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1. INTRODUCTION

The Navier-Stokes equation describes the evolution of the velocity
field of a viscous incompressible fluid. Beeing one of the most im-
portant equations of mathematical physics, it has been studied exten-
sively. However, its theory is still incomplete, specially in three space
dimensions where general existence and uniqueness results for smooth
solutions are still partial. Several authors, see for instance [Rap01],
[Rap00], [Bus99], [BER] have studied representation formulas for solu-
tions of the Navier-Stokes equation using probabilistic methods, and

the idea of using random maps instead of deterministic ones can be
1
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traced back to Chorin [Cho73], Peskin [Pes85]. This paper is a con-
tribuition in this direction, its main result (theorems [I{and [2)) is a new
variational formulation which asserts that the solutions of the Navier-
Stokes equation are critical points of a stochastic control problem on
the group of area-preserving diffeomorphisms. This problem is the sto-
chastic analog to the result by Arnold [Arn66], further studied by Ebin
and Marsden [EMT0], concerning solutions to Euler equation. Our re-
sult is also related to the ones by Constantin in [Con0la], [Con01bl,
[Con03] as we discuss briefly in the final of the paper.

The plan of the paper is as follows: in the next section we review
the magnetization formulation for the Navier-Stokes equation. Then
we present a variational principle whose minimizers are solutions to
the Navier-Stokes equation. Finally, we discuss the connection with
the Lagrangian diffusive transformation theory developed by P. Con-
stantin.

[ would like to thank Anabela Cruzeiro for pointing out a problem in
an early version of this paper, as well as P. Girao for reading carefully

the manuscript and bringing to my attention several important points.

2. NAVIER-STOKES EQUATION IN MAGNETIZATION VARIABLES

The Navier-Stokes equation in R™ for the velocity field u(z,t) of an

incompressible fluid is
1
(1) u+ (u-V)u+ Vp= QAu divu =0,

with initial condition u|;—g = u°. The variable p(z,t) is the pressure
and is necessary to impose the incompressibility condition divu = 0.

For our purposes in this paper, it is convenient to rewrite (|1 in
new variables, the magnetization variables. These have been used to
study the Euler equation by several authors, namely Buttke [But93],
Oseledets [Ose89], Russo and Smereka [RS99], among others. We will
follow Chorin [Cho94] in the summary of results we present next.

The magnetization variable m is obtained by adding to the velocity
field u a gradient

u=m—+ Vk.
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The scalar function k(x,t) is arbitrary at ¢ = 0 and its evolution is
chosen conveniently.

This transformation is a change of gauge, of which there are sev-
eral possible choices, as discussed in [RS99]. Clearly, from m one can
compute u by using the Leray projection on the divergence free vector
fields:

u = Pm.

With an appropriate choice for k, the equation for the evolution of m

1S
1
(2) 8tmi + uijmi + mjDin = §Amz

A main difference from is that equation does not involve pres-
sure, nor divm = 0. Furthermore, to any solution of with u = Pm,
corresponds a solution u to . In the other direction, to any solution
of and initial value of k there exists a solution of such that
u = Pm for all times.

3. A VARIATIONAL PRINCIPLE

This is the core section of the paper in which we prove the main
results (theorems [1] and [2). The first one asserts that any smooth so-
lution to the Navier-Stokes equation is a critical point of variational
problem. The second result states that the critical points of a closely
related variational problem are solutions to the Navier-Stokes equa-
tion. Our approach is analogous to the one by Arnold [Arn66] and
Ebin and Marsden [EM70]) for the Euler equation. However, the no-
tation and methods were inspired in the paper [BCHMO02|. The key
idea is to replace the original variational problem on area preserving
diffeomorphisms by random area preserving diffeomorphisms.

Before proceeding we would like to point out that our results are for-
mal in the sense that in all the proofs we assume some smoothness and
integrability of all functions. This is partially unavoidable as there is no
global regularity result to the solutions to the Navier-Stokes equation.

Theorem 1. Let u be a smooth solution to the Navier-Stokes equation
with smooth initial condition u®. Define ¢* : R™ x [0,T] — R™ by
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solving the random equation
8@5”

(3)

ot

in which By is a n-dimensional Brownian motion, identified, by conve-

nience of notation, with the shift by By, that is,

=wuo Byog¢”, ¢“(z,0) =x

wo By(z,t) = u(x + By, t), uo Byo¢® =u(¢“(x,t) + By, t).

Stmilarly, let
EYCR™ X [0,T] — R™"
be a fundamental solution to the equation
a’_‘w
(4) 6ZZ;n—i-J"Du]oBtogzﬁ
satisfying =Z(x,0) = I. Then (u, ¢*) is a critical point of the functional

s=3 [ [ we-p [ @enew.een -,

under the constraints divu = 0 and (@)

PrROOF. Let u be a smooth solution to the Navier-Stokes equation
and ¢“ and Z¢ as in the statement. Define I1¥ : R" x [0,7] — R" to
be the solution to the linear equation

o1y
()
ot

satisfying the initial condition

+ ¥ Diuj o Byo ¢® =0

I1“(z,0) = u’(x).
Given the fundamental solution =“, one can determine II* by

I(z,t) = =Z¥(z, t)u’(z).

Let S[u, ] be the augmented Lagrangian:

Slu, ¢*] / /n|”|2 a¢w—uoBtO¢W>

— E/H<EW(I,T)u0(x), ¢“(x,T) — x).

Note that I1* is fixed once the solution u is given, and therefore the

functional S does not depend on u through II*. Obviously, any critical
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point of S which satisfies is also a critical point of S under the
constraint .

Let du be a smooth compactly supported divergence free variation
of u and §¢* a C? in space and C! in time, progressively measurable

variation of ¢“. Then, using Einstein convention,

65 = / / u;u; — E [I1Y0u; o By o ¢*]

L (03¢ w0
+/0 /nE[HJ( ot _Di“jOBt°¢5¢i>]
_ / B(=*(x, T)u(x), 66 (2, T).

Integrating by parts in time, one easily checks that

[ [ (22 buye o)

—/ E(=“(x, T)u’, 6¢*) =0

Therefore, to show that 65 = 0, we must prove that

(6) / / uybug — B 60,0 Bo ¢ =

Since both ¢¥ and B, are measure preserving maps:
t

/ E [H?(Suj oB;o gb“’} =F {/ I o (¢)~ o B; '6u;
— / E 1% o (¢*) " o B '] du;.

So we must show that
(7) u=E [0 (¢*)"" o B, '] + VE,

since du is divergence free.
Define

m=E [0 (¢*)" o B;"],
and choose k such that

div(m + Vk) = 0.



6 DIOGO AGUIAR GOMES

To prove @ we must show that m solves , and so is the magnetiza-
tion variable.

Lemma 1. Suppose 11 at t = 0 is non-random. Then
ami

1
W + mle'Uj + uijmi = §Am2

PROOF. Since I1* is non-random at ¢ = 0, the process [1¥o(¢*) Lo B,
is progressively measurable. Furthermore, I o (¢*)~! is C! in time

and C? in space. Therefore we can apply Ito’s formula and obtain:

8mi 6 w W\ — _
5 zaE[Hi o (¢*) loBt 1}
=F 8;; o (gb‘”)_l o Bt_1 + D;IIY o (qﬁw)_l o Bt_1 (Q;t)J o Bt_1

+ %AE [T 0 (%)~ o B,

since the martingale term
E [D, [II7 o (¢*) " o B; '] dB,]
vanishes. We have

oIT¢
ot

Since

E

o(¢*) "o Bt | = =B [II o (¢*)™" o By Diuj] = —m; Dy,

¢ o (¢¥) ! = Id,
it follows, by differentiation,

0(‘2(5;)_1 _ [ngb‘“ o (¢w)—1rl wo B, =—-D, [(¢w)—1] wo B,

Therefore

w\—1
B D17 o (¢9) " 0 51 20

= —E[DII o (¢*) " o By ' Dy ((¢°);) o By '] w
= —DkE [HZJ o) (¢w)—1 o) Bt_l] U = —uijmi.

oB{1

Finally

1 N |
§AE[H10(¢)1oBt1}:§AmZ
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Therefore we conclude that
0

W + m]‘Din + uijmi = §Amz

Since 11%(x, 0) = u°(z), the lemma implies
u=m+ Vk,

as required. [ |
The second theorem in this section asserts that the critical points of

the augmented Lagrangian are solutions to the Navier-Stokes equation.

Theorem 2. Suppose (u, *,11*) is a smooth critical point with fized

/ /nW %—uoBtoqﬂ,

under the constraint divu = 0. Assume further that 1I¥ at t = 0 is

endpoints of

non-random. Then u is a solution to the Navier-Stokes equation.

PrROOF.  Assume that du, 0¢* and JOI1¥ are compactly supported
variations with divdu = 0, and d¢*, 611 are C? in space, C'! in time,

and progressively measurable.

59 = / / ujou; — E [II56u; o By 0 ¢*]

NRICTC e
e ()] -

ol (3o o

which implies

Thus

¢UJ

¥ —u;j 0 By o¢” =0.

Similarly,

T D¢
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integrating by parts, we have
o1y
ot

+ H;T’Dz-uj o B;o¢¥ =0.
Finally,

T
/ / Uj(SUj —F [H;”(Suj 0] Bt 9] ¢w] = 0.
0 n

Since both ¢* and B, are measure preserving maps, it follows
/ E [H‘JV(SUJ- oB;o ¢“’} = / E [H‘J" o(¢¥) o B;l(SUj]

= / E [H;" o (¢*)" o B/ buy,
which implies
u=FE [0 (¢*) " o B '] + Vk,

since u is divergence free.
Define

m=E [0 (¢*) 0 B,
and choose k such that

div(m + Vk) = 0.

We need to prove that m is the magnetization variable and solves .

Since II* at ¢t = 0 is non-random, lemma, [1| implies this result.

4. DIFFUSIVE LAGRANGIAN TRANSFORMATIONS

In this section we use the formalism developed previously to give an

interpretation to the theory developed by P. Constantin [Con01b] on

near identity transformations to the Navier-Stokes equation.
Consider a minimizer (u, ¢*) as before and define

A=E[(¢*) " oB"].

The next proposition shows that the vector A satisfies exactly the

advection-diffusion equation as in [Con01b].
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Proposition 1. The vector A satisfies

0A 1
57+ (u-V)A— JAA =0,

with A(x,0) = .

PROOF. Since (¢*)~' o B; ! is non-random at ¢ = 0 and progressively
measurable, we have, proceeding as in lemma [}

DA Tale)t ] 1
—=F|——"—0o8B —AA
ot { T

= —F [uD,(¢*) " o B; '] + %AA
=—u-VA+ %AA.
|
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