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Abstract. In this paper we consider infinite dimensional linear
programming problems and study its connections with nonlinear
partial differential equations.
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1. Model Problems

This survey paper is dedicated to the study of infinite dimensional

linear programming problems and its connections with nonlinear par-

tial differential equations. In this first section we present three model

problems: Mather’s deterministic and stochastic problems, and the

Monge-Kantorowich mass transport problem.

1.1. Mather’s problem. The trajectories x(·) of a system in classical

mechanic are determined through a variational principle which asserts

that they are critical points of the action:∫ T

0

L(x,ẋ)dt,

in which L is the Lagrangian, whcih is the difference between kinetic

and potential energy. A case of interest is the one in which L(x, v) :
1
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Tn ×Rn → R (Tn is the n dimensional torus), smooth, strictly convex

in v, and L ≥ 0.

An important issue is to understand the limit as T →∞. To study

this problem, is useful to consider certain measures which encode the

asymptotic behaviour of minimizing curves. In fact, if x : R → Tn is

globally Lipschitz, one can associate to x a probability measure µ by∫
Tn×Rn

φ(x, v)dµ = lim
T→∞

1

T

∫ T

0

φ(x, ẋ)dt,

in which the limit is taken through an appropriate subsequence.

Since for all ϕ(x) : Tn → R∫ T

0

ẋDxϕ(x)dt = O(1)

this implies ∫
Tn×Rn

vDxϕ(x)dµ = 0.

It is therefore natural to consider the Mather’s problem

min

∫
Tn×Rn

Ldµ,

in which the minimum is taken over all positive probability measures

µ in Tn × Rn which satisfy∫
Tn×Rn

vDxϕ(x)dµ = 0,

for all ϕ(x) : Tn → R. Both the function to be minimized and the

constraints are linear in µ.

1.2. Stochastic Mather’s problem. Instead of deterministic trajec-

tories, we may consider stochastic processes

dx = νdt+ σdW,

in which ν is a bounded progressively measurable process, σ > 0 and

W is a n−dimensional Brownian motion. Then we want to minimize

the expected value of the action

E

∫ T

0

L(x, ν)dt.
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As before, we associate to each of these stochastic processes a proba-

bility measure, µ, by taking weak limits:∫
Tn×Rn

φ(x, v)dµ = lim
T→∞

1

T

∫ T

0

φ(x, ν)dt,

in which the limit is taken through an appropriate subsequence.

The Dynkin’s formula applied to ϕ(x(t)):

E(ϕ(x(T ))− ϕ(x)) = E

∫ T

0

νDxϕ(x(t)) +
σ2

2
∆ϕ(x(t))dt

yields ∫
Tn×Rn

vDxϕ(x) +
σ2

2
∆ϕ(x)dµ = 0,

for all ϕ(x) : Tn → R.

The stochastic Mather’s problem[Gom02] consists in minimizing

min

∫
Tn×Rn

Ldµ,

among all positive probability measures µ in Tn × Rn which satisfy∫
Tn×Rn

[
vDxϕ(x) +

σ2

2
∆ϕ(x)

]
dµ = 0,

for all ϕ(x) : Tn → R.

1.3. Monge-Kantorowich problem. The Monge-Kantorowich opti-

mal mass transport problem (consult the survey paper [Eva99] for more

references) consists in moving a certain amount of mass with the least

possible cost. More precisely, one is given two measures µ+ and µ− in

Rn which satisfy the mass balance condition∫
Rn

dµ+ =

∫
Rn

dµ−.

The problem consists in finding a map s : Rn → Rn which transports

µ+ into µ−, that is,∫
Rn

ϕ(s(x))dµ+ =

∫
Rn

ϕ(y)dµ−,

for all ϕ ∈ C∞c (Rn), in other words s#µ+ = µ−, and minimizes the cost∫
Rn

|x− s(x)|2dµ+(x).
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Given a map s for which s#µ+ = µ−, one can define a measure in

R2n by ∫
R2n

φ(x, y)dµ =

∫
Rn

φ(x, s(x))dµ+.

Furthermore, the marginals µ|x = µ+ and µ|y = µ−.

It is therefore natural to consider the relaxed Monge Kantorowich

problem

min

∫
R2n

|x− y|2dµ,

among all measures which satisfy µ|x = µ+ and µ|y = µ−, that is,∫
R2n

ϕ(x)dµ =

∫
Rn

ϕ(x)dµ+,

and ∫
R2n

ϕ(y)dµ =

∫
Rn

ϕ(y)dµ−.

The strategy consists in establishing a solution µ to the relaxed prob-

lem. Then to prove that the measure µ is supported on a graph

(x, s(x)), and therefore the relaxed problem turns out to be equiva-

lent to the original one.

2. Mather’s problem

In Mather’s problem (both deterministic or stochastic) the constraint∫
Tn×Rn

vDxϕ(x) +
σ2

2
∆ϕ(x)dµ = 0,

(σ ≥ 0) is linear in v. Therefore, if we replace a minimizing measure

µ(x, v) by a new measure µ̃ given by∫
Tn×Rn

φ(x, v)dµ̃(x, y) =

∫
Tn

φ(x, v̄(x))θ(x)dx,

in which

v̄(x) =

∫
Rn

vµ(x, v)dv

and

θ(x) =

∫
Rn

µ(x, v)dv,

we also obtain ∫
Tn×Rn

vDxϕ(x) +
σ2

2
∆ϕ(x)dµ̃ = 0.
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Furthermore, the convexity of L in v yields∫
Ldµ̃ ≤

∫
Ldµ.

If L is strictly convex, the inequality is strict unless v = v̄(x), µ-almost

everywhere.

Therefore we have:

Theorem 1. The minimizing measure µ in the Mather’s problem (sto-

chastic or deterministic) is supported on a graph

(x, v) = (x, v̄(x)).

Additionally, the projection on the x-coordinates of this measure satis-

fies

−∇ · (v̄(x)θ(x)) +
σ2

2
∆θ = 0,

in the weak sense.

Suppose now that L = |v|2
2
− U(x). Then, by using (formally) La-

grange multipliers, Mather’s problem is equivalent to the unconstrained

minimization

min
θ,v(x)

∫ (
|v|2

2
− U(x) + vDxϕ+

σ2

2
∆ϕ+H

)
θdx,

in which (ϕ,H) are the Lagrange multipliers for the constraints.

The Euler-Lagrange equation, obtained by making variations v →
v + εw and θ → θ + εη, yields

v = −Dxϕ(x),

and
|v|2

2
− U(x) + vDxϕ+

σ2

2
∆ϕ+H = 0.

This implies

(1) −σ
2

2
∆ϕ+H(Dxϕ, x) = H,

with

H(p, x) =
|p|2

2
+ U(x).
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As an applications of these results we prove an estimate for the

second derivatives of the solution of the Hamilton-Jacobi equation. To

that effect differentiate (1) twice with respect to the direction x

−σ
2

2
∆(ϕxx) +DxϕDx(ϕxx) + |Dxϕx|2 + Uxx = 0.

since v = −Dxϕ we have∫
−σ

2

2
∆(ϕ)xx +DxϕDx(ϕxx)dµ = 0,

and so ∫
|D2ϕ|2dµ ≤ C.

Some of the previous results can be understood rigorously in terms

of duality. In fact, since each of the problems considered is an infinite

dimensional linear programming problem it admits a dual problem.

In the case of the Aubry-Mather problem, the dual turns out to be

equivalent to

inf
φ

sup
x
−σ

2

2
∆φ+H(Dxφ, x).

The duality theory asserts that the value of this infimum is

−
∫

Tn×Rn

Ldµ,

for any minimizing measure µ, which also agrees with the value H,

which is the unique numeber for which the equation

−σ
2

2
∆u+H(Dxu, x) = H

has a periodic solution. This last statement can be checked directly.

In fact, if ϕ is the solution to (1) then

inf
φ

sup
x
−σ

2

2
∆φ+H(Dxφ, x) ≤ sup

x
−σ

2

2
∆ϕ+H(Dxϕ, x) = H.

Additionally, for any φ periodic, ϕ − φ has a minimum at some point

x0. At this point Dxϕ = Dxφ, and ∆ϕ ≥ ∆φ, so

sup
x
−σ

2

2
∆φ+H(Dxφ, x) ≥ −σ

2

2
∆φ(x0) +H(Dxφ, x0)

≥ −σ
2

2
∆ϕ(x0) +H(Dxϕ, x0) = H.
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3. Monge-Kantorowich problem

To obtain the Euler-Lagrange for the Monge-Kantorowich problem

we make the additional assumption that µ+ and µ− have densities ρ+

and ρ−. Suppose that s(x) is an optimal transport map and µ is an

optimal measure in R2n associated to s(x). Let w be a divergence free

vector field in Rn, and ϕτ be the flow associated with the ordinary

differential equation:
d

dτ
z =

w(z)

ρ+(z)
.

Since w is divergence free

∇ ·
(
ρ+ d

dτ
ϕτ

)
= 0,

which imples that ϕ#
τ µ

+ = µ+. Let the measure µτ be given by∫
φ(x, y)dµτ =

∫
φ(ϕτ (x), y)dµ.

Since µ0 = µ, and µ is optimal, we have

d

dτ

∫
|x− y|2dµτ

∣∣∣∣
τ=0

= 0,

that is,

2

∫
(ϕτ (x)− y) · d

dτ
ϕτ (x)dµ

∣∣∣∣
τ=0

= 0.

This implies ∫
(x− s(x))w(x) = 0.

Since this holds for all divergence free vector fields, the function x−s(x)
is a gradient. Thus

(2) s(x) = DxΨ(x),

for some Ψ(x). The condition s#µ+ = µ−, which, by the change of

coordinates formula, is equivalent to

ρ+(x) = ρ−(s(x)) detDs(x).

Using (2), the last equation can be rewritten as the Monge-Ampére

equation

ρ+(x) = ρ−(DΨ(x)) detD2Ψ(x).
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4. Otto’s calculus and nonlinear diffusions

In this section we follow [Vil] and study the application of Monge-

Kantorowich problems to the theory of nonlinear diffusions. These

ideas have the origin in the paper [JKO98].

The value of Monge-Kantorowich problem measures the distance be-

tween the two measures µ+ and µ−. In fact, one can define a distance

between two probability measures, the Wasserstein distance, by

d2
W (µ+, µ−) = inf

∫
|x− y|2dµ,

in which the infimum is taken among all measures µ which satisfy

µ|x = µ+ and µ|y = µ−.

Suppose µ+ and µ− have densities ρ0 and ρ1, respectively. In the

Brenier-Benamou formulation [BB00] one writes the Wasserstein dis-

tance as

d2
W (µ+, µ−) = inf

∫ 1

0

∫
Rn

ρ|v|2dxdt,

in which the infimum is taken over vector fields v and time dependent

densities ρ which satisfy

d

dt
ρt +∇ · (ρtv) = 0,

ρt=0 = ρ0, and ρt=1 = ρ1. The equality follows from two observations.

First, given an optimal vector field v one can construct a map by solving

the equation

ẋ = v(x),

and considering its flow ϕt. One has ρt = ϕ#
t ρ0 and so ϕ#

1 µ
+ = µ−.

Furthermore∫ 1

0

∫
ρt|v|2 =

∫ 1

0

∫
ρ0|v(ϕt(x))|2 ≥

∫
ρ0

∣∣∣∣∫ 1

0

v(ϕt(x))

∣∣∣∣2 ≥
≥ d2

W (µ+, µ−),

by Jensen’s inequality.

To prove the other inequality one has to interpolate between ρ0 and

ρ1. To do so, consider the optimal transport map s(x). and let

st(x) = (1− t)x+ ts(x),

vt(y) = s(s−1
t (y))− s−1

t (y),
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and ρt = s#
t ρ0. One can check that

dρt

dt
+∇ · (vtρt) = 0,

and ∫
ρt|vt|2 =

∫
ρ0|x− s(x)|2 = d2

W (µ+, µ−).

This formulation suggests than the Wasserstein distance may be

written as the infimum of an integral of
∥∥dρt

dt

∥∥2

ρ
with an appropriate

norm:

d2
W (ρ0, ρ1) = inf

∫ 1

0

∥∥∥∥dρt

dt

∥∥∥∥2

ρ

dt,

in which the infimum is taken over all time-dependente densities ρt

with ρt=0 = ρ0, and ρt=1 = ρ1. The norm

(3)

∥∥∥∥dρt

dt

∥∥∥∥2

ρ

= inf
v

∫
ρ|v|2dt.

in which v is such that

(4)
dρt

dt
+∇ · (vtρt) = 0.

The Euler-Lagrange equation for (3), obtained by making the variation

v → v + εw
ρ
, with w a divergence free vector field, is:∫

vw = 0,

which implies that v is a gradient:

v = ∇ϕ.

Thus (4) reads then

∇ · (ρ∇ϕ) = −dρt

dt
,

which is an elliptic equation for ϕ.

The norm ‖ · ‖ρ comes from Riemannian structure on the tangent

space of probability measures

〈ξ, η〉 =

∫
ρ∇φ · ∇ψ,

with

∇ · (ρ∇φ) = −ξ ∇ · (ρ∇ψ) = −η.
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Given a Riemannian structure, the gradient of a functional F (ρ) is

defined as:

〈gradF (ρ), η〉 = DFη =

∫
δF

δρ
η,

in which δF
δρ

is the gradient of the functional with respect to the L2

structure. Then

〈gradF (ρ), η〉 =

∫
ρ∇φ · ∇ψ,

with

∇ · (ρ∇φ) = − gradF (ρ).

Integrating by parts

〈gradF (ρ), η〉 =

∫
gradF (ρ)ψ =

∫
δF

δρ
η.

Similarly,

∇ · (ρ∇ψ) = η,

and so

〈gradF (ρ), η〉 =

∫
gradF (ρ)ψ = −

∫
δF

δρ
∇ · (ρ∇ψ),

since ψ is arbitrary this yields

gradF (ρ) = −∇ · (ρ∇δF
δρ

).

For instance, if

F (ρ) =

∫
ργ

with γ > 1 one has

gradF (ρ) = −C∆ργ,

and so, the Porous media equation

d

dt
ρ = C∆ργ,

is a gradient flow with respect to the metric induced by the Wasserstein

metric.
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