,,. Therefore, up to a
subsequence, there exists o = lim «;, and # = lim 3,,. Furthermore

f(Z) 2 (@ — xo) + 5,
and, again using (7)), we get that f(zo) = 8. Thus
f(@) =z a(t —x0) + f(z0),
and so o € 0~ f(x). O

Exercise 13. Let f : R — R, be given by f(x) = |z|. Compute O~ f.
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Exercise 14. Let f : R™ — R be convex. Show that if f is differentiable
at x € R™ then 0~ f(x) = {Df(z)}.

Proposition 16. Let f : R — R be a C* conver function. Then

(Df(x) = Df(y)) - (x —y) = 0.

PROOF. Observe that

fy) > f(x)+Df(x)-(y—x)  f(z) > fly) +Df(y) - (x—y).

Add these two inequalities. O

Exercise 15. Prove the analogous to the previous proposition for the
case in which f is not Ct by replacing derivatives by points in the
subdifferential.

Exercise 16. Let f be a uniformly convex function. Show that
(Df(x) = Df()) - (x —y) = |z —yl*.

Exercise 17. Let f : R" — R be a convex function. Show that a point
x € R™ is a minimizer of f if and only if 0 € 0~ f(x).

Exercise 18. Let A be a convex set and f : A — R be a uniformly
convex function. Let x € A be a mazimizer of f. Show that x is
an extreme point, that is, that there are no y,z € A, x # y,z and
0 < A<1 suchthat x = Ay + (1 — \)z.

The second application of Proposition [14]is a very important result
called Farkas lemma:

Lemma 17 (Farkas Lemma). Let A be a m x n matriz, ¢ a line vector
i R™. Then we have one and only one of the following alternatives
1. c=yT A, for somey >0

2. There exists a column vector w € R", such that Aw < 0 and
cw >0
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PROOF. If the first alternative does not hold, the sets U = {yT A, y >
0} and V = {c} are disjoint and convex. Then the separation theo-
rem for convex sets (see proposition implies that there exists an
hyperplane with normal w which separates them, that is

(8) yTAw < a

and

cw > a.

Note that a > 0 (by setting y = 0 in ), so cw > 0. Furthermore, for
any v > 0 we have

vyl Aw < a,
by letting v — 400 we conclude that
yT Aw < 0.
So this corresponds to the second alternative. O

Example 3. Consider a discrete state one-period pricing model, that
is, we are given n assets which at the initial time cost ¢;, 1 <7 < n per
unit (we regard ¢ as a row vector) and after one unit of time, each asset
is worth with probability p;, 1 < j <m, P;;. A portfolio is a (column)
vector m € R”™. The value of the portfolio at time 0 is ¢ and at time
one, with probability p; the value is (Pm);. An arbitrage opportunity
is a portfolio such that c¢r < 0 and (Pm); > 0, i.e. a portfolio with

negative cost and non-negative return.

Farkas lemma yields that either

1. there exists y € R™, y > 0 such that ¢ = yP
or

2. there exists an arbitrage portfolio.

Furthermore, if one of the assets is a no-interest bearing bank ac-
count, for instance ¢; = 1 and P;; = 1. Then y is a probability vector
which in general may be different from p. |
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3. Lagrange multipliers

Many important problems require minimizing (or maximizing) func-
tions under equality constraints. The Lagrange multiplier method is
the standard tool to study these problems. For inequality constraints,
the Lagrange multiplier method can be extended in a suitable way as

it will be studied in the two following sections.

Proposition 18. Let f : R" — R and g : R* — R™ (m < n) be C!
functions. Suppose c € R™ fized, and assume that the rank of Dg is m
at all points of the set g = c. Then, if x¢ is a minimum of f in the set
g(x) = ¢, there exists A € R™ such that

Df(x) = N Dg(w).

PROOF. Let x4 be as in the statement. Suppose that wq, ... w,, are

vectors in R” satisfying
det [Dg(xo)W] # 0,

where W = [w; - - - wy,| is the matrix with columns wy, ... w,,. Note
that it is possible to choose such vectors because the rank of Dg is m.
Given v € R" consider the equation

g(xo +ev+Wi) =c.

The implicit function theorem implies that there exists a unique func-
tion i(e) : R — R™,

im(€)
defined in a neighborhood of € = 0, with i(0) = 0, and such that
g(xo+ ev + Wi(e)) = c.

Additionally,
i'(0) = —(Dg(wo)W) " Dg(xo)v.

Since xg is a minimizer of f in the set g(x) = ¢, the function

I(e) = f(zo + ev + Wi(e))
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satisfies
0= I'(0) = Df (zo)v + Df () W7 (0),
that is,
Df(xo)v = A" Dg(xo)v,
with
A= D f(x0)W(Dg(xo) W)™,
for any vector v. O

Proposition 19. Let f : R" — R, and g : R® — R™, with m < n,
be smooth functions. Assume that Dg has maximal rank at all points.
Let z. be a minimizer of f(z) under the constraint g(x) = ¢, and .
the corresponding Lagrange multiplier, i.e.

Suppose that x. is differentiable function of c. Define
Vie) = f(zc).

Then DV (c) = A..

Proor. We have
g(xz.) =c.
By differentiating with respect to ¢ we obtain
Dg(wc)% =1
Multipying by A, and using @ yields
ox. %

)\c - /\cDg(Ic)_ = Df(xc) Ic -

5% DV (c).

O

Exercise 19. Let f : R® — R, and g : R" — R™, with m < n, be
smooth functions. Assume that Dg has mazximal rank at all points. Let
xo be a minimizer of f(x) under the constraint g(x) = g(xg), \ the
corresponding Lagrange multiplier, and F = f + Ag. Show that

D2, Flx0)&6 > 0,
for all vectors & that satisfy D, g(xo)& = 0.
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Proposition 20. Let f : R® - R, and g : R® — R™, with m < n.
Let xy be a minimizer of f(x) under the constraint g(x) = g(xo). Then

there exist constants Ao, - - - A\, not identically zero such that
)\on + /\ng1 cee )\ngm =0

at xo. Furthermore, if Dg has maximal rank we can choose \g = 1.

PROOF. First observe that the matrix

5]

cannot have rank m + 1. Indeed, this follows by applying the implicit
function theorem to the function (x,c) — (f(x) — co, g(x) — ) with
r € R" and ¢ = (cp,¢’) € R™"!, to obtain a contradiction to zy being

a minimizer.

This fact then implies that there exist constants g, - - - A,,, not iden-
tically zero such that

MDf+MDg+ -+ M\pDgy, =0

at xg. Observe also that if D¢ has maximal rank we can choose Ay = 1.
In fact, if \g # 0, it suffices to multiply A by /\io To see that Ay # 0 we
argue by contradiction. In fact, if A\j = 0 we would have

MDgr+ -+ A Dgp, =0
which contradicts the hypothesis that Dg has maximal rank m. U

Example 4 (Minimax principle). There exists a nice formal interpre-
tation of Lagrange multipliers, which although not rigorous is quite
useful. Fix ¢ € R™, and consider the problem of minimizing a function
f : R" — R under the constraint g(x) —c = 0, with g : R® — R™. This

problem can be rewritten as
min max f(z)+ M(g(x) —c).

The minimaz principle asserts that the maximum can be exchanged

with the minimum (which is frequently false) and, therefore, we obtain
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the ”equivalent” problem
max min f(z)+ M(g(x) —c).
From this we deduce that, for each A the minimum =z, is determined
by
(10) Df(xy) + AT Dg(xy) = 0.

Furthermore, the function to maximize in A is

F(@) + A (g(zn) — o).

Differentiating this equation with respect to A, assuming that x) is

differentiable, and using , we obtain

g(ry) = c.
<

Exercise 20. Use the minimaz principle to determine (formally) op-
timality conditions for the problem

min f(x)

under the constraint g(x) > c.

The next exercise illustrates that the minimax principle may indeed

be false, although in many problems it is an important heuristic

Exercise 21. Show that the minimax principle is not valid in the fol-

lowing cases:

1.z4+ A
2. 2% 4+ Na? 4+ 1);

1
3 o

Exercise 22. Let A and B be arbitrary sets and F': Ax B — R. Show
that

inf sup F'(a,b) > sup inf F(a,b).
acA beg (@5) begaeA (a,0)
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4. Linear programming

We now continue the study of constrained optimization problems
by looking into minimization of linear functions subjected to linear in-
equality constraints - i.e., linear programming problems. A detailed dis-
cussion on this class of problems can be found, for instance, in [GSSO08]
or [Fra02].

4.1. The setting of linear programming. A model problem in
linear programming is the following: given a line vector ¢ € R", a real
m X n matrix A, and a column vector b € R™ we look for a column

vector x € R™ which is a solution to the problem:

max, cx
(11) Az <b

x>0,

where the notation v > 0 for a vector v means that all components of
v are non-negative. The set defined by the inequalities Ax < b and
x > 0 may be empty, or in this set the function ¢z may be unbounded
by above. To simplify the discussion, we assume that this situation

does not occur.

Move here feasible set

Example 5. Add example here.

Observe that if ¢ # 0 the maximizers of cx cannot be interior points
of the feasible set, otherwise by exercise [4 they would be critical points.
Therefore, the maximizers must lie on the boundary of Az < b, z > 0.
Unfortunately this boundary can be quite complex as consists on a
finite (but frequently large) union of intersections of planes (of the
form dx = e) with half-planes (of the form dx < e).
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Exercise 23. Suppose that no line of A vanishes. Show that the bound-
ary of the set Az < b consist of all points which satisfy Ax < b with

equality in at least one coordinate.

Note that the linear programming problem is quite general
as it is possible to include equality constraints as inequalities: in fact
A'x =V is the conjunction of A’z < b and —A'x < -V

A vector x is called feasible for if it satisfies the constraints,
that is Az < b and z > 0.

Example 6 (Diet problem). A animal food factory would like to min-
imize the production cost of a pet food, while keeping it nutritionally
balanced. Each food 7 costs ¢; by unit. Therefore, if each unit of pet
food contains an amount z; of the food ¢;, the total cost is

CI.

There is, of course, the obvious constraint that = > 0. Suppose that
A;; represents the amount of the nutrient ¢ in the food j, and b; the
minimum recommended amount of the nutrient z. Then, to ensure a

nutritionally ballanced diet we must have
Ax > b.
Thus the diet problem is

min cx
Ax > b
x> 0.
<

Example 7 (Optimal Transport). A large multinational needs to trans-
port its supply from each factory i to the distribution points j. The
supply in 4 is s; and the demand in j is d;. The cost of transporting
one unit from 7 to j is ¢;;. We would like to determine the quantity m;;
transported from ¢ to j solving the following optimization problem

min E CijTlij,
™
ij
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under the constraints m;; > 0, and supply and demand bounds
Z"Tij < s, ij > dj.
j i

<

Example 8. The existence of feasible vectors, i.e. vectors satisfying
the constraint Az < bis not obvious. There exists, however a procedure
that can convert this question into a new linear programming problem.

Let xg be a new variable. We would like to solve
min g

where the minimum is taken over all vectors (xg,z) which satisfy the
constraints (Ax); < b; 4+ xo, for all j. It is clear that the feasible set for
this problem is non-empty, take for instance z = 0 and x, = max|b;]|.

This new linear programming problem has therefore a value (which
could be —oo but not +o00). If the value is non-positive, there exist
feasible vectors for the constraint Ax < b. Otherwise, if the value is
positive, it implies that the feasible set of the original problem is empty.
<

Exercise 24. Let A be m X n matriz, with m > n. Consider the

overdetermined system

Az =10

forb € R™. In general, this equation has no solution. We would like to

determine a vector x € R™ which minimizes the maximum of the error
sup |(Az); — by
7

Rewrite this problem as a linear programming problem. Compare this

problem with the minimum square method which consists in solving

min || Az — b||%.
x
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4.2. The dual problem. To problem (11]), which we call primal,
we associate another problem, called the dual, which consists in deter-

mining y € R™, which solves
miny’b
(12) A
y>0.

As the next exercise shows, the dual problem can be motivated by the

minimax principle:
Exercise 25. Show that can be written as

(13) max min ¢’z + y* (b — Ax).

x>0 y>0

Suppose we can exchange the maximum with the minimum in .
Relate the resulting problem with (@

Example 9 (Interpretation of the dual of the diet problem). The dual
of the diet problem (example [6) is the following

max y’b
yT'A<c
y=>0.

This problem admits the following interpretation. A competing com-
pany is willing to provide a nutritionally balanced diet, charging for
each unit of the nutrient ¢ a price y;. Obviously, the competing com-
pany would like to maximize its income. There are the following con-
straints: y > 0, and furthermore if the food item j costs ¢; the com-
peting company should charge an amount (y’ A); no larger than c;.
This constraint is quite natural, since if it does not hold, at least part
of the diet could be obtained by buying the food items j such that
(y"A); > ¢;. <

Exercise 26. Show that the dual of the dual is equivalent to the primal.

Exercise 27. Determine the dual of the optimal transport problem and

give a possible interpretation.



34 1. FINITE DIMENSIONAL OPTIMIZATION PROBLEMS

As the next theorem concerns the relation between the primal and

dual problems:

Theorem 21.

1. Weak Duality: Suppose x and y are feasible, respectively, for
and (@, then

cx < yTb.

2. Optimality: Furthermore, if cv = y*'b then x and y are solu-

tions of and (@, respectively.
3. Strong duality: If has a solution x*, then (@ also has
a solution y*,

cx* = (y*)"b.
Finally, y; = 0 for all indices j such that (Az*); < b;.

PrOOF. To prove the weak duality, observe that
cx < (yFA)x = y" (Az) < y'b.

The optimality criterion follows from the previous inequality.

To prove the strong duality, we may assume that the inequality
Az < bincludes also z > 0, for instance replacing A by the augmented
matrix

A

and the vector b by

=kt
I
1
o o
| I

In this case it will be enough to prove that there exists a vector g* €
R™*™ such that ¢* > 0,

c=()"A
with g7 = 0 for all indices j such that (Az*); < b;. In fact, if such

vector y* is given we just set y* to be the first n coordinates of g*.
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Then ¢ < (y*)T A and then
cr’ = (57)" Av" = (570 = ()",

since b differs from b by adding n zero entries. From this point on we
drop the ~ to simplify the notation.

First we state the following auxiliary result, whose proof is a simple

corollary to Lemma

Lemma 22. Let A be a m X n matriz, ¢ a line vector in R™ and J
an arbitrary set of lines of A. Then we have one and only one of the
following alternatives

1. c=yT A, for somey >0 withy; =0 for all j & J.

2. There exists a column vector w € R™, such that (Aw); <0 for
all j € J and cw > 0.

Exercise 28. Use Lemmall7 to prove Lemma[23

Let x* be a solution of . Let J be the set of indices j for which
(Az*); = b;. We will show that there exists y > 0 such that ¢ = y* A
and y; = 0 for j € J. By contradiction assume that no such y exists.
By the previous lemma there is w such that cw > 0 and (Aw); < 0 for
j € J. But then, ¥ = z* 4 ew is feasible, for ¢ > 0 sufficiently small
since

Ar = Az™ + eAw < b.

However,
c = c(x” + ew) > cx”,
which contradicts the optimality of x*.
Therefore, for some y > 0,
ca* =yl Az* = y7b.

Consequently, by the second part of the theorem we conclude that y is
optimal. ]
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Lemma 23. Let x and y be, respectively, feasible for the primal and
dual problems. Define

s=b—Ax >0, e=ATy — ' >0.

Then

sty+ale =0Ty —2"c" > 0.

PROOF. Since z,y > 0 we have
sty=vTy—aTATy >0 wle =2t ATy — 2T > 0.
By adding these two expressions, we obtain
sTy+aTe =0Ty —2"c" > 0.
O

Theorem 24 (Complementarity). Suppose x and y are solutions of

and (@, respectively. Then

sty=20 and zle =0.

ProoF. We have sTy,z7e > 0. If z and y are optimal then cx =
yT'b. By the previous lemma

sty +2Te =0,
which implies the theorem. 0
Exercise 29. Study the following problem in R2?:

max x, + 25

with 1,9 > 0, 1 + 9 < 1 and 2x1 + x9 < 3/2. Determine the dual
problem, its solution and show that it has the same value as the primal

problem.
Exercise 30. Let x* be a solution of the problem

min cx
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under the constraints Ax > b, x > 0 and let y* be a solution of the

dual. Use complementarity to show that x* minimizes
cx — (y*) ' Az

under the constraint x > 0.

Exercise 31. Solve by elementary methods the problem
max xrq, + o

under the constraints 3x1 + 4xy < 12, bxq + 2z9 < 10.

Exercise 32. Consider the problem
min —7371 + 9132 + 16373,

under the constraints x > 0, 2 < x1 + 229 + 923 < 7. Obtain an upper
and lower bound for the value of the minimum.

Exercise 33. Show that the solution set of a linear programming prob-

lem is a convex set.

Exercise 34. Consider a linear programming problem in R"
min c.x

under the constraints Az < b,x > 0. Suppose c. = ¢y + €cy. Suppose
that for € > O there exists a minimizer x. which converges to a point
Zo, as € — 0. Show that xq is a minimizer of cox under Ax < b,x >
0. Show, furthermore that if this limit problem has more than one

mainimazer then xo minimizes cix among all other minimizers.

5. Non-linear optimization with constraints

Let f:R®" — R and g : R® — R™ be C! functions. We consider
the following non-linear optimization problem:

max f(x)
(14) g(x) <0
z > 0.
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We denote the feasible set by X:
X ={zeR"z >0, g(x) <0},
and the solution set by S:

S={zeX: f(z)=supf(zx)}.
zeX

In this section we derive necessary conditions, called the Karush-Kuhn-
Tucker (KKT) conditions, for a point to be a solution of the problem.
We start by explaining these conditions which generalize both the La-
grange multipliers for equality constraints and the optimality condi-
tions from linear programming. We then show that under convexity
hypothesis these conditions are in fact sufficient. After that we show
that under a condition called constraint qualification that the KKT
conditions are indeed necessary optimality conditions. We end the
discussion with several conditions that allow to check in practice the
constraint qualification conditions.

5.1. KKT conditions. For y € R™ define the Lagrangian

L(z,y, 1) = f(x) —y"g(x) + p"x

For (z,u,y) € R" x R® x R™ the KKT conditions are the following:

p
oL __
Ox; =0

g(z) <0, y'g(x)=0

(15)
x>0, pler=0

1y = 0.

The variables y and p are called the Lagrange multipliers.

Several variations of the KK'T conditions arise in different problems.
For instance, in the case in which there is no positivity constraints for
the variable =, the KKT conditions take the form: for (z,y) € R* xR™,
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and L(z,y) = f(x) — yTg(x),

oL __
ox; =0

(16) g(z) <0, ylg(z)=0
y > 0.

Exercise 35. Derive from by writing x = ¥ — x~ where
T,z > 0.

Another example are equality constraints g(z) = 0, again without
positivity constraints in the variable x. We can write the equality
constraint as g(z) < 0 and —g(x) < 0. Let y* be the multipliers
corresponding to +g(z) < 0, define y = y* — y~. Then (16) can be

written as

of <~ 99 _
axi - Jz_;y] a.’l?i, g(x) - 07

that is, y is the Lagrange multiplier for the equality constraint g(x) = 0.

Consider a linear programming problem where in (14 we set
f(x)=cx, g(x)=Ax—0b.
Then the KKT conditions are then

(c—yTA: —
Az <b, yT'(Az—b)=0
x>0, plz=0

sy 2 0.

In this case, the first line of the KKT conditions can be rewritten as
c—yTA <O,

that is, since y > 0, y is admissible for the dual problem. Using the

condition ufx = 0 we conclude that

c-x =yl Ax.
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Then the second line of the KKT condition yields y? Az = y*'b, which
implies

cx =y,
which is the optimality criterion for the linear programming problem,
and shows that a solution of the KKT condition is in fact a solution

of . Furthermore, it also shows that y is a solution to the dual
problem.

Example 10. Let ) be an n x n real matrix. Consider the quadratic
programming problem
max, %xTQx
(17) Az <b
x> 0.
The KKT conditions are
(47Q —y"A = —p
Ar <b, yT(Az—0) =0

(18)
x>0, ple=0

1y 2 0.

5.2. Duality and sufficiency of KKT conditions. We can write
problem in the following minimax form:

sup inf f(x) -y g(x).
x>0 ¥20

We define the dual problem as
(19) inf sup f(z) —y"g(x).
y20 >0

Let

h(y) = sup f(@) =y g(),

and
h.(x) = inf f(x) —y"g(x).

y=>0



5. NON-LINEAR OPTIMIZATION WITH CONSTRAINTS

Then is equivalent to

sup h.(z),
x>0

and is equivalent to the problem
inf 2" (y).

From exercise we have the duality inequality

sup h.(z) = sup inf f(z) —y"g(x)
>0 >0 ¥=0

< inf sup f(z) —y" g(a) = inf 1" (y).

¥20 >0 y=0

Furthermore, if z > 0 and y > 0 satisfy
h«(z) = h*()
then z and y are, respectively, solutions to and .

If we choose
f(x):C$, g(I’):AI‘—b,
(14) is a linear programming problem. Then

cx if Ar —b<0
h(z) =
—00 otherwise,
and
. by if ATy —c>0
h*(y) =

+00 otherwise.

Consider the quadratic programming problem
1.7
max 5" Qx
(20 e
Az — b <0.
Note that here the variable x does not have any sign constraint.

In this case we define
%xTQx if Ar —b<0

1
h.(r) = inf ~27Qz — y* (Az — b) =
y>0 2 —00 otherwise,
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and )
h*(y) = sup §xTQx — T (Az —b).

xT

If we assume that () is non-singular and negative definite we have

1
h*(y) = —§yTAQ’1ATy +y"b.

It is easy to check directly that h.(x) < h*(y).

It turns out that the KK'T conditions are in fact sufficient if f and
g satisfy additional convexity conditions.

Proposition 25. Suppose that —f and each component of g is convez.
Let (Z,[1,y) € R" x R" x R™ be a solution of the KKT conditions ([15)).
Then T is a solution of .

PRrROOF. Let x € X. By the concavity of f we have
F() — f(z) < Df(E)(x - 7).
By the KKT conditions (L5]),
Df(z)(x - z) = 5" Dg(z)(x — 7) — i’ (x — 7).
Since each component of g is convex, and § > 0,
7' Dg(@)(z —7) < 7" (9(x) — 9(7))
Since y7g(z) =0, 7 g(x) > 0, pTx > 0, and g’z = 0, we have
f(x) = f(3) <0,

that is Z is solution. O

As the next proposition shows, the KKT conditions imply strong
duality.

Proposition 26. Suppose that —f and each component of g is convez.
Let (Z,[1,7) € R" x R" x R™ be a solution of the KKT conditions ([15)).
Then

ha(T) = h*(g)-



5. NON-LINEAR OPTIMIZATION WITH CONSTRAINTS 43
PROOF. Observe that, by the previous theorem, any solution to
Df(x) —y"Dg(x) + p" =0,
with g > 0, u’'z = 0, is a maximizer of the function
fla) =y g(2),
under the constraint z > 0. Therefore
W (y) = (@) — 5" 9(z) = f(2),

since §7g(z) = 0. Furthermore,

l

5.3. Constraint qualification and KKT conditions. Consider
the constraints

(21) g(x) <0, x>0.

Let X denote the admissible set for (21)). For z € X define the active
coordinates indices as I(x) = {i : ; = 0}, and the active constraints
indices as J(x) = {j : g;(x) = 0}. For x € X define the tangent cone
to the admissible set X at the point z € X as the set T'(x) of vectors
v € R™ which satisfy

v; >0, wv-Dg;(z) <0,

foralli € I(x) and all j € J(z). We say that the constraints satisfy the
constraint qualification condition if for any x € X and any v € T'(z)
there exists a C' curve x(t) with x(0) = z and x(0) = v with x(¢) € X
for all ¢ > 0 sufficiently small.

Proposition 27. Let x be a solution of , and assume that the
constraint qualification condition holds. Then there exists ;1 € R™ and

y € R™ such that holds.
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ProoFr. Fix v € T(z) and let x be a curve as in the constraint

qualification condition. Because x is a maximizer,

d
(22) 02> — f(x(t))| =v-Df(z).

t=0

From Farkas lemma (Lemma [L7]) we know that either there is v € T'(z)
such that v-Df > 0 or else the vector —D f belongs to the positive cone
generated by e;, i € [ and —Dg;(x), for j € J. By we know that
the first alternative does not hold, hence there exists a vector pu € R”,
with pu; > 0 for i € I, and p; = 0 for ¢ € I°, and y € R™ with y; > 0
for j € J and y; = 0 for j € J¢ such that

Df =y"Dg—pu".

By the construction of y and pu, as well as the definition of I and J, it
is clear that 'z = 0 as well as yTg = 0. O

To give an interpretation of the Lagrange multipliers in the KKT
conditions, consider the family of problems

(23) max (x)
g’(z) <0,

where € R™ and
9’(x) = g(x) — 0.

We will assume that for all # the constraint qualification condition
holds. Furthermore, assume that there exists a unique solution 2’

which is a differentiable function of 8. Define the value function

Let y? € R™ be the corresponding Lagrange multipliers, which we
assume to be also differentiable.

We claim that for any 6, € R™

oV () o,
(24) o) —
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To prove this identity, observe first that we have, using the KKT con-

ditions,

ov(e) _ Z Of(x 9893 axk‘
00, &xk Oxy,

By differentiating the complementarity Condltlon > e Y gk(mg) = 0 with
respect to ¢; we obtain

oyl 992 (z9) 8:1:
(25) 0= aek gi() Z v, —y;?.

For § = 6y we either have g/(z%) = 0 or gk(mao) < 0, in which case

yl vanishes in a neighborhood of 6y. Consequently, in this last case we

d
have ;’; = (0. Therefore
J

ayk@ 0
69 gp(z?) =0.

So, from (25)), we conclude that

o _ Z Gagzo(x%) 81;?0

Thus we obtain .

5.4. Checking the constraint qualification conditions. Con-
sider the following optimization problem
max I
(26) —(1 =21} 42, <0
x> 0.

The Lagrangian is

L(z,y,p) = x1 —y" (2o — (1 — 21)%) + 11 + poo

and so
OL(x,y, j1)

8931

In particular, when z; = 1, the equation

=1-3(1—21)%y + 1.

l4+p =0
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does not have a solution with gy > 0. Hence the KKT conditions are

not satisfied. Nevertheless the point (z1,22) = (1,0) is a solution.

This example illustrates the need for obtaining simple criteria to
check whether the constraint qualification conditions hold. We will
show that the following are sufficient conditions for the verification of

the constraint qualifications.

1. The Mangasarian-Fromowitz condition: for any x € X there is
v such that

Vgi(z)v < 0;
2. The Cotte-Dragominescu condition: for any = € X the active

constraints are positively linearly independent:

Zngi =0,y > 0 implies y = 0;

3. The Arrow-Hurwicz and Uzawa condition: for any z € X the

active constraints are linearly independent.

It is obvious that 3. implies 2. We will show that 1. is equivalent to 2.
To do so we need the following lemma:

Proposition 28 (Gordon alternative). Let A be a real-valued m x n
matrixz. Then one and only one of the following holds:

o There exists v € R™ such that Ax < 0;
o There exists y € R™, y >0, and y # 0, such that y' A = 0.

PRrROOF. (i) It is clear that the two conditions are disjoint. Other-
wise, if Az < 0 and y” A = 0 we would have 0 = y” Az < 0 which is a
contradiction.

(ii) We consider the following optimization problem:
max yi + -+ Ymn
y
(27) yTA=0
y = 0.
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It is clear that if the second alternative holds then the value of this
problem is +o00. Otherwise, y = 0 is a solution and the value is 0. In
this case the dual problem:

min 0
(28) :

(Az); < —-1,i=1,....m
has a solution, i.e., there is a point x satisfying the constraints. Hence,
the first alternative holds. O

Proposition 29. The Cotte-Dragominescu condition is equivalent to

the Mangasarian-Fromowitz condition.

PROOF. Set A = Vg. The Mangasarian-Fromowitz condition cor-
responds to the first case in the Gordon alternative. Therefore, the
only solution of > yVg; = 0 and y > 0 is y = 0. Thus the Cotte-
Dragominescu condition is satisfied. Conversely, if the only solution
to Y yVg; = 0 and y > 0 is y = 0 the second case of the Gordon
alternative does not hold. Then the first alternative holds and so the
Mangasarian-Fromowitz condition is satisfied. U

Theorem 30. If the Mangasarian-Fromowitz condition holds then the

constraint qualification condition is satisfied.

PROOF. Let xy € X. Take w such that Vg;(zo)w < 0. We must
construct a curve x(¢) in such a way that x(e) € X for e sufficiently
small and such that x(0) = w. Let v be a vector as in the Mangasarian-

Fromowitz condition. Take M sufficiently large and define
x(€) = g + ew + Me®v.

Then using Taylor’s series we have

2
9i(x(€)) = gi(wo)+eVg;(zo)w+Me*V g;(zo)v+ %wTDQQl-(xO)w—FO(e?’).

Thus, if M is large enough and e sufficiently small g;(x(¢)) < 0. O

Theorem 31. If either the Cotte-Dragominescu condition or the Arrow-
Hurwicz and Uzawa condition hold then so does the constraint qualifi-
cation condition.
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6. Bibliographical notes

In what concerns linear programming problem, we have used the

books [GSSO08] or [Fra02]...



Calculus of variations in one independent variable

This chapter is dedicated to a classical subject in the calculus of
variations: variational problems with one independent variable. These
are extremely important because of its applications to classical me-
chanics and Riemannian geometry. Furthermore they serve as a model
for optimal control problems and problems with multiple integrals. We
start in Section [I, by deriving the Euler-Lagrange equation and give
some elementary applications. Then, in section [2| we study additional
necessary conditions for minimizers, and in section [3| we discuss several

applications to Riemannian geometry and classical mechanics.

An introduction to the Hamiltonian formalism is discussed in sec-
tion [l The next issue, section [} is the study of sufficient conditions
for a trajectory to be a minimizer: first we establish the existence of
local minimizers, then we study the connections between smooth solu-
tions of Hamilton-Jacobi equations and global minimizers, and finally

we discuss the Jacobi equation, conjugate points and curvature.

Symmetries are an important topic in calculus of variations. In
section [6] we present Routh’s method for integration of Lagrangian
systems and Noether’s theorem.

Of course, not every solution to the Euler-Lagrange equation is a
minimizer. Section[7is a brief introduction to minimax methods and to
the mountain pass theorem. We also consider several examples of non-
existence of minimizing orbits (Lavrentiev phenomenon) and relaxation

methods (Young measures) in section [J}

49
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Invariant measures for Lagrangian and Hamiltonian systems are

considered in section [§

The next part of this chapter is dedicated to the study of the ge-
ometry of Hamiltonian systems: symplectic and Poisson structures,
Darboux theorem and Arnold-Liouville integrability, section

In the last section, section we consider perturbation problems
and describe the Linstead series perturbation procedure.

We end the chapter with bibliographical notes.

1. Euler-Lagrange Equations

In classical mechanics, the trajectories x : [0,7] — R" of a me-
chanical system are determined by a variational principle called the
minimal action principle. This principle asserts that the trajectories
are minimizers (or at least critical points) of an integral functional. In

this section we study this problem and discuss several examples.

Consider a mechanical system on R"™ with kinetic energy K(z,v)
and potential energy U(z,v). We define the Lagrangian, L(x,v) : R x
R" — R to be difference between the kinetic energy K and potential
energy U of the system, that is, L = K —U. The variational formulation
of classical mechanics asserts that trajectories of this mechanical system

minimize (or are at least critical points) of the action functional

under fixed boundary conditions. More precisely, a C! trajectory x :
[0, 7] — R™ is a minimizer S under fixed boundary conditions if for any
C* trajectory y : [0,T] — R™ such that x(0) = y(0) and x(T") = y(T)

we have

S[x] < Sly].
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In particular, for any C! function ¢ : [0, 7] — R" with compact support
in (0,7, and any € € R we have

i(e) = S[x + eg] > S[x] = i(0).
Thus i(¢) has a minimum at € = 0. So, if 7 is differentiable, i'(0) = 0. A
trajectory x is a critical point of S, if for any C! function ¢ : [0, T] — R"
with compact support in (0,7") we have

d
./ = —_— P
i'(0) = deS[X + ey B 0.

The critical points of the action which are of class C? are solutions
to an ordinary differential equation, the Euler-Lagrange equation, that
we derive in what follows. Any minimizer of the action functional

satisfies further necessary conditions which will be discussed in section

2

Theorem 32 (Euler-Lagrange equation). Let L(z,v) : R* x R* — R
be a C? function. Suppose that x : [0,T] — R™ is a C? critical point of
the action S under fived boundary conditions x(0) and x(T). Then

(29) %DUL(X, %) — D, L(x,%) = 0.

PROOF. Let x be as in the statement. Then for any ¢ : [0,7] — R"
with compact support on (0,7"), the function

i(€) = S[x + ep]

has a minimum at € = 0. Thus

that is,
T
/ D,L(x,%x)p + D,L(x,%)p = 0.
0

Integrating by parts, we conclude that

d

T
/ |:—DUL(X,X) — D, L(x,%)| ¢ =0,
o Ldt
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for all ¢ : [0,7] — R™ with compact support in (0,7"). This implies
and ends the proof of the theorem. O

Example 11. In classical mechanics, the kinetic energy K of a particle
with mass m with trajectory x(t) is:
|%[*
=m-.
Suppose that the potential energy U(x) depends only on the position x.
Assume also that U is smooth. Then the Lagrangian for this mechanical

system is then
L=K-U.
and the corresponding FEuler-Lagrange equation is
mx = —U'(x),
which is the Newton’s law. <

Exercise 36. Let P € R", and consider the Lagrangian L(x,v) : R™ x
R™ — R defined by L(z,v) = g(x)|v|*+ P-v—U(z), where g and U are
C? functions. Determine the Euler-Lagrange equation and show that it
does not depend on P.

Exercise 37. Suppose we form a surface of revolution by connecting a
point (xqg,yo) with a point (x1,v1) by a curve (x,y(x)), z € [0,1], and
then revolving it around the y axis. The area of this surface is
1
/ z\/ 1+ y2dx.
xo

Compute the Euler-Lagrange equation and study its solutions.

To understand the behavior of the Euler-Lagrange equation it is
sometimes useful to change coordinates. The following proposition
shows how this is achieved:

Proposition 33. Let x : [0, 7] — R"™ be a critical point of the action

/0 ' L(x,%)dt.



1. EULER-LAGRANGE EQUATIONS 53
Let g : R® — R"™ be a C* diffeomorphism and L given by

L(y,w) = L(g(y), Dg(y)w).

ox 18 a critical point of

T A
/ iy, y)dt.
0

Theny = g1

Proor. This is a simple computation and is left as an exercise to
the reader. U

Before proceeding, we will discuss some applications of variational
methods to classical mechanics. As mentioned before, the trajectories
of a mechanical system with kinetic energy K and potential energy
U are critical points of the action corresponding to the Lagrangian
L = K —U. In the following examples we use this variational principle
to study the motion of a particle in a central field, and the planar two
body problem.

Example 12 (Central field motion). Consider the Lagrangian of a
particle in the plane subjected to a radial potential field.

o X4y R
L(X>Y>Xay): ) _U( X“+Yy )

Consider polar coordinates, (r,6), that is (z,y) = (rcosf,rsinf) =

g(r,0), We can change coordinates (see proposition and obtain the

Lagragian in these new coordinates

R . 202 4 2
L(r,0,5,6) = % —U().
Then the Euler-Lagrange equations can be written as
d o, d .
arQH =0 af‘ = -U'(r) + 6>

The first equation implies that r20 = 7 is conserved. Therefore, rf? =
:7—2. Multiplying the second equation by r we get

d I'.2 772
a {E—FU(I‘)—FF} =0.
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Consequently
2 2

r n
E,=—-+U()+ -3
) (r) 2r2
is a conserved quantity. Thus, we can solve for r as a function of r
(given the values of the conserved quantities £, and ) and so obtain

a first-order differential equation for the trajectories. <

Example 13 (Planar two-body problem). Consider now the problem
of two point bodies in the plane, with trajectories (x1,y1) and (X2, y2).
Suppose that the interaction potential energy U depends only on the

distance /(x; — X2)2 + (y1 — y2)? between them. We will show how

to reduce this problem to the one of a single body under a radial field.

The Lagrangian of this system is

— UV (x1 — %)% + (y1 — y2)2).

X2 : 2 X2 -2
L=m 1T Y1 P, 5 TYs
2 2

Consider new coordinates (X, Y, z,y), where (X,Y) is the center of
mass
X — miry + m2$2’ y — miy1 + Moy
my1 + Mo my + Mo
and (z,y) the relative position of the two bodies

T =T1 — X2, Y=Y — Y2
In these new coordinates the Lagrangian, using proposition 33 is
L=1:(X,Y) + Ly(x,y,%,¥).

Therefore, the equations for the variables X and Y are decoupled from

the ones for x,y. Elementary computations show that

d? d?
—X=—Y=0.
dt? dt? 0
Thus X(t) = Xo+ Vxt and Y (t) = Yy + Vi-t, for suitable constants X,

}/0, VX and Vy.

Since s
mims X°+Yy
Ly = —U(\/X2% +y?),
2 Myt 2 ( y?)
the problem now is reduced to the previous example. <
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Exercise 38 (Two body problem). Consider a system of two point
bodies in R3 with masses my and my, whose relative location is given
by the vector r € R®. Assume that the interaction depends only on
the distance between the bodies. Show that by choosing appropriate
coordinates, the motion can be reduced to the one of a single point

mi1mso
m1+m2

proving that r X 1 is conserved, that the orbit of a particle under a

particle with mass M = under a radial potential. Show, by

radial field lies in a fized plane for all times.

Exercise 39. Let x : [0,T] — R" be a solution to the Euler-Lagrange
equation associated to a C? Lagrangian L : R™ x R® — R. Show that

E(t) = —L(x,%) + % - DyL(x, %)

1s constant in time. For mechanical systems this is simply the conser-
vation of energy. Occasionally, the identity %E(t) = 0 s also called
the Beltrami identity.

Exercise 40. Consider a system of n point bodies of mass m;, and
positions r; € R3, 1 < i < n. Suppose the kinetic energy is T =
> BHE? and the potential energy is U = — %, ., 50—, Let I =

R
S mailri|?. Show that
2

d
@ T
e + ey

which is strictly positive if the energy T + U is positive. What implica-
tions does this identity have for the stability of planetary systems?

Exercise 41 (Jacobi metric). Let L(z,v) : R" x R®* — R be a C?
Lagrangian. Let x : [0,T] — R™ be a solution to the corresponding

FEuler-Lagrange

d
—D,L—D,L =0,
(30) o 0
for the Lagrangian
2
L(z,v) = ’1}2’ —V(z)

Let B(t) = BOE 4 v(x(1)).

1. Show that E = 0.
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2. Let Ey = E(0). Show that x is a solution to the Euler-Lagrange

equation

d
31 —D,L;—D,L;=0
() SD.Ly DL

associated to Ly = /Ey — V(x)|%].

3. Show that any reparametrization in time of X is also a solution
to (31)) and observe that the functional

/OTMM

represents the lenght of the path between x(0) and x(T') using
the Jacobi metric g = \/Ey — V (z).
4. Show that the solutions to the Fuler-Lagrange when repar-

ametrized in time in such a way that the energy of the reparametrized

trajectory is Fy satisfy .

Exercise 42 (Braquistochrone problem). Let (z1,y1) be a point in a
(vertical) plane. Show that the curve y = u(zx) that connects (0,0) to
(x1,11) in such a way that a particle with unit mass moving under the

influence a unit gravity field reaches (x1,y1) in the minimum amount

1 1 12
/ +u dx.
o V —2u

Hint: use the fact that the sum of kinetic and potential energy is con-

of time minimizes

stant.

Determine the Fuler-Lagrange equation and study its solutions, us-

ing exercise [39

Exercise 43. Consider a second-order variational problem:

(32) min /OT L(x,%,%)

X

where the minimum is taken over all trajectories x : [0,7] — R"
with fixed boundary data x(0),x(T),%(0),%(T"). Determine the Euler-
Lagrange equation corresponding to .
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2. Further necessary conditions

A classical strategy in the study of variational problems consists
in establishing necessary conditions for minimizers. If there exists a
minimizer and if the necessary conditions have a unique solution, then
this solution has to be the unique minimizer and thus the problem is
solved. In addition to Euler-Lagrange equations, several other neces-
sary conditions can be derived. In this section we discuss boundary
conditions which arise, for instance when the end-points are not fixed,
and second-order conditions.

2.1. Boundary conditions. In certain problems, the boundary
conditions, such as end point values are not prescribed a-priori. In
this case, it is possible to prove that the minimizers satisfy certain
boundary conditions automatically. These are called natural boundary
conditions.

Example 14. Consider the problem of minimizing the integral

(33) /OT L(x,%)dt,

over all C? curves x : [0, 7] — R". Note that the boundary values for

the trajectory x at t = 0,7 are not prescribed a-priori.

Let x be a minimizer of (with free endpoints). Then for all
¢ :[0,7] — R™, not necessarily compactly supported,

T
/ D,L(x,%)¢ + D,L(x,%)pdt = 0.
0

Integrating by parts and using the fact that x is a solution to the
Euler-Lagrange equation, we conclude that

D, L(x(0),%(0)) = D, L(x(T), x(T)) = 0.



58 2. CALCULUS OF VARIATIONS IN ONE INDEPENDENT VARIABLE

Exercise 44. Consider the problem of minimizing the integral

T
/ L(x,%)dt,
0

over all C? curves x : [0,T] — R" such that x(0) = x(T). Deduce that
Dy L(x(0),%(0)) = Dy L(x(T), %(T)).

Use the previous identity to show that any periodic (smooth) minimizer

15 in fact a periodic solutions to the Fuler-Lagrange equations.

Exercise 45. Consider the problem of minimizing

/0 L(x,x)dt + ¢ (x(T)),

with x(0) fized and x(T) free. Derive a boundary condition at t = T

for the minimizers.

Exercise 46 (Free boundary).

Consider the problem of minimizing

[,

over all terminal times T and all C* curves x : [0,T] — R™. Show that

X 1s a solution to the Fuler-Lagrange equation and that

L(x(T),%(T)) = 0,

D, L(x(T),%(T))%X(T) 4+ Dy L(x(T), %(T))%(T") > 0,
D,L(x(T),x(T)) = 0.
Let g € R and L : R? — R given by
_(v—9q?  2°
L(x,v)—T—l—E—l

If possible, determine T' and x : [0,T] — R that are (local) minimizers

of
T
/ L(x,x)ds,
0
with x(0) = 0.
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2.2. Second-order conditions. If f : R — R is a C? function
which has a minimum at a point xg then f’'(z¢) = 0 and f”(xy) > 0.
For the minimal action problem, the analog of the vanishing of the first
derivative is the Fuler-Lagrange equation. We will now consider the
analog to the second derivative being non-negative.

The next theorem concerns second-order conditions for minimizers:

Theorem 34 (Jacobi’s test). Let L(z,v) : R" x R" — R be a C?
Lagrangian. Let x : [0,T] — R"™ be a C' minimizer of the action
under fived boundary conditions. Then, for each n : [0, T] — R", with
compact support in (0,T), we have

T

1 1

(34) / 577TD?ML(X, x)n 4+ n" D2, L(x,%)n + 57’7TD?WL(X, x)n > 0.
0

Proor. If x is a minimizer, the function € +— I[x + en] has a
minimum at ¢ = 0. By computing %I[x + en] at € = 0 we obtain

9. 0

A corollary of the previous theorem is Lagrange’s test that we state

next:

Corollary 35 (Lagrange’s test). Let L(x,v) : R® x R" — R be a C?
Lagrangian. Suppose x : [0,T] — R" is a C' minimizer of the action

under fized boundary conditions. Then

D? L(x,%) > 0.

PROOF. Use Theorem [34| with 1 = €£(t)sin ¢, for £ : [0,7] — R™,
with compact support in (0,7, and let € — 0. O

Exercise 47. Let L : R*® — R be a continuous Lagrangian and let
x: [0,T] — R™ be a continuous piecewise C* trajectory. Show that for
each § > 0 there exists a trajectory ys : [0,T] — R™ of class C* such

that
T T
/ L(X,X) —/ L(y(g,y(g) < 0.
0 0
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As a corollary, show that the value of the infimum of the action over
piecewise O trajectories is the same as the infimum over trajectories

globally C*. Note, however, that a minimizer may not be C*.

Exercise 48 (Weierstrass test). Let x : [0, 7] — R™ be a C' minimum
of the action corresponding to a Lagrangian L. Let v,w € R"™ and
0 < X <1 be such that Av + (1 — \)w = 0. Show that

AL(x, %X +v) + (1 — \)L(x,x +w) > L(x,%).
Hint: To prove the inequality at a point ty, choose n such that

v if to<t<t+ Xe
) =< w  if t+de<t<to+e
0

otherwise

and consider I[x + 1|, as € — 0.

3. Applications to Riemannian geometry

This section is dedicated to some applications of the calculus of
variations to Riemannian geometry, namely the study of geodesics and
curvature. We also present some applications to geometric mechanics,
namely the study of the rigid body.

In our examples we will use most of the time local coordinates and
will not try to address global problems in geometry. In fact, by using
suitable charts, the problems we address can usually be reduced to
problems in R™. To simplify the notation we will also use the Einstein

convention for repeated indices, that is a;b; in fact is an abreviation of

Zz‘ azbz

Example 15. Let M be a Riemannian manifold with metric g, defined
in local coordinates by the positive definite symmetric matrix g;;(z).
Let L : TM — R be given by

1
L(z,v) = §gij (x)v;v;.
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Let x : [a,b] — M be a curve that minimizes

b
/ L(x,x)dt,

over all curves with certain fixed boundary conditions. Then, we have

d . 1 .
i (gij%i) — §Dj9kaka =0,
that is,
. 1., Lo
(35) Xi+ 5 (97 (D1gmj + Digmj — Djgmr)] XmXs = 0,

where g% represents the inverse matrix of g;;. We can write the previous

equation in the more compact form
%; + ppXmXy = 0,
where
(36) o = %gij (Drgmj + Dimgr; — Djgme)

is the Christoffel symbol for the metric g (note that the change in the
order of the indices in the second term does not change the sum in (35)
but makes I' symmetric in the indices m and k). <

Theorem 36. Let g;; be a smooth Riemannian metric in R™. The
critical points x of the functional

1
0

are also critical points of the functional

T
(38) / 9i(x)%;%x;dt,
0

Additionally, we can reparametrize the critical points of @ n such a
way that they are also critical points of .

PROOF. The fact that the critical points of are critical points
of is a simple computation. To prove the second part of the
theorem it suffices to observe that the solutions of the Euler-Lagrange
associated to L preserve the energy E = %gij(x)icp'(j. Using this fact is
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easy to find the correct parametrization of the critical points of .
O

The minimizers of are called geodesics, although sometimes

the name is also used for critical points.

Example 16. Consider a parametrization f : A C R™ — R" of a
m-~dimensional manifold. The induced metric in R™ is represented by

the matrix

g=(Df)'Df.
The motivation is the following, given a curve 0(t) € M consider the
corresponding tangent vector 6(t) in TM. Let x = f(#) and x = D f0.
Then we define

<é’ 9) = (x, X>7

which gives rise, precisely to the induced metric. <

Exercise 49. Consider R*\{0} with polar coordinates (r,0). Show that
the standard metric in R? can be written in these coordinates as

RN
g_0r2'

72 + r26’2
2 )

the Lagrangian of a free particle in polar coordinates. Compute the

Let
L(r,0,7,0) =

Fuler-Lagrange equation and determine the corresponding Christoffel

symbol.

Exercise 50. Consider the sphere x*> +y* + 22 = 1 and the associate
spherical coordinates (0, p)

x = cosfsinp
y =sinfsinp

Z = COS p,
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0 € (0,2m) and ¢ € (0, 7). Show that the induced metric is given by
the matriz
B sin®p 0
=1 0 1|

Determine the Euler-Lagrange equation for L = %gijvivj and the Christof-

fel symbol corresponding to the coordinates (0, ).

Exercise 51. Consider the revolution surface in R® parametrized by

(r,0):

x =rcosf
y =rsinf
z = z(r).

Show that the induced metric is

1+(2)* 0 ]

0 r?

Show that the equation for the geodesics is
.9 .
0+ -10=0
r
r o Z/Z//
- + -
1+ (2')? 1+ (2)?

Determine the corresponding Christoffel symbols. Prove the Clairaut

¥ =0

identity, that is, that rcos (8 is constant, where (3 is the angle between

% and i‘% + 9%.

Exercise 52 (Spherical pendulum). Show that for a spherical pendu-

lum with unit mass, the Lagrangian can be written as

02 sin” ¢ + 62
2

Exercise 53. Determine the Lagrangian of point particle constrained

L= —Uly).

to the cone z* = x? + y°.

Exercise 54. Consider the Lagrangian for a particle of unit mass con-

strained to move in the cycloid parametrized by

xr=10—sinf y = cos .
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Show that the y coordinate is 2m-periodic for any initial condition that

yields a periodic orbit.

3.1. Parallel Transport. The Christoffel symbols I'}, can be
used to study parallel transport in a Riemannian manifold. In this
section we define and discuss the main properties of parallel transport.

Let M be a manifold and Z(M) the set of all C™ vector fields in
M. As usual in differential geometry, we identify vector fields in M
with the corresponding first-order linear differential operators. That
is, if X = (X4,...X,) is a vector field, we identify X with the first
order differential operator

)
X:;Xia—%.

Then, the commutator of two vector fields X and Y is the vector field
[X, Y], which is defined through its action as a differential operator in
smooth functions f:

(X, Y] = X(Y(f)) = Y (X (/)

A connection V in M is a mapping

V.

(1]
[
!

[

X

satisfying the following properties

L. VixigvZ = fVxZ +gVyZ,
2. Vx(Y + Z) =VxY +VxZ,
3. Vx(fY) = fVxY + X(f)Y,

forall X|Y,Z € E(M) and all f,g € C*(M).

The vector VxY represents the rate of variation of Y along a curve
tangent to X.
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Exercise 55. Let M be a manifold and V a connection in M. Define

i
I, as

0 0
=TI :
Vot by o
Show that
A oY, | 0
Y =TI, X.Y, X, — =
(39) VX km< k4 m + ]amj axi’

—_ Y. 0 _ V. 0
whereX—Xjaxj eY—Y}azj'

In every point z, the formula (39)) only depends on the value of the
vector field X at z, this allow us to define the covariant derivative of a
vector field Y along a curve x(t) trough

DY
~ = V,Y.
dt v

A vector field X is parallel along a curve x(t) if

DX
— = 0.
dt
A connection is symmetric if
VxY - VyX = [X,Y].

In general, connections in a manifold do not have to be symmetric, and

therefore
VxY - VyX =T(X,Y)+ [X,Y],

where T is the torsion.

Exercise 56. Determine an expression for the torsion in local coordi-
nates.

Exercise 57. Let V be a symmetric connection. Show that

k _ mk

A manifold can be endowed with different connections. For Rie-

mannian manifolds, are of special interest the connections which are
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compatible with the metric, that is, that for all vector fields X and Y
satisfy

(10) SUGY) = (ZXY) + (X 2Y),

where the derivatives are taken along any arbitrary curve x(¢). There
exists a unique symmetric connection compatible with the metric, the
Levi-Civita connection, whose Christoffel symbols are given by .

Theorem 37. Let M be a Riemannian manifold with metric g. The
the Levi-Civita connection, defined in local coordinates by the Christof-
fel symbols (36)), is the unique connection which is symmetric and com-
patible with the metric g.

PROOF. Let V be a connection which is symmetric and compatible
with the metric g. Then one can use to determine Dygp;, DinGrj
and D;gp, and it is a simple computation to show that its Christoffel

symbols are give by (36).

Exercise 58. Verify that the Christoffel symbols define a connection.

O

Exercise 59. Use formula @ to determine the Christoffel symbol

corresponding to the polar coordinates in R? - compare with the result

of exercise[{9

Exercise 60. Let X be a vector field and x a trajectory that satisfies

(2—); = X(x).
Show that in local coordinates
. 0 0X; 0
Xia_a:i = k:(X 8zy, Oz,
and, therefore,
DX

= (T}XeXm + X;)

dt dw;’
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Show that the previous definition is independent of the choice of local

coordinates, which allow us to define covariant acceleration as:
Dz oL .
o= (F}gmxkxm + xi)

for any C? trajectory.

81‘1‘7

Example 17. Equation can be then rewritten as
Dx

o

which should be compared with the Newton law for a particle in the
absence of forces x = 0. <

Exercise 61. Let M be a Riemannian manifold in which is defined a
potential V : M — R. The corresponding Lagrangian is

L(z,v) = %gijvivj —V(z).
Determine the Fuler-Lagrange equation.
Example 18. A force field in a manifold M is a mapping
F:TM —T"M

such that the image of T, M is a subset of T*M. The generalized

Newton law is

Dx
2 _F
g dt Y
in which the metric ¢ is identified with the operator g : TM — T*M
defined by (¢X)(Y) = (X,Y). <

3.2. Rigid Body - I. The rigid body is perhaps one of the best
examples in which the geometric formalism of the classical mechanics

is natural.

Consider a rigid body F with a fixed point at the origin. The
position of F at the time ¢ can be described by a matrix M(t) € SO(3)
with M (0) = I (recall that SO(3) is the set of 3 x 3 matrices M that
satisfy MTM = I and det M = 1). More precisely, consider a point

of F which was at the position x in ¢ = 0. Then at time ¢, the same
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point is located at x(¢) = M(t)z. If the body has mass density p(z),
the kinetic energy is given by

1

75 [ plolaral

Since M is an isometry, we have
|Mz|? = |M~ Mz,

that is,

1

T = 5/,0(95‘)]M1]\/[9c\2

The mapping that to a vector K, tangent to SO(3) at the point M,

associates

(41) K e (K K = 3 / o) MUKz

is a metric in SO(3) which is invariant by left translation. More pre-
cisely, let G € SO(3) be fixed. The left translation by G is the mapping
Lg : SO(3) — SO(3) defined by

LeM =GM, M e SO(3).
We have that L}, : Ty SO(3) — T SO(3) is simply

LiK =GK K € TySO(3).
A metric is called left-invariant if (LLK, LEK ) poym = (K, K)
Exercise 62. Verify that the metric is left invariant.

Exercise 63. Let M(t) be a C* curve in SO(3). Show that:

1. The matriz MM is anti-symmetric.
2. There exists a vector wy,—1y; = (w1, wa, ws) such that

0 —Ws )]
M™M= ws 0 —u
—W9 w1 0

and MMz = w,;—1y; X , in which X is the usual inner prod-

uct in R3. The vector wyry; 1s called the angular velocity.
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3. Verify that the kinetic energy is a quadratic form in wy, that
is, there ezists a symmetric matriz I (the inertia tensor) such

that

1

4. Let My(t) and My(t) be C* curves in SO(3) and M (t) = M, (t)Ms(t).
Determine wyry, as a function of wyry, and wyry, -

5. Let y(t) be the trajectory of a body in a referential under con-
stant rotation. Identify the forces that act over the body: refer-

ential acceleration, centrifugal force and Coriolis force.

Let M(t) be a curve in SO(3). The trajectory of a point x is
x(t) = M(t)z. Let G € SO(3) and consider the change of coordinates
Gy = x. Then

y(t) = GTM(t)Gy.

And, therefore, in the new coordinates the trajectory is N(t) = GT M (t)G

The kinetic energy can be written as

1 ~
_ T = T .
T_§wMTM]wMTM_ 2WNTNICL)NTN.

We would like to relate I and wyry with I and wr,;. We have

wyry At =GTMT MGz = GT(wyry A (Gz))
= GG [(GTwyry) A(GT(G))] = (GTwypryy) Az,

that is, wyry = GTw,,ry; and, consequently,
[=G"IG.

Since I is symmetric, we can always choose a rotation matrix G such

that in the new referential

L 0 0
I = 0 [2 O
0 0 I3

The constants I; are called the principal moments of inertia.
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3.3. Poincaré equations. Let M be a differentiable manifold.
Consider a set of n linearly independent vector fields Z; in M. The
speed x of a trajectory x : [0,7] — M can be written as a linear
combination of these vector fields:

X(t) = wi(t) Zi(x),
the functions w;(t) are called quasi-velocities [AKIN9T].
Sometimes it is useful to write the Lagrangian as a function of
the quasi-velocities, that is, we write L(z,w). We will deduce the

Euler-Lagrange equations in this situation. Let us consider a family of
trajectories x,(t) depending differentiably on a parameter 7. We have

ox 0x
L =w;Z; —T =&iZ;
o " &
Write Z; = ZF 61 Then by dlfferentlatmg and dropping the subscript
in x,,
?x, Ow; 0ZF Ox
A m
orot o T Yion, or
8w2 8Z"’
= SAZE w2
and
Ox _ 06, s 0Z; 0%y,
otor ot z 70z, Ot
ey aZ’-f
at Wiss
As ('?t(%' = ('?‘r(?t and
YA oYAS I
7.7 =|zn——= —zn__L| _—
125, Zi] 7 O, b Oz, | Oz’
we have
85@ awz
0=—Z4— Z &2, Z5),
that is,
- _g + ijwk-fj,

or ot
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where ¢,;Z; = [Zx, Z;]. Then

d [T T oL (0&
i, L(x:,w;) :/O Zi(L)& + D, (E +ijwk§j>
and, therefore,
d 0L oL
— = Z;(L) + —c*w,.
dt Ow; (L) + owy, i

3.4. Rigid body - II. Let M and N be differentiable manifolds.
Recall that for a diffeomorphism f : M — N and any vector field X in
T M we define the vector field f,X to be the vector field in T'N which

satisfies
(fX)(h) = (X(ho f))o f,
for all h € C*®(N).

In the case of the rigid body, or more generally, in the case of a
Lagrangian defined in a Lie group and left invariant, we can choose the
vector fields Z; of the form

Zi(9) = g+Zi(e),

that is, left invariant vector fields.

Lemma 38. Let X; and Y;, i = 1,2, be vector fields in a manifold M
and f: M — M a diffeomorfism. Assume that

Then
Y1, Ys] = f.[ X1, Xo).

PRrOOF. Let p € M. We have

Yi(g)‘f(p) = f*Xi<g)|f(p) = Xi(go f)‘pa
that is,
Yi(g)o f = Xi(go f).

Therefore

Y1(Ya(9))l 5 = X1(Ya(g) © f) = Xa(Xa(g o f)).



72 2. CALCULUS OF VARIATIONS IN ONE INDEPENDENT VARIABLE

Consequently
(Y1, Ya] = fu[ Xy, Xl

Thus, from the previous result, cfj is constant since

Therefore, if L is left invariant L = L(w). Consequently
doL oL ,

— = —clw,.
dt ow;  Owy 77

In the case of a rigid body, using, if necessary, a orthogonal transfor-

mation to diagonalize the inertia tensor into diag(ly, ls, I3). We can
choose vectors 71, Z5, Z3, such that in the identity they have the fol-

lowing form:

0 10 00 —1 0 0 0
Zy=|-10 01|, Zy=]00 0 e Z3=|10 0 1
0 00 10 0 0 -1 0

and that are left invariant. Thus, the Lagrangian is
L) = Dt B Lok

Exercise 64. Verify that the commutator of the vector fields Z; corre-

sponds to the commutator of the corresponding matrices, and that

(21, Zs) = Zy  |Za, Zs) = 2y [Z3, Z1] = Zs.

Using the previous exercise, the Euler-Lagrange equation are then
(42) Ly = (—72 - ]3)w2w3
Igwg = ([3 — [1)?,U3’wl
I3z = (11 — Iy)wyws,
that is,

(43) I +w x (Iw) = 0.
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The angular momentum vector is given by
N = lw.
With this notation, can be written as

(44) N=NAuw.

From the previous equation we conclude that
d d
—||N?’=0 —N-w=0.
il N

The first identity represents the conservation of the total angular mo-
mentum and the second the conservation of the energy. Let

0 N1 —NQ 0 w1 —Ws
L= —N1 0 N3 5 A= —w 0 W3
Ny —N3 0 Wy —ws 0
The equation can be written as
(45) L=[A L)

A pair (A, L) satisfying is called a Lax pair. Equations with the
previous structure have a rich structure and are interesting in the study

of diverse equations such as Kortwreg-of-Vries equations.

Proposition 39. Let L be a solution of . Then the eigenvalues of
L are constant. Furthermore, if vy is an eigenvalue of L at t = 0 and
v solves

v = Av,

with v(0) = vy then v(t) is an eigenvalue for all t.

PROOF. Let v(0) = vg be an eigenvector of L at t = 0 with corre-
sponding eigenvalue A € C. Define v(t) through the differential equa-
tion

v = Av.
Then

%Lv = Lv+ Lo =ALv — LAv+ LAv = ALv,

that is, w = Luv satisfies

w = Aw, w(0) = Av(0),
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which implies w(t) = \v(t). O

The Euler equation (42) admits as stationary solutions rotations
around each of the principal inertia axis. For instance, w; # 0, wy =
w3 = 0. In the case in which Iy = [, = I3 the only solutions are
stationary rotations w = 0.

Proposition 40. The stationary solution wy # 0, wy = w3 = 0 is stable
Zf]l < 12,13 or [2,[3 < I and unstable ZfIQ <h<Ilyorly<I<lIs.

PROOF. In the unstable cases, it suffices to look at the linearized
matrix (42)):

0 0 0
0 0 13;2—[1(,01 s
0 izBw, 0

and check that it has two eigenvalues with opposite sign. The stable
case requires some additional work which is left to the reader. U

If I = I, = I. the body is called a symmetrical top. In this in case,

d)g — 0
and
. [c - 13
Wy = o,
2 I 1w3
. [3 - [c
wp = W3ws.
1 I 3W2
From this last equation one concludes that
. (]3 - ]c)2 2
W = —————ws“wy,
1 IE 37W1
that is,
CI)l = —k(ﬂl,

with £ > 0, which implies that w; is a periodic function, and, in a

similar way, the same holds for w,.
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Finally, in the general case, the conservation of energy and total

angular momentum implies that the trajectory w(t) satisfies:

Lwi + Lws + Lwi = C,

]1(,()% + ]ng + Igw;f = CQ,
that is, the trajectories belongs to the intersection of two ellipsoids.

Exercise 65. Consider a rigid body with mass density p. Show that
the wnertia tensor admits the matricial representation:

J(W*+22)dp  — [aydp — [zzdp
I= — [aydp  [(2®+2%)dp  — [yzdp
— [xzdp — [yzdp  [(a® +y?*)dp

Exercise 66. Show that S(6,p,v) given by

cosep —sinp 0 1 0 0 cosy —siny 0
sinp cosp 0 0 cosf) —sinf sinty cosy 0 |,
0 0 1 0 sinf cosf 0 0 1

for (8,¢p,v) € (0,7) x (0,27) x (0,27) defines a local parametrization
of SO(3). The coordinates (0, p, 1) are called the Euler angles.

Exercise 67. Consider a rigid body with a fixed point and such that
I, = I,. Show that the kinetic energy written in the local coordinates

(6,0, ¢) is
[1 ) .9 . 2 [3 h ] 2
5(0 + $*sin b )+5<@/J+¢COSQ) :

4. Hamiltonian dynamics

In this section we introduce the Hamiltonian formalism of Classical
Mechanics. We start by discussing the main properties of the Legendre
transform. Then we derive Hamilton’s equations. Afterwards we dis-
cuss briefly the classical theory of canonical transformations. The sec-

tion ends with a discussion of additional variational principles.
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4.1. Legendre transform. Before we proceed, we need to discuss
the Legendre transform of convex functions. The Legendre transform is
used to define the Hamiltonian of a mechanical system and it plays an
essential role in many problems in calculus of variations. Additionally,
it illustrates many of the tools associated with convexity.

Let L(v) : R — R be a convex function, satisfying the following

superlinear growth condition:

L
lim () = 400

|v|—o0 |U’

The Legendre transform L* of L is

L*(p) = sup [~v-p— L(v)].

vER™

This is the usual definition of Legendre transform in optimal control,
see [FS93] or [BCD97|. However, it differs by a sign from the Legendre
transform traditionally used in classical mechanics:

L¥(p) = sup [v-p — L(v)],

as it is defined, for instance, in [AKN97| or [Eva98b]. They are
related by the elementary identity

L*(p) = L}(—p).

We will frequently denote L*(p) by H(p). The Legendre transform of
H is denoted by H* and is

H*(v) = sup [-p-v— H(p)].

peER™

In classical mechanics, the Lagrangian L can depend also on a po-
sition coordinate x € R™, L(x,v), but for purposes of the Legendre
transform z is taken as a fixed parameter. In this case we write also

H(p,z) = L*(p, z).

Proposition 41. Let L(z,v) be a C? function, which for each x fized
s uniformly convexr and superlinear in v. Let H = L*. Then

1. H(p,x) is convex in p;
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2. H* = L;
3. for each x
H
i 2@:2) _
o= |p|

4. let v* be defined by p = —D,L(z,v*), then

Y

H(p,z) = —v*-p— L(z,v");
5. in a similar way, let p* be giwen by v = —D,H (p*,x), then
L(z,v) = —v-p" — H(p", z);
6. if p=—D,L(x,v) orv=—D,H(p,x), then
D,L(z,v) = —D,H(p,x).

PROOF. The first statement follows from the fact that the supre-
mum of convex functions is a convex function. To prove the second

point, observe that

H*(x,w) = sgp [~w-p— H(p,z)]

=supinf [(v —w) - p+ L(x,v)].
p v
For v = w we conclude that
H*(z,w) < L(xz,w).

The opposite inequality is obtained by observing, since L is convex in
v, that for each w € R" there exists s € R™ such that

L(z,v) > L(z,w) + s - (v—w).
Therefore,

H*(z,w) >supinf [(p+ s) - (v —w) + L(z,w)] > L(z,w),
P v
by letting p = —s.

To prove the third point observe that
2
Hp.x) Lo —Ap)
p| Pl

)
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by choosing v = _)‘\%I' Thus, we conclude

lim inf M > )\

pl—co  |p| T

Since \ is arbitrary, we have

H
lim inf (p, 2) = 00

lol—cc  |p|

To establish the fourth point, note that for fixed p the function
v v-p+ Lz, v)

is differentiable and strictly convex. Consequently, its minimum, which
exists by coercivity and is unique by the strict convexity, is achieved
for

—p — D, L(z,v) = 0.

Note also that v as function of p is a differentiable function by the

inverse function theorem.
The proof of the fifth point is similar.

Finally, to prove the last item, observe that for
p(z,v) = =D, L(x,v),
we have
H(p(z,v),z) = —v - p(z,v) — L(x,v).
Differentiating this last equation with respect to  and using

v = —D,H(p(z,v),2),

we obtain

O

Exercise 68. Compute the Legendre transform of the following func-
tions:
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L(z,v) = %aij(x)vivj + hi(x)v; — U(x),

where a;; is a positive definite matriz and h(x) an arbitrary
vector field.

L(z,v) = 1/ a;j(x)v;v;,

where a;j s a positive definite matrix.

1
L(.I,U) = §|U|>\ - U([E),
with A > 1.

Exercise 69. By allowing the Lagrangian and its Legendre transform
to assume the values £00 comute the Legendre transforms of

1. for w e R"

0 =
L) = if v=w
+00  otherwise.

2. for w € R™ set
L(v) =w-wv.
3. for R >0

0 i v[<R

400 otherwise.

L(v) =

4.2. Hamiltonian formalism. To motivate the Hamiltonian for-
malism, we consider the following alternative problem. Rather than

looking for curves x : [0, 7] — R™, which minimize the action

/OT L(x,%)dt

we can consider extended curves (x,v) : [0,7] — R?** which minimize

the action

(46) /OT L(x,v)dt
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and that satisfy the additional constraint x = v. Obviously, this prob-
lem is equivalent to the original one, however it motivates the intro-
duction of a Lagrange multiplier p in order to enforce the constraint.
Therefore, we will look for critical points of

(47) /0 Lx,v) +p - (v — X)dt.

Proposition 42. Let L : R" x R® — R be a smooth Lagrangian. Let
(x,v) : [0,T] — R* be a critical point of {46) under fived boundary
conditions and under the constraint X = v (the choice of p is irrelevant

since the corresponding term always vanishes). Let
p=-D,L(x,v).

Then the curve (x,v,p) is a critical point of under fixed boundary
conditions. Additionally, any critical point (x,v,p) of satisfies

X=vV
p=—-D,L(x,V)
p=D,L(x,v).

In particular, x is a critical point of . Furthermore, the FEuler-
Lagrange equation can be rewritten as

p=D.H(p,x) x=—-D,H(p,x).

PROOF. Let ¢, ¢ and 1 be C?([0,T], R™) with compact support in
(0,7). Then, at e =0

T
% 0 Lx+ep,v+ep)+(p+en) (v—x)+ep+en) - (¢—9)
T .
:/0 D,L(x,%)¢ + DL +p - (b — §) +1- (v — %)
T
_ /0 [D,L(x,%) + B & = 0.
If p=—D,L(x,v), then v maximizes

—p-v— L(z,v).
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Let
H(p,x)= max [—p-v— L(x,v)].
By proposition 1] we have
D.H(p,x) = —D,L(x,v)
whenever
p=—D,L(z,v).
Additionally, we also have
v=—D,H(p,z).
Therefore, the Euler-Lagrange equation can be rewritten as
p=D.H(p,x) x=-D,H(p,x)
These are the Hamilton equations. U
Exercise 70. Suppose H(p,z) : R" x R" — R is a C* function. Show

that the energy, which coincides with H, is conserved by the Hamilton-
tan flow since

d
~H — 0.
o (p,x)

4.3. Canonical transformations. Before discussing canonical trans-
formations we need to review some basic facts about differential forms
in R™. Firstly, recall that given a C! function f : R® — R its differen-
tial, denoted by df, is a mapping df : R” x R®™ — R that to any point
x € R™ and each direction v € R" it associates the derivative of f in

the direction v:
A (x)(v) = fla +ot)
dt 0
Note that for each z € R™ this mapping is linear in v. For instance, for
each coordinate i € {1,...,n} we can consider the projection function
in this coordinate: x +— x;, whose differential is dz;.

A (first order) differential form is any mapping

A:R*"xR* = R,
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which is linear on the second coordinate. For simplicity, we assume
also that this map is continuous in the first coordinate. Clearly we can

write
where f;(z) = A(z)(e;).

An important example of a differential form is the differential df of
a C' function f. In fact, by linearity, we have

df = Z g—idxi.

The integral of a differential A form along a path v : [0,7] — R™ is
simply

JRCOCOTES Sy AFICOACEE

Exercise 71 (Poincaré-Cartan invariant). Fiz t € R and consider a

closed curve
v = (x(s,t),p(s,t)) : [0,T] — R*".

Suppose that for each fized s € [0,1]

p(s,1) = DLH(p(s,1), x(5.1)).

1
fpdxz/ p-%ds
0 ds

Exercise 72. Show that the critical points of

%X(S, t) = —DpH(p(S, t)7 X(57 t))

Show that

15 independent of t.

T
/ pdx + H(p,x)dt
0

under fived boundary conditions satisfy the Hamilton equations.
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Let (x,p) be a solution of the Hamilton equation. By exercise
72, (x,p) is a critical point of

/ pdx + Hdt.

Let S(z,p) : R* — R be a C! function. Then (x, p) is also a critical
point of

/pdx+Hdt— ds,

because the last integral differs from the previous only be the addition
of the differential of a function S. Consider now a change of coordinates
P(z,p), X(x,p). In general the functional [ pdx + Hdt — dS when
rewritten in terms of the new coordinates (P, X) does not have the
form [ PdX + H(P,X)dt, and, therefore, the Hamilton equations in
these new coordinates may not have the standard form. A change of
coordinates (x,p) — (X (z,p), P(x,p)) is called canonical if there exist
functions S and H(P, X) such that

(48) pdz + Hdt — dS = PdX + Hdt.

Consider now a solution (x,p) : [0,7] — R?*" of Hamilton’s equa-
tions. Suppose the coordinate change (x,p) — (X(z,p), P(z,p)) is
canonical. Then the trajectory written in the new coordinates (X, P)
is a critical point of the functional

T
/ PdX + Hdt.
0
Therefore (X, P) satisfies Hamilton’s equations in the new coordinates,
which are
(49) P=DxH(P,X) X =-DpH(P,X).

Thus, in order to have , we must have (because the change of

coordinates does not depend on t)

H(p,x) = H(P(p,z), X(p, )).
From this we conclude that

pdx — PdX = dS.
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Suppose now we can write the function S in terms of x and X, that is
S = S5(x,X). Then

(50) p=D,S P=—-DyS.

Consider now the inverse procedure. Given S(z, X), suppose that
defines a change of coordinates (for this to happen locally it is sufficient,
by the implicit function theorem that det D?y.S # 0). Then, in these
new coordinates we have (49). Since S determines (at least formally)
the change of coordinates, we call it a generating function. <

Example 19. Consider the generating function S(x, X) = xX. Then
the corresponding canonical transformation is p = X, P = —z. Thus,

(z,p) — (X,P) = (p,—x) and H(P,X) = H(—P, X). <

Suppose now that S, written as a function of (z, P), is:
S(z,P)=—PX + Si(x, P).
Then (48) can be written as:
pdx + PdX + XdP — D,Sidx — DpS1dP = PdX,

that is,
p:stl X:Dpsl.

Example 20. Let S(z, P) = P. Then p = P and X = z, therefore

S1 generates the identity transformation. |

Exercise 73. Assume now that S can be written as a function of X

and p and that we have
S(X.p) = pr + S2(X, p).
Determine the corresponding canonical transformation in terms of Ss.

Exercise 74. Suppose that S can be written as a function of p and P
with the following form.:

S(p, P) = px — PX + Ss(p, P).

Determine corresponding canonical transformation in terms of S3.
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Example 21. Consider the Hamiltonian

H = H(py,py, x — ).

Choosing
S1 =Pz +y)+ Pz —y)
we obtain
pe=P1+ D py =P — B,
X1 =21+ 2 Xo=1z—y,
and

— — P +P P —PF
H(PI,PZ,XI,)@)zH(Pl,PmXﬂ—H( e 2,X2>,

which does not depend on X; and, therefore, P;, the total linear mo-

mentum is conserved. <

Example 22. Let S;(z, P) be a C? solution of the Hamilton-Jacobi
equation
H(D,S:(x, P),x) = H(P).
Suppose that
X:Dp51<£lj',P) pIstl(Q?,P)

defines implicitly a change of coordinates (z,p) — (X, P). Assume
that det D2,S; # 0. Then, if (x(t), p(t)) satisfy

x =—D,H(p,x) p=D,H(p,x),
in the new coordinates we have
X =-DpH(P) P =0.
<4

Example 23. Consider a Hamiltonian H (p, x) with one degree of free-
dom, that is x,p € R. We would like to construct a canonical change
of coordinates such that the new Hamiltonian depends only on P. We
will first construct the corresponding generating function. For that,
suppose that there exists such a generating function S;(z, P). Then

dS, = XdP + pdx.
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Fix a value P. We will try to choose S; so that the new Hamiltonian H

depends only on P, that is H(p(P, X),z(P, X)) = H(P). Along each
curve v = (x,p) : [0,T] — R? such that P is constant, we have

dS, = pdzx.

Therefore,
S (x(T), P) — $1(x(0), P) = /0 p(t) - %(1)dt.

In principle, from the equation H(p,z) = H(P). So we can solve for p
as a function of x and of the value H(P). In this case, the generating
function is automatically determined as a function of H and of z. In the
following example we consider a concrete application of this technique.
<

Example 24. Consider the Hamiltonian system with one degree of

freedom:
2

H(p,x) = 2 +V (@),
with V(x) 27-periodic. For each value of H(P) we have (assuming for

definiteness p > 0)

Si(@.P) = [ \2(0(P) = V)i

Therefore,

x 8 —
X = / 22T (P) — V(y) DeH(P)dy.
0o OH
In principle, the function H(P) can be more or less arbitrary. To
impose uniqueness it is convenient to require periodicity in the change

of variables
X(0, P) = X(2r, P),

which implies
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Exercise 75. Show that the polar coordinates change of variables (x,p) =
(rcos@,rsinf) is not canonical. Determine a function g(r) such that

(x,p) = (g(r) cos B, g(r) sin b) is a canonical transformation (forr > 0).

4.4. Other variational principles. In the case of Hamiltonian
systems, as the next exercise shows, there exists an additional varia-

tional principle:

Exercise 76. Show that the critical points (x,p) of the functional
T . .
X —X
/ PX=XD L 1. x)
0 2

are solutions to the Hamilton equation

Unfortunately the functional of the previous exercise is not coer-
cive in W'? and may not have any minimizer. The Clarke duality
principle (following exercise) is another variational principle for convex

Hamiltonians which is coercive.

Exercise 77 (Clarke duality). Let H(p,z) : R* — R be a C™ func-
tion, strictly convex and coercive, both in x and p. Let H*(0,,0,) :
R2" — R be the total Legendre transform

H*(w,, wy,) =sup —w, - — w, -p — H(p, x).

z?p

Let (v, v,) be a critical point of

™1

/ 5[Vm'vp_vp'vw]+H*(vxavp)'

0

Show that
x =—Dy H*(V,,V,) p=—Dy, H" (Vy, V)
s a solution of Hamilton’s equations.
Exercise 78. Apply the previous exercise to the Hamiltonian
B P? + 22

H(p,z) = B
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Example 25 (Maupertuis principle). Consider a system with Lagrangian
L and energy given by

E(x,%X) = D,L(x, %)% — L(x, %).

Since the energy is conserved by the solutions of the Euler-Lagrange

equation, the critical points of the action are also critical points of the

T T
/ L+E :/ D,L(x,%)%,
0 0

under the constraint that energy is conserved.

functional

Obviously, in general it is hard to construct energy-preserving vari-
ations. We are going to illustrate, in an example, how to avoid this
problem. Let L be the Lagrangian

1
L(z,v) = 59V — Ulx).
Then,
1
FE = —gijUin -+ U((L’)

2
and

DvLU = gijV;V;.
Thus we can write
D,Lv=2(F —U(x)).

Therefore the functional can be rewritten as

(51) M(x, E) :/O V2 (E — U(x))\/gi%ix;dt

The last term represents the arc length along the curve that connects
x(0) to x(7"). This integral is independent of the parametrization and
therefore we can look at its critical points (without any constraint)
which obviously depend on the parameter £. Then, once determined,
in principle we can choose a parametrization of the curve that pre-
serves the energy. The next exercise shows that such critical points are

solutions to the Euler-Lagrange equation:
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Exercise 79. Let x be a critical point of M(x, Ey) parametrized in

such a way that
E(X, X) = EO-

Show that x is a solution of the Fuler-Lagrange equation.

5. Sufficient conditions

This section addresses a very classical topic in the calculus of vari-
ations, namely the study of conditions that ensure that a solution to

the Euler-Lagrange equation is indeed a minimizer.

5.1. Existence of minimizers. In general, it is not possible to
guarantee that a solution to the Euler-Lagrange is a minimizer of the
action. However, for short time, the next theorem settles this issue.

Theorem 43 (Existence of minimizers). Let L(x,v) be strictly convex

in v satisfying
DALl <, |DLLI<C.

Letx : [0,T] — R™ be a solution to the Euler-Lagrange equation. Then,
for T sufficiently small, x is a minimizer of the action over all C!

functions y with the same endpoints: y(0) = x(0), and y(T') = x(T).

PROOF. Observe that if f is a C? function then

1 s
1) = f(0 (0 "(r)drds.
0 =50+ 7+ [ [ 5aras
Applying this identity to

flr) = L(A —=r)x+ry, (1 —r)x+71y),
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we obtain

/ " Ly, 9

_ / [L(x,%) + D, L(x,%)(y — ) + D L(x,%)(j — %)

/ / x)"D2 L((1 —r)x+ry, (1 —r)x +ry)(y — x)
—x)'D2 L(1 —r)x +7ry,(1 —r)x +ry)(y — %)
—|—(y—x)TD3UL((1 —r)x+ry, (1 =r)x+ry)(y —x)] drds] dt.

Since x satisfies the Euler-Lagrange equation and, by strict convexity,
D? L > ~, we have

/ " L(y.y)dt > / %)

/ / T D2 L((1 = )% + 1y, (1 — 1Y% + 19)(y — %)
—x)"D2,L((1 = r)x+ry, (1 —r)x+ry)(y — %)) drds
+v|y — x[*] dt

The one-dimensional Poincaré inequality implies

T TZ T
/ ly —x|*dt < —/ ly — x|%dt,
0 2 0

that is,

/// i

D2 L((1 —r)x +7ry, (1 —7)x +ry)(y — X)drdsdt

> —(JT2/ ly — x|%.
0
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Thus, for any e,

/// i

LT =r)x+ry, (1 —r)x+ry)(y — x)drdsdt

T. ) C
—e/ |y—x|2——/ v — xP?
0 € Jo
cT? ,
— e+ ; |y—x|

Thus, choosing T sufﬁciently small and taking, ¢ = T" we obtain

T T T
/ Ly, ¥)dt > / L(x,%) + 6 / ¥ — %P,
0 0 0

for some 6 > 0. ]

v

v

Exercise 80. Prove the one-dimensional Poincaré inequality
T 2 T
T .
/ ¢ < o5 / 0|
0 0

for all C* function ¢ satisfying ¢(0) = ¢(T) = 0.
Exercise 81. Suppose that the Lagrangian L instead of satisfying

D3Il <C,  |DLI<C,
as in theorem [{3, satisfies

D3 LI < C(L+ o), |DZLI < C(L+ u]).

Assume further that the curves y are constrained to have bounded
derivatives in L. Can you adapt the proof and the statement of theo-
rem [{3 to include this case?

5.2. Hamilton-Jacobi equations.

Theorem 44. Let V(x,t) be a C? solution of the Hamilton-Jacobi
equation

(52) Vi =H(D,V,x),
for 0 <t <T. Let x be a solution to the equation

x = —D,H(D,V(x),x).



92 2. CALCULUS OF VARIATIONS IN ONE INDEPENDENT VARIABLE

Then x is a solution to the Euler-Lagrange equation

d
—D,L—-D,L=0
dt
which minimizes the action
T
(53) /‘ux@@
0

under fived boundary conditions.

Proor. Obviously, it suffices to show that the trajectory x mini-
mizes the action that automatically it will be a solution to the Euler-
Lagrange equation. Observe that the problem of minimizing with

fixed endpoints is equivalent to minimize
T
/‘ux@+xmygmwwa
0
with the same endpoint constraint. In the trajectory x we have
T
/ L(x,%) +xD,V(x) + Vidt = 0.
0

But for any other trajectory y we have

L(y,y) +yD.V(y) > L(y,y) — D,H(D.V(y),y)D.V(y)
=—H(D,V(y),y)

and, therefore,
T
/ L(y,y)+yD,V(y)+ Vi(y)dt > 0.
0

O

To solve the Hamilton-Jacobi equation we can use the method of
characteristics: let (p,x) be a solution of Hamilton’s equation:

(54) p=D,H(p,x) x =—D,H(p,x),
with initial data (p(0),x(0)) = (D,V(z),z). Then
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Therefore, in order for the method of characteristics to yield a solution
to the Hamilton-Jacobi equation in a neighborhood of the trajectory,

we must have that the mapping
x— x(t;x)

is invertible. As it was seen previously, the equation is equivalent
to the Euler-Lagrange equation:

d
%DDL(X, x)— DL =0.
The derivative of this equation with respect to a parameter is the Jacobi
equation
d . i
(55) = [ngLY n waLY] _ DALY — D2LY =0.

If Y(0) = I then there exists 7 > 0 such that det Y (¢) # 0 for all
0 <t < T, and therefore the method of the characteristics yields a
local solution of the Euler-Lagrange equation.

5.3. Existence and regularity of minimizers. In this section
we assume that the Lagrangian L(z,v) is C*, strictly convex in v,
satisfies

(56) — C+0|* < L(z,v) < C(1+ |[v]?),
for # > 0, and that, for each fixed compact K and = € K we have

(57) |D.L(z,v)| < Cr(1 + |v]?),

(58) |DyL(z,v)| < Ck(1+ [v]).

Theorem 45. Suppose L(z,v) : R" x R" — R is smooth and satisfies

the previous , and . Then, for any T > 0 and any xo, r1 €
R", there exists a minimizer of x € W20, T] of

(59) /0 ' L(x,%)ds

satisfying x(0) = xq, x(T) = ;.
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PRrROOF. Let x, be a minimizing sequence. Then, using we
conclude that ||%x,||zz is uniformly bounded. By Poincaré inequality,
we conclude that

sup ||x, ||z < oo.
n
By Morrey’s theorem, the sequence x,, is equicontinuous and bounded
(since x,(0) is fixed), thus there exists, by Ascoli-Arzela theorem, a
subsequence which converges uniformly. We can extract a further sub-
sequence that converges weakly in W2 to a function x. We would like

to prove that x is a minimum. To do that it is enough to prove that

the functional is weakly lower semicontinuous, that is, that

T T
(60) lim inf/ L(xp,%,) > / L(x,%),
0 0

n—oo

whenever x,, — x in W2, By contradiction suppose that there is a
sequence x, — X such that

T T
(61) lim inf/ L(xp,%,) < / L(x,%),
0 0

n—oo

By convexity,
T
(62) / L(xp,%,)
0

> /O L(x0, %) — L(%, %) + L(x, %) + DyLL(x, %) (%, — %).

Because x,, — x we have

/OT D, L(x,%)(%, — %) — 0,

since D,L(x,x) € L? From the uniform convergence of x, to x we
conclude that

T
/ L(x,,%,) — L(x,%,) — 0,
0
since
|L(%n, %n) — L(X,%,)| < Oxlx, — x|(1 4 |%,]%).

Thus by taking the liminf in we obtain a contradiction to (61)),
and therefore holds. O
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Theorem 46. Let x be a minimizer of . Then x is a weak solution
to the Euler-Lagrange equation, that is, for all p € C°(0,T),

(63) /0 D, L(x,%X)p + D,L(x,%)p = 0.

PRroOOF. To obtain this result, it is enough to prove that at e = 0,

T T
d
pE i L(x+ ep,x + €p) = /0 %L(x—l—ap,)'(%—egb) 6:0,

e=0

that is, justify the exchange of the derivative with the integral.

By Morrey’s theorem, since x € W2(0,7), we have ||x|[z~ < C.
So x € K for a suitable compact set K. Let |¢] < 1. Observe that
there exists a compact K D K such that x + ep € K for all ¢t. For
almost every ¢ € [0,T], the function

€— L(x+ep, X+ €)
is a C! function of €. Furthermore
|L(x + ep, X+ €@)| < Cr(1+ x4+ €?) < Cr(1+[%* +[2]?),

and,

d o . . .
T L+ ep,x+ep)| < Cr(l+ %1+ 2% (le] + 19])-

This estimate allows us to exchange the derivative with the integral. [J

Exercise 82. Show that the identity @ also holds for ¢ € WOI’Q.

Theorem 47. Suppose L(z,v) : R* x R" — R is smooth, satisfies (56)
and it is strictly convex. Then the weak solutions to the Euler-Lagrange

equation are C? and, therefore, classical solutions.

PROOF. Let x € W2(0,T) be a weak solution to the Euler-Lagrange
equation. Define

T
p(t) = po —|—/ D, L(x,%)ds,
t
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with pg € R™ to be chosen later. For each ¢ € C2°(0,7) taking values

in R™ we have

/Td( )it =p- |, =0
et =p-gfy =0

Thus,
T
/ —D,L(x,%)¢ + ppdt = 0.
0

Using the Euler-Lagrange equation in the weak form we conclude that

T
/ (p + D,L(x,%))¢dt = 0,
0
which implies that p + D, L is constant, that is,
P= _DUL(Xv X)7

choosing py conveniently. Since p is continuous, by the previous iden-
tity, x = —D,H (p,x). Therefore, X is continuous. Moreover, if H(p, )
is the Hamiltonian associated to L, we have

p = DxH(p7 X)7
which shows that p is C!. But, since
x=—D,H(p,x),

we have that x is C! and, therefore, x is C?. O

5.4. Conjugate points. In this section we study the second vari-
ation of the action and certain issues concerning the existence of mini-
mizing trajectories. If the Lagrangian corresponds to the kinetic energy
in a Riemannian Manifold we also study the connections with curva-

ture.

5.4.1. Second variation and conjugate points. The next exercise es-
tablishes the connection between Jacobi equation (55| and the second

variation:

Exercise 83. Let x : [0,T] — R". Consider the functional

T
1 . .1
0



5. SUFFICIENT CONDITIONS 97

Show that the Fuler-Lagrange equation is Jacobi equation . Show
that if Y is a solution of the Jacobi equation with Y (0) = Y (T) = 0
then

T
1 o . 1
(64) /O 5Dgijmfj + D3, LY;Y; + §D§ﬂj LY;Y; = 0.

Let x is a solution of the Euler-Lagrange equation corresponding
to the Lagrangian L. A point x(7') is conjugate to x(0) if there exists
a non vanishing solution of satisfying Y (0) = Y(T') = 0. The
dimension of the space of solutions Y to the Jacobi equation which
satisfy Y'(0) = 0 is n. Similarly, the space of solutions Y to the Jacobi
equation which satisfy Y (0) = 0 is also n. Since the space of solutions
to the Jacobi equation is 2n, in general the intersection of these two

spaces is 0-dimensional, i.e. it only contains the trivial solution.

Exercise 84. Let x be a solution to the Fuler-Lagrange equation. Show
that Y (t) = %x()\t)}Azo is a solution to the Jacobi equation satisfying
Y (0) = 0.

Suppose L = %gijvivj for some Riemannian metric g. Show that

Y(t) # 0, for all t # 0. Conclude that the space of solutions Y to the
Jacobi equation which satisfy Y (0) =Y (T) =0 is at most n — 1.

Theorem 48. Let L(z,v) be a C™ Lagrangian, strictly conver and
coercive. Let x a solution of the Fuler-Lagrange equation corresponding
to the Lagrangian L. Let T be such that x(T') is conjugate to x(0). then
the trajectory x is not a local minimum of the action

/0 " L(x,%)

para 17 > T.

PROOF. Let Y be a non-trivial solution of the Jacobi equation com
Y (0) =Y(T) = 0. for each € > 0 consider the trajectory

X+eY if0<t<T
X, =
x otherwise.
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for each 6 > 0, computing the Taylor expansion up to second order and
taking into account we obtain

/OM L(x¢, %) < /OM L(x,x) + O(é%).

However, if the sign of the term O(e?) is negative, we obtain a contra-
diction, if it is positive, by replacing Y by —Y, we are in the previous
situation. Therefore the only non-trivial case occurs when the third

order term vanishes and we have:

/OMs L(x.,%.) < /OM L(x,%) + O(e*).

Let ¢ be defined in the following way ¢(t) = €Y (¢) if 0 < ¢t < T — ¢,
o(t) = 0for t > T4+ 6 and is linear in ¢t for T'— 6§ < ¢t < T 44,
interpolating between the values of p(T"— 9) = €Y (T — 9) and 0 =
©(T + 6). We would like to show that

T+6 T+6
/ Lix+ ¢, %+ @) </ L(x.%),
0 0

if € and § were chosen conveniently. For that we will proceed to prove
a series of estimates. To simplify notation, and for reasons that will
be clear later on, we assume that 6 = €2 and we will use the relation
a ~ bto denote a = b+O(e*), and similarly for = and < for inequalities.

We have
T+6 T
/ L(x.. %) ~ / L(x(T), %(T))+
T—6 -6

Dy L(x(T), %(T)) (x(t) — x(T'))+
Dy L(x(T'),%(T)) (x(t) = %(T)).
We observe that since [t — T'| < §

x(t) —x(T) = x(T)(t — T) + O(6%).
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Furthermore
D,L(x(T),%.(T)) = D, L(x(T),%x(T)) + O(e)
D, L(x.(T),%.(T)) = D, L(x(T),%x(T)) 4+ O(e).

consequently,

T+6
/T L) LT %(T)) + SL(x(T). X(T) -

< (T) +%(T :
2L (X(T), W) 1 267|V (T)[? ~
T+6
/ L(x + ¢, % + ) + Coe’.
T—6
and so,
T—06 T+6 T+6
/ L(xc, %) + / L(x+p, %+ ¢) < / L(x,x)ds — Cdé?,
0 T—6 0

which, for § = €¥/? and e sufficiently small, implies that x does not
minimize the action between 0 and T + 9. O

5.4.2. Curvature. The curvature tensor R is defined by
R(X,Y)Z =VxVyZ —VyVxZ -V xyZ.

Exercise 85. Show that

R(X,Y)Z = Ry XY.Zis -
z;
where or o
. ik ik m ml
Ry = 8;« - oz, + Il — il

Exercise 86 (Bianchi’s identity). Show that for all vector fields X, Y, Z
R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y = 0.

Theorem 49. Let L be the Lagrangian be the kinetic energy defined
by a Riemannian metric. Consider a geodesic x with tangent vector
X =x. Then Jacobi’s equation can be written as

D*Y
dt?

(65) = R(X,Y)X.
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PRrROOF. Consider a one-parameter family of geodesics ¢(t, d), that
is for each 0 the mapping ¢t — (¢,9) is a geodesic. Let
_O¢y 0
~ 95 Oy,

and

O¢y, 0
X=—=——"
ot 8xk
We have [X,Y] =0, and so

R(X,Y)X = VxVy X — VyVxX — Vixy X
=VxVyX —VyVxX
=VxVyX,
since VxX = 2% = (0. Once more, using [X,Y] = 0 and the fact that

Tat T
the connection is symmetric, we have Vy X = VxY which then yields

(&) O
Lemma 50. For all vector fields X,Y, Z, we have

(R(X,Y)Z,Z) = 0.

Proor. We have
(VyVxZ,72)=Y(NxZ,Z)—(VxZ,NyZ),
and
(VxVyZ,7)=X(NyZ,Z) — (VyZ,NxZ).
Therefore
(VxVyZ,7) —(NyNVxZ, 2y = X(NyZ,Z) - Y (NxZ,Z)
=XY{(Z,Z)-YX(Z Z) - X{Z,NyZ)+Y(Z,NVxZ),

that is,
(VxVyZ, Z) = (Vy V7, Z) = %[X, Y|(Z, 7).
Since
(VixyZ,2) = [X,YZ,Z) = (Z,VxyZ)
we have

1
(VixyZ,Z) = é[X, Y(Z,Z),
which implies the desired identity. 0
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Proposition 51. Let Y be a solution of @ along a geodesic x whose

tangent vector is X = X and satisfies

D
X =
dt 0.

Suppose that Y (0) = 0 and that
Z =0
dt )
att=0. Then (X,2X) =0 for all t.
PRrROOF. We have
d D D __ D D?

— (X, — X, =Y X, —
dt< " dt )= <dt " dt )+ " dit?

— (X, R(X,Y)X) =0,

Y)

taking into account that X = 0, and using in the last identity lemma
Hal O

Suppose we are looking for solutions to the Jacobi equation satisfy-
ing Y(0) =0 along a geodesic X. Consider the solution Y constructed
in exercise [84 Observe that V' is tangent to the geodesic x. We can
write the solutlon Y = aY 4+ Y, where a € R and Y| is a solution to
the Jacobi equation such that ¥, (0) = 0 and Y7 (0) is orthogonal to
x(0). By the previous proposition YL( ) is orthogonal at all times to

x(t). Additionally, by exercise Y(t) # 0 for all ¢t # 0. Therefore,
if Y/(T') = 0 then a = 0. Consequently, to look for conjugate points it
suffices to consider initial conditions orthogonal to the geodesic.

A manifold has constant sectional curvature kq if for all vector fields
X, Y, W, Z we have

Exercise 87. Show that the sphere x + y* + 22 has constant sectional

curvature.
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Exercise 88. Let e; be an orthonormal basis for T,M. Show that if M

has constant sectional curvature then
Rz’jkzl = <R(€ia ej)€k> 61) = ko(5ik5jz - 5il(5jk)-

Example 26. Let M be a manifold with constant sectional curvature.
Let x be a geodesic in M with |x| = 1 and let Y be a Jacobi field
orthogonal to x. Then, Jacobi’s equation

D?Y ) )
= R(x,Y)x
can be written as ,
D?Y
= kyY,
dt2 oL,

since for each vector field X we have
Thus, depending on the sign of kg, we obtain the following solutions
sintyv/koe(t) if ko >0
Y(t) =< te(t) if ko >0
sinh t+/ —koe(t) if kg < 0,

where e(t) is a parallel vector field. As a conclusion, if the sectional

curvature is negative, the geodesics cannot have conjugate points. <«

5.4.3. Computation of conjugate points. In this section we explicitly
compute conjugate points.

Example 27 (Sphere). Consider a sphere of radius 1 in spherical co-
ordinates (6, ¢) as in exercise (50]). The Euler-Lagrange equations are

4 (sin® o) =0
<5+ sin ¢ cos 0% = 0.
And the corresponding Jacobi equation is

% [sin2 gopg} + % [2 sin ¢ cos goép@ =0

%pw + cos? 90P¢92 — sin® gﬁpwé2 + 2 sin ¢ cos goépe =0.
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Consider a geodesic ¢ = 7, 0 = 1 (the equator). In this case the Jacobi
equation is

P =0
]54,0 + Dy = 07
which has as a particular solution
Dy = sint pg =0,
which shows that 6§ = 7 is conjugated to 6 = 0. |

Example 28 (Lobatchewski plane). Consider the following metric in
the upper semiplane (y > 0) given by

|

/ )'(2 + y2
2y2
and, consequently, are solutions to the Fuler-Lagrange equation
d . d . . 2 . 2
d | x — 0, —l—l-x ty —0.
dt | y? dt | y? y3

Consider vertical geodesics, that is with x = 0. Then

dy] ¥y _
i 5]+ 3o

o =
@Ml,_. o
| I |

The geodesics minimize

which admits

as a solution.
The Jacobi equation is
d | ps d |2xp,| 0
dt | y? dt | y3 |

dt y2 y3 y3 y4
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Observe that to determine the conjugate points we only need to con-
sider solutions which are orthogonal to the geodesic. So we for vertical

geodesics we can set p, = 0, and x = 0. Thus

d Py ,YPy Py LY’
S APy oYPyl  oYPy 3Y
dt [yz yo | TSy oy
Set p = %. Then
. . 2
p+2Yp—3Lp=0
Yy Yy
Since y = —y we have

p—p=0.
We leave as a (simple) exercise to check that therefore there are no
conjugate points. |

5.4.4. Cut locus.

Theorem 52. Let x be a solution of the Euler-Lagrange equation and
let T > 0 be the infimum of all t for which x is not a minimizing
tragectory. Then either x(0) and x(T') are conjugated or there exists y
such that y(0) = x(0) and y(T') = x(T') such that

[ = [ nws)

PRrROOF. Since for ¢ > T the trajectory x is not minimizing, there
exist t; > T and solutions to the Euler-Lagrange equation y; such
that t; — T, y;(0) = x(0), y;(t;) = x(¢;). By the proof of theorem
45| which guarantees the existence of minimizing trajectories, we can
assume that y;(0) is uniformly bounded. Then y;(0) — y(0), through
some subsequence. If y(0) # %(0), it is easy to check that we have

[ 0= [ 1w,

otherwise the trajectory x would not be minimizing for ¢ < 7. In
the second case, consider the flow ¢(z,v,t) = (¢s, @) given by the
Euler-Lagrange equations with initial conditions (x,v) at 0, that is,
o(x(0),%(0),t) = (x(t),%(¢t). If x(0) is not conjugated to x(7T") the
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matrix D,¢.(x(0),%(0),T) is non singular, therefore for v in a neigh-
borhood of x(0) and ¢ sufficiently close to 7" the mapping

v — ¢(x(0),v,t)

is a diffeomorfism. But y;(0) — %x(0) and y;(t;) = x;(¢;) which is a
contradiction. O

6. Symmetries and Noether theorem

Noether’s theorem concerns variational problems which admit sym-
metries. By this theorem, associated to each symmetry there is a
quantity that is conserved by the solutions of the Euler-Lagrange equa-
tion. In classical mechanics, for instance, translation symmetry yields
conservation of linear momentum, to rotation symmetry corresponds
conservation of angular momentum and time-invariance implies energy

conservation.

6.1. Routh’s method. We start the discussion of symmetries by
considering a classical technique to simplify the Euler-Lagrange equa-
tions. Consider a Lagrangian of the form L(x,x%,y), that is, indepen-
dent of the coordinate y. Note that this corresponds to translation
invariance in the coordinate y. The Fuler-Lagrange equation shows
that

py = —DyL(x,%,y)
is constant. We will explore this fact to simplify the Euler-Lagrange
equations. We assume further that w — L(x,%,w) is strictly convex
and superlinear. Then we define the partial Legendre transform with
respect to y, Routh’s function, as

R(x,%x,p,) =sup —p, - w — L(x, %, w).
By convexity, the supremum is achieved at a unique point w(x, X, p,).

We have that
py = —D,L y =—Dy, R.
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Note that, by the Euler-Lagrange equation

p, =0
and,

doR OR  dOL 0L d [OLow ow
diox  ox | diox ox  di [a_wa_x+py£]
oL ow ow
Towor Por
_doL oL _,

dt o0x  0Ox
Therefore, since p, is constant, we can solve these equations in the
following way: for each fixed p, consider the equation

——— — —=0.
Once this equation is solved, determine y through
y = —Dp, R(x,X,py).

Exercise 89. Apply Routh’s method to the Lagrangian

X2 y2

Exercise 90. Apply Routh’s method to the symmetric to in an external
field which has as Lagrangian

I Ls
L= 5 (0" +&"sin®0) + () + g eosd)’ = U, 0).

Exercise 91. Apply Routh’s method to the spherical pendulum whose
Lagrangian is:
62 sin? © + ?

2

L= U(p).

6.2. Noether theorem. As a motivation for the definition of in-
variance of a Lagrangian with respect to a transformation group, ob-
serve that if ¢ : R* — R” is a diffeomorphism and v : [0,7] — R"™ is
an arbitrary curve, then ¢(v) is another curve in R™ whose velocity is
D,o()7. Suppose for each 7 € R, ¢, : R" — R" is a diffeomorphism.



6. SYMMETRIES AND NOETHER THEOREM 107

We say that a Lagrangian L(x,v) is invariant under a transformation
group ¢, (z) if for each 7 € R

L(z,v) = L(¢-(x), Dy, (x)v).
We will assume additionally ¢, is differentiable in 7.
Theorem 53. Let L be a Lagrangian invariant under a smooth trans-

formation group ¢, (x). Let x be a solution of the Euler-Lagrange equa-
tion. then

d
DL(x(T), %(T)) -6, (x(T))
T7=0
is independent of T

PROOF. Let x be a solution of the Euler-Lagrange equation and

X, () = 6 (x(1).
Then

Consequently,

T
(66) / L(x7,%;)
0
is constant in 7. Differentiating with respect to 7 we obtain
dx,

/TDL( ) L D, Lx,, %) 0
e\ X7y X7 ) —— v\ Xry Xr)—— = U.
0 dr dr

Integrating by parts, using the Fuler-Lagrange equation, and taking
7 = 0 we obtain

DvL(XT(O)a XT(O)) _7_¢7' (X<O))

= DvL(XT(T>7 XT(T)) _T¢T(X(T))

U

Exercise 92. Let w € R" and L(z,v) be a Lagrangian satisfying, for
all 7, L(x+wt,v) = L(x,v). Show that D, L-w is a constant of motion.
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2 2
Exercise 93. Let L(x,y,v,,v,) = @ — % Show that L is in-

variant by rotations and, using Noether’s theorem, that the angular

momentum xv, — yv, 1s a constant of motion.

Theorem 54. Suppose L is a Lagrangian which does not depend on t.

Then the energy is conserved.

PRrROOF. Observe that

/M L(x(t — B, %(t — h))dt

is independent on h. Differentiate with respect to h, integrate by parts
using the Euler-Lagrange equation. O

Example 29. Consider the Lagrangian

X2+y2

I —
2y2

corresponding to the geodesic flow in the Lobatchewski plane. Iden-
tifying the upper semi-plane with {z € C : ¥(z) > 0} and the points
(x,y) with z = x + 4y, the mapping

az+b
cz+d

VA e d

defines an action of the group SL(2,R), the group of matrices with unit
determinant, in the Lobatchewski plane, which leaves the Lagrangian

o Ag(T)zli (1)]

invariant. Use matrices of the form

1 7 e 0
A =
01]’ 2(7) [0 e

we obtain the conservation laws

Al(T) =

X  XX+Yyy
—a

y?’ y? y?

<

Exercise 94. Obtain the general law F(x,y) = 0 of motion of a geo-
desic in the Lobatchewsk: plane.
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6.3. Monotonicity formulas. As before, let L.R” x R* — R be
a smooth Lagrangian. A sub-symmetry (resp. super-symmetry) of L

is a (smooth) one-parameter mapping ¢, (z) such that ¢o(x) = = and

d

—L(ng(l‘), D$¢T<x)v)

<0 (resp. >0).
dr

7=0

A simple variation of the proof of Noether’s theorem yields:

Theorem 55. Let ¢, be a sub-symmetry of L. Then

d o d
g7 |:DUL(X,X) gq%(x)

| <o

7=0

with the opposite inequality for super-symmetries.

PRrROOF. It suffices to observe that
d T
0> — L(¢T(X)v ngbT(X)X)dt
dr J,

~ | Dtk o

7=0

.d d
+ DUL<X,X)£ E@(X)

=0
T

7=0

d
= D,L(x, X)E@(x)

)
0

7=0

which then implies the result. 0

An application of this theorem is the following corollary:

Corollary 56. Let L(z,v) : R" x R" — R be smooth Lagrangian ad-
matting a strict sub-symmetry. Then the corresponding Euler-Lagrange
equations does not have periodic orbits.

Next we present some additional examples and applications.

Example 30. Suppose, for some y € R" and h > 0, L(x + hy,v) <
L(z,v), then

%DUL(X, Xx)y < 0.
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Example 31. Consider the case in which L(Ax, \v) is increasing in A,
for A > 0. Then

%DUL(X, x)x > 0.

<

Example 32. Consider the mapping ¢,(z) = x + 7F(z), and assume
that
C%_L(:l: +7F(x),v+ 71D, Fv) <0,
at 7 = 0. Then
%DUL(X, x)F(x) <0.
Consider the case L = %, and F' = VU, for some concave function U.

Then
d |(I +7D*U)v|?

— =v"D*Uv <0.
dr 2 =0
Thus
d VU -v <0
dt -
that is
d2
V() <0,
that is U(x(t)) is a concave function. <

Example 33. Consider a system of n non-interacting particles, and

set
i#]
Clearly U is a convex function. By the previous example we have
d2

Exercise 95. Consider a smooth Lagrangian of the form
e L(z,v)

This Lagrangian is sub-invariant in time.
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1. Prove that

d t
—e ME(t) >
Ze (D) 20,

where

E = D,L(x,%x)x — L(x,x).
In particular, show that this estimate yields exponential blow up
of the energy.

2. Impose conditions upon L that ensure that exponential blow up

of the kinetic energy can also be bounded using simple estimates
by E(t) < CePt,

Exercise 96. Consider the Lagrangian:, L : R* x R® — R
1 1
Lie,v) = 3lol’ = Zal"

Deduce the Virial theorem:

I I
i 7 ) 0= Jom [

Hint: use the scaling transformation x — A\x, for A in a neighborhood

of 1.

7. Critical point theory

In this section we discuss methods to construct non-minimizing

critical points.

7.1. Some informal computations. Let T" > 0 be given. For
a € R", let x, be an orbit which minimizes the action under the con-
straint x(0) = x(7") = a. In general %x(0) # %(T") this orbit does not
have period T'. Let I[a] be the function that associates to a the action

a. I[a] = /OT L(X,,%,)dt.

At the maxima or minima of I]al, if I is differentiable
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that is (assuming x, is differentiable in a)
T
0= / D, L(X4,%4)DoXq + Dy L(Xa, X4) DaXo.
0

Integrating by parts and using the fact that x, satisfies the Euler-
Lagrange equation, we obtain

D, L(x,4(0),%,(0)) = D, L(x4(T), %4(T)),

which is equivalent to p(0) = p(T') and, if the Legendre transform
v — p = —D,L is injective (see exercise [07)), implies x,(0) = %x,(T).
Thus we conclude that the orbits corresponding to maxima or minima
of I[a] are T periodic.

Exercise 97. Show that if L(x,v) if strictly convex in v then then
v — D,L(z,v)

18 1njective.

In general the differentiablity of x, is hard to establish and in the
next section we work around this problem using mountain pass tech-

niques.

7.2. Mountain pass lemma. Let H be a Hilbert space with inner
product (-,-). Consider a functional ® : H — R. ® is differentiable if
there exists a function ®'(u) € H such that

L9 = B() = (@), 0 — )|

lu—v]]—0 |u — |

=0.

A function ® is C* if ®’ exists and is continuous. Similarly ® is Ot if
®’ is Lipschitz.

A point u € H is a critical point if ®'(u) = 0. The set of critical
points in the level set ®(u) = ¢ is denoted by

K.={u:9'(u) =0, ®(u) = c}.
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A functional ® : H — R satisfies the Palais-Smale condition if any
sequence (uy) € H satisfying sup [®(ux)| < C and ||['(ug)|| — 0 is
pre-compact, that is, it admits a convergent subsequence.

Lemma 57 (Deformation lemma). Let ® : H — R be a functional
satisfying the Palais Smale condition. Let ¢ € R be such that K. = ().
Then, there exists € > 0 and 0 > 0 and a continuous function n :
0,1) x H — H such that

1. no(u) = u;

2. m(u) = uif |®(u) —cf > ¢

3. ®(m(u)) < @(u);

4. d(m(u)) <c—=0dif P(u) <c+6

PRroOOF. Firstly, we claim that there exist non-negative real num-
bers o and € such that

[P(u) —c] <€ = [|®(u)]| = 0

To show this claim, assume by contradiction that there exist sequences
or — 0 and ¢, — 0 such that [®(ug) — ¢)| < & and || D' (ug)|| < o%.
This implies the existence of a convergent subsequence of u; with limit
u. This vector is a critical point, which is a contradiction.

Choose §, 0 <d<eand 0 <6 < % Define
A=A{u:|P(u) —c| > €}, B={u:|®(u)—c| <d}.

Let
dist(u, A)
g(u) = — . ,
dist(u, A) + dist(u, B)
0<g<1. Wehavethat g=0in A and g =1 in B. Let also

o<t <1
ift > 1.

=>

—

~+

S~—

Il
= —

Consider

V(u) = —g(u)h(|®"(u)[) P’ (u).
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For each u € H consider the equation
(67) ne="V(m),

with 1y = u. We have that

d
—® < 0.
If n, € B then
d
%‘D(m) < —o?

and for n; € A then V = 0.

Finally, to end the proof, it is enough to observe that if |®(u)—c| < §
then we have ®(n;) < ¢ — 0 since %2 > 4. O

Exercise 98. Show that the solution of 15 continuous on the initial
condition u.

Theorem 58 (Mountain pass). Let ® be a CY! functional satisfying
the Palais Smale condition. Suppose that

1. ®(0) = 0;
2. ®(u) > a if ||ul| =r, where a,r >0
3. there exists v € H such that ®(v) <0, with ||v|| > r.

Let
I'={g€C([0,1],H):9(0) =0, g(1) = v}
then the set K., with

¢ = inf max ®(g(t)),

gel’ 0<t<1

18 non-empty.

PRrROOF. Clearly ¢ > a. Suppose that K, = (). Choose € < § and

apply the deformation lemma to construct the homeomorphism 7. Let
g be such that

max ®(g(t)) < c—+o.

0<t<1
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Then
< _
max 2(1(g(1)) < ¢ -9,
which is a contradiction. O

Exercise 99. Consider the Lagrangian

1 1 4
L(z,v) = §|v|2 + §x2 - e%.

Let @ be the functional

B(x) = /01 L(x,%)ds

defined in H',.(0,1).

per

1. Show that ® is differentiable and show that its derivative is give
by

1
(@'(x),y) = / Xy + xy — ex’y
0

2. Show that ®'(x) is Lipschitz in x, that is, the vector w € H
that satisfies

(@(x),y) = /O 25 +ay,

15 a Lipschitz function of x.
3. Show that ® satisfies the Palais-Smale condition:
(a) Letx, be a sequence satisfying ®(x,) < C and ' (x,) — 0.
Show that

1
/ X2 +x2 < C.
0

(b) Show that this implies that, through a subsequence, x,, — X,
for some function x in H,,(0,1) and that x, — x uni-
formly.

(c) Use the fact that ®'(x,) — 0 in H,,.(0,1) to show that
X, — x in H},.(0,1) using Laz-Milgram theorem.

4. Show that x = 0 is a strict local minimum of the action, that
18,
D] > ax] ..

for some a > 0 and ||x|| sufficiently small.
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5. Show that there ezists a curve y 1-periodic that satisfies Ply] <
0.
6. Prove the existence of a non-trivial 1-periodic solution Fuler-

Lagrange equation.

8. Invariant measures

An important issue in dynamical systems are invariant measures
under the flow induced by a vector field. In this section we review
some results and construct invariant measures under the Hamiltonian
flow.

Lemma 59. Let i1 be a measure on a manifold M. Let x be a smooth
vector field on M. The measure i is invariant with respect to the flow
generated by the vector field x iff for any smooth compactly supported
function & : M — R we have

/V§~Xdu:0.
M

PRroOOF. Let ®; be the flow, generated by the vector field x. Then if
4 is invariant under ®;, for any smooth compactly supported function
¢(z) and any t > 0 we have

/f(@t(m)) —&(z)dp = 0.

By differentiating with respect to t, and setting ¢ = 0, we obtain the
“only if” part of the theorem.

To establish the converse, we have to prove that for any ¢ the mea-
sure y; is well-defined as

() = p((®))71(5)).

and coincides with pu.
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By the Riesz representation theorem it is sufficient to check that

the identity
[ can= [ edu

holds for any continuous function £ (vanishing at co). Any continuous
function can be uniformly approximated by smooth functions. There-
fore it is sufficient to prove the above identity for smooth functions &
with compact support.

Assume, without loss of generality, that £(x) is a C?-smooth func-
tion. Fix ¢ > 0. We have to prove that

/gcpt (2)dp = 0.

We have
/§(<I>t(x)) —&(x)dp = - /'S((I)t(k—i-l)/N( )) — &(Pekyn(2))dp
=Y [ (@) - &lorin

N-1
> [ l@yn@) - &le)d
k=0
N-1
= /Vﬁk(x) (Pyn(x) — ) + O(35)dp =
=3 [ Vel G +0G) + 0Gk)
k=0
N-1
4 Y [ V6(o) xla)du + O() = O().
k=0
Taking the limit N — oo we complete the proof. O

Exercise 100. Consider a measure on R** with density ¢®™®*) Show

that this measure is invariant under the Hamiltonian flow generated by
H.
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Exercise 101. Show that the Hamiltonian flow preserves area in phase

space.

Example 34. Let u(z, P) be a solution of H(P + Dyu,z) = H(P).
Then the graph

(68) p= P+ D,u(x, P),

is invariant under the flow generated by . Furthermore, the flow
restricted to this graph is conjugated to a translation as X is constant.
If the Hamiltonian H (p, z) is Z" periodic in x, and wu is a Z" periodic
function, that is H(p,z + k) = H(p,z), and u(x + k) = u(z), for
all p,z € R® and k € Z", the graph can be interpreted as an
invariant torus. Furthermore, as the Lebesgue measure d.X in the new
coordinates is invariant under the Hamiltonian dynamics, the change

of variables formula implies that the measure supported in the graph
(68) with density

(69) 0(z)dx = det(I + D3 u)dx

1S an invariant measure.

9. Non convex problems

This section is an introduction to the calculus of variations for non-

convex Lagrangians.

Exercise 102. Suppose that

L
lim (z,v) ,
l]—oo |V

uniformly in x. Show that any C' minimizing sequence of the action
with fixed endpoints is equicontinuous.

Exercise 103. Consider the problem

1
min / (1) 2.

x(—1)=0,x(1)=1 1

Show that
1 arctan nx
Xp==+-—
2  2arctann
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s a minimizing sequence that does not converge uniformly.

Exercise 104 (Discontinuities). Let L(z,v) : R*™ — R be a C* func-
tion. Consider a continuous trajectory x(-), sectionally C*. Suppose

T
/ L(x, %)dt,
0

over all piecewise C' curves which satisfy fized boundary conditions.

that x is a minimizer of

Let ty be a point where x is discontinuous with left and right limits v*.
Determine an equation that relates v with v—. Show that, if L(z,v)
18 strictly convex in v, the continuous minimizers which are sectionally

C? and whose left and right derivatives exist at all points are of class
Cl.

Exercise 105 (Lavrentiev phenomenon). Consider the variational prob-
lem

1
min / (u® — t)%u®.
u(0)=1u(1)=1 J,

Show that w = t'/3 minimizes this problem when the minimum is taken
over continuous functions u on [0, 1] and differentiable in (0,1). How-
ever, for any sequence wuy of continuous functions on [0,1] satisfying
uk(0) = 0 and ug(1l) = 1 with bounded derivative and converging point-
wise to x'/* we have

1
wr — )28 — 0.
(k k
0

10. Geometry of Hamiltonian systems

We can discuss the Hamiltonian formalism using a more geometric
approach. Suppose for now that in (47) we can apply the minimax
principle and exchange inf, sup,, with sup, infy. In this case we obtain
the problem

T
(70) inf sup/ —H(p,x)dt — p - xdt.
x() p() Jo



120 2. CALCULUS OF VARIATIONS IN ONE INDEPENDENT VARIABLE

To generalize the problem, suppose the variable x represents a point in
a manifold M and consider the differential form on [0, T] x T*M

oc=—Hdt — a,

with a« = pdx. Then is equivalent to determining critical points of

(71) /7 -

over all curves (x,p) : [0,7] — T*M. In a more general setting,
suppose we are given an even dimensional manifold S, which replaces
T*M, and is endowed with a 1—form « such that da is non-degenerate.
Let H : S — R, we would like to determine the critical curves, v, of
. That is, curves v such that for all C'* variation 7, we have

d

— =0.
dr -

7=0

g

Let v : [0,T] — S be a critical point, Xy : [0,7] — T'S a tangent
vector to the curve v, Y vector field in S with Y (v(0)) = Y (~(T)) =0
and, finally, set ¢, = exp(7Y’). Consider

i) = o= [ =H0))at = a0 (DS X

along ¢, (7).

Exercise 106. Show that
di(T)

dr

T
= / —dH(x,p)(Y) — da(Xy,Y).

7=0 0

e, therefore, the critical points satisfy

dOé(XH, ) = —dH()

Hint: Observe that

and recall that Lya = d(iya) + iy (da).
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A symplectic manifold is an even dimensional manifold S endowed
with a closed non-degenerate 2-form w (recall that a form is non-
degenerate if for all non-zero vector field X, w(X, -) is non-zero). Given
a Hamiltonian H : S — R, the vector field Xz which generates the
Hamiltonian flow is uniquely determined by the equation

CL)(XH, ) = —dH.

It is important to observe that the form w is only required to be closed,
and not exact. Locally this distinction is irrelevant, but it has impor-

tant consequences at the global level.

Exercise 107. Consider R* with the symplectic form w = dp; A dx; +
2dpy A\ dxy. Let H : R* — R. Determine Xp.

To determine the vector field Xy it is necessary to solve the system
of linear equations ix,,w = —dH. To avoid this problem, we introduce
the Poisson bracket o {F, G} of two functions F' and G defined as

{F,G} = w(XFr, Xq).

Exercise 108. Show that {F,G} = Xp(G). In this way we can identify
{F,-} = Xp.

Exercise 109. Let w =) . dp; A\ dx;. Determine the Poisson bracket.

Exercise 110. Show that {-, -}

1. is bilinear;
2. anti-symmetric;
3. satisfies the Leibnitz rule:

{F,GH} ={F,G}H + {F, H}G;
4. satisfies the Jacobi identity:
{FAG H}} +{HA{F,G}} +{G,{H,F}} =0.

A Poisson manifold is a manifold P (in arbitrary dimension) en-
dowed with a bracket {-,-} satisfying the properties 1-4 of the previous

exercise.
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Exercise 111. Show that using the Poisson one can define the vector
field corresponding to a Hamiltonian H through the identification of
{H, -} with the vector field Xy.

Exercise 112. Let M be a Poisson manifold and Fy, Fs : M — R such
that
{F1,Fh} =C.

Show that
[XF17XF2] = 0.

Hint: Consider [Xp,, Xg,]g for arbitrary g : M — R.

11. Perturbation theory

Exercise 113. Consider the Hamiltonian H : R* — R given by
H(p,z) =w - p+ esin(z1 + x2).

Assume that w € R? satisfies w - k > 0 for all k € Z%. Show that
exists a canonical transformation(x,p) — (X, P) such that the new
Hamiltonian is

H(P)=w-P.

Consider now the case
2
_ Ipl

H(p, ) 5

Show that in a neighborhood of P = 0 we have, using the same change

+w-p+esin(z+vy).

of coordinates,

H(P,X)=w-P+0(&+|PP)

We consider Hamiltonians of the form
(72) He(pv‘r) :Ho(p)—l-GHl(p,l’),

with Hy, Hy smooth, Hy(p) strictly convex and H;(p,z) bounded with
bounded derivatives, and Z" periodic in x. We would like to approxi-

mate the solutions of

(73) H.(P+ Dyuf,z) = H.(P),
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We are given a reference value P = F,, and we assume that for
e = 0 the rotation vector wy = DPFO(PO) satisfies Diophantine non-

resonance conditions

C
[kl

for some positive constant C' and some real s > 0.

(74) lwo - k| >

In this section we review the classical perturbation theory for Hamil-
tonian systems using a construction equivalent to the Poincaré nor-
mal form near an invariant tori. Somewhat incorrectly, but following
[AKN97|, we call it the Linstedt series method. Although these re-
sults are fairly standard, see [AKN97], for instance, we present them

in a more convenient form for our purposes.

Consider the Hamiltonian dynamics:
x =—D,H.(p,x)
p = DxHe(pax)a

we use the convention that boldface (x, p) are trajectories of the Hamil-

(75)

tonian flow and not the coordinates (z,p). The Hamilton-Jacobi inte-

grability theory suggests that we should look for functions H.(P) and
u(x, P), periodic in z, solving the Hamilton-Jacobi equation:

(76) H.(P+ D,uf,x) = H(P).
Then, by performing the change of coordinates (x,p) < (X, P) deter-
mined by:
X =x+ Dpuf
(77) "
p= P+ Duf,

the dynamics is simplified to

X = —DpH(P)
P =0,
we use again the convention that boldface (X, P) are trajectories of the

Hamiltonian flow and not the new coordinates (X, P).
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If @ is an approximate solution to ((132)) satisfying

(78) H(P+ D,u,x) = H(P)+ f(z, P),
then the change of coordinates transforms into

X = —DpH.(P) — Dpf(X,P)

(79) :
P= DXf(X> P)7

with the convention that f(X, P) = f(z(X, P), P).

The KAM theory deals with constructing solutions of (132]) by using
an iterative procedure, a modified Newton’s method, that yields an

expansion
Ut = ug + evy + vy - - - .

The main technical point in KAM theory is to prove the convergence of
these expansions. An alternate method that yields such an expansion
is the Linstedt series [AKIN97]. However we should point out that
whereas the KAM expansion is a convergent one, the Linstedt series
may fail to converge. Nevertheless, since we will only need finitely many
terms we will use a variation of the Linstedt series that we describe

next.

We say that a vector w € R™ is Diophantine if for all k& € Z™\{0},
lw - k| > %, for some C,s > 0. Let Py be such that wy = DpH(P,)
is Diophantine. We look for an approximate solution of

H.(P + Du(z, P),r) = H.(P),

valid for P = Py+O(€). When ¢ = 0, Ho(P) = Hy(P) and the solution

u? is constant, for instance we may take u’ = 0. For € > 0 we have,

formally, u¢ = O(e), and so we suggests the following approximation
ufy to us:

(80) ’&5\[ :evl(x, Po) + E(P — Po)Dpvl(ZE, P()) + €2U2($, P0)+
1
+ §€(P — Ry)’Dipvi(x, Py) + €(P — Py)Dpvy(z, Py)+

+€3U3(I7P0)+'”7



11. PERTURBATION THEORY 125

this expansion is carried out up to order N — 1 in such a way that,

formally u¢ — @S, = O(e”"). For example

u; =0, u5=evy, u§=evy+ vy + e(P — Py)Dpuy.

The functions v; and Déikv,- satisfy transport equations
DypHo(Po)Dyw = f(---),
for some suitable f, and can be solved inductively. For instance:
H,(Py) = DyHo(Py)Dyvy + Hy(Py, ),
DpH\(Py) = D,Hy(Py)D,(Dpv;) + szHo(Po)val + D,H,(Py, ),
and
H, (Po) -

D HQ(P())D Vo + D Ho(P())D ’UlD U1 + D Hl(Po,JI)val.

2 pp

Note that the derivatives of v; with respect to P, Dﬂ‘;k v;, are computed
by solving appropriate transport equations, as is illustrated above for
Dpvy, and not by differentiating v;. In fact v; may not be defined for

P # P,. However if its derivative exists it satisfies a transport equation.

The constants H,(Py), DpH1(P,), Hy(Fy)... are uniquely determined
by integral compatibility conditions, for example,

Hy(Py) = /Hl(PD,.CE)d.CE

Dpﬁ(Pg) = /Dle(po,.’L')d.’L',
and

PO / D2 HO PO D ’UlD V1 + D Hl(Po,m)vald:I:.

2 pp

If H is sufficiently smooth and wy is non-resonant then these equations
have smooth solutions that are unique up to constants. Finally one
can check that

(81) H. (P + D,iiS,z) = HY(P) + O(e" +|P — By|V),
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with
I’]G]V(P) = Fo(Pg) + Eﬁl(Po) + (P — Po)DPF(](PO) + EQFQ(P()) 4+ - >

and this expansion is carried up to order N — 1 in such a way that

formally
H(P)=HY(P)+O(" +|P - P|").

Consider the change of coordinates

X =z + Dpuy(z, P).

Then, by and ([79), is transformed into:

X = —DpH.(P) + O(eN 4+ [P — PN 1)
P = O(EN + |P — P0|N).

12. Bibliographical notes

There is a very large literature on the topics of this chapter. The
main references we have used were [Arn66] and [AKN97]. Two clas-
sical physics books on this subject are [Gol80] and [LL76]. On the
more geometrical perspective, the reader may want to look at [?] (see
also [?]) and [Oli98]. Additional material on classical calculus of vari-
ations can be found in [?] and the classical book [?]. In what concerns
symmetries, additional material can be consulted in [?]. A very good
reference in Portuguese is [?].



Calculus of variations and elliptic equations

The objective of this chapter is to study the existence and regularity

of minimizers of functionals of the form

I[u]:/UL(Du,u,x)dx,

where U is a open subset of R”, and L : R x R*" x U — R is a
suitable Lagrangian. The models we will consider are quite simplified,
illustrating, however, the ideas used in more general cases. Moreover,
we will only establish regularity for minimizers in the interior of U,
avoiding, thus, the study of the behavior up to the boundary that,
frequently, is quite technical. Also, to simplify, we assume that U is
bounded and has a regular boundary. The interested reader will be
able to find, in higher generality, the results studied in this chapter in,
for instance, [Gia83|, [Gia93], or [GT01]. We will consider both the
scalar case m = 1 and vectorial case m > 1. However, as the theory is

more complete in the scalar case, we will prove a few more results.

We will start by establishing necessary conditions for a function
to be a minimizer, and then, as before we proceed with studying the
existence of minimizers using the direct method in the calculus of varia-
tions. This guarantees the existence, for instance if L(p, z, x) is convex
in p and satisfies certain growth conditions. Then, we will show that

these minimizers are weak solutions to the Euler-Lagrange equation
(82) —div, D,L+ L, =0.

Although the results that we prove are valid for more general problems,
in a significant part of this chapter, we consider the particular case

127
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where

(83) L= L(p) — zf(x).

The regularity theory for elliptic equations addresses this problem and
establishes conditions under which v is smooth enough so that it sat-

isfies in the classical sense.

The study of the regularity of elliptic equations follows several steps.
First the energy methods show that the minimizers are in W%2(Q) and

solve
div D,L(Du) = f.

This establishes the existence of second derivatives in the weak sense.
Then we will try to show that these are classic solutions to the Euler-
Lagrange equation. This is a second order partial differential equation,
thus we will try to establish that v € C%°.

We will first will consider the deGiorgi-Nash Moser Holder estimates
for elliptic equations

(84) (@i (2)v2,)a; = (f (%))

with f € LP and a;; uniformly elliptic, that is,
0Ix|?* < aij(x)xix; < OIxI*

These estimates imply that the solutions of are Holder continuous
independently of the regularity of a;;.

We will use the following strategy: each of the derivatives v = u,,
of u is a weak solution of

(85) — (D2, Lvg,)s, = fuy-

Pip;
That is, rewriting the equation, we conclude that v solves an equation
of the form

_(aijvxi)xj = ka
The deGiorgi-Nash Moser estimates imply that Du is Holder continu-
ous. Therefore the coefficients th_ij of are Holder continuous.
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Finally, the Schauder estimates show that the solutions v of

(aij<x)vxi)a?j = f(x)wkv

with @ and f Holder continuous, and a elliptic, have Holder continuous
derivative Dv. The combination of all these estimates yields that v €
O, that is u € C**,

1. Euler-Lagrange equation

The first step to study variational problems involving multiple in-
tegrals is the derivation of necessary conditions for a function to be a
minimizer. In this section we will proceed formally and will not provide
a rigorous justification of the calculations, or worry about the conver-
gence of integrals or the regularity of functions. As the reader will have
the opportunity to observe in the following sections, these are delicate
questions that require careful analysis. However, if adequate hypothe-
ses are imposed, all the calculations in this section can be properly
justified.

1.1. Scalar case. Let L, the Lagrangian, be
L(p,z,z) :R"xRx U — R"

be a C'* function, U a bounded and open subset of R” with smooth
boundary (C*). We would like to study the minimizers of

I[w] = /Z]L(wa,w,x)dx,

in the set A of functions w that they satisfy certain boundary condi-
tions, for instance,

A={w=g¢in 0U},
where g : OU — R is a fixed function.
Let wp be a minimizer of I[-]. In an analogous way to what was

done in last chapter, we are also going to deduce the Fuler-Lagrange

equation.
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Theorem 60 (Euler-Lagrange equation). Let wg be a C? minimizer of
I[-]. Then

(86) div,[D,L(D,w, wo, )] — D, L(Dywo, wy, x) = 0.

PROOF. If wy € A then for all ¢ € C3°(U), we have wy + €¢ € A.
Therefore if wy is a minimum of I[-], the function

i(€) = Iwo + €g]
has a minimum at ¢ = 0. Consequently ¢/(0) = 0. Therefore we have
/UDpL(wao, wo, ) Dy + D, L(Dywq, wo, x)pdr = 0.
Using divergence theorem we conclude that
/DpL(wao,wo,x)Dmgb = —/Ugbdivx[DpL(Dzwo,wo,x)].
U
Therefore, for all ¢ € C§°
/ ¢ [div,[D,L(Dywq, wy, x)] — D, L(Dywo, wy, )] dx = 0,
U
which implies

div, D, L(D,wo, wo, x) — D, L(Dywq, wy, x) = 0.

Example 35. Let

2
=P e,

where f : R® — R is an arbitrary smooth function. The Euler-Lagrange

L(p,z,x)

equation is then
—Aw + f(z) =0,

which is the Poisson equation. <

Not every solution to the Fuler-Lagrange equation is a minimum
of I, in general solutions can respond to minimum, maximum or even

saddle points. We can, however, as it happens in finite dimension, to
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establish further necessary conditions by looking at the second varia-
tion, that is by computing

LT

2
de e=0

which for minimum points is nonnegative. Therefore for any ¢ €
C>*(U), we have

(87) / D2 LD,¢D,¢ +2D2 LD,¢ ¢ + D2, Le> > 0.
Let B[u,v] be the bilinear form given by the following expression:
Blu, v] / D L(D,wy, wo, ) DyuDyv + D;ZL(DIwO,wO, x)vDyu+
+ D;ZL(Dsz, wo, )uDyv + DgzL(Dzwo7 Wo, T)UD.

From (87) we conclude that B must be positive definite if wq is a

minimum.

%—i— f(z)z. Then

Blu, v] /DUDU

which implies B[p, ¢] > 0. In fact, if ¢ € C°(U) and ¢ # 0 then

Bl¢,¢] > 0.

Example 36. Let L =

Exercise 114. Prove that in this case this implies that any solution to

be Fuler-Lagrange equation is in fact a minimum.

<

Example 37. In this example we derive further necessary conditions

for the existence of a minimizer. Let

pali) = o) sin (£57).

where n(x) € C2°(U). Then

0 < Blgsoi = [ D3, Legniersin? (£55) + 0%
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Since sin? (%I) — %, as 0 — 0, we have

that is, the mapping p — L(p, wo,x) is convex for any minimizer wq
and any z € U. As we will see, in the scalar case, the convexity in
p of the Lagrangian is very important both to establish existence of
minimizers as well as proving its regularity. For systems, we will be

able to derive weaker conditions (which agree with convexity in the

scalar case) under which one can show the existence of a minimizer
Exercise 115. Compute the FEuler-Lagrange equation corresponding to

u +— u, —Uu
B1(0)

with u : CY(B1)NC(By) and v = 0 in dB,(0). Show that the solutions

to the Euler-Lagrange equation are not minimizers.

Exercise 116. Consider the problem

min / (Au)? + uf.
By (0)

u,u, =0 em 0B1(0)

Determine the Fuler-Lagrange equation and its second variation. Show
that the solutions to the Euler-Lagrange equation are (global) minimiz-

ers.

Exercise 117. Let Q C R" be a regular domain, and u a C*(Q)NC(Q)

solution of
Au=f
in 2, with u =0 in 0N2.

Show that v minimizes

V 2
Q

over all C? functions that vanish in OSQ.

Exercise 118. Let 2 a reqular domain and f € L*(Q2). Show that if

/Qf<p=0
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for all ¢ € C(Q) satisfying [,¢ =0 then

/waZO

for all ¢ € C>(Q) with [, = 0. Show that this implies that f is
almost everywhere constant.

Exercise 119. Consider the problem

min / Val? + f(z)udz,
U

where the minimum is taken over all functions that satisfy

/uda:zO,
U

instead of the usual Dirichlet boundary condition ulgy = 0. Derive the
FEuler-Lagrange equation and a boundary condition for w. Hint: wuse
the previous exercise.

Exercise 120. Determine the curve y = y(z), v(0) = (1) = 0, in the
plane such that the area A defined by 0 < x <1 and 0 <y < vy(x) is
|A| = a (with « sufficiently small) and such that its length is as small
as possible.

Exercise 121. Determine a differential equation for the surface in R?
defined parametrically by

u: B(0) Cc R* — R?

such that ulgp, = 7, that is, its boundary is a given closed curve v and
which minimizes the area

/ det((Du)" Du)*?dz.
B

1.2. Systems. For functionals defined for vector valued functions
u: U CR* — R™ the derivation of the Euler-Lagrange equation is
similar:

Exercise 122. Letu: U C R® — R™ be a minimizer of u: U C R" —

Rm
/ L(Du,u,x).
U
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Show that
- Z (Dpo L(, u, Du))xk = D,aL(x,u, Du).
k

The second variation is also similar:

Exercise 123. Letu: U C R® — R™ be a minimizer of u: U C R" —

Rm
/ L(Du,u,x).
U

Show that for any compactly supported ¢ : U — R™

> [§ / (Digpg,Lsﬁiks&fﬁE DﬁgzﬁLw§k¢B+D§azﬁLs@%5>
U J -
J

a?/B ]7k

> 0.

Theorem 61. Let u : U C R*® — R™ be a C* minimizer of u : U C

R® — R™
/ L(Du,u, z),
U

under fized boundary conditions at OU. Then
Lpgpfbfaf,@kikj > 0,
for all vectors £ € R™ and k € R™.

PROOF. Let n € C°(€2) be a real valued function. Fix £ € R™ and

k € R". Use
k-xz

p = €¢n(x) sin
in exercise as € — 0. O

A function F satisfies the Legendre-Hadamard condition if

o (P2, 0)8a8min; > 01 n[?
for all vectors £ € R™ and n € R™. The Legendre-Hadamard condition

is weaker than convexity in p (unless m = 1 or n = 1), which would be

F, J (p,Z,iB)M(;Mé 2 0‘M|27

PaPs

for all matrices M € R™*",
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Exercise 124. Let U be a domain in R%.  Show that if L(P,z,x) :
R2*2 — R is given by

L(P) = det P + ¢|P|?

then L satisfies the Legendre-Hadamard condition but is not convex if

€ 1s sufficiently small.

Exercise 125. Use the Lagrange multiplier method to show that the

| 1pur
U

with u = 0 in OU, under the constraint

[ =1,
U

are eigenvalues of the Laplacian.

minimizers of

Exercise 126. Use the Lagrange multiplier method to determine a

boundary condition in OU for the minimizers of

/WW
U
under the constraints

/|u|2:1, /u:O.
U U

Exercise 127. Let 1 < p < oo. Determine the Euler-Lagrange equa-
tion for the minimizers of the functional

[ 1pal,
U

Exercise 128. Let U be a domain in R". Let L(P) : R™" — R be
given by

with u = g in OU.

L(P) = det P.

Determine the Euler-Lagrange equation corresponding to the functional

uHLme

Ezplain why this Lagrangian s called a "null Lagrangian”.
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2. Further necessary conditions and applications

2.1. Boundary conditions.
2.2. Variational inequalities.
2.3. Lagrange Multipliers.
2.4. Minimal surfaces.

2.5. Higher order problems.

3. Convexity and sufficient conditions
4. Direct method in the calculus of variations

4.1. Scalar case. To ensure the existence of a minimizer, we will
impose conditions on the Lagrangian which ensure coercivity and lower
semicontinuity. In our discussion we will consider the following model

problem:

(88) min / L(Du,u,z)dz.
U

ulay=0

Similar methods would work if we were to choose the boundary condi-
tion at U, u = g € C*°(0U) (or with adequate regularity).

The following condition:

(89) L(p,Z,.T) 2 &’p‘q_ﬂa

for all (p,z,z) € R" x R x U, with , f > 0 and 1 < ¢ < o0 is enough

to ensure coercivity. In fact, it implies

Iw] = al|DullLeqy =7,
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for some v > 0. Consequently, in the Sobolev space I/VO1 ! we have
Iw] — o0,
as ||U||W01q — 00.

Exercise 129. Show that the functional associated to a Lagrangian
satisfying is coercive in Wol’a for 1 < a < oo if L(p) > Clp|*, f
15 bounded.

Let wy be a maximizing sequence. Then

sup ||wgl|wre < 00.
k

To see this, observe using wy|sy = 0 and the Poincaré inequality we
have
[wi|lwra < Cl|Dwg|| La-

Exercise 130. Let U be a bounded domain, g € C*(0U) and wy a
minimizing sequence with the boundary condition w = g on OU. Show
that

sup ||wgl|wre < 0.
k

Since in an infinite dimensional space a bounded sequence may fail
to have any convergent subsequence, we will have to use weak conver-
gence. In a reflexive and separable Banach space any bounded sequence
wy, has a weakly convergent subsequence (which we still denote by wy):

W — W.

This means, using a bounded sequence in W4, that
/Dka¢ + wrp — /DwD<b + wo,

for all ¢ € W4 where é - ? =1.

As the next example shows, one main difficulty in using weak con-
vergence arises from the lack of continuity with respect to weak con-

vergence of non-linear functionals.
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Exercise 131. Let wy(x) = sin2wkx. Show that wy, — 0 in L9([0, 1])

and that fol wi = %, independently of k. Conclude that wi / 0.

For our purposes we will show that under certain conditions, we
may have we have weakly lower semicontinuity, that is, whenever

W — W,

then
lim inf I[wy] > Iw].

k—oo

Note that in general we do not expect continuity, i.e. I[wy] — I[w].

Theorem 62. Assume that for fized z and x the mapping p — L(p, z, )

is convex then I[-] is weakly lower semicontinuous in WhHe.

REMARK. From the previous chapter we already know that convexity
of L in p is a natural condition.

PROOF. Suppose that w;, — w in W14, Then:

—_

. supy, [|wgllwra < oo

2. By Rellich-Kondrachov theorem we can extract a subsequence
wp — w in L", with r < ¢*.

3. By extracting, if necessary, a further subsequence, we may as-
sume that wp — w almost everywhere.

4. By Egorov’s theorem, for all € > 0 there exists a set £, C U

such that

|[U\E,| <¢
and

Wy, — W,
uniformly in E..

5. Defining

1
F€:{$€U:|w|—|—|Dw|<—}
€
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we have |[U\F.| — 0 when ¢ — 0 and therefore G, = F. N E,
satisfies

[UNG| = 0,

when € — 0.

We can assume, without loss of generality, that L > 0. Then
Iwyg| = / L(Dwy,, wy,, x)dx >
U
> / L(Dwy, wg, x) >
> /G L(Dw, wy, x) —i—/G D,L(Dw,wy, z)(Dwy, — Dw) —

— L(Dw,w,x),
k—oo G.

therefore

h;ninf][wk] 2/ L(Dw,w,x).

Using the monotone convergence theorem when ¢ — 0, we obtain
lim inf I{wy] > T[w].
k—oo
U

Exercise 132. Give an example of a sequence uy convergent in L”
to a function uw € L" which does not converge pointwise. Show that,
however, that there exists a subsequence of uy which converges to u

almost everywhere.

As a corollary we have existence of a solution of :

Theorem 63. Suppose L is coercive, that is, it satisfies and con-
vex in p, then there exists a minimizer of .

Exercise 133. The following Lagrangian

2
L. z) = 254 papu
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does not satisfy . Show, using similar ideas that there exists a

minimizer in W12(Q) of the functional

/Q L(Du, u, z)

in the class of functions ulsq = g, for g € C*°(99).

Exercise 134. Generalize the previous exercise for Lagrangians of the
form

L(Du) + f(z)u,
with L convex and L(p) > ¢1|p|? + 2 for some 1 < ¢ < 0.

Exercise 135. Use the direct method in the calculus of variations to

establish the existence of minimizers in W2 of the functional

/ ‘A;F + f(z) - Du+ g(z)u,
Q

with u|p, = hy and u,|s, = he (where u, is the normal derivative).

Exercise 136. Let (2 C R" be a bounded domain. f:Q — R" a C*
function with compact support. Show that the variational problem

1+ u?

\V4 2
min / [Vuf +f-Vu+
uloa=0 J 2

admits a minimizer in W, (Q).

Exercise 137. Let Q) be a reqular domain. FEstablish the existence of

minimizers in W42(Q) of the functional

[1vak +jup+ [ g
Q o2

where g :€ L*(09).

4.2. Systems. A functional of the form
u / L(Du,u, z)dz
U
isquasiconver if for all P € R™*™ 2, € R™ and zy € R™ and any cube
Q CR”

/L(P,Zo,xo)dx§/L(P+Dv,z0,x0)dx
Q Q
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for all function v with compact support Q).

Exercise 138. Consider a minimizer u : U — R™ of

/ L(Du,u, z)dz.
U

Let Q) be a cube containing the origin. Suppose ¢ is a compactly sup-
ported function on Q. Let uyx = u+ Ap(5). Deduce from

/L(Du,u,x)g/ L(Duy,uy, x)
AQ

AQ
that

L(Du(0), u(0), 0) < / L(Du(0) + Dip, u(0), 0).

Q Q

Exercise 139. Show that convexity implies quasiconvezity.

Theorem 64. Let L(P,z,xz) : R xR xU — R, U C R" a bounded
domain. Suppose that L is quasiconvex and satisfies the following prop-
erties:

e 0 < c|PP+c<L<SC|PP+C
e |DpL| < C|PP1+C

o [D.L|<C|PP+C

o [D,L| <C|P]P +C.

. L. 1
Then there exists a minimizer uw € Wy of

1] = /U L(Du, u, 7).

Note that a similar result would also hold for non-homogeneous

boundary conditions u = g in OU.

PROOF. First recall the following result. Let Q;(z) denote a dyadic
cube containing = with sidelenght 27¢. For f € L?, 1 < p < oo, define

@ =1 1
Then (f); — f in LP.
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Clearly any minimizing sequence uy is bounded in W? and there-
fore there exists u € W, such that

U — U
and u — u strongly in L" for some r > p.
Consider the sequence of measures py, with density p, = |[Dugl? +
|ug|P. Then there exists p such that ur — p. By translation we may

choose a dyadic division of R”, (Q?) such that (0Q7) = 0 for all cubes.
Let 27 denote the center of @7, and 2/ = (u);(z?).

)

Fix € > 0 and choose V CC U such that

/ L(Du,u,z) < e.
U\V

Then

Iu > > / (Dug, uy, )

7 Q]ﬂV;é@

= Z L(Duy, (wg)i, x]) + Eo,
7:QINV#£0D @

where the error term Ej can be estimated as follows:

Eo< Y, | |L(Dug,ug,x) = L(Dug, (up)s, )|
7:QINV#0 @
< ¥ [ [CDup+ el -al
7:QINV#0 @

+ (C’|Duk|p_1 + C) |Uk — <uk>ZH — 0,

as i — oo, uniformly in k. Indeed, in first term the convergence is
uniform because || Duy||z» is globally bounded, whereas in the second
case |ux — (ug);| — 0, uniformly in k& because uy, is bounded in WP,
Therefore we have

Iu > Y L(Du+ D(uy — u), 2, 27) + (1),
7:QINV#0 Qi
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where 0;(1) stand for the error terms that converge to 0 as i — oo,

uniformly in k. Fix € > 0. Thus, for 7 sufficiently large and all k:

Ifug] > Z L(Du + D(uy, — ), 2, 27) — e,
7:QINV#£0D @

Now choose 0 < 0 < 1 and denote by Qf a concentric cube with Q{
but with edge 027¢. Choose gpz smooth, compactly supported with

;o J1in@?
Yi = ;
0in (Q?)°,
and with
- 2
|Dyj| < :
1 —
Then
Iuw) > Y | L(Du+D(v]),2,al) + Ei e,
j:QzﬁV#@ QZ
where
’Uzj = ng<uk - u)?
and

El<c Y / 14 [Dul? + [Durl? + DG — ul?,

and therefore, for any € > 0

limsup |Ey| < e,

k—o0

if o is sufficiently close to 1. Thus we can choose 7y, and kg large enough
so that

Mud> Y [ L(Dut D)) — 2
7:QINV#£0D @
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for all 7+ > ig and all k¥ > ky. Note that

Z / L(Du + D(v]), 2], z7)

j:QgﬂV;ﬁ@ QJ
> Z L((D'LL> +D( )7 2 z)+E2
j:QzﬁV;ﬁ@ @
Furthermore, we have
Ey< Y L(Du + D(v}), 2z, %) — L({Du); + D(v]), 2/, 2])]
]Q]ﬂV;é@
< D / (14 [DulP™ + [(Du);[P~) | Du — (Du),
j:ngV;ﬁ@ @

since |[(Du);||rr < ||Du||re, for i large enough, we have |Es| < e.
Therefore, using quasiconcavity, for k£ and ¢ large enough,

Tug] > Z / w)g, 20, al) — 3e.
F:QINV£D
Finally, observe that

> / L((Du);, 2, ;)

@iz’ @
> Z L(Du,u,x) + Ej
iV’ %
where
E3 < Z L({(Du);, z;, ;) — L(Du, u, )|,
F:QINV#D

which also converges to 0 as ¢« — oo. Therefore, by sending ¢ — 0 we

obtain that u; converges weakly in W1? to a minimizer. U

Exercise 140. Suppose that L(P) satisfies the uniform strict quasi-

convexity property:

/QL(P)—i—%|Dv|2§/QL(P+Dv),

for all v € C(Q). Let ug be a minimizing sequence in W2, Show
that w, — u strongly in W12,
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5. Euler-Lagrange equations

The minimizers we obtained in the previous section using the direct
method in the calculus of variations are critical points and, therefore,
we would like to show that they are solutions (in an appropriate sense)
of the Euler-Lagrange equations.

We will suppose the following additional hypothesis on L:

L |L(p,z,2)| < C(p* + [2]7 + 1);
2. |DpL(p, z,2)] < C(Ip|9" + |2|97" + 1);
3. |D:L(p,z,x)| < C(|p|*" +]2]*" " +1).

A function u € W is weak solution of the Euler-Lagrange equa-

tion if, for all v € C°(U),
(90) / D,L(Du,u,x)Dyv+ D,L(Du,u, x)vdr = 0.
U

REMARK. This is a natural constraint to impose since from (90 we
can obtain by integration by parts.

Theorem 65. Under the previous assumptions, if u € WH4 minimizes

I[-] then u is a weak solution of the Euler-Lagrange equation.

PROOF. Let
i(1) = Ifu+ 7).
Then
2(7—) _2(0) _ / LT(x)’
T U
where
L(D D — L(D
L7(x) = (Du+ 7Dv,u+ Tv, ) ( u,u,x)‘
T
Clearly

L™(z) — D,L(Du,u,xz)Dv + D,L(Du,u,x)v,
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almost everywhere. Additionally,

1 [T d
L"(x) == / —L(Du + sDv,u+ sv,x)ds =
0

T ds
:% /T D,L(Du+ sDv,u + sv, x)Dv+
—|0— D,L(Du+ sDv,u+ sv,z)vds <
<C(|Du|? 4 |Dv|? + |u]? + [v|? + 1).

Therefore, the dominated convergence theorem yields the desired re-
sult. O

Exercise 141. Prove the last inequality of the previous theorem, that
18,
|D,L(Du + sDv,u + sv,x)Dv + D,L(Du + sDv,u + sv, z)v|
< C(|Du|? + |Dv|? + |u|? + |v|? + 1),

uniformly for 0 < s < 1. Hint: recall the inequalities
oo 1 1

ab<T 4+ with  S42=1
T S T S

and

la+b" < C(a"+0").

Exercise 142. Impose conditions on F(A,p,z) so that you can prove

the existence of minimizers in W22 of

/ F(Au, Du,u),
Q

and that these are weak solutions to the corresponding FEuler-Lagrange
equation.

6. Regularity by energy methods

In order to motivate the results of this section, we start with an
example:
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Example 38. Let L = @4— f(x)z. The corresponding Euler-Lagrange

equation is
—Au+ f(x) =0.

Let u be a C? solution of the previous equation. Multiplying the equa-
tion by Au and integrating we obtain

/ (Auw)? = / f(@)Au.

Integrating by parts the left-hand side of this identity and ignoring
the boundary terms (of course this wrong and some effort must be done
in order to avoid this difficulty), we have

C
S [ 1020 = [ s@aw s il + ddulz
1,J

As a conclusion, we have
ID*ull72 < C| | f]I7-.

This example suggest that if it is possible to somehow control the
boundary terms then the solutions to the Euler-Lagrange equation
should not only be in W12 but also in W22, <

To simplify the presentation we will consider a restricted class of
Lagrangians of the form

with
0 < D L(p) <O,

for suitable constants 0 < # < ©. We should note that more complex
problems can be handled using similar techniques and nothing essential
is really lost by considering this particular problem. We also need to
recall the following theorem Let v : R — R. For h € R define

u(x + he;) — u(z) |

Dl =
’Lu h
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Theorem 66. Let 1 < p < oo, u€ W (U) and V,V CC U. Then
I D"ul| 1oy < Cl|Dul| o).

Conversely, if u € LP and
s%p ||DhuHLp(V) <C,

then u € WHr(V).

Theorem 67. Let u € WY2(U) be a weak solution of the equation
—div(D,L(Du)) = f.

Then u € W22(U).

loc

PROOF. Let V CC W CC U (recall that A CC B means that A is
compact subset of B) and £ € C>°(U) with

E=1inV
E=0in U\W
0<g<1

Let A > 0 be sufficiently small and 1 < k < n. Define
v = _Dl;h<§2Dl}cLu)a
where
x + hey) — w(z)
. )

Exercise 143. Show that the operator DI satisfies an “integration by

/vDZu: —/uDk_hv,

w
DZw = (
parts formula™:

foru,v € C(U).

Suppose u is a weak solution of the Euler-Lagrange equation, then
0= /DPL(DU>DU — fu=

_ / D!(D,L(Du))D(E2D) + fDi(¢2 Dl
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We can rewrite:

D,L(Du(x + hey)) — D,L(Du(z))

Dy (D, L(Du)) = h
= 1/0 ;;D L(sDu(z + hey) + (1 — s)Du(x))ds
/ D2 Du(x + hey) — Du(x))ds
(z)DI'Du,
where

1
- [ DhL
0

The matrix a” is positive definite. Therefore
0 / DI Dul? < / £2a"(D} Du) (D} Du).
Therefore we have the following estimate:
| DiD,LD)DE D) 2 0 [ ¢DLDuf
U U
+ 2 / a"(D} Du)(Dju)é D¢
U

0
> -/52|D;gpu|2—c/ Dl
2 U w

The second term of the Euler-Lagrange equation satisfies the estimate:

_ ¢ _
[ i@t <% [ 1ec [ 1DuP e [ eprt Dl

¢ / fPeC / Duf + ¢ / &|DlDul?,
€ Ju U U

where we used the estimates, which follow from theorem

[ 10¢) (D) < [ Daf,
U U

and
[ it < [ &piu
U U

Therefore, for e sufficiently small,

0
1 [ @i < [ 157+ 1P
U U



150 3. CALCULUS OF VARIATIONS AND ELLIPTIC EQUATIONS

So u € W23(V). O

The last theorem implies in particular that the Euler-Lagrange

equation div(D,L) — D,L = 0 holds almost everywhere.

To conclude our discussion concerning energy methods, we are go-
ing to review some facts concerning elliptic equations, namely Lax-

Milgram’s theorem.

Exercise 144. Let u € VVZ)CQ be a solution of the Euler-Lagrange equa-
tion

(91) — div(D,L(Du)) = f(x).

Show that u is a weak solution of

_(D2 L(Du)uﬂck%)ﬂﬁz = ka?

pibj

which can be obtained from by differentiation with respect to xy.

Let v = u,,. The previous exercise shows that v is a weak solution

of
(92) - (aijvxj)m =9,
where
aij = D}%lp]L(Du)7 g = ka

Equation is an elliptic equation since the matrix a is positive
definite, that is,

;&8 > 0I€f,
for all vectors £ € R".

The main result to establish existence of solutions of elliptic equa-

tions is Lax Milgram’s theorem

Theorem 68 (Lax-Milgram ). Let H be a Hilbert space with norm ||-||,
inner product (-,-) and duality pairing denoted by (-,-). Let

B[, ]:HxH—R
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be a continuous bilinear form, that is
| Blu, v]| < aful[[|v]],

and coercive, that is,

Blu,u] > ful|.
Let f: H— R be a continuous linear functional (f € H'). Then there
ezists uw € H such that

Blu,v] = (f,v) Vv e H.

PROOF. For the proof of the theorem, we need the following result
from functional analysis:

Theorem 69 (Riesz representation theorem). Let H be a Hilbert space
and H' its dual. Then, for each u* € H', there exists u € H such that

(u*,v) = (u,v) Vv e H.

For each fixed u, the functional
v — Blu, v]

is a continuous linear functional. Thus, by Riesz theorem, there exists
w € H, dependent upon u that we denote by

w = Au,

such that
Blu,v] = (Au,v).

We will show that A is a continuous linear mapping. To establish

linearity it suffices to observe that
(A(Mug + Agug),v) = B[Ajug + Aqug, v] =
= M Bluy, v] + A Blug, v] =
= M (Auq, v) + Ao (Aug, v).
The continuity follows from the estimate

[ Aul* = (Au, Au) = Blu, Au] < a|ul][| Aul,
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and, therefore,
[ Aul] < alful].

By coercivity we have
Bllull® < Blu,u] = (Au,u) < || Aul[[u],

and, therefore,
[Aul] = BJull.

consequently, A is injective and its image is closed in H.

Finally, we claim that the image of A is H. For that, let w € R(A)*.
Then
Blwl? < Blw, w] = (Aw,w) = 0
and, therefore, w = 0. Therefore, we have just shown that A has a

continuous inverse.

Again, by Riesz theorem, there exists w such that
<f7 U) = (w’v)v
and, consequently, since A is invertible, there exists u such that
Au = w,

that is
Blu,v] = (Au,v) = (w,v) = (f,v).
O

As an application of the Lax-Milgram theorem, we have the follow-

ing result:

Example 39. Let H = W, f € L? and

Blu, v] :/aiju%vzj,
U

with a;; elliptic,
<f,U> = _/ fvxk'
U

Blu,v] < Cllullyallvllyoe

We have
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and, by Poincaré inequality,
2
Blu,u] > fllul
Thus, by Lax-Milgram’s theorem, there exists a weak solution in W(} 2
of

<

Exercise 145. Use Laz-Milgram’s theorem to establish the existence
of solutions of

Ay = f,
with u € Wi*(B1(0)).

Exercise 146. Suppose that b(z) : R" — R™ is a bounded C*(R")
function and that f € L*(R™). Use Laz-Milgram’s theorem to establish

the existence of solutions in W12(R") of
—Au+b(z) - Vu+ Au = f,

for X large enough.

In what remains in this section we will establish an essential result:

Garding’s inequality.

Theorem 70. Let Af}ﬂ (x) be uniformly continuous function and satis-
Jying

Z Z A?fnanﬁfifj > Clnl?Ig]*.

iy af
Let U be a bounded domain with smooth boundary. Then, for all u €
W2(U) we have

C’/|u|2+/ZZA§;ﬁDiuaDjuﬁ > c/yDu|2.

ij  af

PROOF. By the extension theorem, for u € WH2(U) there exists
another function @ € W12(R?), compactly supported, such that u = @
in U and [|@]|y12mrey < Cllullwrz@). We will drop the ~ in what

follows, to simplify the notation.
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First consider the case in which Agﬁ is constant. In this case, by
using Fourier transform we have

/ZZAQ’BDUQDU CZZ/A e

ij  af iy af

e / €L < Clullyroge.

Now we consider a localized version of the inequality, suppose that
suppu C Bgr(zg) with R sufficiently small. Let w(R) denote the mod-
ulus of continuity of Afjﬁ . Then

/ZZA Duapuﬂ—/ZZAaﬁ )Diu®Dju’

ij  af ij  af
/ S5 (A% (@) — AZ () De Dyl
ij  of

C
2 Cllullwie —w(B)ullwrz 2 Zllullw2,

if R is small enough.

Since we can assume that v has compact support in a fixed compact,

we can use a partition of unity to write
2
u= Z ORU.
k
Then we have

Z/ZZ%A 2) Dai® D

iy af

- Z / Z Z AP i(0ru®)D;(pu”) + low order terms

ij  af
Thus by reassembling everything we obtain the desired inequality. []
Exercise 147. Use Garding’s estimate to obtain W?? reqularity for

minimizers of Lagrangians that satisfy the Legendre-Hadamard condi-

tion (for systems, the scalar case was already considered!).
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Exercise 148. Let h > 0 and u" be the following sequence obtained
by the following inductive procedure: given u! € W1h2(R"), u
determined by:

n+1 is

in [ Chos W) (Voo
”LI,,VhL+1 n 2h 2

where ul} = uyq is the initial data.

—_

. Use the direct method in the calculus of variations to show that
for each ul there exists a ul',, € W-*(R").

2. Show that the sequence ||Vul||.> is decreasmg

3. Determine the Euler-Lagrange equation for ul, .

4. Consider the family in L? indexed by h

E U (%) Lkh<t< (1)

Show that v"(-,t) is uniformly bounded in L*(R™) for all h and
te[0,7].
5. Show that, there exists v such that when h — 0, v — v em L?

and that v is a weak solution of the heat equation

v = Aw.

7. Holder continuity

This section is dedicated to establishing C%® regularity for the solu-
tions of scalar variational problems. As before, we are going to consider
the problem

(93) —div(D,L(Du)) = f.
We will prove that for V CC U,
Du e C*(V),

for some 0 < a < 1, independently of the boundary data. As before,
we will work with x € R? for d > 2.
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For that we will differential with respect to an arbitrary direc-

tion and we conclude that v = u,, is a weak solution to
—(D2 . L(Du)vy,)a, = f-

This leads us to look at estimates for the linear equation

_(aijvm):rj = Z(fk)xw

k
for f, € L?.

First we will establish certain L*° estimates for the non-homogeneous
linear equations with zero boundary data. Then we consider the ho-
mogeneous equation subjected to non-zero boundary data. Finally we

gather all these estimates to establish our main result.

The regularity for systems is harder and the methods studied in
this section cannot be applied as they rely on the solution u being a

scalar.

7.1. L™ estimates. Our first step consists in obtaining L esti-
mates for non-homogeneous linear equations with zero boundary data.
We start by establishing an auxiliary result

Lemma 71. Let > 1, a > 0, and C' > 0. Suppose

o) < G0l

Then
p(M) =0,
for M = (C(0)P~1208/ (3=,
PROOF. Define .
Then
C 2a(n+1)
(94) ¢(kn+1) S a¢(kn)ﬁ < O ¢(kn)6
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We now will prove by induction that

¢(kn) < H(0)27,

with p = 51 > 0. The case n = 0 is trivial. If the induction hypothesis
holds for some n we must show it also holds for n + 1. Using and
the induction hypothesis we have

2a(n+1)

Bo—pn.
——0(0)°2

¢(kn+1) S ¢

Vagntlo—Bn/(B-1) 1°
<00 |
= CV/ag(0) P D/agBl )

on+1-6n/(6-1)7< Caln B
< ¢(0) [W] = p(0)27+D/ (B,

Our main theorem in this section is the following:
Theorem 72. Let f; € L? for some p > d. Let u be a solution of

(95) — (iU, )z, = Z(fz)x@ in Q

)

with uw =0 on 0N). Then

1_1
(96) [ull e < ClFllzee €227,

PROOF. Let k > 0 and multiply by (u — k)T. Then, after an
integration by parts

/ QiU (U — k);r]dm =— Z/ filu — k) dz.
Q —~ Ja
Define
A(k) ={u>k}NnQ.
Then
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Therefore, since a;; is elliptic

1/2 1/2
o [ |w|2sc(/ |fi|2) (/ |Vu|2) |
A(k) A(k) A(k)

which then yields

2/p
[ owascf !ﬁ!QS(/ rmp) AR,
A(k) A(k) A(k)

If d > 2 (in the case d = 2 we can choose in the place of 2* any exponent
q > 2, and proceed analogously), by Sobolev theorem

) 2/2* ) 2/2*
([ w-0)" = ([ww-nr)
A(k) Q
<C | |V(u—k)*P
Q
2 112 1-2/p
</ Ve < Ol =",
where ¢(k) = |A(k)|. We also have for any h > k,
2/2*
(h— k)?p(h)¥? < (/ ((u— k>+>2*>
A(R)
<CY Ifill7ok) P,

Therefore we obtain the following relation

2% 3
o(h) < (Z ||fi||m) e,

where a = 2%, § =

¢(M) = 0 for some

_2 .
- (1 — 2)2.. Then lemma (71| implies that
p/ 2

2
1-3

M < C Y Iilled(0) OV < O | fillalf .



7. HOLDER CONTINUITY 159

7.2. Holder continuity for the homogeneous equation. Now

we consider weak solutions to the equation
(97) — (ijVz,)z; = 0,
where a;; satisfies

0 < lai;] <O,

but no regularity assumptions are imposed, as well as no boundary
data.

A function uw € WP(U) is a subsolution of if

/ aijumi¢mj S 07
U

for all ¢ € Wol’pl(U) with ¢ > 0. In a similar way, u is a supersolution
if —u is a subsolution.

Exercise 149. Let u be a smooth subsolution of . Show that
—(aijuzi)mj S 0.

Lemma 73. Let u be a subsolution of (@) in WY and ¢ : R —
R a non-decreasing conver function, such that ¥(u) € WP (e.g. o'
bounded). Then (u) is also a subsolution.

PROOF. Let v = ¢(u). Then
/aij@/)(u)wi%j = /aiﬂ//(u)umi%j =
:/aiju1i<wl(u)¢)xj _/aijuﬂiiuﬂfjw”(u)¢§ 07

since w is a subsolution, ¢/(u)¢ is non negative and, by the convexity
of ¢, the last term is negative. 0

The next lemma shows that the subsolutions of the equation have
its supremum controlled by the LP norm. This is not a surprising result
since the main strategy in the study of elliptic equations is to try to

27

establish control of ”*‘high”” norms in terms of ”‘low”” norms, recall for

instance what was discussed concerning energy methods.
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Lemma 74. Let u be a subsolution @ Then, forp >0 and 0 < 0 <
L,

C 1/p
esssupp,, U < m {]{9 (u+)p] .

PROOF. Since u™ is a subsolution, we can assume that u > 0.
Case 1. p>2

Let ¢ = E2uP~!, with £ € C°. Then

/aijuxigf)% = /a,»juu [(p — 1)up_2um].§2 + 2§§$jup_l} <0,
which implies
/upQ\Du|2§2 < C/up|D§|2.
Since
D(uP/?¢) = DEuP/? + gﬁup/Q_lDu,
we have

t/WWWoFSO/MMM?

consequently, by Sobolev’s inequality,

2/2*
{ﬂw%v] <c [wipgr

Given 0 < p < R, let £ € C* with 0 < ¢ <1, { =1 in B, = B(xo, p)
and £ =0 em Br = B(wg, R)©. We can additionally assume that

Dé| < .
e < 77—

Then, for n > 3 (for n < 3 the estimate is trivial by Sobolev’s theorem),

(n—2)/n c
98 / uP™ (n=2) S—/ uP.
(%8) [ B, (R—p)? Br

Thus we have obtained an estimate for the L7-2 norm in terms of the L?
norm. Unfortunately, these norms are computed in distinct sets. The

main idea is to iterate this inequality and, at the same time, control the
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domains and the estimate’s constants in order to obtain a non-trivial

estimate for the L° norm in terms of the L” norm. For that, consider

1-6
R, = R(0+ o ),

which satisfies 1_¢
Rk - RkJrl = WR

Let

k
I n
pk—P<n_2> :

Then, applying estimate , with R = Ry, p = Rp+1 and p = py,

n—2

B C
uPk+1 < 4k+1 / uPk ’
[/ ] Ra=07" [y,

C PE k4l
lellzvesn. < | g —gp] 4™ IMlovn):

that is

By iteration we obtain
k

1
C i=0p; sk gkl
lull zress B, < {Rz(l —9)2] A7 o) -
Since
| n
=P 2%
and 277, jpijl is finite, we get
C

lellrss ooy, < i gyl leren

where the last constant, C', is independent of k. Letting & — oo we

conclude

C
[l o (Bre) < REOEE

- lf, ]

R™Plull () =

Case 2. 0 <p<2
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By the previous estimate,
C 1/2
N < <
”UHL (Bro) = (1 — «9)”/2R”/2 |:/BRU ] =

C 1/2 s
e

Using the inequality:

) a?/p p2/(2=p)
ab < + ,
2/p  2/(2-p)

which holds for 0 < p < 2, we obtain:

. C 1/p
0o <= o0 (1 _ 9\ RIn/p ' ’
HUHL (Bro) = 2||u||L (Br) T [(1 — Q)R]n/p {/BRU }

If we define

o(t) = lJullL=(s,),
we have, for s <t < R,

(99) o(s) < 5olt) + C il

t— s)n/p

N | —

We need now a technical lemmas

Lemma 75. Let ¢ be a bounded non-decreasing function satisfying
(@). Then, for s <t < R,

©(s) < COllul| o) (t — s)_”/”.

Thus the lemma implies

HUHL”(BR,)

— e)n/pRn/p'

Julli (o < O

PROOF. Let ¢ satisfying
1 —a
p(s) < Se(t) +alt =)™,
for s <t. Let 0 <7 <1 and

Siq1 =8 + (1 —7)7'(t — 8),
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with s_1 = s. Then

o(sis1) + a(l — 1)@ (¢t — 5)7°,

DN | —

p(si) <

and, therefore by induction

i—1

o) < Splsi) +a d (A —7) Nt —s) 2

—_

=0
Choosing 7 sufficiently close to one 1 such that % < 1 we have, as
i — 00,
p(s-1) = @(s) < Cal(t — )"
O

This ends the proof of the lemma. 0

The next step is to study estimates similar to the ones of lemma
for p < 0. In this case we obtain, however, the opposite inequality.

Lemma 76. Let v be a non-negative supersolution. Then there exists
0 >0 and py > 0 such that

1/po
(100) essinfp, , u >0 <][ uPO) :
Br

Proor. We will leave the following fact as an exercise:

Exercise 150. Let u be a positive supersolution. Show that % 5 a

subsolution.

Combining the last exercise with lemma [74] we obtain

1/p
esssupp,, , wl<C (][ u"’) ,
Br

for p > 0. In this way,

—-1/p 1/p
essinfBR/2 u>C {][ u_l’][ up] <][ up> ,
Br Br Br
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which implies (100)) if we can prove

(L) () =e

for some p > 0 and C' > 0.

To prove this inequality we need the John-Nirenberg lemma, whose

proof is the subject of the next section.

Lemma 77 (John-Nirenberg). Denote by Q) a generic cube contained
in U and Q' C Q a generic subcube of Q. For f € L', let |fl.q be
given by

floa = sup 17 - folds
QCQJQ
where fo denotes the average of f in Q.

Then, if |fl.o < o0, there exist positive constants Cy, Cy and X

such that
1

0] {z e Q: |f(z) — fo| > Alflso}| < Cre .

We leave as an exercise the proof of the following corollary:

Corollary 78. If |f|.qo < oo then for some € > 0 we have

][ el < C,
Q

independent of ().

The proof of the corollary is left as an exercise, which is a variation

of the following lemma:

Lemma 79. Let f € LP, f > 0. Then
Juar= [ ot s s@) > Aax

0

Proor. We have

f(z) o
Jisrae= [ [ pvanas = [ [ oxtpeopdoin
0 0
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Let
v=Inu—pf.

If v, < o0, corollary implies

][ ule < ClePro

and

][ P < Ce—ﬁpo.

][upo][ u~Po S C,

for some py > 0 to be determined. This suggests we should try to

consequently,

estimate |Inu|, g = [Inv|,g.

Let ¢(z) = . Then

2 26E,.
_/azjumluxj%—i_/a”url 55 J Z 07

u

Dul?
’ 2‘ 62 S C |l)£|2
u
Let £ =1 in @' and £ = 0 in the exterior of a cube with twice the
sidelenght and same center. Then we conclude

which implies

|IDInu* < Cp" 2,
Q/
where p is the sidelenght of @)'.

The Poincaré inequality implies

/ |lnu — (Inu)g|* < C’p2/ |IDInu|* < Cp".
! Q/

Thus,

1/2
|Inu — (Inu)g| < Cp/? [/ | Inu — (lnu)@ﬂ < Cp".
Q’ Q'

Therefore | Inul|, ¢ < oo, which ends the proof. O
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Theorem 80 (Harnack inequality). Let u be a positive solution. Then

essinfBR/2 u>C esssupp,, , U.

PrROOF. By the two previous lemmas we have

1/po
essinfBR/2 u >0 <][ uPO) > C’esssupBR/2 u.
Br

O

Using Harnack’s inequality, the Holder continuity of w is a conse-

quence of the following theorem

Theorem 81 (deGiorgi-Nash-Moser). Let u be a solution of :
Then u is Holder continuous. Furthermore, if we set

M(R) = esssupp,, u,

m(R) = essinfp,, u.
and let w(R) = M(R) — m(R), there exists v < 1 such that
w(R/2) < yw(R).

PrROOF. The Harnack inequality implies, by subtracting m(R) — €
to u, and letting € — 0,

Clm(R/2) —m(R)] > M(R/2) — m(R).
Defining w(r) = M(r) — m(r) we have
w(R/2) = M(R/2) —m(R/2)

< M(R/2) — (m(R) + %[M(R/2) - m(R)]>
. (1 _ %) [M(R/2) — m(R)]

< (1 _ %) o(R).

By induction we obtain
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with 7 < 1. Therefore
w(p) < Cp*,

that is u is Holder continuous. O

7.3. John-Nirenberg Lemma. Before discussing the proof of
John-Nirenberg lemma, we need to establish a version of the Calderén-

Zygmund decomposition:

Lemma 82. Let Q be a dyadic cube and Q O Q the unique dyadic cube

whose side is twice the size of Q).

Let f € LY(Qo) and o > |fo,|. Then there exists a disjoint sequence
of dyadic cubes Q); such that

[fo,] < a<|fql,

and |f| < a almost everywhere in Qo\ U; Q.

Proor. We start with ()g which we divide into 2™ dyadic cubes
Qo,x- Then we select those in which

’fQO,k‘ >«

and we subdivide again the ones which are not selected. By continuing

iteratively, we obtain a sequence of cubes (); such that

|fQj| >«
and
fo,l < o,
since (); has not been selected. By Lebesgue differentiation theorem,

in the complement of U;Q);
fl < a,

almost everywhere, since no cube of the complement was selected. [J

Now we give the proof of John-Nirenberg lemma (lemma .
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ProoOF. Without loss of generality we may assume that fo = 0 and
\fleg =1

Let ap > 0 and for each natural [ apply lemma (82) with o = ayl.
Let {Qé} be the sequence of cubes that are obtained in this way. Then,

ol > lao |fgl < lao,
and for x ¢ UQ%
|[f(2)] < la.
Now we are going to estimate
l
|U;Q5] -

In the complement of this set |f| < lap and therefore the previous

estimate gives an upper bound:

{z: f(2)] > lao}].

We are going to establish a recurrence relation between the estimate at
[ and the one at [+ 1. This estimate will allow us to obtain exponential
decay in [.

Fix [ and j, and suppose i is such taht Q"™ C Q' Then

‘ng - leiJrl < ]{QHIV - fQ§|
and therefore
(101)
S Qe gl X [ 15 ol < fleol@))
QITLCQ) Qe U @i

If, for Qé“ C Qé, we obtain a lower bound for
’fQé - fQi+1|7

equation (101)) yields a recurrence relation for the values of 3 |Q™|
as a function of ) |@Q}], by adding both sides over j. To obtain this
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lower bound, observe that

[for = fnl = |fgml = [fg]
> |fQﬁ+1‘ - |fQ§ - f@§| - ’f@é’
> (I+1ao = |fg, = fai] = lao.

However, if P is a dyadic subcube of Q with P C @, then

1 1
o= fol = — /P(f—fp) SW/P!f—fpl
2d 2d
—ﬁL|f—fp|sﬁ[5|f—fp|

1P|
<2 flg < 2%

Therefore
|/ L= fQ§+1| > (14 1Dag — 2 — loag = ag — 2%
If we choose ay = 2 + 2% we obtain
[for = foril 2 2,
which implies
S0 < 5 3010
i J
Therefore

{a: (@) > lao}| < 2771Q),
which easily yields the lemma. 0

7.4. Holder continuity. Finally we use all the estimates in the
previous sections to establish interior Holder continuity.

Theorem 83. Let u be a solution of

(102) - (a/iju$i)a7j = (fz)fﬂk

i an open set U. Then u is Holder continuous in any compact subset
of U.
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PRrROOF. Write u = v + w where v is a solution of
_(aijvxi)xj = (fi)xka
in Bop and v = 0 in 0Byr. Therefore w solves
—(aijwz,)a; =0,
in Bop and with arbitrary boundary data in 0Byr. Then we have
||UHL°O(BQR) < CRlin/p’

where C' depends on the L” norm of f, ellipticity of a;; but not on the
solution u or R.

Let w,, be the modulus of continuity of w. Then for all R < R we
know that

/

oul ) < (R,
for some 0 < n < 1. Hence
wu(R/4) < CR*™YP 4w, (R/4)
< CR'"™P 4 nuwy,(R)
< CR"P 4 nuw,(R).
Then the Holder continuity follows from next lemma:

Lemma 84. Suppose w(R/4) < CR* +nw(R). Then w(R) < CR".

PROOF. Suppose

M > sup w(R)

)
Ro<R<4R, R

to be chosen later as a function of 4. Then, for all Ry/4 < R < Ry we
have
w(R) < nw(4R) + C(4R)”
< Mn(4R)” + C(4R)*
< MR7,
if we choose v < « sufficiently small, and then M large enough so that

My +4°C < M
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Now, if Iffl <R< % we have

4

w(R) < (Mnd” + 4°C)R' < MR".

8. Schauder estimates

In this section we will prove that weak solutions of equations of the

form

(aij(2)Vz;)z; = f
are C1*, as long as both the coefficients a;; and f are Holder continuous
functions. These are the so called Schauder estimates. We should
observe that although we will carry out the proof for the scalar case,

the argument is unchanged for elliptic systems, in contrast with the
regularity results of the previous section.

8.1. Morrey and Campanato spaces. The key idea in Schauder
estimates is to use the ellipticity of the equation to control the oscilla-
tion of the solution. For this we will need certain spaces of functions the

Campanato and Morrey spaces, as well as some of its basic properties.
For p > 1 and A > 0 we define the Campanato seminorm

1/p
MP,A:[ o 7 | |u—um,p|p] |
zEU,p>0 U(x7p)

where U(x,p) = U N B(z, p) and

Uz p —][ U.
U(z,p)

To avoid technicalities, we assume that for p sufficiently small, |U(z, p)| >
cp~". In any case, our main objective is to establish interior estimates
on U and not up to the boundary.
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The Campanato space LP*(U) is the space of functions u € LP(U)
which satisfy

[ullpx = llullze + [ulp < oo

The Morrey space LP*(U) is the space of functions u € LP(U) for which

1/p
|ul|ppr = {sup Sup,o_)‘/ |u|p] < oo.
zeU p>0 U(z,p)

Exercise 151. Show that [-],» and || - ||zs» are, respectively, a semi-
norm and a norm.

Proposition 85. Depending on the relative values of A, p and n we
have the following isomorfisms:

(i) If 0 < X\ < n then LP ~ LPA;
A—n
(ii) If n < A <n+p then LPA ~ ch
(iii) £P0 = LP and LP ~R if A > n + p.
Proor. To prove (i), we start by showing that
[U]p)\ < Cllul[ o

and then we will establish the opposite inequality. Let us start by
observing that

/‘ W—%WSC/ (ul? + un, ).
U(z,p) U(z,p)

Then Jensen’s inequality implies

wwwsf uf?,
U(z,p)

[N T
U(z,p) U(z,p)

p*/' ot — gl < Cllul?, .
U(z,p)

that is, ||ull,n < Cllul|pra.

and, therefore,

This implies,
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To prove the opposite inequality, we need some preliminary esti-
mates. First, observe that

/ PWSCWWWW%M+C/) it — g P
U(z,p)

U(z,p)
< Cpug | + Clull

Therefore
(103) ”ﬁ/})wﬁsomg+0w*www
U(x,p

Unfortunately, the norm £P* does not control directly |u, ,[P. To use
this estimate we need some auxiliary estimates. For R > r we have:

(104)  Juen — s, P < Cr / (ot — uf? + [ty — uf?)
U(z,r)

< Cr (R + rk)[u]g)\ < C’r_"R’\[u]g’X
Let R = Ry27", r = Ry27" ' and Ry > 1. Then
U g — Ug ] < CR(())‘_n)/pQ("_’\)i/p[u]pj,\.
Let p = Ry27'"!. Then

’uﬁ,p‘ = ’um,RQQ_l_1’ S |u:E,R02_l_1 - um,R02_1| + ’u:v,R02_l - uCE,RQ2_l+1

+ ...+ ’uw,Ro/Q - ul’,Rol + ‘U’I,Rol
l
=0
< [tz | + Cp N P[ul

Therefore

[tap P < Cluta,ro|” + Cp* " [uly < Cllullf, + Cp* " [ul 5.

By combining the last inequality with (103 and using A < n, we have

o [ < Ol +
U(z,p)

In what concerts the second statement of the proposition, (ii), the
inclusion

A—n

c* o
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is elementary and is left as an exercise:

A—n

Exercise 152. Show that C* 7 C LP*.

So we need to establish the opposite inequality, £P* C C 025" Let
u € LPANCO. Given z and y, let R = |z —y| and o = %. We must
show that
u(z) — u(y)| < CR™

By the triangle inequality
u(x) = u(y)| < [u(z) = usor| + e 2r — Uy 2r] + [uy2r — u(y)|.

Applying (104) we obtain

l
|ux7R - uﬂfaRQ*l*ll < Z |ux,R2—i - ux,Rg—(i+1)|
=0

!
< CR[ulpa Y 27 < CR[ulya,
i=0
where the constant C'is independent of [. Therefore, by taking | — oo,

we obtain

(U or — ()|, |uyor —u(y)] < CR*ulpn.

We also have,

U (2, 2R) N U (5, 2R)|lugar — uyor] < / g — ul+

U(z,2R)

+ / Uy or — ul.
U(y,2R)

Since |U(x,2R)NU (y,2R)| > cR™, we obtain, using Holder’s inequality,

1/p
|’U,x72pL — u\p) -+

1/p
a2 — urp)

nan ~ wyarl < RO 2R (
U

(z,2R)

+ CR™U(y,2R)|*/P ( /
U

S ORa [U]p)\.

(v,2R)

The last statement of the proposition, (iii), is left as an exercise:
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Exercise 153. Prove (iii). Hint: observe that if |u(z) — u(y)| <

Clz — y|* for some o > 1 then u is constant.
U

8.2. Preliminary estimates. The next lemma gives a key esti-
mate concerning the behavior of solutions of elliptic equations in the
interior of U.

Lemma 86. Let u € H* be a solution of
_(a’ijuxi)xj = fﬂﬁw

with a;; elliptic satisfying 0 < a;; < ©. Then, for any v and x for
which B(x,r) C U, we have:

/ |Du]2§0{r2/ |u\2+/ \f|2].
B(z,%) B(z,r) B(z,r)

’2

Proor. Without loss of generality we can assume x = 0. Let
§ e C with ¢ =11in B(0,3) and £ =0 in B(0,1)%, and n(z) = £(%).
Then

0 |D(77u)\2§/ a5 (1), (1MU),

B, B,

:/ aijumi(n%)xj-i-/ aijnriu(nu)m]-
r By

- / Qi Uz M) ; U
By

= | funu+ / ij (N w(NU) 2; — Ug, MM, 1)
B'r T

C
< [ a5 [ ot [ Dl e [ Do)
B €= JB, B B
2, C 2 21 )02
<C|[| ff+— [ v +Ce[ nDuf,
B'r €r Br -

which implies, by choosing € sufficiently small,

C
/ |Du|2§0/ f2—|——2/ u?.
B’l‘/2 By r B
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Exercise 154. Show that if a;; is constant and u € H' satisfies
—(aijua; )a; = 0,
then, for all multiindices o € 72,

ID%ul| 25, ,,) < Cr™ 1 Jul|2(5,).

8.3. Schauder estimates. The main objective of this section is
to prove:

Theorem 87. Let u € H' be a solution of

—(aijUs,; )o; = fap-

Then

(i) If ai; is constant and f € L>* then

Du € £>

loc»

for0 < A<n+2.
(ii) If a;;(x) is continuous and f € L** then

Du € L*

loc»

for0 < X <n.
(iii) If a;j(z), f(z) € C% with 0 < a < 1 then
Du e C2°

loc

for some 3 > 0.

PROOF. (i). Suppose that B(z,2R) C U (without loss of generality
assume x = 0). Let w be the unique solution of

_(aiiji>;tj = fzk

in H}(Byg), whose existence is guaranteed by Lax-Milgram theorem

(theorem [68)).
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We have the following estimate:

Baor Bar Bar

1
<5 [ wupre [ 1r-ap
Bar Bagr

for any constant 7. Define v = fo2r = for, to simplify the notation,

we obtain

(105) /B |Dw|* < C/B |f = ferl®> < CRMf15.5

We will use w to decompose the solution into two parts:
u=v+w.
w, by definition, satisfies w = 0 in the boundary of By and
_(az’jwmi)m]- = fmk

Consequently, v = u — w has unknown boundary data but it satisfies

the homogeneous equation

_<aijvzi)1j =0.

By hypothesis, the coefficients are constant, therefore v is C* (ex-
ercise |154)) and, by Poincaré’s inequality for p < 2R

| pe—ou,p<cp [ 0
B, B,

It is important to observe that in the Poincaré the dependence of the

constant in p is exactly the one used previously:

Exercise 155. Show that the Poincaré inequality in B, has the form

/ w2 < Cp? / Duf?,
B, B

P

where C' does not depend on p.

Exercise 156. Use the Fourier transform to prove the following inter-

polation inequality

||U||Hk+9(Rd) < C||u||11r{7ce(]ygd)||UH§I’€+1(]Rd)‘
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Recall that for s € R the norm H® is defined by

Iy = [ 1+ 6P Taas.

Exercise 157. Let 1 < py, p1 < oo. Prove the following interpolation

inequality
[ ullzro < JlullZoollul 721
where
1 06 1-90
Po Do b1

Using interpolation techniques and the Fourier transform, it is also
possible to prove the following version of the Sobolev theorem:

Theorem 88. Let u € H®, where 0 < s < 3. Let 1% = % — Then

s
o

[l e < Cllul| s

PRroOOF. If s is integer, this the standard Sobolev theorem, for s
fractionary we can use interpolation. 0

Let ¥ = D?v. Since the coefficients a;; are constant
_(aijlawi)wj = 0.

Therefore, for 1 < p < oo,

|1 <0 ol

By

< CpP ||17||?{n/<2p’>(BR/2)’

using Sobolev’s theorem (theorem [88). By exercise [154] and using
interpolation, we obtain

/

n/
- 1% ~
(106) / o> < CWH“H%%BR)'

B,
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As a conclusion, given v sufficiently small, there exists p, sufficiently

large, such that z% = n — v. By the Poincaré inequality

/ Do — (D), < ch/ D2]?
By

By

n+2—v
<ol

n+2—v
pxr<c (L / Dv — (Dv)ag|?
— Rn—v /BRl ,U| — <R> B2R| v ( U)2R|7

where in the last inequality we have applied lemma [86]

R
Let p < 5. Then

/Bp |Du—(Du)p|2S2/ |DU_<DU)p|z+2/ D — (Dw),

B, B,

P n+2—v 9 9
< — _
<C (R) /BQR |Dv — (Dv)orl? +C | |Dul

By
= Tl + T27
where
n+2—v
T1 = O (%) / |DU - (DU)2R|2 =
Bar
p n+2—v 9
—c(4) / Dt — (Du)on — Dw + (Dw)ar]? <
Bar
n+2—v n+2—v
<c (%) / [Du— (Du)sal + € (£) / | Dul?
Baogr Baog
and
To=C [ |Dw]*
By
Let

B(p) = sup/B \Du = (Du),,

p1=p J By,

Then, using the estimate (105]), we have

2(p) < C ()" weR) + ORI,
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From the previous inequality we conclude, when A < n + 2 and using

the lemma that we will prove next, that

®(p) < C {<P(2R) (%)A + [f]%,w“} :

which implies, when A\ < n + 2,

sup p= / \Du— (Du), > < C(lulls + [|£]|22n).

R
<z

Lemma 89. Either ® > 0, not decreasing and p < R/2, with R < Ry
and

®(p) < ad(2R) [(%)a ] +oR?

with 0 < B < « and € > 0. Then, if € is small enough,

B(p) < C {@(230) (Riy Hmﬂ |

0
with B < v < a.

PRrROOF. Let f < v < a and 6 sufficiently small such that
2a0% < 0.
Suppose € < 6%, such that
ae < 07/2.
Then
®(20R) < ®(2R)H + bR".

Exercise 158. Estimate ®(20°R) and ®(20°R), applying inductively

the previous inequality.

By induction,

k
@(29k+1R) < 9'7(1““)(1)(2]%) +bRP <Z mjgﬂ(kj)>

§=0
< " DP(2R) 4 DRI c(6).
Therefore, given p and k satisfying
20"IR < p < 20*R,



8. SCHAUDER ESTIMATES 181
we have
D(p) < B(20FR) < " WD(2R) + b(RO*)Pc(6)
<C {(%)V@(mww(ew .

(ii). We have

—(aij(x0)ts, )z, = [(aij(x) = aij(xo))tz; + 0k;f],,
that is
Lou =g,
where L° is an operator with constant coefficients. To simplify nota-
tion, we take zo = 0. Let w € H}(Bgr), defined by

L'w=g

and v = u — w. Let ¥ = Dv and so, L’ = 0. Proceeding as in (106},
_12 p n—v _12
e <C (—) / ol°.
Joerse(@) )

Dul<2 [ [5P+2 [ |Duwf?<
B, B, B,

= C(%Y—V/BR\@F+2/BP [Duwl? <
(L) /BR \Du? + C {(%)H + 1} /BR Du?.

However, w depends implicitly on u, and therefore we must proceed

Consequently,

IN

with caution.

/ |Dw]* < C a5 (0)We, We,
Br Br
— [ qu== [ fon - [ @) - O,
Br Br Br

<c [ Peg [ IDuPcemy [ (b
BR BR BR



182 3. CALCULUS OF VARIATIONS AND ELLIPTIC EQUATIONS

where w(R) is the modulus of continuity of a;;.

Therefore
[ pup <o (8)" [ pup+ ORISR+ Clotm)? [ (Dl
B, Br B

R

Thus, for R so that w(R) is sufficiently small and applying lemma

to the function

®(p) =sup [ |Duf
B

p<p
we obtain Du € L** if A < n.

(iii). Let g and w as in (ii). We have

n+2—v
_ 2 < P " /
/B 1Du—(Du <c (%) 5

p\"t2v 2 2
< = _ .
<C (R> /32R |Du — (Du),|* + /B2R \f — far]

+ C'w(2R)2/ | Dul?.

Baor

Du — (Du),|* + Duw|?
p

Bar

By hypothesis we have w(R) < R* and
/ ’f . f2R‘2 < CRn+2a'
Bar

For \g < n, part (i) implies Du € L**. Choosing

d(p) = smp/B~ |Du — (Du) ;|

p<p
we obtain o
O(p) < C (%) B(2R) + CRMF2,
and so

D(p) < Cprot?e,



Optimal control and viscosity solutions

This chapter is dedicated to the study of deterministic optimal con-
trol problems and its connection with Hamilton-Jacobi equations.

put some more details concerning controlled dynamics,

motivation, define a control space

A typical problem in optimal control, which is studied in detail
in this chapter, is the terminal value optimal control problem. This
problem consists in determining the optimal trajectories x(-) which

minimize
Jlus 2, 1] = / " L(x, u)ds + p(x(h)),

among all controls u(-) : [t,#;] — R™ and all (continuous) trajectories
x with a initial condition x(¢) = x and which are (almost everywhere
in time) solutions to the controlled dynamics

x = f(x,u).
The value function V' is defined as
(107) V(z,t) = inf Ju; z, ]
in which the infimum is taken over all controls.

An important case is the ”calculus of variations setting”. In this
case, f(x,u) = u, and the optimal trajectories x(-) are solutions to the

Euler-Lagrange equation

don oL
dt Ov "’ ox
183

(Xv X) =0,
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and p = — D, L(x,%) is a solution of Hamilton’s equations:
x=—-D,H(p,x), p=D,H(p,x).

This problem was studied in detail in chapter However we will
revisit it, and generalize the previous results by allowing more general

Lagrangians. In fact, will work under the following assumptions:
L(z,v) : R*™ — R,

r € R", v € R", is a C*™ function, strictly convex em v, i.e., D? L is

positive definite, and satisfying the coercivity condition

L
i &Y

fol—oo 0]
for each (z,t); without loss of generality, we may also assume that
L(z,v,t) > 0, by adding a constant if necessary. We will also assume
that
L(z,0,t) < ¢, |D.L| <ol + cs,
for suitable constants ¢y, ¢y and c3; finally we assume that there exists
a function C'(R) such that

|D3.LI < C(R), |D,L| <C(R)

whenever |v| < R. The o terminal cost, 1, is assumed to be a bounded
Lipschitz function.

Example 40. Note that, although the conditions on L are quite tech-
nical, they are fulfilled by a wide class of Lagrangians, for instance

L(z,v) = %UTA(I‘)U —V(x),

where A and V are C*°, Z"-periodic is z, and A(x) is positive definite.
<

Before considering the ”calculus of variations setting” we study a
simpler case. Let U, the control space, be a compact convex set. We
restrict the class of admissible controls by requiring u(s) € U, for
all t < s < t;. Furthermore, we suppose that L(z,u) is a bounded
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continuous function, convex in u. We suppose that the function f(x,u)

satisfies the following Lipschitz condition

[f (@, u) = f(y,u)] < Clz —yl.

To establish existence of optimal solutions we simplify even further by
assuming that f(z,u) has the form

(108) f(z,u) = A(z)u + B(x),

where A and B are Lipschitz continuous functions.

In section [T} we start the rigorous study of optimal control problems
by establishing basic properties. The dynamic programming principle
is proved in §2

The analog of the Euler-Lagrange equation for optimal control prob-
lems is the Pontryagin maximum principle, which will be studied in §3]
In §4, we show that, if the value function V' is differentiable, it satisfies
the Hamilton-Jacobi partial differential equation

—Vi+ H(D,V,z) =0,

in which H(p, ), the Hamiltonian, is the (generalized) Legendre trans-
form of the Lagrangian L
(109) H(p,x) = sup—p- f(z,v) — L(z,v).

velU
It is well known that first order partial differential equations such as the
Hamilton-Jacobi equation may not admit classical solutions. Using the
method of characteristics, the next exercise gives an example of non-

existence of smooth solutions:
Exercise 159. Solve, using the method of characteristics, the equation

wtui=0 xeRt>0
u(x,0) = +a2.

It is therefore necessary to consider weak solutions to the Hamilton-
Jacobi equation: viscosity solutions. In section §9 we develop the the-

ory of viscosity solutions for Hamilton-Jacobi equations, and show that
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the value function is the unique viscosity solution of the Hamilton-

Jacobi equation.

Finally, in we address the stationary optimal control problem
which corresponds to the Hamilton-Jacobi equation

H(Dyu,x) = H,

and the discounted cost infinite horizon problem, whose Hamilton-

Jacobi equation is
au+ H(Du,z) = 0.

Main references on optimal control and viscosity solutions are [BCD97],
[F'S93], [Lio82], [Bar94], and [Eva98b].

1. Elementary examples and properties

In this section we establish some elementary properties and study

some explicit examples.

Proposition 90. The value function V' satisfies the following inequal-
ities

—[¥lle <V < erfty =+ [[¢]|o-

PRrOOF. The first inequality follows from L > 0. To obtain the
second inequality it is enough to observe that

V< J(x,40) <ty =t + [ -
L]

Example 41 (Lax-Hopf formula). Suppose that L(z,v) = L(v), L
convex in v and coercive. Assume further that f(z,v) = v. By Jensen’s
inequality

e ez (g [0 =2 (555).
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where y = x(t1). Therefore, to solve the terminal value optimal control

problem, it is enough to consider constant controls of the form u(s) =
2. Thus

t1—

V(z,t) = inf {(tl 9L (y - x) + w<y)} ,

yeR”™ tl —1

and, consequently, the infimum is a minimum. Thus Lax-Hopf formula

gives an explicit solution to the optimal control problem. <

Exercise 160. Suppose Q and A be nxn constant positive definite ma-
trices. Let L(v) = %’UTQU and Y(y) = 2yT Ay. Use Lax-Hopf formula

2
to determine V (z,t).

Proposition 91. Let ¢ (x) and () be continuous functions such
that

V1 < iy,
and Vi(x,t) and Va(x,t) the corresponding value functions. Then

Vi(z,t) < Va(z,t).

PrOOF. Fix € > 0. Then there exists an almost optimal control u®
and corresponding trajectory x¢ such that

V(1) > / CL(x(s), ut(s), 8)ds + ha(x“ (1)) — €.
Clearly
Vi(e,t) < / CL(x(s), u(s), 8)ds + t (x(11)),
and therefore

Vi(z, 1) = Va(z, 1) < ¢n(x(t1)) — o(x°(t)) + € <.

Since € is arbitrary, this ends the proof. 0

An important corollary is the continuity of the value function (with

respect to the L norm) on the terminal value.
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Corollary 92. Let ¢1(x) and 9(x) be continuous functions and Vi (x,t)

and Va(x,t) the corresponding value functions. Then

sup [Vi(z, 1) = Va(z, 1) < sup [t (z) — ()],

PROOF. Note that

U1 < 1y = 1y + sup [1(y) — Pa(y)]-
y

Let V5 be the value function corresponding to gﬁg. Clearly,
Vo=Va+ Sl;P [1(y) — a(y)].
By the previous proposition,
Vi =V, <0,

which implies
Vi —Va <sup [ (y) — ¢2(y)l.
y

By reverting the roles of V; and V5 we obtain the other inequality. []

2. Dynamic programming principle

The dynamic programming principle, that we prove in the next the-
orem, is simply a semigroup property that the value function evolution

satisfies.

Theorem 93 (Dynamic programming principle). Suppose that ty <
t<t <t;. Then

(110) V(x,t) = inf [/t L(x(s),u(s),s)ds+ V(y,t')|,

u

where x(t) = x and X = f(x,u).
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PROOF. Denote by V(z,t) the right hand side of (110]). For fixed
e > 0, let u® be an almost optimal control for V' (z,t), and x(s) the
corresponding trajectory trajectory , i.e.,
J(z, ;%) < V(x,t) +e
We claim that V(z,t) < V(z,t) + e To check this statement, let
x(-) =x(-) and y = x°(t'). Then

t/
V(x,t) < / L(x(s),u’(s),s)ds + V(y,t').

t
Additionally

V(y,t') < J(y,t';u).
Therefore
V(z,t) < J(z,t;u) < V(z,t) + e,
and, since € is arbitrary, V(z,t) < V(z,1t).
To prove the opposite inequality, we will proceed by contradiction.

Therefore, if V(x,t) < V(z,t), we could choose € > 0 and a control u’
such that

/t L(xt(s), ut(s), s)ds + V (5, ') < V(x, ) —

where x* = f(x* u*), x*(t) = r, and y = x*(#'). Choose u’ such that

J(y, ;) < V(y,t) + =

2
Define u* as
(s) = u¥(s) for s <t/
(s) =u’(s) for t' < s.
So, we would have
—e>/ L(x i(s),8)ds + V(y,t') >
> L (s),8)ds + J(y,t';u’) — ;:

t

J(z, t;u” )—— > V(x,t) —

which is a contradiction. O
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3. Pontryagin maximum principle

In this section we assume the control space U is bounded and that
there exists an optimal control u* and corresponding optimal trajectory
x*. We assume also that the terminal data v is differentiable.

Let r € [t,t1) be a point where u* is strongly approximately con-

el _?i%cs/ >

for all continuous functions ¢. Denote by =j the fundamental solution
of

tinuous, i.e.,

(111) fo = Do f(x",u")&,
with Z(r) = 1.
Let p* be given by
(112)  p*(r) =Ds¥(xg(t1))=0(t2) f(x7(r), u*(r))
(113) + /rtl D, L(x*(s), u*(s), s)Z0(s) f(x*(r), u*(r))ds.

Lemma 94 (Pontryagin maximum principle). Suppose that 1 is dif-
ferentiable. Then, for almost all r € [t,t;),

(114) fE (), ui(r)) - p*(r) + L(x*(r), u*(r), 7)
= min [f(x",v) - p*(r) + L(x*(r),v,7)].

velU

PROOF. Let v € U. For almost all r € [ty,t;) u* is strongly ap-
proximately continuous (see [EG92]). Let r be one of these points.
Define

v if r<s<r+9

us(s) =
u*(s) otherwise,
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and
x*(s) if t<s<r
xs(s) = 4x*(r) + [T f(x5,0) if r<s<r+d
x*(s)+0& if r+0<s<t,
where

1 r+6

G0 =5 [ 1xi(s)0) = Fx () 5] s,

and ys; = x*(s) + 0&s solves, for r +0 < s < ty,
Vs = f(y57U*)'

Observe that

(1) = lim &5(r + ) = £ (1), v) = " (1), W' ().
Then, as § — 0, & converges to the solution & of (111). Thus &(s) =
Eo(s) (f(x*(r),v) = f(x*(r),u"(r))).

Clearly

J(t,zu) < /t L(xs(s), us(s), 8)ds + wlx" (1) + 665)

This last inequality implies

%/ [Lxs(s),v,8) — L6 (), w'(5), 9] s
1 /M

+—/ [L(x*(s) + d&s,u™(s), s) — L(x"(s),u*(s), s)] ds+
0 r+6

PO (1) +65) — 0(x ()] > 0.
When 6 — 0, the first term converges to

L(x*(r),v,r) — L(x*(r),u*(r),r),

since u* is strongly approximately continuous. The second term tends

to
/ DLL(x* (), (), $)Eo(s)ds,

whereas the third one has the following limit:

D,p(xgr(t1)) - So(t1)).
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This implies that for almost all r r,
L(x*(r),v,r) = L(x"(r),u"(r), 7)
+p(r) - (f(X'(r),v) = f(X*(r),u*(r))) = 0.
consequently
fE(r),u*(r) - p*(r) + L(x*(r), u*(r), 7)
= min [f(x"(r). ) - p°(r) + L(xa(r),v.7)].

as required. O

4. The Hamilton-Jacobi equation

Proposition 95. Suppose the value function is C*. Let r € [t,t1) be a

point where u* is strongly approrimately continuous. Then

p*(r) = D,V (z,r).

PROOF. Let u* be an optimal control for the initial condition (z, ).
For y € R" and 6 > 0 consider the solution
X(S = f(X57U*>7
with initial condition x5(¢) = x + dy. Then

0x;5(s)
o)

Zo(s)y.
5=0

Since for all §
V(z+dy,r) < /tl L(xs,u*)ds + 1 (x5(t1)),
by differentiating with respect to 0 we obtain
DV ey = [ DuLlow)Za(s s + Dabx(t)Za(0 )y
which implies the resrult. 0

Theorem 96. Suppose the value function V is C'. Then it solves
(115) —V,+ H(D,V,z) =0,
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ProoOF. Consider an optimal trajectory x*

Vi (), 1) = / " L (), u(s))ds.
Then, by differentiating with respect to ¢ we have
Vi(x*(t), 1) + DV (x*(t), 1) f(x*(t), u”(£)) + L(x"(£), u’(t)) = 0.

Which by Pontryagin maximum principle is equivalent to the Hamilton-
Jacobi equation ([115). O

Exercise 161. Let M(t), N(t) be nxn matrices with time-differentiable
coefficients. Suppose that is N invertible. Let D be a n X n constant
matriz. Consider the Lagrangian
1 1
L(z,v) = §xTM(t)x + §UTN(t)v
and the terminal condition ¢ = %zTDx. Show that there exists a solu-
tion to the Hamilton-Jacobi with terminal condition v at t =T of the

form

1
V= §xTP(t):c,

where P(t) satisfies the Ricatti equation
P=P'N'P-M
and P(T) = D.

5. Verification theorem

Theorem 97. Let L(z,v) be a C' Lagrangian, strictly convex in v,
and let f(x,u) a control law satisfying , and H the generalized
Legendre transform of L. Let ®(x,t) a classical solution to the
Hamilton-Jacobi equation

(116) — &, + H(D,®,2) =0

on the time interval [0, T, with terminal data ®(x,T) = p(z). Then,
forall0 <t <T,
O(x,t) = V(x, 1),

where V' is the value function.
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PROOF. Let x be any trajectory satisfying

x = f(x,u).

P(T)) = B(x(0).6) = [ - Blx(s). )i
_ / D,0(x(s), s) - f(x,u) + Du(x(s), 5)ds.

Adding ftT L(x(s),u(s))ds+P(x(t),t) to the above equality and taking

the infimum over all controls u, we obtain
T
inf (/ L(x(s),u(s))ds + gO(X(T)))
t
T
= ®(x(t),t) + inf (/ O (x(s),s) + L(x(s),u(s)) + D, P(x(s), s) - f(x, u)ds) :
t
Now recall that for any v,
_H(pa l’) < L(ZL‘,U) +p- f(l',U),
therefore
T
inf (/ L(x(s),x(s))ds + QD(X(T)))
t
T
> ®(x(t),t) + inf (/ (®s(x(s),s) + H(D,®(x(s), s),x(s)))ds) = O(x(t),1).
t
Let r(x,t) be uniquely defined as
(117) r(z,t) € argmin, .y L(z,v) + D, ®(z,t) - f(x,v).
A simple argument shows that r is a continuous function.

Now consider the trajectory x given by solving the following differ-

ential equation
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with initial condition x(¢) = x. Note that since the right-hand side is

continuous there is a solution, although it may not be unique. Then

inf (/j L(x(s),x(s))ds + so(X(T)))

< d(x(t),1t) —l—/t <<I>S (x(s), s) — H(D,®(x(s), s),x(s))>d3
= ®(x(1),1),

which ends the proof. 0

We should observe from the proof that (117 gives an optimal feed-
back law for the optimal control, provided we can find a solution to the
Hamilton-Jacobi equation.

6. Existence of optimal controls - bounded control space

We now give a proof of the existence of optimal controls for bounded
control space. The unbounded case will be addressed in §g|

Lemma 98. Suppose that f is as in (108). Then J is weakly lower

semicontinuous, with respect to weak-* convergence in L.

PROOF. Let u, be a sequence of controls such that u,—u in L®[t, ,].
Then, by using Ascoli-Arzela theorem, we can extract a subsequence

such that x,(+) converges uniformly to x(-). Furthermore because the

control law ([108) is linear we have
x = f(x,u).
We have

J(z, t;u,) :/t 1 [L(x,(s), u,(s),s) — L(x(s),u,(s), s)] ds+

+ / L (x(5), wa(5), s)ds + ¥ ()),
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The first term, fttl [L(x,(s),u,(s),s) — L(x(s),u,(s), s)] ds, converges
to zero. Similarly, ¥ (x,(t1)) — ¥ (x(t1)). Finally, the convexity of L

implies
L(x(s),un(s), s) = L(x(s), u(s), s) + Dy L(x(s), u(s), ) (un(s) — u(s)).

Since u,, —~ u

/t 1 D,L(x(s),u(s), s)(u,(s) —u(s))ds — 0.

Hence
liminf J(z,t;u,) > J(z,t;u),

and so J is weakly lower semicontinuous. 0

Using the previous result we can now state and prove our first

existence result.

Lemma 99. Suppose the control set U is bounded. There exists a
minimizer u* of J in U.

PROOF. Let u, be a minimizing sequence, that is, such that

J(z,t;u,) — inf J(z,t;u).

uelpr

Because this sequence is bounded in L*°, by Banach-Alaoglu theorem
we can extract a sequence u,—u*. Clearly, we have u* € Y. We claim

now that
J(x,t;u") = inf J(z,t;u).
(r,;0°) = inf J (o, ;)
This just follows from the weak lower semicontinuity:

111125 J(z,t;u) < J(z,t;u*) <liminf J(z,t;u,) lllIelzg J(x,t;u),

which ends the proof. O

Example 42 (Bang-Bang principle). Consider the case of a bounded
closed convex control space U and suppose the Lagrangian vanishes.

Suppose f(x,v) = v and that the terminal value 1 is convex.
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In this setting we first observe that the set of all optimal controls
is convex. As such it admits an extreme point u*. We claim that u*

takes values on OU.

To see this choose a time r and suppose that for some e there is
a set of positive measure in [r,r + €| for which u* is in the interior of
U. Then there exists an L* function v supported on this set such that
f:+€ dv = 0, and such that u* & v is an admissible control. By our

assumptions it is also an optimal control. It is clear then that u* is not

an extreme point which is a contradiction. <

Exercise 162. Show that the Bang-Bang principle also holds if the
Lagrangian is independent on the state variable x, that is L = L(v).

7. Sub and superdifferentials

Let ¢ : R® — R be a continuous function. The superdifferential
Df(x) of ¢ at x is the set of vectors p € R™ such that

i sup 2+ ) = 0() ~p -

<.
o] —0 |v]

Consequently, p € D¢ (z) if and only if

Pz +v) <P(x) +p- v+ oflv]),

as |v| — 0. Similarly, the subdifferential, D, (x), of ¢ at x is the set
of vectors p such that

pog U@ ) = () —pv

> 0.
0] =0 |v|

Exercise 163. Show that if u : R" — R has a mazimum (resp. mini-
mum,) at xo then 0 € DV u(xg) (resp. D~ u(xo)).

We can regard these sets as one-sided derivatives. In fact, ¥ is
differentiable then

D p(x) = Di(x) = {Dyip(2)}.

More precisely,
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Proposition 100. If D (z), DS (x) # 0 then

D 4(x) = D (x) = {p}

and v is differentiable at x with D, = p. Conversely, if 1 is differ-
entiable at x then

D () = Di(x) = {Dyip(2)}.

PROOF. Suppose that D_ 1 (x) and Dj(x) are both non-empty.
Then we claim that these two sets agree and have a single point p. To
see this, take p~ € D9 (x) and p™ € D (x). Then

lim inf >0
[u]—0 v
_ ot
lim sup Y(x+v) =) —p" v <0
|v]—0 v
By subtracting these two identities
+ ).
liminf =PV S g
[v]—0 |U|
In particular, by choosing v = —e%, we obtain
—lp~ =p"[ >0,

* = p. Additionally p satisfies

Y +v) =) —p-v

which implies p~ = p

=0,
and, therefore, D, = p.

To prove the converse it suffices to observe that if v is differentiable
then

(x4 v) = P(x) + Datp(2) - v + o([v]).
U

Exercise 164. Let i be a continuous function. Show that if xq is a
local mazimum of 1 then 0 € D¥i)(xy).
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Proposition 101. Let

Y :R"—> R
be a continuous function. Then, if

p € DiY(xo) (resp. p € Dy(x0)),

there exists a C' function ¢ such that

U(x) = ¢()
has a local strict mazimum (resp. minimum) at xo and
On the other hand, if ¢ is a C* function such that

U(z) — ¢()

has a local mazimum (resp. minimum) at xy then

p = Do¢(x0) € DFb(x0) (resp. Dyv(xo)).

PROOF. By subtracting p - (x — zo) + ¥ (x¢) to ¥, we can assume,
without loss of generality, that ¥(z¢) = 0 and p = 0. By changing
coordinates, if necessary, we can also assume that o = 0. Because
0 € D 4(0) we have

lim sup v(z) <0.
wl—o 7]

Therefore there exists a continuous function p(z), with p(0) = 0, such
that

() < |a]p(z).
Let n(r) = maxy<,{p(x)}. 1 is continuous, non decreasing and 7(0) =
0. Let "
o) = | )i+ ol

z|

The function ¢ is C' and satisfies ¢(0) = D,¢(0) = 0. Additionally, if
x #0,

2|z

b(z) — 9lz) < |zlp(z) - / n(r)dr — |af? < 0.

|z

Thus 1) — ¢ has a strict local maximum at 0.
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To prove the second part of the proposition, suppose that the dif-
ference 1(x) — ¢(x) has a strict local maximum at 0. Without loss
of generality, we can assume 1(0) — ¢(0) = 0 and ¢(0) = 0. Then
(x) — ¢(x) < 0 or, equivalently,

(x) <p-az+(p(x) —p-x).
Thus, by setting p = D,¢(0), and using the fact that

i @) —p-2

=0,
|z]—0 ’.CC‘

we conclude that D,¢(0) € D} (0). The case of a minimum is similar.
U

A continuous function f is semiconcave if there exists C' such that

fla+y) + flx—y) —2f (2) < Cly*
Similarly, a function f is semiconvez if there exists a constant such that
fla+y) + flz—y) = 2f () = =Cly*.
Proposition 102. The following statements are equivalent:
1. f is semiconcave;
2. f(x) = f(x) — C|z|? is concave;

3. for all \, 0 < X\ <1, and any y, z such that \y + (1 — )z =0
we have

C
Mz +y)+ 1= Nf(e+2) = flo) < FAP + (1= V)],
Additionally, if f is semiconcave, then

a. DI f(x) #0;
b. if D, f(z) # 0 then f is differentiable at x;
c. there exists C' such that, for each p; € D f(x;) (i =0,1),

(zo — 1) - (po — p1) < Clzg — 31|

REMARK. Of course analogous results hold for semiconvex functions.
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Proor. Clearly 2 = 3 = 1. Therefore, to prove the equiv-
alence, it is enough to show that 1 = 2. Subtracting C|z|* to f,
we may assume C' = 0. Also, by changing coordinates if necessary, it
suffices to prove that for all z,y such that Az + (1 — A\)y = 0, for some
A € [0, 1], we have:

(118) Af(@) + (1 =A)f(y) = f(0) <0.

We claim now that the previous equation holds for each A = 2], with
0 <k < 2. Clearly ( . holds for j = 1. We will proceed by
induction on j. Suppose that if valid for A = 2% We will show
that it also holds for A = QJ% If k is even, we can reduce the fraction

and, therefore, we assume that k is odd, A = y% and Ax+(1—=\)y = 0.
Note that

g L[k=1 (k-1 L[+l ) k+1
D) 2j+1m+ o )Y +§ 2]’+1‘7C+ o Y|

consequently,

50 245 (e (=500 +
kE+1 E+1
_f(23+1 T (1_ 2j+1>y)

but, since k— 1 and k+1 are even, kg = %=L and &y = k“ are integers.
Therefore

e —f(—w+<“—%) )* f<_x+<1_%>y>

But this implies
ko + k ko + k
F(0) = = (o) + (1 - °2—+> ).

From 120 + ky = k we obtain

102 gt + (1- 5 ) £

Since the function f is continuous and the rationals of the form 2% are

dense in R, we conclude that

fQ0) = Af(x) + (1= A)f(y),
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for each real A\, with 0 < A\ < 1.

To prove the second part of the proposition, observe that by propo-
sition [100] @ == b. To check a, i.e., that D} f(z) # 0, it is enough
to observe that if f is concave then D} f(z) # (). By subtracting
C|z]?* to f, we can reduce the problem to concave functions. Finally, if
pi € Df f(x;) (i =0,1) then

Floo) = S laol? < flan) = Sl + (o1 = Cn) -z — 1),
and
Fla) = Sl < fan) — 5wl + (oo~ Oe) - (21 o).
Therefore,
0 < (p1 = po) - (w0 — 1) + Clag — ],
and so (po — p1) - (wg — 1) < Clzg — 21 |% O

Exercise 165. Let f : R™ — R be a continuous function. Show that if
zg is a local mazimum then 0 € DT f(zo).

8. Optimal control in the calculus of variations setting

We now consider the calculus of variations setting and prove the
existence of optimal controls. The main technical issue is the fact that
the control space U = R" is unbounded and therefore compactness
arguments do not work directly. Fortunately, the coercivity of the
Lagrangian is enough to establish the existence of a-priori bounds on
optimal controls.

Theorem 103. Let x € R™ and tg < t < ti. Suppose that the La-

grangian L(x,v) satisfies:

A. L is C*™, strictly convex in v (i.e., D2 L 1is positive definite),
and satisfying the coercivity condition

L
lim (2, v) =

|v]—o0 |U|
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uniformly in (x,t);

. L is bounded by bellow (without loss of generality we assume

L(z,v) >0);

. L satisfies the inequalities

L(.T,O) S C1, ’DIL| S CQL + c3

for suitable ¢y, co, and c3;

. there exist functions Co(R), C1(R) : RT — R such that

whenever |v] < R.

Then, if 1 is a bounded Lipschitz function,

1. There exists u* € L[t t1| such that its corresponding optimal

(119)

(120)

trajectory x*, given by

satisfies

Vx,t) = /t 1 L(x*(s),x*(s))ds + ¥(x*(t1)).

There exists C, depending only on L, ¥ and t; —t but not on x
ort such that |u(s)| < C fort < s <ty. The optimal trajectory
x*(+) is a C?[t, t1] solution of the Fuler-Lagrange equation

iDvL - D, L=0
dt

with initial condition x*(t) = x.
The adjoint variable p, defined by

p(t) = _DUL(X*7 X*)>
satisfies the differential equation

p(s) = D.H(p(s),x*(s))
x*(s) = —D,H(p(s),x*(s))
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with terminal condition
p(t1) € D¢ (x* (1))
Additionally,
(p(s), H(p(s),x"(s))) € D"V (x*(s), s)

fort <s<ty.

4. The value function V' is Lipschitz, and so almost everywhere
differentiable.

5. If D? L is uniformly bounded, then for each t < ty, V(z,t) is
semiconcave in x.

6. Fort<s <t

(p(s), H(p(s).x7(5))) € DTV (x"(s), s)

and, therefore, DV (x*(s), s) exists fort < s < t;.

Proor. We will divide the proof into several auxiliary lemmas.

For R > 0, definelr = {u € U : |Ju|c < R}. From lemmal[99there
exists a minimizer ug of J in Ur. Then we will show that the minimizer

up satisfies uniform estimates in R. Finally, we will let R — oco.

Let pr be the adjoint variable given by the Pontryagin maximum
principle. We now will try to estimate the optimal control ug uniformly
in R, in order to send R — oo.

Lemma 104. Suppose ¢ is differentiable. Then there exists a constant
C, independent on R, such that

lpr| < C.

PROOF. Since v is Lipschitz and differentiable we have
1 Dyth| < |1 D] o0 < 00

Therefore

(o) < [ ID.Lxa(r), unlr)ldr + | Duts
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Let Vg be the value function for the terminal value problem with the
additional constraint of bounded control: |v|] < R. From |D,L| <
coL + c3, it follows

IPr(s)| < C(Vr(t, z) + 1),

for an appropriate constant C'. Proposition[00] shows that there exists a
constant C, which does not depend on R, such that Vi < C'. Therefore

lpr| < C.
]

As we will see, the uniform estimates for pr yield uniform estimates
for ug.

Lemma 105. Let ¢ be differentiable. Then there exists Ry > 0 such
that, for all R,

luglle < R

PROOF. Suppose |p| < C. Then, for each ¢, the coercivity condi-
tion on L implies that there exists R; such that, if

v-p+ L(z,v) < ¢
then |v| < R;. But then,
ug(s) - Pr(s) + L(xr(s), ur(s)) < L(xg(s),0) < c1,

that is, ||ugl/e < Ry. O

Since ug is bounded independently of R, we have
V = J(z,t;ug,),
for Ry > Ry. Let u* = up, and p = pg,.

Lemma 106 (Pontryagin maximum principle - II). If ¢ is differen-
tiable, optimal control u* satisfies

u -p+ L(x*,u") =min[v-p+ L(x*,v)] = —H(p,x"),
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for almost all s and, therefore,
p=—-D,L(x",u") and u*=—-D,H(p,x"),
where H = L*. Additionally, p satisfies the terminal condition
p(t1) = DY (x" (1))

Proor. Clearly it is enough to choose R sufficiently large. U

Lemma 107. Let ¢ be differentiable. The minimizing trajectory x(-)
is C? and satisfies the Euler-Lagrange equation . Furthermore,

p=D,H(p,x") x =—-D,H(p,x").

PROOF. By its definition p is continuous. We know that

X"(s) = —=DpH (p(s),x(s)),

almost everywhere. Since the right hand side of the previous identity is
continuous, the identity holds everywhere and, therefore, we conclude
that x* is C'. Because p is given by the integral of a continuous
function (|112]),

p(r) = Dab(x*(11)) + / " DuL(xc (), 0 (s))ds,
we conclude that p is C'. Additionally,
x* = —D,H(p,x")
and, therefore, x* is C'', which implies that x is C2. We have also
p=—D,L(x",%x") p=—-D,L(x*%x"),
from which it follows
(121) %DUL<X*,X*) — D, L(x",%*) = 0.
Thus, since D, L(x*,x*) = —D,H(p,x*), we conclude that
p=D,H(p,x") x* = —-D,H(p,x"),

as required. O
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In the case in which v is only Lipschitz and not C!, we can consider

a sequence of C functions, 1, — 1 uniformly, such that

| Dt lloc < | D] oo

for each ,. Let

To(, 1) :/t1L(Xn(s),xn(s))ds—i—wn(xn(tl)),

and x, u’, respectively, the corresponding optimal trajectory and op-
timal control. Similarly, let p,, be the corresponding adjoint variable.
Passing to a subsequence, if necessary, the boundary values x,,(¢1) and
pn(t1) converge, respectively, for some 2y and py. The optimal trajec-
tories x* and corresponding optimal controls u converge uniformly,
by using Ascoli-Arzela theorem, to optimal trajectories and controls of
the limit problem. Let
p(s) = lim p,(s).

n—oo

Then, for almost every s,
u’ - p(s) + L(x*(s),u(s)) = irvlf [v-p(s) + L(x*(s),v)],
which implies
p(s) = =Dy, L(x"(s), X*(s)),
for almost all s. But, in the previous equation both terms are contin-

uous functions thus the identity holds for all s.

Lemma 108. Fort < s < t; we have

(p(s), H(p(s),x"(s))) € D"V (x*(s), s)-

PROOF. Let x* be the optimal trajectory and u* the corresponding
optimal control. For r < t; and y € R”, define x, = x*(r) and consider
the sub-optimal control
Yy— T

r—t’

u = ut +

whose trajectory we denote by x*, x*(t) = x. Note that x*(r) = y.
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We have
Vx,t) = /t L(x*(7),u*(7))dT + V(x*(s), 5)

and, by the sub-optimality of zf,

Vx(),4) < / Lt (7), w())dr + V(y, ).

¢
This implies

V(X*<S)7 S) - V<y7 7“) S ¢(y7 T)v
with

$(y,7) = /t " L), Wt (7)) — /1t L (r), w (7))
Since ¢ is differentiable at y and .
(-Dys(x*(5), ).~ Dr(x*(5),5)) € DV (x'(s). ).
Observe that

xi(7) = x*(r) + L0 (r — ),

r—t
and, therefore,
. ° T—1 1
Dygf)(x (8), S) = /; |:D$L; + DULE dr.

Integrating by parts and using (121]), we obtain

Dyp(x"(s),5) = Dy L(x"(s),X"(s)) = —p(s).

Similarly,

Do(yr) = L) + [ |-DaL = )

—u*(r) Yy — —u’(r)
+Dme(T —t) — D,,L(r 5 + DyL——

Integrating by parts and evaluating at y = x*(s), r = s, we obtain

dr.

Drp(x"(s), s) = L(x*(s),X"(5)) — u’(s) Dy L(x"(s), X" (s))
= —H(p(s),x"(s)),

as we needed. O

Lemma 109. The value function V' is Lipschitz.
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PROOF. Let t < t; be fixed and z,y arbitrary. We suppose first
that ¢t —t < 1. Then

V(y7t) - V(fl?,t) < J(y)t;u*) - V(Qf,t),

where V(z,t) = J(x,t;u*). Therefore, there exists a constant C, de-
pending only on the Lipschitz constant of ¢ and of the supremum of
|D,L|, such that

V(yat) o V(x>t) < C‘x _y"
Suppose that t; —t > 1. Let
u(s)=u"'+(x—y)ift<s<t+1
=uf(s)ift+1<s<t.

Then

where the constant C' depends only on D,L and on D,L, and not on
the Lipschitz constant of ¢). Reverting the roles of x and y we conclude

V(y,t) = V(z, 1) < Clz —y.

Without loss of generality we can suppose that t < t. Note that

V(w,t) = V(x"(£),5)] < CJt — 4].
To prove that V' is Lipschitz in ¢ it is enough to check that
(122) V(x*(t),t) — V(x, )| < C|t —1|.
But since x* is uniformly bounded

x*(f) — | < Clt — 1]

thus, the previous Lipschitz estimate implies . U

Lemma 110. V s differentiable almost everywhere.

PROOF. Since V is Lipschitz, the almost everywhere differentiabil-

ity follows from Rademacher theorem. U
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In general, the value function is Lipschitz and not C*! or C2%. How-
ever we can prove an one-side estimate for second derivatives, i.e. that

V' is semiconcave.

Lemma 111. Suppose that |D? L|,|D?,L| < C(R) whenever |v| < R.
Then, for each t < ty, V(x,t) is semiconcave in x.

Proor. Fix t and z. Choose y € R™ arbitrary. We claim that
V(z+y,t) +V(z—yt) <2V(z,t) + ClyP,
for some constant C. Clearly,

V(z+y,t)+ V(e —y,t)—2V(x,t)

t1
< / L 43,5 +9) + L =y, %" — §) = 2L(x", )] ds,
t

where
tl — S

R

y(s)

Since |D? L| < Ci(R),

L(x" +y, %" +¥) < L(x" X" +¥) + D L(x", X"+ ¥)y + Cly[
and, in a similar way for the other term. We also have

L(x", %" +y) + L(x", X" —y) < 2L(x",%") + Cly|* + Clyly]-
Thus

LX +y,X" +¥) + Lx* —y,x" —y) <2L(x*, %) + Cly|* + Cly|*.

This inequality implies the lemma. O

Lemma 112. We have

(p(s), H(p(s),x"(s))) € DTV (x"(s), s)
fort < s <ty. Therefore DV (x*(s),s) exists fort < s < t;.

PROOF. Let u* be an optimal control at (x,s) and let p be the
corresponding adjoint variable. Define W by

Wy,r) = J (y,r; u %) ~V(,9)
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Hence, for each y € R™ and t < r < tq,
V(y,’l“) - V([L’, S) S W(yv T)a

with equality at (y,7) = (x,s). Since W is C, it is enough to check
that

and
D, W (x"(s),s) = H(p(s),x"(s))-
The first identity follows from

t1 dgo
D, W (s,x*(s)) = / DLy + Dde—dT,
s T

where (1) = 2—: Using the Euler-Lagrange equation

iDvL - D, L=0
dt

and integration by parts we obtain
D,W(s,x*(s)) = —D,L(x"(s),%x"(s)) = p(s).

On the other hand,

D, W (s,x*(s)) = —L(x*(s),%x"(s)) + /t1 D,Lo+ DUL%dT,
where
O7) = ;—2X(s).

Using again the Euler-Lagrange equation and integration by parts, we
obtain

D, W (s,x*(s)) = —L(x"(s),x"(s),s) + D,L(x"(s),x"(s))%x"(s),
or equivalently
D, W (s,x"(s)) = H(p(s),x"(s)).

The last part of the lemma follows from proposition (100} U

This ends the proof of the theorem. O
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In what follows we prove that the value function is differentiable at

points of uniqueness of optimal trajectory.

A point (z,t) is regular if there exists a unique optimal trajectory
x*(s) such that x*(t) = x and

Viet) = [ L6l % (s + oG ()

Theorem 113. V is differentiable with respect to x at (x,t) if and only
if (x,t) is a regular point.

PROOF. The next lemma shows that differentiability at a point x

implies that z is a regular point:

Lemma 114. If V is differentiable with respect to x at a point (x,t),
then there exists a unique optimal trajectory

PRrOOF. Since V is differentiable with respect to = at (x,t), then
any optimal trajectory satisfies

since p(t) = D,V (z). Therefore, once D,V (x*(t),t) is given, the veloc-
ity x*(¢) is uniquely determined. The solution of the Euler-Lagrange
equation is determined by the initial condition and velocity: x*(¢)
and x*(t). Thus, the optimal trajectory is unique. O

To prove the other implication we need an auxiliary lemma:
Lemma 115. Let p such that

1DV (1) = plliee(B2.20) — O

when € — 0. Then V is differentiable with respect to x at (x,t) and
D,V (x,t) = p.

PROOF. Since V is Lipschitz, it is differentiable almost everywhere.
By Fubin theorem, for almost every point with respect to the Lebesgue
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measure induced in S"° !, V is differentiable y = x + Ak, with respect

to the Lebesgue measure in R. For these directions

V(y,t) = V(z,t) —p-(y — )
|z —y

S.

/1 (DV(+sly—2)t) =p) - (y—=) |

0 |z —y

Suppose 0 < |x — y| < e. Then
|z =y

In principle, the last identity only holds almost everywhere. However,

y)
’ <DV (1) = pllze(Ba.c))-

for y # x, the left-hand side is continuous in y. consequently, the
inequality holds for all y # x. Therefore, when y — =,

‘V(l’»t)—‘/(y,t) —p-(z—y)

|z =y
which implies D,V (x,t) = p. O

o

Suppose that V' is not differentiable at (x,t). We claim that (z,)
is not regular. By contradiction, suppose that (z,t) is regular. Then if

V fails to be differentiable, the previous lemma implies that for each p,

| D2V (-,t) = pllLoe(B(a,e)) = 0.

Thus, we could choose two sequences x! and z2 such that z!, — = but

whose corresponding optimal trajectories x! satisfy
lim X (¢) # lim %2 (t).

However, this shows that (x,?) is not regular. Indeed if (z,t) were
regular, and x, were any sequence converging to x, and x(-) the cor-

responding optimal trajectory then
%) (t) — X*(t).

If this were not true, by Ascoli-Arzela theorem, we could extract a
convergent subsequence X,, () — y(-), and for which

%3 (1) — v # X ().
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Let y(-) be the solution to the Euler-Lagrange equation with initial
condition y(¢) = x(t) and y(¢t) = v. Note that x*(-) — y(:) and

*

x*(-) — y(+), uniformly in compact sets, and, therefore,

V(z,t) = lim V(z,,t) = lim J(x,,t;%X,)

n—oo n—oo

= J(z, 6;y) > J(z,6:X7) = V(z, 1),

since the trajectory y cannot be optimal, by regularity, which is a
contradiction. O

REMARK. This theorem implies that all points of the form (x*(s), s),

in which x* is and optimal trajectory are regular for t < s < ¢;.

Exercise 166. Show that the optimal control "bounded control space”
setting, the value function is Lipschitz continuous if the terminal cost

18 Lipschitz continuous.

Exercise 167. In the optimal control “bounded control space” setting,

show that if 1 is Lipschitz, for any (x,t) there exists p such that
(p(s), H(p(s),x"(s))) € D"V (x"(s), s)

fort < s <ty and
(p(s), H(p(s),x"(s))) € DTV (x"(s), s)

fort <s<t.

9. Viscosity solutions

In this section we discuss the viscosity solutions in the calculus of
variations setting. Since, however with small modifications our results
hold for the bounded control setting, we have added exercises in which

the reader is required to prove the analogous results.

Theorem 116. Consider the calculus of variations setting for the opti-
mal control problem. Suppose that the value function V is differentiable

at (x,t). Then, at this point, V satisfies the Hamilton-Jacobi equation
(123) —Vi+ H(D,V,z,t) = 0.
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ProorF. If V is differentiable at (z,t) then the result follows by

using statement 6 in theorem [103] U

Exercise 168. Show that (123|) also holds in the "bounded control
case” setting. Hint: use exercises and [167

Corollary 117. Consider the calculus of variations setting for the op-
timal control problem. The value function V satisfies the Hamilton-

Jacobi equation almost everywhere.

PROOF. Since the value function V' is differentiable almost every-
where, by theorem [103] theorem [I16] implies this result. O

Exercise 169. Show that the previous corollary also holds in the "bounded
control case” setting.

However, it is not true that a Lipschitz function satisfying the
Hamilton-Jacobi equation almost everywhere is the value function of

the terminal value problem, as shown in the next example.

Example 43. Consider the Hamilton-Jacobi equation
Vi + D, VP =0
with terminal data V(x,1) = 0. The value function is V' = 0, which

is a (smooth) solution of the Hamilton-Jacobi equation However, there

are other solutions, for instance,

0 if |z|>1—t

V(z,t) = _
e =1+t if |z|<1—t

which satisfy the same terminal condition ¢ = 1 and is solution almost

everywhere. <

A bounded uniformly continuous function V' is a wiscosity subsolu-
tion (resp. supersolution) of the Hamilton-Jacobi equation (123)) if for
any C'! function ¢ and any interior point (x,t) € argmaxV — ¢ (resp.
argmin) then

“Dib+ H(Dut,,t) <0
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(resp. > 0) at (x,t). A bounded uniformly continuous function V' is
a viscosity solution of the Hamilton-Jacobi equation if it is both a sub

and supersolution.

The value function is a viscosity solution of , although it may
not be a classical solution. The motivation behind the definition of
viscosity solution is the following: if V is differentiable and (z,t) €
argmaxV — ¢ (or argmin) then D,V = D,¢ and D,V = D;¢, therefore
we should have both inequalities. The specific choice of inequalities is
related with the following parabolic approximation of the Hamilton-

Jacobi equation
(124) — D + H(Dyu, x,t) = eAu”.

This equation arises naturally in optimal stochastic control (see [FS93]).
The limit € — 0 corresponds to the case in which the diffusion coeffi-

cient vanishes.

Proposition 118. Let u® be a family of solutions of such that, as
e — 0, the sequence u¢ — u uniformly. Then u is a viscosity solution

of .

PROOF. Suppose that ¢(z,t) is a C* function such that u — ¢ has

a strict local maximum at (Z,t). We must show that

By hypothesis, u¢ — wu uniformly. Therefore we can find sequences
(Te,t) — (T,t) such that u¢ — ¢ has a local maximum at (T, ¢.).

Therefore,

Duf(T.,t.) = Do(Ze, t.)
and

Au (T, t) < Ad(Te, te).
Consequently,

_thb(fevze) + H(Dz(b(fﬂze);feaze) S €A¢(f€,%€>.

It is therefore enough to take ¢ — 0 to end the proof. U
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An useful characterization of viscosity solutions is given in the next
proposition:

Proposition 119. Let V be a bounded uniformly continuous function.
Then V' is a viscosity subsolution of if and only if for each (p, q) €
DTV (x,t),

—q+ H(p,z,t) <0.
Similarly, V' is a viscosity supersolution if and only if for each (p,q) €
D=V (z,t),

—q+ H(p,z,t) > 0.

PrRoOOF. This result is an immediate corollary of proposition [101]
O

Example 44. In example 43| we have found two different solutions to
equation

~Vi+|D, V=0

satisfying the same boundary data.

It is easy to check that the value function V' = 0 is viscosity solution
(it is smooth, satisfies the equation and the terminal condition). The
other solution, which is an almost everywhere solution is not a viscosity

solution (check!).

Now we will show that the definition of viscosity solution is consis-
tent with classical solutions.

Proposition 120. A differentiable solution of 1s a classical so-
lution.

Proor. If V is differentiable then
DYV =DV ={(D,V,D;V)}.
Since V' is a viscosity solution, we obtain immediately
-D,V+ H(D,V,x,t) <0, e —D/\V+ H(D,V,z,t)>0,
therefore —D,V + H(D,V,x,t) = 0. O
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Theorem 121. Let u, be the value function of the infinite horizon

discounted cost problem (?7?). Then u, is a viscosity solution to
atg + H(Dugy, z) = 0.

Similarly, let V' be a solution to the initial value problem (?7). Then
V' is a viscosity solution of

V, + H(D,V,z) = 0.

ProoOF. We present the proof only for the discounted cost infinite
horizon as the other case is similar, and we refer the reader to [Eva98al,
for instance. Let ¢ : T¢ — R, (), be a C*° function, and let zg €
argmin(u, — ¢). By adding a suitable constant to ¢ we may assume
that u(zg) — ¢(x¢) =0, and u(z) — ¢(x) > 0 at all other points.

We must show that
ap(zo) + H(Dp(20), 20) > 0,
that is, there exists v € R? such that
ap(xo) + v - Dyp(xo) — L(xg,v) > 0.
By contradiction assume that there exists 6 > 0 such that
ap(zo) +v - Dyp(xg) — L(xg,v) < —0,

for all v. Because the mapping v +— L is superlinear and ¢ is C*,
there exists a R > 0 and r; > 0 such that for all z € B, (z¢) and all
v € B%(0) = R?\ Bg(0) we have
0
ap(z) +v- Dyp(z) — L(z,v) < —3
By continuity, for some 0 < r < r; and all x € B,(zy) we have
6
ap(e) +v- Dep(z) = L(z,v) < =3,
for all v € Bg(0).

Therefore for any trajectory x with x(0) = xy and any 7" > 0 such
that the trajectory x stays near xg on [—T,0], i.e., x(t) € B,.(zg) for
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t € [-T,0] we have

This yields

0 0
u(zg) < —g/ e dt +/ e L(x,%)dt + e *Tu(x(=T))

-T -T
Since the infimum in (?7?) is, in fact, a minimum we can choose a time

interval [-7,0] and a trajectory x* that minimizes (77):

u(xg) = / e L(x*, x*)dt + e “Tu(x*(=T%)).

_T*
A minimizing trajectory on [—7™, 0] also minimizes on any sub interval:
for any T € (0,7*) we have

u(zg) = /_T e L(x*, x*)dt + e *Tu(x*(~T)).

Taking T small enough we can insure that x* stays near zq on [—T,0].

This yields a contradiction.

Now consider zg € argmax(u, — ). Again, by adding a suitable
constant to ¢ we may assume that u(zo) —¢(xg) = 0, and u(z) —p(z) <
0 at all other points.

We must show that
ap(xo) + H(Dyp(x0),x0) < 0,
that is, for all v € R? we have
ap(zo) + v - Dyp(x) — L(xg,v) < 0.
By contradiction assume that there exists 6 > 0 such that for some v

ap(ro) + 0 - Dyp(rg) — L(z0,0) > 0.
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By continuity, for some r > 0 and all x € B,(zy) we have
0

ap(z) + 0 Dyp(r) — L(x,0) > 3

The trajectory x, with x(0) = g, X = ¥ stays near z, for t € [T, 0],

provided T > 0 is sufficiently small. Therefore
e u(x(=T)) = u(zo) < e p(x(~T)) — ¢(xo)

- / e (ap(x(t)) + X(t) - Dap(x(t)))dt

-T

0 0 0
——/ eo‘tdt—/ e L(x,X)dt.
2J)r -7

0 0
u(xg) > g/ e dt +/ e L(x,x)dt + e *Tu(x(=T)).

- -
But since by (?7)

IN

This yields

u(zg) < /_T e L(x,%)dt + e~ T u(x(-T)),

this yields the contradiction g% < 0 with 7" > 0. O

Exercise 170. Show that the function V(z,t) given by the Lax-Hopf
formula is Lipschitz in x for each t < ty, regardless of the smoothness

of the terminal data (note, however that the constant depends on t).

Exercise 171. Use the Lax-Hopf formula to determine the wiscosity
solution of
—uy +u =0,

para t <0 and u(z,0) = +2* — 2z.

Exercise 172. Use the Lax-Hopf formula to determine the viscosity
solution of
—u; 4 u? =0,
fort <0 and
0ifx<O
w(z,0) =q 22 if0<z <1
2 — 1 ifx > 1.
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To establish uniqueness of viscosity solutions we need the following

lemma:
Lemma 122. Let V' be a viscosity solution of
—Vi+H(D,V,z) =0

in [0,T] x R™ and ¢ a C' function. If V — ¢ has a mazimum (resp.
minimum,) at (zo,ty) € R x (0,T)] then

(125) — (o, to) + H(Dxg(20, to), 20) < 0 (resp. >0) at (zo, o).

REMARK: The important point is that the inequality is valid even for

some non-interior points (to = 0).

PROOF. Only the case ty = 0 requires proof since in the other case
the maximum is interior and then the viscosity property (the definition

of viscosity solution) yields the inequality. Consider

~ €

b=0-1,
Then V — ¢ has an interior local maximum at (e, t.) with t. < 0.
Furthermore, (z,t.) — (20,0), as ¢ — 0. At the point (z.,t.) we have

€
Oulrerte) + 55 + H(Da (i 1), ) <0,
that is, since 5 > 0,
¢t(x07 0) + H(Dmgb('r(h 0)7 Io) S 0.

Analogously we obtain the opposite inequality, using gz~5 = ¢+ 5. 0

Finally we establish uniqueness of viscosity solutions:

Theorem 123 (Uniqueness). Suppose H satisfies

|H(p,z) — H(g,z)| < C(|p] + la])|lp — 4l
|H(p,x) — H(p,y)| < Clz —y[(C + H(p,x))

Then the value function is the unique viscosity solution to the Hamilton-

Jacobi equation
-Vi+ H(D,V,z) =0
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that satisfies the terminal condition V(x,T) = ¢ (x).

PROOF. Let V and V be two viscosity solutions with

sup V-V=0>0.

-T<t<0

For 0 < €, A < 1 we define

1
V(@ y.t,5) = Ve, )=V (y, s)=Mi+s+2T) =5 (|o—y[+[t=s]") (|2 +|yI").
When ¢, A are sufficiently small we have

o
maxw(x, Y, t> S) - w(iﬂe,m Ye, X5 te,)\) Se,/\) > §

Since Y(Tex, Yer, teas Sen) = ¥(0,0, =T, —=T), and both V' and V are
bounded, we have
1Zen — Yer|? + [ten — sen]? < C€
and
e(|zeal® + yenl?) < C.

From these estimates and the fact that V and V are continuous, it then
follows that

|'Z‘ ,)\ y ,A| |t ,)\ S ,>\| ]
€ € € € ( )7
as € > O.

Denote by w and @ the modulus of continuity of V and V. Then

< V(@easter) = V(Uer, Sen)
= V(@enter) = V@, =T) + Ve, =T) = V(zer, —T)+

FV (@, =T) = V(er, 8er) + V(@ers Ser) = V(Yers Sen) <
Sw(T+tey) +0(T 4+ sen) +@(o(e)).

to| 9

Therefore, if € is sufficiently small 7"+ ¢,y > p > 0, uniformly in e.

Let ¢ be given by

¢<£L', t) = V(ye,)\a 56,)\) + )\(QT + t + 36,)\>+

)+ ez + |yenl?)-

1
+ 6—2(|I’ — y€7)\|2 + |t — Se
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Then, the difference
achieves a maximum at (., %)

Similarly, for ¢ given by

¢(y7 8) = V(l’a/\, te,)\) - )\<2T + te,)\ + 3)_

1
= Glex =y + fter = ") = elleeal” + yl),

the difference

V(y7 S) - ¢(y7 S)
has a minimum at (yex, Se.x)-

Therefore

Pe(xen, ten) + H(Dyd(xen, ten), Tepn) < 0,
and

Os(Yers Sen) + H(Dyd(Yer, Ser) s Yer) > 0.
Simplifying, we have

Tex — Ye

te,)\ — Se\
(126) A+ 20 4 H (2

P + 263:5,)\7 xe,)\) < 07
and

te,)\ — SeA
2

LTe X — Ye

(127) —A+2 + H(2 > — 2€Yexs Yer) > 0.

€

From ((126)) we gather that

e T Ye ].
(128) H(Z% F 2een, Ten) < —A+ Q

223
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By subtracting (126]) to (127)) we have

Tex — Ye Te X — Ye
2)\ < H(2)‘—2yA — 2€Ye \s Yer) — H(2’)‘—2y’A + 2ex. )\, Te ))
€ €
Te X — Ye X Te X — Ye
< H(2 €2 - 2€ye,)\> ye,)\) - H(z —62 - 2€ye,)\7 IQ)\)
Te X — Ye Te X — Ye
+ H(Q’)\e—Qy’)\ — 2€y67)\, 1'67,\) — H(2A€—2y’)\ + 2€$67)\, SB@)\)
Te X — Ye
S (C + CH(2’)\€—2y’)\ + 261‘5,)\7 xe,)\)) |$e,)\ - ys,)\|
Tex — Ye Te X — Ye
+ Cf ('2’)\6—2% + 26376,/\ + 2)\6—2:y’)\ - 2€y6,)\ ) ‘-re,)\ - ye,)\’
o(1
< (A240) e = ool +ler = 5.
when ¢ — 0, which is a contradiction. O

10. Stationary problems

In this section we consider optimal control stationary problems.
These problems arise in stationary steady state control and also in the
infinite horizon discounted cost problem. In this chapter we consider
the calculus of variations setting, however similar results hold for the
bounded control setting.

We define the discounted cost function J,, with discount rate «, as

Jo(z;u) = / L(x(s),x(s))e **ds.
0
In this case, the optimal trajectories x(-) satisfy the differential equa-
tion
X =u,

with the initial condition x(0) = z.

As before, the value function, u,, is given by

uo () = inf J,(z; ),

o0

where infimum is taken over all controls u € Lj3 .
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The dynamic programming principle in this case is

Proposition 124. For eacht > 0

Ua(z) = inf { /O t L(x(s), x(s))e~ds + e—atua(x@))] .

x(0)=z

PRrROOF. Observe that

uo(z) = inf [ /0 ' Lx(s), x(s))e—%ds

x(0)=z

et /t N L(x(s), X(s))e‘a(s_t)ds]

> inf [ /0 ' Lx(s), (s))e—%ds + e—atua(x(t))] |

x(0)=z

The other inequality is left as an exercise:

Exercise 173. Show that

Ua(x) < inf { /0 t L(x(s), x(s))e~ds + e—atua(x(t))] .

x(0)=x

Because of the dynamic programming, it is clear that
Vi(x,t) = e “uy(x)
is a viscosity solution of
~Vi+e “H(e*D,V,x) = 0.
This then implies
Corollary 125. u® is a viscosity solution of

Qe + H(Dyug, x) = 0.

Furthermore

Corollary 126. If u, is differentiable then it is a solution of
(129) H(D,ug, ) + oty = 0.
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Exercise 174. Show that the optimal trajectories for the discounted
cost infinite horizon are solutions to the (negatively damped) Euler-
Lagrange equation

d 0L oL 0L

If x(t) satisfies ([130)), the energy H may not be conserved

Example 45. Let L(z,v) = % + cosz. Then 1} reads
X —ax+sinx = 0.

When o = 0 the energy
2
x
H=—-
5 —CosX

is constant in time, but for a > 0 we have
dH 9
% = axX".
Therefore, the energy increases in time unless x = 0. <

Proposition 127. Suppose that x(t) satisfies @ Then

dH : :
—r = aDLL(x(1). (1)) - ().

PRrROOF. Let
p(t) = —DyL(x(t), x(t))

we have

dH
—r =D,H -p+DH %

—x%-(aD,L+ D,L) — D,L-% = aD,L -%.
0

We assume now that H is Z" periodic in x. We will show that as

a — 0, the solution u, converges (up to constants) to a solution of

(131) H(D,u,z) = H.

for some H.
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Theorem 128. Let u, be a viscosity solution to
aug + H(Dugy, z) = 0.

Then au, is uniformly bounded and u, is Lipschitz, uniformly in «.

PRrOOF. First let x5, be the point where u,(z) has a global max-
imum, and x,, a point of global minimum. Then, by the viscosity
property, i.e., the definition of the viscosity solution, we have

aug(zy) + H(0,20) <0, aug(xy)+ H(0,z,) >0,

which yields that awu,, is uniformly bounded.

Now we establish the Lipschitz bound. Observe that if u, is Lips-
chitz, then there exists M > 0 such that

Uo(T) — ua(y) < M|z — 1yl

for all z,y. By contradiction, assume that for every M > 0 there exists

x and y such that
ua(7) — ua(y) > Mz —yl.

Let p(z) = ua(y) + M|z — y|. Then u,(z) — p(z) has a maximum at

some point x # y. Therefore

e (x) + H(M x:z|,x) <0,

|z

which by the coercivity of H yields a contradiction if M is sufficiently
large. U

Example 46. We can also use directly calculus of variations methods
to show that the exists C', independent of «, such that

C

Uy < —.
«

Indeed, since L(x,0) is bounded

Ua () < Jo(z,0) < / L(z,0)e”*ds < 9
0

«
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Theorem 129. (Stability theorem for viscosity solutions) Assume that
for a >0 function u® is a viscosity solution for H*(u, Du,z) = 0. Let
H® — H uniformly on compact sets, and u® — u uniformly. Then u

is a wviscosity solution for H(u, Du,z) = 0.

PROOF. Suppose u—y has a strict local maximum (resp. minimum)
at a point xy. Then there exists x, — x such that u, — ¢ has a local

maximum (resp. minimum) at x,. Then
H(u (20), D). 2a) <0 (resp. > 0).

Letting v — 0 finishes the proof. 0

As demonstrated in context of homogenization of Hamilton-Jacobi
equations, in the classic but unpublished paper by Lions, Papanicolaou
and Varadhan [Lio82], it is possible to construct, using the previous
result, viscosity solutions to the stationary Hamilton-Jacobi equation

(132) H(Du,z) = H.

Theorem 130 (Lions, Papanicolao, Varadhan). There exists a num-
ber H and a function u(z), Z¢ periodic in x, that solves in the

ViScosity sense.

PRrROOF. Since u, — minu, is periodic, equicontinuous, and uni-
formly bounded, it converges, up to subsequences, to a function wu.
Moreover u, < %, thus awu, converges uniformly, up to subsequences,
to a constant, which we denote by —H. Then, the stability theorem for
viscosity solutions, theorem [129] implies that u is a viscosity solution
of

H(Du,x)=H

Theorem 131. Let u : T — R be a viscosity solution to
H(Du,x) = C.

Then w is Lipschitz, and the Lipschitz constant does not depend on u.
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PROOF. First observe that from the fact that v = v — 0 achieves
maximum and minimum in T¢ we have
min H(0,z) < C < max H(0, z).
z€Td z€Td

Then, it is enough to argue as in the proof of Theorem [12§] U

Exercise 175. Let u : R — R be continuous and piecewise differen-
tiable (with left and right limits for the derivative at any point). Show
that u 1s a viscosity solution of

H(Dyu,z) = H

1. u satisfies the equation almost everywhere;
2. whenever Dyu is discontinuous then Dyu(x™) > Dyu(a™).

Example 47 (One dimensional pendulum). The Hamiltonian corre-
sponding to a one-dimensional pendulum with unit mass and unit
length is
o

H(p,x) = 5 —cos 2rx.
In this case, it is not difficult to determine explicitly the solution to
the Hamilton-Jacobi equation

H(P + Dyu,r) = H(P),
where P is a real parameter. In fact, for P € R and almost every

x € R, the solution u(P,x) satisfies

P+ Dyu)? —
% = H(P) + cos2mx.

consequently, H(P) > 1 and, therefore,

Dyu=—-P+ \/Q(E(P) + cos2mx), q.t.p. z€R.
Thus

u= /Or —P + s(y) \/Q(H(P) + cos 2my)dy + u(0),

where |s(y)| = 1. Since H is convex em p and u is a viscosity solution,

the only possible discontinuities on the derivative of u are the ones
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that satisfy D,u(z~) — Dyu(z™) > 0, see exercise[L75] Therefore s can
change sign from 1 to —1 at any point, however the jumps from —1 to

1 can only happen when

\/Q(F(P) + cos2mx) = 0.
Since we are looking for 1-periodic solutions, there are only two cases
to consider. The first, in which H(P) > 1 and the solution is C*

since \/ 2(H(P) + cos 2my) never vanishes. In this case H(P) can be
determined as from P through the equation

P=+ /01 \/Q(F(P) + cos 2my)dy.

It is easy to check that this equation has a unique solution H(P) when-

ever )
|P| > / V/2(1 + cos 2my)dy,
that is, ’
|P| > %

The second case occurs whenever the last inequality does not hold, that
is H(P) = 1 and thus s(z) can have discontinuities. In fact, s(z) jumps
from —1 to 1 whenever x = %4— k, with k € 7Z, and there exists a point
xo defined by the equation

1
/ s(y)v/2(1 + cos 2my)dy = P,
0
such that s(z) jumps from 1 to —1 at zo + k, k € Z. <

Exercise 176. Let ¢ : T" — R be a C' function not identically con-
stant. Show that there exist two distinct viscosity solutions of

Dyu- (Dyu — Dyo) =0,

whose difference is not constant.



Duality theory

This chapter is dedicated to the study of duality theory in optimiza-
tion problems. The main applications we study are infinite dimensional
linear programming problems such as Monge Kantorowich and Mather

problems.

1. Model problems

In this section we discuss certain minimization problems which in-
volve linear objective functions under linear constraints, that is, infinite
dimensional linear programming problems. Surprisingly there are deep
relations between these problems and certain nonlinear partial differ-

ential equations.

1.1. Mather problem.

1.1.1. Classical Mather problem. Let T¢ be the d-dimensional stan-
dard torus. Consider a Lagrangian L(z,v), L : T¢ x R? — R, smooth
in both variables, strictly convex in the velocity v, and coercive, that
is,

L
lim inf (z,) =

|[v| =00 @ |U|

The minimal action principle of classical mechanics asserts that the
trajectories x(t) of mechanical systems are critical points or minimizers

of the action

(133) /TL(X, X)ds.

231
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These critical points are then solutions to the Euler-Lagrange equations
d
dt

Mather’s problem is a relaxed version of this variational principle, and

(134) D,L(x,%) — D, L(x,%) = 0.

consists in minimizing the action

(135) /ﬂ‘d y L(z,v)du(x,v)

among a suitable class of probability measures u(x,v). Originally, in
[Mat91], this minimization was performed over all measures invariant
under the Euler-Lagrange equations . However, as realized by
[Mn96], it is more convenient to consider a larger class of measures,
the holonomic measures. It turns out that both problems are equivalent
as any holonomic minimizing measure is automatically invariant under
the Euler-Lagrange equations. In what follows, we will define this class

of measures and provide the motivation for it.

Let x(t) be a trajectory on T?. Define a measure L on T? x R¢ by
its action on test functions ¢ € C,.(T? x R%), ¢ (x,v), (continuous with

compact support) as follows:

(w15 = / b (x(0), %(1)) .

If x(t) is globally Lipschitz, the family {uZ }r+o has support contained
in a fixed compact set, and therefore is weakly-* compact. Conse-
quently one can extract a limit measure py, which encodes some of the

asymptotic properties of the trajectory x.
Let ¢ € CY(T?). For 9 (z,v) = v - Dyp(z) we have

(1, j1x) = lim % / . Do(x)dt — 1im LT — e(x(0)

=0.
T—oo T—o0 T

Let v(v) be a continuous function, v : R* — R, such that inf - ﬁg‘ >
v(v)
+I

0, and lim Trp] = O A measure g in T? x R? is admissible if
|v]—o00
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Jrayge Y(W)dp < co. An admissible measure p on T x R? is called
holonomic if for all ¢ € C'(T4) we have

(136) / v-Dodp = 0.
TdxR?

Mather’s problem consists in minimizing under all probabil-
ity measures that satisfy . As pointed out before, however, this
problem was introduced by Mane in [Mn96] in his study of Mather’s
original problem [Mat91].

1.1.2. Stochastic Mather problem. In the framework of stochastic
optimal control one is led to replace deterministic trajectories by sto-
chastic processes. Suppose that x(t) satisfies the stochastic differential
equation

dx = vdt + odW,
in which v is a bounded, progressively measurable process, ¢ > 0 and
W a n—dimensional Brownian motion. One would like to minimize the

average action

T
E / L(x,v)dt.
0
As before, one can associate to these stochastic processes, probability

measures g in T" x R™ defined as

/ qﬁ(a:vdu—llm—/(b
Tn xR™ T—oo T

in which the limit is taken through an appropriate subsequence.

The Dynkin’s formula is the analog for stochastic processes to the
fundamental theorem of calculus. This formula applied to ¢(x(t)),

states that
2

Elp(x(T)) — p(z)] = E/O vDzp(x(t)) + %AW(X(t))dt'

This identity implies

2
/ vDp(z) + %Agp(m)du =0,
T xR

for all p(z) : T" — R, C2
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The stochastic Mather problem [Gom02al consists in minimizing

/ L(z,v)dp,
T xR™

over all probability measures p T" x R™ that satisfy
o2
/ vD(x) + 7Ag0(a:)du =0,
T7 xR™
for all p(x) : T" — R of class C?.

1.1.3. Discrete Mather problem. Also interesting is the discrete case,
in which the trajectories are replaced by sequences (x,,v,) that satisfy
Tni1 = Tp + v,. In this case, if the sequence v, is globally bounded,
for instance, we can associate to this sequence a measure p in T x R”
through

N
1

o(x,v)dpy = lim — O(x, vp),

/Tnxw (z,v) N*“Nn; (T, vn)

in which the limit is take through an appropriate subsequence.

Since for all continuous functions ¢ : T" — R we have

D o(@n +va) — 9(xn) = p(xn41) — @lan),

we obtain

/Tnx]Rn [o(z +v) — p(x)] du = 0.

Therefore, we propose Mather discrete problem, which consists in

/ L(z,v)dp,
T xR™

over all probability measures p in T™ x R™ that satisfy

minimizing

| a0 —s@lda=o

for all continuous function ¢ : T" — R.



1. MODEL PROBLEMS 235

1.1.4. Generalized Mather problem. To state the generalized Mather
problem, we must now make precise our framework. Let U C R™ be
a non-empty closed convex set. Assume that, for some k£ > 0 (usually
k = 0,1,2) there exists a linear operator A" : C*(T") — C(T" x U),
which satisfies the following two conditions: the first one is that for
each fixed ¢ € C*(T") we have

[A%p] < Cp(1 + 0],

uniformly in T" x U, which of course, if U is bounded means simply
that | AY¢| is bounded; the second condition is that for ¢ € C*(T") the
mapping (z,v) — A is continuous in T" x U.

We assume that there exists another operator B defined in C*(T™)

which satisfies the following compatibility conditions with A":
(137) A’k = Bk,

for any k € R, and that, for any given probability measure v on T",
there exists a probability measure p, in T™ x U such that

(138) / A”gpd,u,,:/ Bopdy,
TrxU n

for all ¢ € C*(T").

The Lagrangian L(z,v) : T" x U — R is continuous and convex in
v, bounded below, and, either U is bounded, and no further hypothesis
are required, or if U is unbounded we assume that, uniformly in z

lim Lz v) =

|v]—o0 "Ul

The generalized Mather problem consists in minimizing

(139) [ s
TrxU
over all probability measures y in T x U that satisfy the constraint
(140) / AYpdp = / Bypdy,
TnxU n

for all functions ¢ : T" — R with appropriate regularity.
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1.2. Monge-Kantorowich problem. The Monge-Kantorowich
optimal mass transport problem, see [Eva99| or [Vil03b] is the fol-
lowing: given two positive measures x4+ and x4~ in R™ which satisfy the
mass balance condition

/dW:/ du~,

then one looks for a function s : R® — R™ which transports ut into
1, that is,

[ etst@ndn = [ e,

for each ¢ € C*(R"), more compactly we write this condition as

s?ut = 1, and furthermore that minimizes total transport cost

. / o ()P ().

Unfortunately, proving directly that such a mapping exists is a hard

problem, and we will instead consider a relaxed version of the problem.

Obviously, given a mapping s for which s#u* = p~ we can define

a measure 7 in R?" by

¢z, y)dr = . Oz, 5(x))dp"

R2n

Additionally, the marginals satisfy 7|, = " and 7|, = ™.

It is therefore natural to consider the relaxed Monge-Kantorowich

problem, which consists in minimizing

1
min—/ |z — y|dr,
2 R2n

where the minimum is taken over all probability measures that satisfy
7|, = pt and 7|, = p~, that his

[ etain= [ plaan,

Y(y)dr = [ P(y)du~,
RQ’IL RTL

for all continuous functions ¢ and .

and
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Our strategy is to first prove existence of a solution to the relaxed
problem, which can be done under quite general assumptions, and only
then to prove (whenever possible) that the support of the optimal plan
is in fact a graph (z, s(z)) and, therefore, that there exists an optimal
transport mapping. The next example shows that the existence of an
optimal transport mapping can in fact fail:

Exercise 177. Let piy = dp and pu_ = %5_1 +%51. show that there does

not exist a function s which transports u* into = .

2. Some informal computations

2.1. Mather problem. In Mather’s problem, both in the deter-
ministic and in stochastic cases, the constraint
2

/ vDp(z) + %A(p(m)du =0,
Tn xR™

(0 > 0) is linear in v. Additionally, the Lagrangian is strictly convex
in v. This implies that minimizing measure has support in a graph
(x,0(z)). In fact, if the minimizing measure p(z,v) were not support

in a graph, we could replace it by another measure ji given by

/Tn . o(x,v)df(x,y) = o(x,9(2))do(),

T

where

and
va)db@) = [ w0
Tn Tn xR™
for all ¢ € C'(T™). Thus

/ vD,p(z) + %Ag@(x)dﬂ = 0.
T xR™

Additionally, the convexity of L in v implies

/ Ldji < / Ldpu.
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If L is strictly convex, the inequality is strict unless v = v(z), p almost

everywhere.

In conclusion:

Theorem 132. Let L(x,v) be strictly convex in v and p a minimizing
measure for Mather’s problem (deterministic or stochastic). Then p it

15 supported in a graph

(x,v) = (x,0(x)).

additionally the projection 6 of p in the coordinate x satisfies
2

—V - (5(2)0(z)) + %AH — 0,

and the distribution sense.

In order to simplify the presentation we are going to assume that
L= % — U(z). Using formally Lagrange multipliers (see note after
exercise , we conclude that Mather’s problem is equivalent to the
problem without constraints

(P o
om%n) o (x) +vDyp + ?Ago + H | 0dz.

The function ¢ corresponds to the Lagrange multiplier for the holo-
nomy condition and H to the constraint [, 6 = 1.

To obtain the Euler-Lagrange equation, we make the following vari-

ations

v — v+ ew, 0 — 60+ en.
This implies

v = —D;BQO(SC),
and
|v]? o’ —
T—U(a:)—l—szgo—l—?Agp—i-H:O.
Therefore

2
(141) - %Agp + H(Dyp,z) = H,
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with
_|pP?

H(p,z) = T—I—U(z).

Exercise 178. Adapt minimaz principle from exercise |2 to Mather’s

problem and formally verify the previous results.

As an application, we are going to prove an estimate for the second
derivatives of the solution of the Hamilton-Jacobi equation. In order
to keep the presentation as elementary as possible we assume that the
dimension is 1. We further assume that the solution to equation

is twice differentiable in x:

2
g

Since v = — D, we have

2
ag
/_TA(SOMJ + DzSODx(QDm)dN =0,

and therefore

/\D2gp]2dp <C.

In section p| we will make rigorous many of the ideas discussed in
this section. Mather’s problem is an infinite dimensional linear pro-
gramming problem. In in general, as we have discussed for finite di-
mensional problems, one can use duality to gain a better understanding
of the problem. For Mather’s problem (see exercise , the dual is

given by
o2
i%f sup —7A¢ + H(D,¢,x).

The duality theory implies that the value of this infimum is

— /Ldu.

On the other hand, this value is also the unique number H for which

o? —
_EAU + H(D,u,x) =H
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has a periodic solution u. To check this fact directly, let u be a solution

of (141)) then
o? o? —
i%f sup —EAgb + H(D,¢,z) < sup —?Au + H(D,u,z)=H.

Additionally, for each periodic function ¢, u — ¢ has a minimum at a
point zy. At this point, D,u = D,¢, and Au > A¢. Therefore
o? o?

2
> —%Au(wo) + H(Dyu,x¢) = H.

2.2. Monge-Kantorowich problem. To obtain formally the Euler-
Lagrange equation to the Monge-Kantorowich we will suppose that
both pt and = have densities p* and p~. Let s(x) be an optimal mass
transport map, p the measure in R?" induced by s(z), with marginals
pt. Let w be a divergence free vector field in R and ¢, the flow
associated to the differential equation

d w(z)
ar” o (a)

Since w has zero divergence

d

Therefore # ™ = . Define the measure i, in R?" as

[ otwidn: = [ 6terta).n

Since 1o = p, and p is optimal, we have
d 2
el —y|?du,
o / |z =yl du

2 [ (prle) = ) -or(@)d

=0,
7=0

this is

This implies
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This identity holds for all the versions free vector fields. Consequently,

the function x — s(z) is a gradient. Therefore
s(x) = D,V (x),

for some ¥(x). The condition s#u* = pu~ which, by the change of

variables formula is equivalent to
p*(@) = p~(s(x)) det Ds(x),
which can be written asMonge-Ampére equation
pt(x) = p~ (D¥(x))det D*U(x).

Exercise 179. Use the minimaz principle, see exercise to deter-

mane the dual of Monge-Kantorowich problem.

Exercise 180. Consider the anti-optimal transport problem which con-
sists in determining the measure w(x,y) with marginals py and ps which

/ v — yPdn(z,y).
RQn

MAaTIMiLzZes

Determine its dual.

Exercise 181. Use minimax principle to determine the dual of the
problem

min/ c(x,y)m(z,y)dxdy
R2n

over all nonnegative probability densities ™ which satisfy

/n (y)ds — / r(y, 7).

3. Duality

According to the informal ideas discussed in section [I} we are now
going to discuss rigorously the duality theory. The main tool is the
Legendre-Fenchel-Rockefellar theorem, whose proof will be presented
in what follows, our proof is based in the one presented in [Vil03b].

Let E be a locally convex topological vector space with dual E’.
The duality pairing between E and E’ is denoted by (-,-). Let h: E —
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(—o0, +00] be a convex function. The Legendre-Fenchel transform h* :
E' — [—00,+00] of h is defined by

h(y) = sup((z,y) — h(x)),

zeFE

for y € E’. In a similar way, if g : E — [—00, +00) is concave we define
9" (y) = inf ((z,y) - g(x)).

Theorem 133 (Fenchel-Legendre-Rockafellar). Let E be a locally con-
vex topological vector space over R with dual E'. Leth : E — (—o00, +00]
be a convez function and g : E — [—00,+00) a concave function. Then,
iof there exists a point xg where both g and h are finite and at least one
of them 1s continuous,

(142) min ["(y) = 9" (y)] = sup g(z) = ()]

Remark. It is part of the theorem that the infimum in the left-hand

side above is a minimum.

PROOF. First we show the “>” inequality in (142)). Recall that
inf [h"(y) —g"(y)] = inf sup [g(z1) — h(z2) — (y, 21 — 22)].
yeR' yeLE’ z1,22€F
By choosing xy = x5 = = we conclude that
inf [h*(y) — g"(y)] = sup [g(z) — h(x)].
yeEER z€FE
The opposite inequality is more involved and requires the use of Hahn-
Banach’s theorem. Let
A =sup[g(z) — h(z)].
zeE
If A = 400 there is nothing to prove, thus we may assume A < +o0.
We just need to show that there exists y € E’ such that for all z; and

To we have

(143) g(x1) = h(x2) — (y, 1 — 22) < A,

since then, by taking the supremum over z; and x5 yields

h*(y) — g"(y) < A
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From A > g(z) — h(x) it follows g(x) < A + h(z). Hence the following

convex subsets of E x R:
01 = {(I‘l,tl) c ExR: t1 < g(.fl)}

and
CQ = {(ZL’Q,tQ) e ExR: A+ h(ng) < tg}

are disjoint. Let xy as in the statement of the theorem. We will assume
that g is continuous at x (for the case in which h is the continuous
function the argument is similar). Since (z¢, g(zo) — 1) € C} and g is
continuous at zg, C; has non empty interior. Therefore, see [?, Chpt
4, sect 14.5], the sets C; and C3 can be separated by a nonzero linear
function, i.e., there exists a nonzero vector z = (w,a) € E' x R such
that

inf (z,¢1) < sup (z,¢2),
c1€Cy c2€Cs

that is, for any z; such that g(x;) > —oo and for any x5 s.t. h(xs) <

+00 we have
(w, 1) + aty < (w,x2) + atsy,

whenever t; < g(z1) and A + h(z2) < t.

Note that o can not be zero. Otherwise by using zo = zy and
taking x; in a neighborhood of xy where g is finite we deduce that w
is also zero. Therefore o > 0, otherwise, by taking t; — —oo we would
obtain a contradiction. Dividing w by a and letting y = —+, we would

obtain
—(y, 1) + g(z1) < =(y,22) + h(z2) + A

This is equivalent to (143]) and thus we completed the proof. O

Remark. The condition of continuity at xy can be relaxed to the
condition of “Gateaux continuity” or directional continuity, that is the
function t +— f(xg + tx) is continuous at ¢t = 0 for any = € E. Here f
stands for either h or g.
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4. Generalized Mather problem

The generalized Mather problem is an infinite dimensional linear
programming problem. Its dual problem, that we compute in this
section, can be obtained using Fenchel-Legendre-Rockafellar’s theorem,
as we explain in what follows.

Let Q =T" x U. If U is bounded, set v = 1, otherwise, let v be a
function v(v) : Q — [1, +00) satisfying

L(z,v) _ |v] _

0.

I

|v]—+o0 ’)/(1)) |v|]—+o0 ’)/(U)

Let M be the set of Radon measures in €2 with weight ~, that is,

M = {u signed measure in Q with /de < oo} .
Q

The set M is the dual of the set C, ((£2) of continuous functions ¢ that
satisfy

¢
(144 Joll, = sup 2] < .
Q |7
if U is bounded, and, if U is unbounded, satisfy both (144]) and
o) _
|v]—o00 ")/(U)
Let
Mlz{,ue./\/l:/d,uzl,uzo},
Q
and

My =cl {u e M: / AV pdp = / Bedy, Vo(x) € Ck(']I‘”)} ,
Q Q

in which £ is the degree of differentiability needed on ¢ so that AVy is
well defined, and the closure cl is taken in the weak topology.

For ¢ € C, (1) let
h(¢) = sup (=¢(x,v) — L(z,v)).

(z,0)EN
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Since h is the supremum of convex functions, it is also a convex func-
tion, and, as was shown in [Gom02al, it is also continuous with respect

to uniform convergence in C, ¢(€2). Consider the set
C=cl{p: ¢ =A%, peCHT},

where cl denotes the closure in C, . Since A" is a linear operator, C is

a convex set.

Let v be a fixed probability measure on T", and let y, as in ((138)).
Define

—[édu, ifoec

—00 otherwise.

9(¢) =

As C is a closed convex set, g is concave and upper semicontinuous.

Note that if ¢ = A%p, then [ ¢du, = [ Bedv.

We claim that the dual of

(145) sup g(¢) — h(¢)

$€Cy (Q)

is the generalized Mather problem .

We start by computing the Legendre transforms of h and g¢.
Proposition 134. We have

f Ldp if pe My
~+00 otherwise,

h*(p) =

and
. 0 if pe Ms
g (p) = .
—00  otherwise.

PROOF. By its definition

h*(p) = sup (—/cbdu—h(cb))-

$ECq ()

First we show that if u is non-positive then h* () = co.
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Lemma 135. If p # 0 then h*(u) = +oo.

PrROOF. If 2 0 we can choose a sequence of non-negative func-
tions ¢,, € Cy () such that

/—gbnd,u — 4-00.

Therefore, since
sup —¢, — L <0,
we have h*(u) = +oo. O

Lemma 136. If i > 0 then
R () > /Ldu+ sup (/¢du—sup¢)-
PeCy (Q)

PROOF. Let L, be a sequence of functions in Cj(2) increasing
pointwisely to L. Any ¢ in Cj(£2) can be written as ¢ = —L,, — 1, for
some ¢ in Cj(2). Therefore

d h(®
¢ESCu”p ( /gby )

= sup (/Lnd,u—l— /wdu —sup(L, +v¢ — L)) .
$eCy (Q)

Since
sup (L, — L) <0,
we have
sup(Ly, +1¢ — L) < sup.
Therefore

sup < /qbdu h(¢ > > sup (/Lnd,uvL/wdu—supw).
$eCy (9 $eCT ()

By the monotone convergence theorem

/Lnd,u—> /Ld,u.
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Thus,

— [ ¢du—h > [ Ld du —
¢€scglgr(>m( /¢u (¢))_/ u+wesggrzg) (/w sup¢),

as required. O

If [ Ldp = +oo then h*(u) = 4+00. On the other hand, if [ dp # 1

then
sup (/wd,u—supw) zsupa(/du—l):+oo’
PEC] () acR

by choosing ¢ = «, constant. Therefore h*(1) = +oc.

When [ du = 1, the previous lemma implies

B (1) > / Ly,

by choosing 1) = 0.
Additionally, for each ¢
[0 1ydu < sup—o - 1),

if [du = 1. Therefore
sup <—/¢du—h(¢)> < /Ldu.
$eCq (Q)

[ Ldp if peM

400 otherwise.

/ A'pdp, = / Bedv,

for all ¢ € C*(T"). We can write any measure u € My as a sum of

In this way,
h*(p) =

Let p, be such that

fo =+ 1, with
/ A’pdji = 0,
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for all ¢ € C*(T"). By continuity, it follows

[ odi=o,

for all ¢ € C. Furthermore, for any pu &€ Ms, there exists qg € C such
that

[ bt =) #0.
Thus

. _ 0 it peM
g (u)zggg—/WWr/cbduy: ’

—o00 otherwise.

Theorem 137.

(146) sup (9(¢) — h(¢)) = min (k" (1) — g"(n)).
$EC,0(R) He

NOTE 1: ming e (h* (1) — ¢* (1)) = mingep,nm, | Ldp.

NOTE 2: It is part of the theorem that the right-hand side of (146)) is
a minimum, and therefore there exists a generalized Mather measure.

PrROOF. The set ¢ > —oo is non-empty, and, in this set, h is a
continuous function as proved in [GomO02al. Then the result fol-

lows from Fenchel-Legendre-Rockafellar’s Theorem, see, for instance
[Vil03Db). O

Let
H(p,x) = sup —L(z,v) — A’p.

v

As an example, suppose A’¢ = Ay + vD,p. Then



4. GENERALIZED MATHER PROBLEM 249

The result in Theorem [137 can then be restated in the more convenient
identity:

(147) min/Ldu = —inf sup [H(go,x) + /ngdy} :
Y

I

where the minimum on the left-hand side is taken over all measures p
that satisfy (140]), and the infimum on the right-hand side is taken over
all p € C*(T™).

In the remaining of this section we consider Mather’s classical prob-
lem A%¢ =vD,p and B = 0.

Theorem 138. Let A’ =vD,p. Let H* given by

H*=— sup (ha(¢) — hi(9)).
$€Cy ()

Then
H* =inf{\: 3p € CY(T") : H(Dyp,x) < A}.

PROOF. It is enough to observe that

H*= inf sup —vD,p— L= inf sup H(D,p,x).
PeCH(T™) (2,0)eQ v peCH(T™) zeTn ( 4 )

Theorem 139. H* s the only value for which
H(D,u,x) = H*

admits a periodic viscosity solution.

PROOF. Let u be a periodic viscosity solution of
H(Dyu,r) = H.
We claim that there is no C! function 1 such that

(148) sup H(D,v,x) < H.
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By contradiction, let 1) be a function satisfying (148]). Since u and
are periodic functions, there exists a point zy in which v — ¢ would

have a local minimum. But then
}I(l)x¢”ah) Eijia

which is is a contradiction. Thus, we conclude that H* > H.

To prove the other inequality, consider a standard mollifier 7. and
define v = 1. * u. Then

H(Dyuf,z) < H + h(e, 1),

where

h(E,lﬁ = Sup Ssup ’}{(paaﬂ __}J<pay)h
Ip|<R |z—y|<e

and R is an estimate for the Lipschitz constant of u. Let
H® = H + sup h(e, ).

Then u¢ satisfies

H(D,u,z) < H".
Therefore

H* <limH®=H.

e—0

Consequently H* = H. 0

4.1. Regularity. In this section we present (with small adapta-
tions) the regularity results for viscosity solutions in the support of the
Mather measures by [EGO1]. We should point out that the proofs of
Theorems presented here appeared in [EGO1]. For the setting
of this survey, we had to add an elementary lemma, Lemma [140}, for the
presentation to be self-contained, as our definition of Mather measures
differs from the one used in [EGO1].

Lemma 140. Let 1 be a minimizing holonomic measure. Then

/ D,L(z,v)du = 0.
Tdx R4
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PRrROOF. Let h € RY, consider the measure u; on T? x R given by

/ o(x, v)dpp = / ¢(z + h,v)dpu,
Tdx R4

Td x R4

for all continuous and compactly supported function ¢ : T¢ x R? — R.

Clearly, for every h, py is holonomic. Since p is minimizing, it follows

d
o L(z + eh,v)dp B =0,
that is,
/ D,L(z,v)hdu = 0.
Tdx R4
Since h € R is arbitrary, the statement of the Lemma follows. 0

It will be convenient to define the measure fi on T¢ x R? as the
push forward measure of the measure p with respect to the one to one
map (v,z) — (p,z), where p = D,L(v,x). In other words we define

the measure i on T? x R? to be

/deRd ol p)dji = / ¢(x, Dy L(x, v))dp.

Td xRd

We also define projection fi in T of a measure p in T¢ x R? as

/Td pla)dpf) = /deRd p(x)dp(z, v).

Note that, in similar way, i is also the projection of the measure fi.
Observe that for any smooth function ¢(x) we have that fi satisfies the
following version of the holonomy condition:

/ D,H(p,x)Dp(x)dpn = 0,
Tdx R4
because we can use identity (??) if p = D,(x,v).

Theorem 141. Let u be any viscosity solution of (132), and let p
be any minimizing holonomic measure. Then [i-almost everywhere,

D,u(x) exists and p = D u(x), fi-almost everywhere.
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PROOF. Let u be any viscosity solution of (132]). Let 7. be a stan-
dard mollifier, u¢ = n. * u. By strict uniform convexity there exists

v > 0 such that for any p,q € R? and any 2 € T? we have
fy
H(p,x) > H(g,x) + DpH(g,2)(p — @) + 5 lp — al”,

By Theorem , any viscosity solution of (132)), and in particular u,
is Lipschitz.

Recall that, by Rademacher’s theorem [Eva98al, a locally Lips-
chitz function is differentiable Lebesgue almost everywhere. Using
p = D,u(y) and ¢ = D,u(z), conclude that for every point = and
for Lebesgue almost every point y:

H(D,u(y),z) > H(D,yu(z), z)+D,H(D,u(z), ) (Dyu(y)—Dyus (a:))+% | Dyuf(z)—Dyu(y)|?.

Multiplying the previous identity by n.(z — y) and integrating over R?

in y yields

H (Dxue(x)w)Jr% / Ne(x—y)|Dou (2)—Dyu(y)|Pdy < / ne(z—y)H(Dyu(y), z)dy < H+O(e).
]Rd Rd

Let

6.0) = 3 [ e =)D (@) = Doty

Now observe that

> / o 1Dt @) =l < [, D))~ Hp.2) = DyH(p. ) (Dot (a) ~ p))

2 TdxRd
< / H(Dyu(z), z)dji — H,
Td xR4
because
/ D, H(x, p)Dyu(z) = 0,
Tdx R4

and
pDyH (. p) = H(x,p) = Lz, DyH(z,p),
and [pu, e L(x, DpH (z,p))dji = —H. Therefore,

g . ] )
2 /deRd | Dyu(2) — plPdji + /Td Be(z)di < O(e).

Thus, for fi-almost every point x, 5.(x) — 0. Therefore, fi-almost every
point is a point of approximate continuity of D,u (see [EG92], p. 49).
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Since u is semiconcave (Proposition ?7), it is differentiable at points of

approximate continuity. Furthermore
D u® — Dyu

pointwise, ji-almost everywhere, and so D,u is 1 measurable. Also we
have

p = Du(z), [f— almost everywhere.

l

By looking at the proof the previous theorem we can also state the
following useful result:

Corollary 142. Let n. be a standard mollifier, u¢ = n. xu. Then
/ |Dyu — Dyul*dji < C,
Td

as € — 0.

As a Corollary we formulate an equivalent form of Theorem [141]

Corollary 143. Let u be any viscosity solution of (132)), and let u
be any minimizing holonomic measure. Then p-almost everywhere,
D,u(x) exists and

(149) D,L(v,z) = Dyu(z) w — almost everywhere.
and

(150) D,L(v,z) = —D,H(D,u(x),x) p — almost everywhere.

PRrOOF. First we observe that the measure ji is the push forward
measure of the measure p with respect to the one to one map (v, ) —
(p,z), where p = D,L(v,x). Therefore an i — almost everywhere
identity

Fi(p,x) = Fs(p, x) (p, x)-ft almost everywhere
implies the p — almost everywhere identity

Fi(D,L(v,x),z) = F5(D,L(v, x), x) (v, x)-p almost everywhere.
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Thus ([149) follows directly from Theorem [141]

Using (149)) and the identity D,L(v,z) = —D,H(D,L(v,x),x), we
arrive at ((150)). O

We observe that from the previous corollary it also follows

D,H(D,,x)D,udp = 0.

Td
Indeed,
D,H(Dyu,z)Dyudp = | D,H(D,,x)Dyu‘dp+ | D,H(Dyu,x)(Dyu — Dyuf) dji.
Td Td Td
We have

D,H(D,,x)D,u‘dji = 0.
Td
To handle the second term, fix > 0. Then

D,H(D,u,z) (Dyu — Dyuf)
Td
Note that since u is Lipschitz the term D,H (D,u,x) is bounded, and
50 1S [ra |DpH(Dyu, x)|*dfi. Send € — 0, and then let § — 0.

1
§5/ |DpH(Dzu,x)|2dﬂ+—/ |Dyu — Dyuf|? dfi.
Td 5 Td

Theorem 144. Let u be any viscosity solution of (132)), and let y be
any minimizing holonomic measure. Then

|Dyu(x + h) — Dyu(x)|*di < C|h)?.

Td

PRrROOF. Applying Theorem 7?7 we have
H(Dyuf(x +h),z+h) < H+ Ce.

By Theorem the derivative D,u(z) exists g almost everywhere.
By proposition ?7? viscosity solution satisfies equation in classical
sense at all points of differentiability. Thus H(D,u(z),z) = H for fi
almost all points . Now observe that

Ce> H(Dyu*(x 4+ h),x + h) — H(Dyu(x), x)
= H(D,u(z + h),x+h) — H(D,u(z + h),z) + H(D,u(x + h),z) — H(D,u(x),z)
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The term

H(Dyu(x + h),z + h) — H(Du(z + h),r) = D, H(Dyu(x + h), z)h + O(h?)
— D, H(Dyu(x), 2)h + O(h? + h|Dyu(x + ) — D,
> D, H(Dyu(z), 2)h + O(h?) — %me(x YR~

Therefore, for zi almost every x, we have

H(D,u(x+h),z)—H(Dyu,z) < Ce—D,H(D,u(x), x)h—i—%|Dxu€(x+h)—Dxu(x)|2+C'h2.

Since

H(Dyu(z+h),z)—H(D,u,z) >

b2

|Du (z+h)—Dyu(z) >4+ Dy H(Dyu, ) (Dyu (v+h)— Dyu(x))
we have
%/|D;pue(x+h)—Dg;u(x)|2dﬂ < Ce+C!h|2—/DxH(Dmu(x),x)hd,a.
By and Lemma it follows
/DﬁH(Dxu(x), x)hdp = — / D,L(v,x)hdu = 0.

As e — 0, through a suitable subsequence (since D,u(z+h) is bounded
1 2 € N . 2 .

in L7), we may assume that Du(z+h) — £(z) in Lz, for some function
£ e L2, and

[ 16 Doan < cinf
Finally, we claim that {(x) = D,u(x + h) for i almost all z. This

follows from Theorem [141] and the fact that for i almost all z we have
&(z) € Dyu(x + h), where D stands for the subdifferential. To see
this, observe that by Proposition 7?7 u is semiconcave, therefore u¢ are

uniformly semiconcave, that is
u(y+h) < u(z+h) + Dyus(z + h)(y —x) + Cly — =%,

where C' is independent of e. Fixing y and integrating against a non-
negative function p(z) € L2 yields

/ (u(y + h) — u(z + h) — Dyu(z + h)(y — z) — Cly — z]*) p(x)da < 0
Td

By passing to the limit we have that

u(y+h) < u(z+h)+&(z)(y—2)+Cly—z| for all y and p-almost all z,
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that is, £(z) € D, u(x + h) for f-almost all x. O

Lemma 145. Let u be any viscosity solution of (132), and let p be
any minimizing holonomic measure. Let ¢ : T¢ x R — R be a smooth

function. Then

D,H (D u,z)D, [¢(z,u(z))] di =0

Td

Proor. Clearly we have

y D,H(Dyu,z)D, [(x,u(x))]dp = 0.

By the uniform convergence of u¢ to u, and L% convergence of D u to
D,u, see Corollary [142] we get the result. O

Theorem 146. Let u be any viscosity solution of (132)), and let p be
any minimizing holonomic measure. Then, for i almost every x and
all h € R,

lu(z + h) — 2u(z) +u(z — h)| < C|h|?.

PRrROOF. Let h # 0 and define
w(z) = u(x + h), u(z) = u(z — h).
Consider the mollified functions u¢, 4, where we take
(151) 0 <e<nlhf,
for small n > 0. We have
H(Dux+h) <H+Ce,  H(Du x—h)<H+ Ce.

For fi-almost every point x, (for which Du(zx) exists and therefore

H(Du(x),z) = H) we have
H(Di, z)—2H(Du, z)+H(Da, x) < 2Ce+H (Da¢, x)— H(Da¢, x+h)+H (D, z)— H (D, z—h
Hence
%(!Dif — Du|? + |Di€ — Dul?) + D,H(Du, z) - (Di€ — 2Du + D)
< C(e+|h|*) + (D, H(Duf, x) — D,H(Duf, x)) - h.
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Using the inequality

0°H
Opdx

|(D.H (p,x)—D,H(q,2))-h| <

Ip =l |h] < Flp—q*+3 |h|

Bpax

where H ) =sup sup

zih Zap &C (p, )’ we arrive at
P [2|=1[h=17;

’Y ~ € ~ € ~€ ~ €
Z(|Du — Dul* + |Di¢ — Dul?) + D,H(Du,z) - (D@ — 2Du + Dac) < C(e + |h[?).

Fix now a smooth, nondecreasing, function & : R — R, and write

¢ = &' > 0. Multiply the last inequality above by ¢ (“"}2;“2*“), and

integrate with respect to fi:

€ — 2 ~e
(152) 1/(|D@6-Du|2+|pae—pu|2)¢ il U W
4 Td ’h‘|2

D,H(Du,z) - (D — 2Du + Di)é(- - ) dfa

Td
< C(e+|h?) o0 di.

Now the second term on the left hand side of (152]) equals

€ — 92 ~e
N B e A Y e I
o P

and thus, by Lemma [145|it vanishes. So now dropping the above term
from ((152) and rewriting, we deduce

(154)

\Du(z + h) — Du(z — h)|%0 (“6(:” +h) = 2&(‘? tut(e - h>) dji

C(€+‘h‘Q)/w(b(uG(:chh)—2|z;f|:§)+u€(x—h)) i

We confront now a technical problem, as (154)) entails a mixture

Td

of first-order difference quotients for Du¢ and second-order difference
quotients for u, u¢. We can however relate these expressions, since u is
semiconcave.

To see this, first of all define
(155) B, := {x € supp(p) | u‘(z + h) — 2u(z) +u(x — h) < —k|h|*},
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the large constant x > 0 to be fixed below. The functions

(156)  (2) = u(w) = SlaP’ () = u(@) = Slaf?
are concave. Also a point z € supp(ir) belongs to E. if and only if
(157) u(x + h) — 2u(z) + a(x — h) < —(k + a)|h|.
Set
_ h
(158) f(s) :==af <:v + sm> (—|h] < s < |h)).

Then f is concave, and

u(x + h) = 2u(x) + a(x — h) = f([h]) = 2/°(0) + f(=[h])

lhl
= [ J@)(hl = s|)ds
—|h|
Al
> |h| f¥(s)ds (since f¢ <0)
—|n|

= [kl | £ (1) = 7 (= nD)
= (Du‘(z + h) — Da‘(x — h)) - h.

Consequently, if z € E., this inequality and (157)) together imply
2|u(x) — u(x)| + |Du(x + h) — Duc(x — h)||h| > (k + a)|h|?.

Now |a(x) — @i(x)| < Ce on T, since u is Lipschitz continuous. We
may therefore take 7 in ({151]) small enough to deduce from the foregoing
that

(159) \Di(z + h) — Dz — h)| > (g+a)|h|.
But then
(160) |Du(z + h) — Du(z — h)| > (g —a)|hl.

Return now to ((154)). Taking x > 2« and

o) = 1 ifz<—k

0 if 2> —k.
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The inequality (154]) was derived for smooth functions ¢. However, by
replacing ¢ in (154) by a sequence ¢,, of smooth functions increasing

pointwise to ¢, and using the monotone convergence theorem, we con-

clude that (154)) holds for this function ¢. Then we discover from ({154

that

(5 = aPIa(E) < Cle+ [hP)a(E).

We fix x so large that
(5-aPzC+1,
to deduce
(|h]* = Ce)a(E) < 0.
Thus fi(E.) = 0 if n in (151)) is small enough, and this means
u(x + h) — 2u(z) + u(xz — h) > —xlh|?
for fi-almost every point x. Now let € — O:
u(x + h) — 2u(z) +u(z — h) > —xlh|?
ji-almost everywhere Since
u(z + h) — 2u(z) + u(xr — h) < alh|?
owing to the semiconcavity, we have
|u(x + h) — 2u(z) + u(z — h)| < C|h[?

for pi-almost every point z. As u is continuous, the same inequality
obtains for all = € supp(f). O

Now we state and prove the main result of this section.

Theorem 147. Let u be any wviscosity solution of (132), and let p
be any minimizing holonomic measure. Then for p-almost every x,

D,u(zx) exists and for Lebesgue almost every y

(161) | Dau(x) — Deu(y)| < Cle —yl.
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PROOF. First we show that
(162) lu(y) — u(z) — (y — ) - Dyu(x)| < Clz —y|*.

Fix y € R? and take any point = € supp(j1) at which u is differentiable.

According to Theorem [146| with h := y — x, we have
(163) [u(y) = 2u(z) + u(2x — y)| < Clz -yl
By semiconcavity, we have
(164) u(y) — u(z) — Du(z) - (y — 2) < Cla -y,
and also
(165) u(2r —y) — u(xr) — Du(x) - 2z —y —z) < Clz — y|*.
Use in :

u(y) = u(z) — Du(z) - (y — 2) = ~Cla — y|*.

This and establish .

Estimate (161)) follows from ((162)), as follows. Take z,y as above.
Let z be a point to be selected later, with |z — z| < 2|z — y|. The
semiconcavity of u implies that

(166) u(2) < u(y) + Du(y) - (= —y) + Clz — y|*.
Also,
u(z) = u(@)+Du(x)-(z=2)+0(lz—2%), u(y) = u(x)+Du(z)-(y—2)+O0(lz—y[?),
according to (162). Insert these identities into and simplify:
(Du(x) — Du(y)) - (z —y) < Clz —y|*.

Now take
() — Du(y)
(z) — Du(y)|

+ ‘Du
Z = r —

to deduce (|161)).
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Now take any point x € supp(ji), and fix y. There exist points
xy € supp(fr) (k =1,...) such that z; — = and u is differentiable at
xy. According to estimate ({162))

lu(y) — u(zy) — Duay) - (y — ap)| < Clay —yl* (k=1,...).

The constant C' does not depend on k or y. Now let k& — oco. Owing
to (L61)) we see that { Du(xy)} converges to some vector 7, for which

uly) —u(@) —=n - (y —2)] < Clz —y|*.

Consequently u is differentiable at = and Du(x) = 7. O

It follows from Theorem that function v defined by Theorem
77?7 is Lipschitz on a set of full measure i. Indeed, by substituting the
L.H.S. and the R.H.S. of (149) into H,(p,z) = H,(p, x) in place of p’s

and using (?77) we have
v(z) = D,H(Du(z),z) [ almost everywhere.

We can then extend v as a Lipschitz function to the support of p,
which is contained in the closure of this set of full measure. Note that
any Lipschitz function ¢ defined on a closed set K can be extended to
a globally defined Lipschitz function ¢ in the following way: without
loss of generality assume that Lip(y) = 1; define

Ple) = inf o(y) +2d(z, y).

An easy exercise then shows that ¢ = ¢ in K and that ¢ is Lipschitz.
Therefore we may assume that v is globally defined and Lipschitz.

4.2. Holonomy variations. In this section we study a class of
variations that preserve the holonomy constraint. These variations will
be used later to establish the invariance under the Euler-Lagrange flow

of minimizing holonomic measures.

Let £ : T? — R? &(x) be a C* vector field on T¢. Let ®(¢,x) be the
flow by &, i.e.,

®(0,2) =z, and 20(t,x) =E&(D(t,2)).
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Consider the prolongation of ¢ to T¢ x R?, which is the vector field on
T x R given by

9k

Lemma 148. The flow of (167)) is given by
0P
(168) Xp(t,z,0) = ®p(t,z),  Vilt,z,v) = v58—$k(t, z).

PROOF. Since the X-part of the flow coincides with the ®-flow, it
only remains to show that

V(0,z,v) =v, and %V(t,:c,v) = @(X(t,x,v), V(t,x,v)).

The first statement (V' (0,z,v) = v) is clear since the map = +— ®(0, x)

is the identity map. The second statement can be rewritten as

BY, (1, 2,0) = Vi(t,2,v) gi’;(t ).
A simple computations yields
%Vk(t, T,v) = vsa%s(%@k(t, x)): Usa%s <sz (CID(t, x))) = U, g—i’z@(t , gi:
which is the desired identity. 0

For any real number ¢ and any function ¢ (x, v), define a new func-
tion vy as follows

(169) Yi(z,v) = (X (¢, z,0), V(t,z,0)).

Thus the flow (168]) generates the flow on space of functions ¥ (z,v)

given by (T69).

Lemma 149. The set C, defined in (?77?), is invariant under the flow

given by (169).

PROOF. Let g € C*(T?) be such that ¥ (z,v) = via%ig(x). Let g,
denote the flow by ® of the function g, ie., g(z) = g(®(¢,z)). We

(t.z)

9k
al’i

D(t,x)
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claim that for any real number ¢ we have

0
il v) = v (),
where ), is given by ([169)). Indeed,
dg 89 0Py, 0 0
¢ = v, =vs—(g(D(t, = Usm— )
2/) ( ) Vk( T U) al’k (o) v axk b.2) axs =v axs (g( ( I’))) v axsgt(‘r)
and so the Lemma is proven. O

The flow on functions ((169)) generates the flow on measures: (¢, u) —
4, Where

(170) / Ydpy = / Urdpe.

Lemma 150. The flow (170) preserves the holonomy constraint.

PROOF. Let i be a holonomic measure. We have to prove that
is also a holonomic, i.e., [tdu, = 0 for any ¢ € C. This is clear since
the flow (169)) preserves the set C. O

Theorem 151. Let p be a minimizing measure for the action (|135)),
subject to the holonomy constraint. Then for any C' wector field £ :
T¢ — RY we have

oL oL
(171) /a—xsfs + a—%vka—mgsdﬂ =0.

PROOF. Let p; be the flow generated from p by (170). Relation
(171)) expresses the fact < (fL T, dut)‘ =0. O

4.3. Invariance. In this section we present a new proof of the
invariance under the Euler-Lagrange flow of minimal holonomic mea-

sures.

In what follows ( );,' denotes the j, s entry of the inverse matrix. We
will only use this notation for symmetric matrices, thus, this notation
will not lead to any ambiguity. Before stating and proving the main

Theorem of this section, we will prove an auxiliary lemma.
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Lemma 152. Let p be a minimal holonomic measure. Let v¢(x) be
any smooth function. Let ¢(x,v) be any smooth compactly supported

function. Then

(172)
/vkg—jc(x,vf(m))ﬂLg—Z(x,w(x)) (%) (x,v6(x)) (g—i(x,v) — vkaj:aLvs (x7ve(x))) du
[ e (@) Y [ g (S ) X2 [ (G o (0) - )

where X; is a function of x only (does not depend on v), and is defined
as follows:

510 = 22 o) (52) o)

Remark. We will only use this lemma for the case when v¢ is the
standard smoothing of the function v(x), that is, v = 7, * v, where 7,
is a standard mollifier. The function v(x) is the function whose graph
contains the support of u, given in Theorem ?7. This explains the

notation v°.

PROOF. This Lemma is based on Theorem [I51]} In this proof and
bellow v¢ stands for the function v*(x). We have:

0 0 0 oV
vka—i(x,ve(x)) = Ukﬁ_xk((b(x’ve@))) — vka;bj (x v (x )) ax; (x).

Rewrite the last term:
o6, . Ov; o 0¢ O*LN\-t, . O°L o Ovg . 0*L
a_w(m’v <x>>8xk (z) = Ukavj (2,0 )<%) ( )81)5(9% (v >8xk (=) S<x>8vsavq

Plug these two lines into (172)). And therefore we reduce (172)) to

(173)
0L . 0L 81}
/X ( ) = vk(@xkﬁvs(x’v )+ avsavq( )8a7k>)dﬂ_

_/ B <gi(m v )X€>d/ﬁ—/ (gi(x V) — gf (x, v)) 8ik <X€>dp

Vg
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Using the chain rule in the LHS and the Leibniz rule in the RHS we
further reduce ((173)) to

/X€<8L (2, v)— “’“aik (SL (2,0 )))du - —/Ungaik(gi(x,vﬁ)>du—/vkg—i(x,v)

Noting the cancellation of the term ka 882 (gUL (x,v ))du, we see

that the last identity is equivalent to with &(z) = X¢(z). O

Theorem 153. Let i be a minimizing holonomic measure. Then pu is

wmwvariant under the Euler-Lagrange flow.

ProoOF. By Lemma |59 we have to prove that for any smooth com-
pactly supported function ¢(z,v)

B o6 (02L\ ' [OL 9L
(174) uk—¢+—¢<8%>' { — v }duzo,
VE]

Oz, Ov, ox,
where ()7, stands for the j, s entry of the inverse matrix.

The idea of the proof is first to rewrite (174)) in an equivalent form
and then apply an approximation argument. Since p is supported by

the graph v = v(z) we will change the z,v arguments with z,v(z)
0 09 (62L)— nd =2°L_
js’

for the following four types of functions dort oy (920 PR

occurring in (|174):
(175)

/ vkg_gi(x,v(x>)+g—z(x,v<m)) (%)! (2, v()) (a_%(‘”’”) gt 0(2)

To complete the proof of the theorem, we use Lemma 152 The first
and second integrals in the RHS of are zero due to the holonomy
constraint. The third integral in the RHS of tends to zero as
€ — 0, because |v°(z) —v(x)| < ce and therefore |v°(x) —v| < ce p-a.e.,
and because X ¢ is uniformly Lipschitz and hence 8ka ¢ is uniformly
bounded. Therefore the LHS of tends to zero as € — 0.

0

Oz,

(
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But the LHS of (172)) also tends to the LHS of (175 as ¢ — 0.
Indeed, since v(z) is a Lipschitz vector field we have
ove(x)
Ox

Moreover for any smooth function ¥(z,v) we have

v(z) — v(x) (uniformly) and is uniformly bounded.

9
Ox
Also note that for p almost all (z,v) we have v = v(z). Therefore the

U(z,v(z)) — ¥(z,v(z)) (uniformly) and (llf (z, v€(x))> is uniformly bounded.

Theorem is proven. U

5. Monge-Kantorowich problem

In this section we are going to study the Monge-Kantorowich prob-
lem. First we will show that there exists a solution.

Theorem 154. Let u* be two probability measures on R™ with
/ |lz|2dp < oo.

Then exists a measure p which minimizes

1
5/ |z — y[*du(z, )
RQn

over all probability measures p on R* which satisfy ul, = p™ and

ply = p~.

REMARK. The integrability condition [, |[z|*du® < oo can be relaxed
see, for instance [Vil03al.

PROOF. Let u, be a minimizing sequence, that is,
1 9 . 1 2
sle—ylPdu, —inf | S|z —y[*dp.
R2n 2 14 R2n 2
Since the sequence p,, satisfy p,|. = p* and p,|, = p= we have

sup/ |z + |y|*dp, < oco.
R2n

n
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consequently, the sequence p,, is precompact, that is, through a sub-
sequence f,, — W, for some measure p with the same marginals. Let
ce(z,y) be a sequence of compactly supported continuous functions
such that ¢x(z,y) increases pointwise to %]:U —y|?2. Then, by the mono-

tone convergence theorem

1
—/ |z —y[Pdp = lim [ oz, y)dp
RQn

2 k—o0 R2n

= lim lim ce(z,y)diy,

k—oon—oo Jpon

1
< lim —

= nioo Jpon 2

|‘T - y|2d,u’n7
from which we conclude that p is a minimizer. U

Exercise 182. Show that the dual of Monge-Kantorowich problem con-
sists in determining continuous functions ¢(x) and ¥(y) such that

H(w) + i) < gl — P

and that maximize

. ¢(x)dpr () + . Y (y)dpz(y).-

Let ¢ and v be two admissible functions, that is,
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Let
0(,9) = — 5 o(x)du () — s D(y)du~(y).
Let
U (@) = infay — ¥ (y),
be the Legendre transform of ©. The pair (¢/*, 1)) satisfies
O(,9) < O, ).
Applying a similar reasoning to the pair (¢*, 1)), and replacing () by

V™ (y) = inf oy — (x)
we obtain
04", 9) < O, ¢™).
Therefore, the dual of the Monge-Kantorowich problem is equivalent
to minimizing
5 O (x)dp () + 5 O (y)dp~ (y)

over convex conjugate functions satisfying

O () + 97 (y) > ay.



[AKN97]

[Arn66]

[Bar94]

[BCDY7]

[EG92]
[EG01]
[Eva98a]

[Evad8b]

[Eva99]

[Fra02]

Bibliography

V. 1. Arnold, V. V. Kozlov, and A. I. Neishtadt. Mathematical aspects of
classical and celestial mechanics. Springer-Verlag, Berlin, 1997. Trans-
lated from the 1985 Russian original by A. Iacob, Reprint of the original
English edition from the series Encyclopaedia of Mathematical Sciences
[Dynamical systems. III, Encyclopaedia Math. Sci., 3, Springer, Berlin,
1993; MR 95d:58043a].

V. Arnold. Sur la géométrie différentielle des groupes de Lie de dimension
infinie et ses applications a ’hydrodynamique des fluides parfaits. Ann.
Inst. Fourier (Grenoble), 16(fasc. 1):319-361, 1966.

Guy Barles. Solutions de wviscosité des équations de Hamilton-Jacobi.
Springer-Verlag, Paris, 1994.

Martino Bardi and Italo Capuzzo-Dolcetta. Optimal control and viscos-
ity solutions of Hamilton-Jacobi-Bellman equations. Systems & Control:
Foundations & Applications. Birkh&user Boston Inc., Boston, MA, 1997.
With appendices by Maurizio Falcone and Pierpaolo Soravia.

L. C. Evans and R. F. Gariepy. Measure theory and fine properties of
functions. CRC Press, Boca Raton, FL, 1992.

L. C. Evans and D. Gomes. Effective Hamiltonians and averaging for
Hamiltonian dynamics. I. Arch. Ration. Mech. Anal., 157(1):1-33, 2001.
L. C. Evans. Partial differential equations. American Mathematical So-
ciety, Providence, RI, 1998.

Lawrence C. Evans. Partial differential equations, volume 19 of Graduate
Studies in Mathematics. American Mathematical Society, Providence,
RI, 1998.

Lawrence C. Evans. Partial differential equations and Monge-
Kantorovich mass transfer. In Current developments in mathematics,
1997 (Cambridge, MA), pages 65-126. Int. Press, Boston, MA, 1999.
Joel N. Franklin. Methods of mathematical economics, volume 37 of Clas-
sics in Applied Mathematics. Society for Industrial and Applied Mathe-
matics (SIAM), Philadelphia, PA, 2002. Linear and nonlinear program-
ming, fixed-point theorems, Reprint of the 1980 original.

269



270

[FS93]

[Gia83]

[Gia93]

[Gol80]
[Gom00]
[Gom02a]
[Gom02b)]
[GSS08]

[GTO1]

[Lio82]

[LL76]

[Mat91]
[Mn96]

[01i98]
[Vil]

[Vil03a]

[Vil03b]

BIBLIOGRAPHY

Wendell H. Fleming and H. Mete Soner. Controlled Markov processes and
viscosity solutions, volume 25 of Applications of Mathematics. Springer-
Verlag, New York, 1993.

Mariano Giaquinta. Multiple integrals in the calculus of variations and
nonlinear elliptic systems, volume 105 of Annals of Mathematics Studies.
Princeton University Press, Princeton, NJ, 1983.

Mariano Giaquinta. Introduction to regularity theory for nonlinear ellip-
tic systems. Lectures in Mathematics ETH Ziirich. Birkhauser Verlag,
Basel, 1993.

H. Goldstein. Classical mechanics. Addison-Wesley Publishing Co.,
Reading, Mass., second edition, 1980. Addison-Wesley Series in Physics.
D. Gomes. Viscosity Solutions and Asymptotics for Hamiltonian Sys-
tems, Ph. D. Thesis. University of California at Berkeley, 2000.

D. Gomes. A stochastic analogue of Aubry-Mather theory. Nonlinearity,
15(3):581-603, 2002.

Diogo Aguiar Gomes. A stochastic analogue of Aubry-Mather theory.
Nonlinearity, 15(3):581-603, 2002.

D. Gomes, A. Sernadas, and C. Sernadas. Foundations and applications
of linear optimization. preprint, 2008.

David Gilbarg and Neil S. Trudinger. Elliptic partial differential equa-
tions of second order. Classics in Mathematics. Springer-Verlag, Berlin,
2001. Reprint of the 1998 edition.

Pierre-Louis Lions. Generalized solutions of Hamilton-Jacobi equations.
Pitman (Advanced Publishing Program), Boston, Mass., 1982.

L. D. Landau and E. M. Lifshitz. Course of theoretical physics. Vol.
1. Pergamon Press, Oxford, third edition, 1976. Mechanics, Translated
from the Russian by J. B. Skyes and J. S. Bell.

J. N. Mather. Action minimizing invariant measures for positive definite
Lagrangian systems. Math. Z., 207(2):169-207, 1991.

Ricardo Mané. Generic properties and problems of minimizing measures
of Lagrangian systems. Nonlinearity, 9(2):273-310, 1996.

Waldyr Oliva. Geometric Mechanics. IST - Lecture Notes, Lisbon, 1998.
C. Villani. Optimal transportation, dissipative pdes and functional in-
equalities.

Cédric Villani. Topics in optimal transportation, volume 58 of Graduate
Studies in Mathematics. American Mathematical Society, Providence,
RI, 2003.

Cédric Villani. Topics in optimal transportation, volume 58 of Graduate
Studies in Mathematics. American Mathematical Society, Providence,
RI, 2003.



Index

Campanato space, [172] generating function,

canonical transformation,

Christoffel symbol, Harnack inequality, [166]

COQI‘C.IYlty in R", invariant

condition Poincaré-Cartan, [82]
Legendre-Hadamard,

conjugate point, [07] Karush-Kuhn-Tucker (KKT)

connection conditions,
compatible with the metric,
Levi-Civita, [66] Legendre transform, [76]
symmetric, [65] Lemma

convex, [I3] John-Nirenberg,
strictly, [I3] lower semicontinuity, [[2]

critical point,

critical point of the action, minimax principle,

minimizing sequence
curvature & sed ’IEI

sectional, [T0]] Morrey space, [172]

curvature tensor, [09] Palais-Smale condition, [113

Parallel transport, [64]

derivative Poisson manifold, [T21]
covariant, [65] problem
Dynamic programming principle, [I88] Monge-Kantorowich, 230]
equation quasiconvex, [140]
Poisson, [130] regular point, [212
Euler-Lagrange,
Monge-Ampére, 241 semiconcave, 200]
equations semiconvex, [200]
Hamilton, [B1] subdifferential,
Euler-Lagrange equation, [129 subsolution, [159

271



272 INDEX

superdifferential, [197]
supersolution, [159
symplectic manifold,

Theorem
DeGiorgi-Nash-Moser, [160]
Fenchel-Legendre-Rockafellar,
Lax Milgram, [150

torsion, [65)]

viscosity solution, 216]
viscosity supersolution/subsolution,

215

weakly lower semicontinuity,



	Introduction
	1. Finite dimensional optimization problems
	1. Unconstrained minimization in Rn
	2. Convexity
	3. Lagrange multipliers
	4. Linear programming
	5. Non-linear optimization with constraints
	6. Bibliographical notes

	2. Calculus of variations in one independent variable
	1. Euler-Lagrange Equations
	2. Further necessary conditions
	3. Applications to Riemannian geometry
	4. Hamiltonian dynamics
	5. Sufficient conditions
	6. Symmetries and Noether theorem
	7. Critical point theory
	8. Invariant measures
	9. Non convex problems
	10. Geometry of Hamiltonian systems
	11. Perturbation theory
	12. Bibliographical notes

	3. Calculus of variations and elliptic equations
	1. Euler-Lagrange equation
	2. Further necessary conditions and applications
	3. Convexity and sufficient conditions
	4. Direct method in the calculus of variations
	5. Euler-Lagrange equations
	6. Regularity by energy methods
	7. Hölder continuity
	8. Schauder estimates

	4. Optimal control and viscosity solutions
	1. Elementary examples and properties
	2. Dynamic programming principle
	3. Pontryagin maximum principle
	4. The Hamilton-Jacobi equation
	5. Verification theorem
	6. Existence of optimal controls - bounded control space
	7. Sub and superdifferentials
	8. Optimal control in the calculus of variations setting
	9. Viscosity solutions
	10. Stationary problems

	5. Duality theory
	1. Model problems
	2. Some informal computations
	3. Duality
	4. Generalized Mather problem
	5. Monge-Kantorowich problem

	Bibliography
	Index

