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Abstract

We extend to time-dependent Hamiltonians some of the PDE methods from our
previous paper [E-G1], and in particular the theory of “effective Hamiltonians” in-
troduced byLioNs, PAPANICOLAOU & VARADHAN [L-P-V]. These PDE techniques
augment the variational approachMiTHER [Mt1, Mt2, Mt3, Mt4, M-F] and the
weak KAM methods ofathi [F1,F2,F3,F4,F5].

We also provide a weak interpretation of adiabatic invariance of the action and
suggest a formula for the Berry-Hannay geometric phase in terms of an effective
Hamiltonian.

1. Introduction

We continue our investigation from [E-G1], employing nonlinear PDE (par-
tial differential equation) methods to augment the variational approaetnofier
[Mt1, Mt2, Mt3, Mt4, M-F] and the weak KAM (Kolmogorov-Arnold-Moser) meth-
ods ofFatHI [F1,F2,F3,F4,F5] in the study of Hamiltonian equations with many
degrees of freedom. This paper treats Hamiltonidns H (p, x, ) which depend
upon time.

In this first section we outline the basic issues arising as we try to extend
our earlier methods to time-dependent Hamiltonians, most notably the differences
between asymptotic limits of trajectories with “fast” versus “slow” variations in
time. These comments provide an overview of the entire paper.

In Section 2 we explain how to construct the effective Hamiltori&in the
case wherd{ is periodic in bothx andz, and along the way we build a viscosity
solutionw of an appropriate Hamilton-Jacobi cell problem. Section 3 demonstrates
how H and the related Lagrangidngovern asymptotics of Hamiltonian dynamics
with fast, periodic variations in both space and time.

Section 4 introduces dynamics with fast, periodic variations in space, but slow
variations in time. The rescaled limit is now controlled{y(-, 1)};>0, the overbar
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denoting the effective Hamiltonian computed from fast variations in the variable
only, as in [E-G1].

An interesting problem is how to understand the relationships betweand
{H (-, t)},>0, in other words between averagingiins together and averaging in
alone for each fixed time. Our results here are not very definitive, but for the reader’s
convenience we record some relationships for integrable systems under a strong
assumption about the averaging. This leads to the Berry-Hannay phase correction,
a formal expression for which in terms &f we propose in Section 6.

Much of what follows appears in somewhat different form in@eies’s thesis
[G1]. We have in this and our previous paper largely rederived using nonlinear PDE
techniques earlier results from dynamics, due to Mathenéylgathi and others.
The appendix clarifies some of the connections between our work (and notation)
and theirs.

1.1. Changing variablesin x and t

We begin by takingd : R” x R” x R - R, H = H(p, x, t), to be a smooth
time-dependent Hamiltonian, for which we consider the corresponding flow

X=DpyH(p, X, 1),

: (1.1)
p = _DXH(pv X, t)
The dynamicg1.1) transform to read
X = DH(P),
. 1.2)
P=0
under the canonical change of variables
(p,x) > (P, X), (1.3)
provided
= Dyu(P,x,t),
p = Dou(P. x. 1) (1.4)

X =Dpu(P,x,t),
and the generating functian= u(P, x, t) satisfies the Hamilton-Jacobi PDE
uy + H(Dyu,x,t) = H(P) inR" x R. (1.5)

The termH on the right-hand side is at this point in the discussion just some given
function of P only, which does not depend éh This change of coordinates usually
fails in practice, since the PD&.5) does not often have a smooth solution and,
even if it does, the transformatiq.3), (1.4) is not usually valid globally.

On the other hand, we can under reasonable assumptiofsharild a weak
solution of(1.5) for a suitably defined functiofl . This we show in Section 2 below,
following Lions, PAPANICOLAOU & VARADHAN [L-P-V]. The key hypothesis will
be thatH is T"-periodic in the space variahle whereT” denotes the unit cube in
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R" with opposite faces identified, and furthermore tHais [0, 1]-periodic in the
time variabler.
It turns out that givernP € R” there exists anique real numben. for which
the cell problem
w; + HP+ Dyw, x,t) =1 inR" xR,
(x,1) — w is T"1-periodic
has a solution, wherg"+1 .= T x [0, 1]. We defineI:I(P) := A, to rewrite the
foregoing as
w, + H(P + Dyw, x,t) = H(P) inR" x R, L6)
(x,1) —~ w is T"*1-periodic '

And so if we also set
u(P,x,t):=P-x+w(P, x,1), (1.7

we recover(1l.5).

The overall goal now is to study theffective or averaged Hamiltonian H,
so defined, and to try to understand hélvandu encode information about the
dynamics(1.1). This we at least partially accomplish by turning our attention
exclusively to Hamiltonians which are uniformly convex in the momenta.

To understand the basic issues, let us for the moment change from the Hamil-
tonian viewpoint and so le&t = L(g, x, t) denote the corresponding Lagrangian.
We consider curves(-) which areabsolutely minimizing for the action. This means
that

T T
/ L(X, X, t)dt < / L(y,y,t)dt (1.8)
0 0
for each timel' > 0 and each Lipschitz curwg-) with x(0) = y(0),x(T) = y(T).
The corresponding momentum is
p:=DyL(X X, 1),

and(x(-), p(-)) solve the system of ODE (ordinary differential equatiofis}).
We propose nhow to rescale in time, defining

Xe (1) 1= &X (£> , Pe:=p (5) ; (1.9
& &

then
(1.10)

We study the oscillations ip, (-) andx.(-) (modT") ase — 0 and demonstrate in
Sections 2, 3 how these are governed by certain Young measures, whose structure
in turn can be described, at least in part, in term#ofindu. Note that we have
rescaled so thatl.10) entails fast, periodic changes in the time variable.
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1.2. Sow variationsin time

It turns out to be interesting as well to consider slow variations in time. For this,
takes > 0 and assume the curxé(-) is ane¢-absolute minimizer of the action,
meaning

T T
/ L(X,x%, et)dt < f L(y,y,et)dt (1.12)
0 0

for eachT > 0 and each Lipschitz curwg-) with x¢(0) = y(0), x5(T) = y(T).
Definep® := D, L (X%, X®, et), and rescale:

Xe (1) := ex°® (5) . Pe(@) i=p° (5) . (1.12)
& &

Then

(1.13)

Unlike the systenil.10), the time variable is now changing on only @ril) scale.

The foregoing is the setting for the classical physical principle ofatfie-
batic invariance of the action. (See for instancArNoLD [A] or GoLDSTEIN [Gd];
CrawrorD [Cr] provides several worked examples.) The idea is to switch variables
according ta(1.3), (1.4), where we nowedefine

u(P,x,t):=P-x+v(P,x,t); (1.14)
andfor each time, v solves the cell problem

H(P + Dyv,x,t) = H(P,t) inR",

1.15
x — v is T"-periodic. ( )

The notationH (P, ) thus means the effective Hamiltonian had by “averagiHg”
in the spatial variables only, held fixed. This is an entirely different procedure
from averaging in space and time together, adlif).

We now introduce the very strong assumption that we can irtes}, (1.4),
(1.14), to solve forX, P as smooth functions of, p, z. We can then define the
action-angle variables

Po(r) = P(ps(r), %) z>,

’
&

X (1) 1= X(pg(t), X (1) , t).

&

(1.16)

The principle of adiabatic invariance of the action suggests that

Pé‘(') - P1
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uniformly on compact subsets {0, co), for some constant vectdt € R". Now

this is certainly not really true in general: we usually cannot even défjte,
since we cannot inveril.4) to solve forP = P(p, x, t). We will however see

in Section 4 that we can in fact associate a ve¢towith the rescaled dynamics
(1.13), thereby establishing at least a weak form of the adiabatic invariance in this
setting. The key hypothesis, we repeat, is that the cxgyds a minimizer of the
action.

Remark. We can further interpret all this in light of homogenization theory for
nonlinear first-order PDE, as InioNs, PAPANICOLAOU & VARADHAN [L-P-V]. If

we look at this initial-value problem for the Hamilton—Jacobi PDE with rapidly
oscillating coefficients,

X
u¢ +H(Dwu®, —,t)=0 inR" x (0, 00),
! ( e ) (©.00) (1.17)
u* =g onR”" x {t =0},
and lete — 0, the solution:® converges to the solutianof
H (Deu,t)=0  inR" x (0, 00),
ur + H (Dxu, t) x (0, 00) (1.18)

u=g onR" x {r = 0}.

Now the functionu® can be computed in terms of characteristic ODE, which for
the case at hand are precis€lyl3). We can consequently informally state that

the homogenization of (1.17) into (1.18) is a consequence of the
adiabatic invariance of the action for minimizing trajectories,
since the characteristics of the viscosity solutiorfl7) are in fact minimizers,

at least on ar0 (1) time scale. A similar comment holds for PDE of the form
ul + H (Dxus, g,x, l).

1.3. Geometric correction to the angle

The asymptotics as — 0 of the angle variableX.(-) are more subtle. A
calculation ofHANNAY [H] and BERRY [B] suggests that

X (1) — ;—LDPH(PS(t),t) — DK(P), (1.19)

with a “corrector”K (P) computed in terms af: see Section 5.3.

We provide a formal interpretation &f in the light of the effective Hamiltonians
introduced before. For this we first modify the space-time averaging praiilém
now to find for eactd > 0 a unique real numbeér = H(P, §) for which the cell
problem

Sw + H(P + Dyw’, x,1) = H(P,§) inR" xR,

1.20
(x,1) — w is T"*1-periodic (120
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has a viscosity solution. Then, as we will show in Section 6,
A 1 -
lim H(P, ) = / H(P,1)dt. (1.21)
§—0 0

We furthermore establish some inequalities for difference quotierfis wfhich in
turn suggest the formula

Ol
o5 (PO =K(P). (1.22)

In this formal sense the Berry-Hannay phase factor is “hidden” within the effective
HamiltonianH .

2. Averaging in space and time

In this section we discuss the construction and properties of the effective Hamil-
tonian H. Our results are mostly not new and involve ideas found for instance in
FatH1 [F1]. However we have found no precise reference in the literature.

2.1. The Hamiltonian and Lagrangian

Hypotheses on the Hamiltonian. Suppose hereafter that the smooth function
H:R'"xR"xR— R, H= H(p,x,1t), satisfies these conditions;
(i) Periodicityinx andz:

For eachp € R", the mapping

(x,1) = H(p, x, 1) is T -periodic. @1
(i) Srict convexity:
There exist constants, y > 0 such that
ye2 < Y LH ) neg < i 22)

521 0Piopj

foreachp, x, £ e R", r e R.
(i) Gradient boundin x:

There exists a constagtsuch that
IDxH(p,x,t)] < CA+Ip)) (2.3)
forall p,x e R",t € R.
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TheLagrangian. We define the correspondihggrangian L : R" xR" xR — R,
L=1L(g,x,t),by

L(g,x,t):=supp-q — H(p,x,1)).
P

Then
(x,1) = L(q, x, 1) is T"1-periodic, (2.4)
and

there exist constants, y > 0 such that

2o N~ VL 2
yIEPS Y (q.x,)E& < T&] (2.5)

(=1 09i04;

foreachg, x, £ e R",r e R.

2.2. Averaginginx and ¢

We prove first that the cell proble.6) is solvable, in an appropriately weak
sense.

Theorem 2.1. (i) For each P € R" there exists a unique real number, denoted
H (P), such that the cell problem

w; + H(P + Dyw,x,t) = H(P) inR" xR

(2.6)
(x,1) = w isT"  -periodic
has a Lipschitz continuous viscosity solution w.
(i) In addition, there exists a constant « such that
D?w <ol inR*xR (2.7)

in the distribution sense.

Assertion(2.7) means thatv is semiconcave jointly in the variablesand:.
We callH : R" — R so defined theffective or averaged Hamiltonian.

Remarks. Observe carefully thall results from our “averaging® with respect
to both the space variablesand the time variable As noted before, we write

H('» t)

to denote the averaged Hamiltonian with respect to the space variainlly, for
each fixed time. One of our objectives is understanding the relationships between
H and{H (-, t)}o</<1-
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Proof. Sep 1: Existence. Let X = C(T") denote the space @f*-periodic, con-
tinuous functions, with the max-norm. We hereafterffix R". Giveng € X, we
consider then the initial-value problem

v, +H(P +Dyv,x,t) =0 inR" x (0, 00)

(2.8)
v=g onR"x {r =0},
which has the uniquél”-periodic viscosity solution
t
v(x,t) =inf {/ L(X,X,s)— P -Xds + g(X(O))} , (2.9)
0

the infimum taken over all Lipschitz continuous functions [0, 7] — R”" with
X(t) = x.
Define then the nonlinear operatbr: X — X by

Tlglx) ==v(x,1) — r%lln v(-, 1) (x € T). (2.10)

Sep 22 We next develop some estimates fdr, 1), in terms of||g||.~. First of
all, we can take(r) = x in (2.9), to deduce

1
v(x,1) < / L0, x,s)ds + g(x) (2.11)
0
for x € T". On the other hand, since
L%, 8) Z LO.X5) + DyL (0., 5) - X+ ZIXI2

we have
v(x,1) 2 —C —||gllre.

This and(2.11) imply
lv(x, D] S C(A+||gllre) forallx e T". (2.12)

Sep 3: Nextwe show (-, 1) is Lipschitz continuous. According 1@.9), we have
1
v(x,1) = / L(X,X,s) — P -xds + g(x(0)), (2.13)
0

for some Lipschitz continuous curwe: [0, 1] — R” with x(1) = x. We estimate

the essential supremum &f by first noting from the foregoing thg'g1 L(X,X,s)—

P -xds is bounded in terms dfg|| .. SinceL grows quadratically in the variable
g, we deduce thafx(zg)] < M at some time O< 79 < 1, whereM denotes a

constant computable in terms of known quantities. Therefore the momentum

p(t0) := Dy L(X(t0), X(t0), t0)

is bounded. The Hamiltonian equation for pllx € R”, ¢ € R, estimatg2.3), and
Gronwall's inequality now imply thap, and thugx|, are essentially bounded on
[0, 1], with estimates depending only upgg||z~-.
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Now for any other poing, we have

1
v(y, 1) = inf {fo L(y,y,s) = P-yds+ g(y(O))} , (2.14)
the infimum taken over Lipschitz curvgs.) with y(1) = y. Set

y(s) :=x(s)+s(y—x) (0=s=1

in (2.14), and writew := y — x. Then

1
v(y, ) —v(x,1 < /0 LX+w,X+sw,s)—LXX,8)+ P -wds (2.15)

< Clw| = Clx —yl.
The same estimate holds with the pointandy interchanged. Therefore
lv(x,) —v(y,D)| < Clx —y| forallx,yeT". (2.16)

for some constant depending on|g|| .

Sep4: Next we show that the operatdrdefined in Step 1 has a fixed point. First

of all, standard comparison results for viscosity solutions show that the time-one
mapg — w(-, 1) is a contraction in the max-norm. Consequently

IT[g] = TI&1I = 2lg — &l

Thereforel : X — X is continuous. In the light of estima¢®.16), T is a compact
mapping as well.

Finally, fix 0 £ o £ 1 and supposg? is a fixed point of the operater7[-];
that is,

o (v“(x, 1 - rTPﬂ]Ln v (., 1)) =g%(x) (x €T, (2.17)
where
vy + H(P 4+ Dyv7,x,t) =0 inR" x (0, 00), (2.18)
v7 = g% onR" x {r =0}.
According to(2.17),
g% 20, g°(x0) =0 for some poinkg € T". (2.19)

The solution 0f(2.18) is

t
v (x,t) =inf {/ L(X,X,s) — P -Xds +g“(x(0))},
0
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the infimum taken over all Lipschitz continuous functions [0, 7] — R”" with
X(t) = x. We takex(s) := (1 — %) xo + 3x for 0 < 5 < ¢, to deduce

t - p—
v”(x,z)gf L<x xo,(l—£>xo+;x,s>—P.(x Xo0) ds
0

t t t

) (2.20)
<c (1 + @)
forx € T", 0 < ¢t < 1. On the other hand, sing€ > 0 we see that
1
v7(x,1) = inf {/ (L%, X, 5) — P - X) ds}.
0
Recalling the strict convexity of, we deduce
v(x,t) =2 —Ct
forx € ™", 0 < ¢ < 1. Combining this with(2.20) yields
C
|vf’(x,r)|§7 (xeR", 051 <), (2.21)
Consequently2.21) in turn implies
n;nglg“l =C (@O=oz). (2.22)

Sep 5. In summary, the operatdr : X — X is continuous, compact, and we
have thea priori estimate(2.22) for any fixed point ofo T'[-], where 0< o < 1.
Consequently Schaeffer's Theorem (cf. [E2]) implies thgtossesses at least one
fixed point:

Tlgl=g.

This means that(x, 1) — ming: v(-, 1) = g(x) for each pointt € T", where
v+ H(P+ Dyv,x,t) =0 inR" x (0, 00),
v=g onR" x {r =0}
Finally define
H(P) = —minmv(-, 1),
w(x, 1) :=v(x, 1) +tH(P).

Then .
w; + H(P + Dyw, x,t) = H(P) inR" x (0, c0)

and(x, r) — w is T"*1-periodic. R
Sep 6: Unigueness. Uniqueness of the constaht= H(P) in (2.7) follows from
an argument due tbions, PAPANICOLAOU & VARADHAN [L-P-V]. Suppose

w; +H(P+Dyw,x,t) =1 InR" xR,

(x,1) — w is T"-periodic
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and _
vy +H(P +Dyv,x,t) = inR" xR,

(x,1) — v is T"*1-periodic
We may assumg > u, and also — upon adding if necessary a constantt¢hat

v>w INnR"xR. (2.23)
But for sufficiently smalk > 0,
w; + H(P + Dyw, x,t) +ew>v; + HP + Dyv,x,t)+ev inR" xR,

in the sense of viscosity solutions. The comparison principle for viscosity solutions
however then implies
w=2v INR" xR,

in contradiction ta(2.23).
Sep 7: Semiconcavity in x and . Finally we show semiconcavity in space and
time. By periodicity, it suffices to consider the time= 1. Recall

1
v(x,1) = / L(X,X,s) — P -xds + g(x(0)),
0

for some Lipschitz curve(-) with x(1) = x. Take any vector and real numbek,
with |k| < 1. Then

1+h
vix+2z,14+h) §/ L(y,y,s) — P -yds + g(x(0)),
0
fory(s) := X(g37) + 1352 Similarly,
1—h
vix —z,1—h) §f L(z,2,s) — P -zds + g(x(0)),
0

for z(s) := x(%;) — 155,z Then

vix+z,14+h) —2v(x,)+v(x—z,1—h)

Ith 1 s 1 s s
< L X . X s )d
*/o (1+h (1+h)+1+hz (1+h)+1+hz s) s

1
— 2/ L(X(s), X(s), s)ds
0

1-h
+/o L(lihx(lih)_ 1ihz’x(1ih) - 1ihz,S)ds

1
= /O 1+ h)L(HLh)'((s) + l—i—ihz’ X(s) + sz, (1+ h)s) — 2L(X(s), X(s), s)

+(1—h)L<1}h)'((s) — 1ihZ,X(s) — sz, (1—h)s> ds.
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This last expression equals

o ho 1
/0 L(X(s) - 1+hx(s)+ 1_'_hz,x(s)—i-sz, (1+h)s>

x(s) — —
11— T 1o,

— 2L K(s), X(s), s) + L<X(s) + Z,X(s)—sz, (1 — h)s) ds

ros. ho 1
+h/0 L<X(s)—1+hx(s)+ 1+hz,X(S)+sz, (1+h)s>

—L(X(s)+ 1fh)'((s)—1ihz,x(s) -5z, (1—h)s) ds

< C(Iz[* + h?).
Thusv, and so also the functiom, are semiconcave in, t. O

Remarks. Much of this proof is based upon ideas in Fathi [F1]. Our hypothesis
(2.3), rewritten in terms of the Lagrangian, says that

|IDxL(q, x,)| = C(1+|DgL(q, x,1)])

for all ¢, x € R*, ¢+ € R. As Fathi pointed out to us, this is a standard condition
to ensure that the minimization problems (e(@,9)) have Lipschitz continuous
minimizers. We could replac@.3) by the assumption that

|H(p,x,1)] £ CA+|p?) (2.24)

forall p,x € R", ¢t € R. Since

d
EH(p5 X5 t) = Ht(p7 X7 t)a

estimatg2.24), the strict convexity off, and Gronwall’s inequality again provide
Lipschitz bounds.

SeeJausLIN, KrEiss & Moskr [J-K-M] and WEiNaN E [EW2] for a special case
ofn = 1. The approachinthese papersisto considerthe corresponding conservation
law. The arguments above are also strongly related to those in the general theory of
nonlinear “additive eigenvalue” problems; see for instaNcgssaum [N], CHoU
& DuFrFIN [C-D], etc. Similar ideas can be found @oncorpeL [C1].

We define then theffective Lagrangian
L(Q):=supP-Q— H(P)) (2.25)
P
for 0 € R". The functionsd and L are both convex and finite valued, with

superlinear growth:

im @: oo, lim @:
|P|—oo |P| [Ql=o00 |Q|

The convexity offf can be shown using for instance the method in [E3].
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3. Fast variationsin time

This section, which extends slightly some methods of [E-G1], uses our weak
solution of the time-dependent corrector probléhv) to study the structure of
a measure on phase space that records the long-time asymptotics of minimizing
trajectories.

Definition. A Lipschitz continuous curvg : [0, co) — R”" is a (one-sidedybso-
lute minimizer if

T T
/ L% %, 1) dt < / L.y, 1)dr (3.1)
0 0
for each timel’ > 0 and each Lipschitz curwg-) such thak(0) = y(0), x(T) =
y(T).

Remark. Note that we are simply assuming) to be Lipschitz continuous glob-
ally in time. If the Hamiltonian does not depend upqgrthe invariance of the
Hamiltonian implies a global bound dR|.

Given an absolute minimizer, we set
P(1) := Dy L(X(1), X(1), 1); (3.2)

so that
X=D,H(p,X,1),

. (3.3)
p=-D:H(p,X,1)
fort = 0. Next rescale:
t t
Xe (1) := eX (—) , Pp(t):=p <—> .
& &
Then
. Xe t
Xe = DpH (ps, . g)
(3.4)

. 1 Xe t
pé‘z__DXH p€7_7_ .
& e €
Next we introduce measures on phase space to record oscillations of these

dynamics ag — O:

Theorem 3.1. There exists a sequence ¢, — 0 and for a.e. + > 0 a Radon proba-
bility measure i, on R” x T*+1 such that

o (pekm, Xeet) é) B = /R ,, /T e(produ (39

&k

for each bounded, continuous function @ : R” x R” x R — R, ® = ®(p, x, s),
for which (x, s) — @ isT"1-periodic.



284 L.C. Evans & D. GOMES

This assertion follows as in [E-G1].

Lemma3.2. (i) The support of the measures {u,},>¢ isbounded, uniformly inz.
(ii) For each C* function ® as above,

/n /TM &, + {H, d}du; =0 (3.6)
for a.e.t = 0, where
{H,®)}:=D,H -Dy®— D:H - D,®
isthe Poisson bracket

Proof. Statement (i) is a consequence of the boundspmnd thusgp,, |. Further-
more,

d Xe t . Xe 1
— PPy —, = =qu>'ps+Dch'_+_(Ds
dt e & & e
1
= g(<I>s +{H, ?}).

Take¢ : [0, T] — R to be smooth, with compact support. Then

r ( Xe t) o, Xe t
/<d>s+{H,d>}> oo, 2 1 cdr=—/ etd (pe. 1) ar.
0 £ & 0 e ¢

Sends = ¢, — 0. O
We may assume, passing if necessary to a further subsequence, that
Xg, = X (3.7

uniformly on compact subsets 8, o), whereX(-) is a Lipschitz continuous
curve,X(0) = 0. ThenX(r) = Q(1), for

Qo= [ [ Dot (3.8)
n Jn+l
Theorem 3.3. (i) Forae =0,
LQ@) = f A " L(D,H(p, x,s),x,s)du,. (3.9)
(i) Furthermore, there existsa vector P € R” such that

P cdLQ@), Q1) e 9H(P) foraet=0. (3.10)

Remarks. (i) We call P theaction vector for the rescaled trajectorig¢s. (-)}¢-o.



Effective Hamiltonians and Averaging for Hamiltonian Dynamics Il

(i) The second assertion above can be rewritten

X e dHP
. ® fora.e.t 2 0,
P=0

and this formulation should be compared wiih2).

Outline of proof. Sep 1: Firstly, define
. ! . X S
Se(x, y,t) ;= inf / L (x, -, —) ds | X(t) =x, x(0) =y
0 & &
forx,y e R",t > 0. Then

Se(x, y,1) = tL (Q) ase — 0,

uniformly on compact subsets B x R" x (0, co), as shown by.ions, PAPANI-
COLAOU &VARADHAN [L-P-V, Section I]. (See alsWeiNnaN E [EW1], BRAIDES &

DEFRANCESCHI [B-D, Section 16.2].)
Let y. := X:(0) = ex(0) — 0. Thus

Se, (X, Yer, 1) = tL (;) (xeR", t>0),

uniformly on compact subsets. But

Xe S

t
Sg(Xg(t),yg,t)zf L()'(g,—,—>ds,
0 e ¢

since the curve,(-) is an absolute minimizer. Consequently

~ [ X(1)
Sy (X (1), Yoo 1) — 11 (T) ,

Sep 2: Differentiating in time, it then follows that
t d ~ (X
Hefr i) = w5 (1(F)
Ek &k dt t
the half-arrow denoting weak convergence. Now
d ( ~ (X ~ (X ~ (X . X .
S0 ()= (o (3) -2 o
dt t t t t
by convexity. Since, = D, H (p., %2, L), we deduce that
f / L(DyH, x,s)dp; = L(X(1))
n JTn+l

fora.e.r > 0.

285
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On the other hand, we have
T, . T Xe t
/ L(X)dt < liminf / L ()‘(8, =, —) dr,
0 0 E &

bxons [ [ LopHxs
n JTn+

and so

fora.e.r.
Sep 3. In particular,

d [+ (XO\\ _ s & _
— (tL <T>> = LX) = L(Q()) ae.

and consequently

1 /7. 1T d (X
7/0 L(Q(t))dt_7/o E(tL<T>> dt

This identity, valid for each tim& > 0, implies tha{Q(z)},> lies a supporting
domain ofL. This means that

P e dL(Q()) forae.r=>0

for some vectoP € R”". Equivalently,Q(¢) € JH(P)fora.er>0. O

Henceforth we consider any one of the measyres u,;, and denote by
the prqjection of u onto thex, s-variables. We also writd®) = Q(z), and take
P € 9L(Q), as above.

Next letw = w(P, x, t) be any viscosity solution of the cell PDE

w; + H(P + Dyw, x,t) = H(P) inR" x R,

3.11
(x,1) — w is T"1-periodic (311)

and, as before, set

u(P,x,t):=x-P+w(P,x,t). (3.12)

Theorem 3.4. (i) Thefunction u isdifferentiablein (x, t) p-a.e
(i) Also,
p = Dyu(P,x,t) u-a.e
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Outline of proof. We follow [E-G1], to which the interested reader may refer for
more details in the case wheks L do not depend on time.
Setu® := n, * u, wheren, is a ragial convolution kernel in the variablest.
Since the PDl, + H(Du, x,t) = H(P) holds pointwise a.e., we have
Be(x, 1) +ul(x,1) + H(Dyu® (x, 1), x,1) < H(P) + Ce (3.13)

for each(x, t) € T"t1, where

Be(x, 1) = g/ ne(x —y,t — )| Dyu(y,s) — Dyu®(x, t)|2dy ds.
Rn+1

Using the strict convexity o with respect to the variablge, we deduce

/”/WHIDM (x,8) — pl?dp

_f 1H(Du()cs)xs)
n JTn+
— H(p,x,s)— DyH(p, x,s) - (Dxu(x,s) — p)du.

Now Dyu® = P + D,w®, uj = w;, wherew® = n, * w is periodic. Furthermore

fn/th wfe + DpH - Dyw®dpu =0,

according ta(3.6). This observation anB.13) imply

Y
E// |Dxu8—p|2du+f Bedp
n Tn+l ']I‘n+1

gﬁ(P)—/ +1H+D,,H.(P—p)dwrCs.
n T)l

Observe thal.(Q)+ H(P) = P- Q, L(D,H, x,s) + H(p, x,s) = D, H - p,
and recallQ = [p. [mus1 DpH dpu. Substituting above, we find

g/ / |Dxu€—p|2du+f B dp
n "H‘n+l ’]1‘n+l

< —i(Q)+f / L(D,H,x,s)du+ Ce = Ce,
n Tn-%—l

according to Theorem 3.3.
Sinceu is semiconcave, this estimate proves thatdifferentiable inc atp-a.e.
point. Now define fop-every point(x, r) € T"+1

ur(x,t) 1= I:I(P) — H(Dxu(x,t),x,1). (3.14)
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We will now demonstrate thatis differentiable irr at(x, ), with derivative given
above. Indeed,

/ ne(x — y, 0 — ) (v, 8) — u(x, )% dy ds
Rn+l
g A " ﬂs(x - yvt - S)|H(Dx’4(y’ S)v Y, S) - H(Dxu(x7 t),x, t)lzdyds
< c/ e =yt = 9Dty 5) — Dyl D2 dy ds + Cs.
R"+

The last term in(3.14) is o(1) ase — 0. But thenu, is approximately continuous
at (x, t). Sinceu is semiconcave, this means thais differentiable irv there. O

Remark. In general

/ H(p,x,s)du + H(P), (3.15)
R~ Tn+l

in contrast to the autonomous case: see [E-G1] andalsoCarNEIRO [DC]. The
corresponding formula with the Lagrangians is true, however: reme(Bi$r

4. Slow variationsin time

In this section we modify some of the foregoing calculations to cover the situ-
ation where the time dependencefdfis slowly varying.

Definition. Fix ¢ > 0. A Lipschitz continuous curvg®(:) : [0, c0) — R”" is an
g-absolute minimizer provided

T T
/ L(X°,x%, et)dt < / L(y,y, et)dt (4.1)
0 0

for eachT > 0 and each Lipschitz continuous curyé) such thatx®(0) =
y(0), x¥(T) = y(T).
Note carefully the slow variations in the time variables here. Gi/gr) as
above, we define
PE(t) = Dy L (X, X, et); (4.2)
so that
xt = D, H(p%, xt, et),
AR @3)
p* =—-D H(", X", et).

In this setting, the Hamiltonian changes only by an ama() during time
periods of IengthO(%). We therefore rescale, to effect &n(1) change in the
Hamiltonian on ar0 (1) time scale:

t t
Xe (1) := ex’ <—> pe(t) = p° (—)
& I
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Then
. X
%. = D,H (pg, = t),
&
. 1 X (4.4)
Pe = _ngH (ps: ?, t) .
Remark. Sinced H (p,. %, 1) = H; (. %, t) , we have the bounds

max |p.| £ C foreachtimel > 0.
0T

Theorem 4.1. There exists a sequence ¢, — 0 and for a.e. + > 0 a Radon proba-
bility measure v; on R” x T" such that

(pgm Xelt) ) (1) = / n / ®(p,x, 0 dy (4.5)

for each bounded continuous function @ : R” x R” x R - R, ® = ®(p, x, 1),
for which x — ® isT"-periodic.

Lemma4.2. (i) The support of the measures {v, },>q is bounded, uniformlyin¢.
(i) For each C? function @ as above

/ {H, ®}dv; =0 (4.6)
n T)‘l
foraer = 0.

The proof is similar to that of Lemma 3.2 before.
We may assume

Xg = X 4.7)

uniformly on compact subsets [, co). ConsequentlX (1) = Q(r) for

Q) ::/ / Dy,H(p,x,1)dv;. (4.8)
R}l Tﬂ

Theorem 4.3. (i) Thefollowing equality holds:

LQ). 1) =/” /TnL(DpH,x,t)dv,. (4.9)

(i) In addition, there exists P € R" such that
P € dL(Q(r), 1), Q(t) e dH(P,1) for ae.r. (4.10)

Remarks. (i) Here P is again an action vector, and the nontrivial point is that
P does not depend an We will in Section 5.2 below interpret assertion (i)
as a weak formulation of the physical principle of adiabatic invariance of the
action.
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(i) The second statement above can be rewritten

X e dH(P, 1)
P=0 foraes=>0.

Again, compare this witli1.2).
Outline of proof. Sep 1: Write

t
Se(x, y, 1) == inf {/ L(>'<, f,s) ds | X(t) = x, X(0) = y},
0 &

forx,y e R",t > 0. Then

Se(x, y,t) — min {/
0

uniformly on compact subsets &' x R" x (0, co). This follows as inLioNs,
PAPANICOLAOU & VARADHAN [L-P-V, Section V], WEINAN E [EW1], etc.
Let y. := X.(0) = ex(0) — 0. Then

t

L(Y,s)ds |Y(®) =x, Y(0) = y} ase — 0,

t
. X
Sg<xg(r),yg,r)=/ L (%, =% 5) ds,
0 £

since the curve,(-) is an absolute minimizer. Consequently

t

Sep Xe, (1), ¥e,, 1) — min {/ L(Y,s)ds | Y(t) = X(), Y(0) = O}
0

for each time = 0. )
Sep 2: The term on the left-hand side above is less than or eqq%l kX, s)ds.
Consequently the weak limit of

X - .
L ()‘(gk, iy t) —L(X, 1)
&k
is less than or equal to zero. It follows that

//L(DPH,x,t)dv,§f,(X(t),t)

fora.e.r > 0.
On the other hand, we have

T _ T X
/ LX. 0 dr <liminf [ L (xe, 2 z) dr,
0 =0 Jo €

and so
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Z()’((t),z)§/ / L(DyH, x,t)dv,

fora.e.r.
Sep 3: In particular, for each tim& > 0

T - . T - .
/ L(X,t)dt g/ L(Y,t)dt,
0 0

for each Lipschitz continuous cur¥esatisfyingY (0) = X(0) = 0,Y(T) = X(T).
It follows from the Pontryagin Maximum Principle (see, for instanCesrKE
[CI, p. 169]) that there exists a Lipschitz continous functR{) such that
X e dH(P, 1)
P=0 foraes=0.

But thenP(-) = P for someP € R”, with
Q(t) = X(t) e 9H(P, 1) fora.e.r > 0.

Equivalently,P € dL(Q(r),t) fora.e.r > 0. O

5. Calculationsfor integrable systems

The remainder of our paper we largely devote to some interesting heuristic
calculations thatindicate connections betweenfdand{ H (-, )}o<;<1andcertain
averaging effects. o

We begin by providing here, for the reader’'s convenience and for later refer-
ence, some formal calculations for integrable Hamiltonians. We henceforth loosely
interpret “integrable” to mean those with Hamiltonians for which the cell problem

H(P + Dyv,x,t) = H(P,t) inR",

. L (5.1)
x > v is T"-periodic

has a smooth solution = v(P, x, t) for each time 0 ¢ < 1, and for which the
relations

p=Dyu(P,x,t),

X = Dpu(P, x,1) (5-2)

are smoothly, globally invertible, to provide us the change of variables formulas

X=X(p,x,t), P=P(p,x,t),

(5.3)
x=x(P,X,t), p=pP, X, 1).

We hereafter write
u=~P -x+v.

Note carefully that this differs from the earlier definiti¢®112).
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In particular, if we were to take the autonomous Hamiltorfigth:= H (-, -, 10)
(for some fixed timep) and considered the rescaled dynamics governet by

X

Xe = DpHo (pss _8) ,
&

. X

Pe = _DxHO (ps, ?8) s

we could then change variables according®8) (with rg in place oft), to convert
to the trivial dynamics
X. = DHO(P,),
P, =0.
A more interesting issue is understanding to what extent this procedure works for the

slowly time-dependent Hamiltoniali® = H (., -, ¢t). Remember from Section 4
that the rescaled dynamics in this situation read

Xe
Xe = DpH (ps» ?, t) s

pe = —DiH (pe. Xs—g r). &4

Let us also define

m0%=x<m0)80)),

o (5.5)
Pe(t) :=P (ps(t) £ ) .

5.1. An assumption about spatial averaging

We propose to study the limiting behaviorXf, P; ase — 0. First, as demon-
strated belowP, = O (1) is bounded; and so, passing if necessary to a subsequence,
we have

P. — P uniformly on compact subsets [, c0), (5.6)

for some Lipschitz conj[inuous functidh: [0, o0) — R".
On the other hand{, = O (%) is in general unbounded. Consequently, we
expect only

Xe — X (5.7)

weakly ax — 0; and we may further expect that the weak lif&if7) entails some
sort of spatial averaging.

We will for the remainder of Section 5 assume that the images of the function
X, became uniformly distributed with respect to Lebesgue measure, ase — 0.
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This seems to be a standard assumption in much of the physical and mathematical
literature, and means precisely that

® (xf)) = B(x(PL(1), Xe (1), 1)) — f SxP@), X, dX  (5.8)
’ﬂ‘n

for each continuous[”-periodic functiond. We transform this hypothesis into a
statement about the Young measurgeintroduced in Section 4. Indeed, when we
sete = g — 0, the left-hand side af5.8) converges weakly to

/ d>(x) dO},

where we define; to be the projection of; onto thex-variables. Sinc& = Dpu,
we are therefore making thassumption of spatial averaging:

do, = det(D?pu) dx (5.9)
for each time (2 r < 1 and foru = u(P(), x, t).
Remark. We pause to check that
w = det(D?,u)

is indeed flow invariant, for each fixed time® ¢ < 1 andP = P(¢), where we
write

UxyPy -+ Ux1P,
D?pu:=| : .. |, D%u:=D%uw.
Ux,py --. Ux,P,
That is, we claim
div(wD,H(Dxu, x,1)) =0 foreachtime & r < 1, (5.10)

the divergence taken in thevariables. This accords witl#.6).
To confirm this, let us first differentiaté.1) in P:

(D?pu)T D,H = D,HD?pu = DH.

Left multiply by the cofactor matrix cc(fD)fPu) and recall the matrix identity
(cofA)AT = (detd)I. Then

wD,H = cof(D?pu)DH,

and so
div(eD,H) = div(cof(D?pu)DH) = 0.

The last equality holds sindé does not depend onand the columns of cQDfPu)
are divergence-free in. (See for instance [E2, p. 440].)
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5.2. Adiabatic invariance of the “ action” variables

Afirstconsequence of the averaging hypoth&5&3 is the adiabatic invariance
of the action:

Lemmab.l. Ase — 0,

ps — 0,
and so
P, — P uniformly on compact subsets of [0, c0), (5.11)
for some constant vector P € R”.
Proof. Sep1: We compute
. X
PsszPps‘i‘DxP?s‘f‘Pz, (5.12)
for P = (P, ..., P")and
1 1 1 1
pL ... P! pL ... Pl
D= - |, DeP=|: . |, B=(PL..., P
Py ... P Pl ... P!
Now (5.2) implies
[ = D?,uD,P;
e ) (5.13)
O = DipuD, P + Diu,
whereD?,u is defined as before and
uxlxl uxlx,l
D2y —
U=
uxnxl e uxnxn
Furthermore, sincél (D, u, x, t) = H(P, t), we have
D,HD?u+ D H =0. (5.14)

We combing(5.12)—(5.14), to discover

P, = (D%pu)t (Dg — Dfu%) +P, by(5.13
__ Do Dy H + D,HD? P, by (5.4) and th try ob?
——T( «H + D,HDZu) + P; by (5.4) and the symmetry abZu

=P, by(5.14).
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Therefore
. Xe,
Bo(t) = P, (ps,(m,g(r),t) R / / P(p.x. 1) dv,. (5.15)

Sep2: We demonstrate next that the right-hand sidé€xat5) in fact equals zero.
For this, we first deduce frorb.2) that

O = D?,uP, + D?u,

and thus
cof(D?,u)"

~ det(D2,u) xtlt:
This and our averaging hypotheg@s9) together imply

/ / P[dl)[:/ P[(Dxu,x,t)dU[
n n Tn

= —/ cof(D?pu)T D?,u dx
Tn

P =—(D?pu) D% u =

= | div(cof(D?pu)")u, dx =0,
Tn

foru = u(P(¢), x, t). The integration-by-parts in the penultimate step is valid since
u; = v, is periodic inx. 0O

Remarks. (i) The computations in this proof in particular reproduce the classical
assertion

(P*,H} =0 fork=1,...,n (5.16)

for each timer. HereP = (P, ..., P"), P = P(p, x,1).

(i) The foregoing calculation of course strongly depends upon our having smooth
functionsu, the averaging hypothesis.9), etc. It is therefore worth empha-
sizing again that Theorem 4.3 (ii) is valid in general, without these restrictions,
and so can perhaps best be understood as a very weak form of the adiabatic
invariance principle.

5.3. Asymptotics of the “ angle” variables
We turn next to the limiting behavior of the angle varialdlg-).

Lemma 5.2. The equality
. 1 - X
Xe() = =DpAPe. 1)+ X; (pes =5 1), (517)
& &
holds, and so

. 1 _
X, (1) — gDpH(PSk(t),t) N / / X:(p,x, 1) dv,. (5.18)
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Proof. According to(5.5)

Xe = DpXpe + Dxxt—g + X;. (5.19)
Also, owing to(5.2),

D,X = D3uD,P,

(5.20)
D.X = D2uD, P + (Dypu)’ .
We insert(5.20) into (5.19), and recall as well the ODE.4):
. D%u
Xe = (=DyPD.H + DxPD,H)
&
1
+ = (Dxpw) DpH + X, (5.21)
&€
1
= EDpHDxPu + X,
since{P, H} = 0, according ta5.16).
Next, differentiate5.1):
D,HD,pu = DpH,
and employ this identity i1§5.21). 0O
TheO(1) term
/ / X:(p,x,t)dv, =/ X, (Dyu,x,t)do; (5.22)
n n T}l

on the right-hand side @b.18) is a correction, recording by how mugh fails to
equaI%DH(PS, t) for smalls. Over the time interval & ¢ < 1, the total correction

IS
1
///X;(p,x,t)dv,dl.
0 n n

Following HanNaY [H] and BERrY [B], let us next show

Theorem 5.3. The egquality

1
f//Xt(p,x,t)dv,dtszK(P) (5.23)
0 n 'n

holds for

1
K(P) :=/ f u (P, x, 1) doydt. (5.24)
O n
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Remark. The expressiolb.24) is Hannay' sformula. It is usually displayed in the
equivalent form

1
K(P)=—/ / p(P. X, 1) x,(P, X, t)dXdt. (5.25)
o JT

Proof. Sep 1. Define
w(P,X,t) =u(P,x(P,X,t),1).

Then
wr = Dyu - x; +u = p-xp +uy,

and thus

Dp(w;, — p-x;) = D%tu + Df,qux. (5.26)
for

D%,u = Upy, ... UpP), Df,u = Uty oo Unyr)-
Now X = Dpu(P, x,t) = Dpu(P(p, x,t), x, t), and consequently
X, = D3uP, + D3,u. (5.27)

Sep 2: SinceX = Dpu(P, x(P, X, t), t), we also have
0= D2u+ (D) uDpx.

Likewise,p = Dyu(P,x,t) = Dyu(P(p, x,t), x,t) and so

0= D2,uP, + D?u.
Therefore

D%uP; = D?,uDpx
and so(5.26), (5.27) imply

Dp(w; — p - x:) = X¢.

Consequently, since— w is [0, 1]-periodic,

1 1
///xxp,x,r)dvtdt:f f X, (p(P. X. 1), x(P, X, 1), 1) dXd
O n n O ']Tn

1
=—-Dp (/ / p(P,X,t)-x,(P,X,t)dth).
0 Tll

Sep 3: Finally, we observe that
d
p(P,X,t) -x(P,X,t) = Dyu(P,x(P,X,t),t) -xy = E(M(P, X, 1)) — uy.

Therefore

1 1
/ / / X:(p,x,t)dv,dt = Dp </ / u;(P,x(P, X,t),t)dth)
0 n n 0 n
1
=Dp </ / u,(P,x,t)da,dt)
0 n

= DpK(P). O
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6. Averaging and the Berry-Hannay correction

We devote this section to working out some more connections between aver-
aging in the spatial variables (for each fixed time) versus averaging in spatial and
temporal variables together. These relations appear in certain asymptotic limits.

To start, let us také® € R” and for each O< § < 1 define

H(P, ) (6.1)
to be the unique real number for which the corrector problem

sw® + H(P + Dw’, x,1) = H(P,§) inR" xR,

s (6.2)

(x,1) > w® is T -periodic

has a solutiom® = w?(P, x, r). The existence and uniqueness’%(fP, ) follows
as in Section 2.2.

Remark. We can interpret the parameteas controlling the scaling in time. To
see this, observe théh.2) can be recast as

W) + H(P + D%, x,81) = H(P,8) inR" xR,

1 (6.3)
x > 0 is T"-periodic ¢ — ¥’ is [0, g]—periodic
for W3 (P, x, 1) 1= wi (P, x, 81).
We will be concerned with the behavior &f for smalls:
Lemma 6.1. The following equality holds:
A 1 —_
gimoH(P, 8§) = / H(P,t)dt (P eRM. (6.4)
- 0

Proof. Step 1: At a point (xo, 7o) Wherew? attains its maximum,
H(P,xo0,10) < H(P,5);

and likewise
H(P,x1,11) 2 H(P,$)

at a point(xy, 1) wherew? attains its minimum. Thus
|[A(P.8)| = max|H(P, )|
We may therefore tak& — O such that
H(P,5) — A,

for some real number.
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Sep 2. Next, define
s o s (X N _ s i
W (x, 1) ._S(w (S,I) w (0, 0)), (6.5)
then
uf+H(P+Dxu8, ;—Ct) — A(P,5) inR"xR. (6.6)
Furthermore, as in the proof of Theorem. 2we have
max |u’], | D’ |, ug| < C
R2xR

for a constantC independent o8. Takings = §;, and passing if needs be to a
further subsequence, we have

u®* — u  uniformly onR” x R (6.7)
and
u;+ HP + Dyu,t) =1 inR" xR, (6.8)

On the other hand, write

1 t
0= (/ I:I(P,s)ds)t—/ H(P,s)ds (6.9)
0 0

1
i; + H(P + Dyii, t) :/ H(P,s)ds in R" x R. (6.10)
0

and notice

But according to a uniqueness argument similar to that in Section 2, there exists
at most one constantsuch thai(6.8) has al"+1-periodic solution. Consequently
A= fol Hds. O

SeeGowmEs [G1] for a different proof.
Notation. In view of (6.4), we hereafter write

1
H(P,0) := / H(P,s)ds. (6.11)
0

We propose next to estimate the first-order behavidf P, §) for § near zero.
For this we reintroduce for each timer < 1 the cell problem

H(P + Dyv,x,t) = H(P,t) inR",

. . (6.12)
x > v is T"-periodic

Also, we define

A _
v = wd — 3/ H(P,0) — H(P,s)ds. (6.13)
0
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Assume further that we have probability measw%and{a,}oé,él, asin Sections 3
and 4. Then, similarly t@3.6),

/ 8@, + D,H(P + Dyw®, x,1) - Dy®dp® =0 (6.14)
Tn+l
for eachC? function ® periodic inx, ¢; and

/ D,H(P + Dyv,x,t)- Dy®do; =0 (6.15)

for each 0< ¢ < 1 and eachd periodic inx.

Lemma6.2. For each § > O,

H P,5 H P.0
/ / v} doydt < (P&~ H(P.O) f v dp®. (6.16)
n 5 Tn+1

Proof. Sep 1. From(6.1), (6.15) we see that

80’ + H(P + D, x, 1) = H(P,8) — H(P,0) + H(P, 1), (6.17)
and so
808+ H(P + Dyv®, x,t) — H(P + Dyv, x,t) = H(P,8) — H(P,0) (6.18)

in the viscosity sense.
Now convexity implies

H(P + D0, x, 1)
<D H(P+Dv x,1) - (D — Dyv),

— H(P + Dyv, x, t){
2 D,H(P + Dyv,x,1) - (Dyv® — Dyv).

Consequently

H(P,8)— H(P,0) < 8(° —v), + D,H(P + Dyw’, x,1) - D, (v* — v) + 8vy.

We integrate with respect to the measpfeand recalk(6.14), thereby proving the
second inequality ii6.16). Likewise

H(P,8)— H(P,0) = 8v° + D,H(P + Dyv,x,1) - Dy(v* —v);
and we integrate with respectdp, then with respect tg, recalling(6.15). 0O

Remark. The foregoing estimate suggests that we can recover the Hannay-Berry
correction, discussed in Section 5, by differentiathigP, &) with respect té. We
propose therefore the formal relation
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although we are not able to make any precise statement as to the general validity
of this identity. It follows of course front6.16) if [, [, v® dordt, fuss ve dp® —
3 foon vi doydt ass — 0.

This formula is potentially interesting, since bath(P, §) and H(P, 0) :=
fol H(P, s) ds exist in general, without the very strong assumptions of integrabil-
ity and averaging introduced for this and the previous section. It therefore seems

worthwhile to try to understand if and whe%{si(P, 0) exists. These heuristics
provide, we hope, a little progress in the overall program of discovering how the
effective Hamiltonians record information about dynamics.

Appendix

In this appendix, we attempt to clarifly connections of our work with that of
Mather, Fathi and others. Some key referencedvarener [Mt1, Mt2, Mt3, Mt4],
MATHER & Forn1 [M-F], FaTHi [F1,F2,F3, F4]ITURRIAGA [I], MANE [Mn], Dias
CARNEIRO [DC], and WEINAN E [EW1,EW2]. See als@ARLSSON, HAURIE &
Le1zarowiTz [C-H-L] and MADERNA [M]. CONTRERAS & ITURRIAGA [C-I] and
FatHi [F5] provide lengthy and detailed lecture notes. For simplicity we discuss
only autonomous Hamiltonians and Lagrangians.

Basicnotation. The general setting for most of these papers is a complete, compact,
connected manifold/, the tangent space of which &M . Local coordinates on
T M are written(x, v), forx € M andv € T, M. (In our work, we discuss only
the case wheref = T", then-dimensional flat torus, andM = T" x R". The
covering space is thaR". We usually write the velocity variable as “g” instead of
“v", to emphasize the duality with the momentum variable “p”.)

Given also is the.agrangian L : TM — R, which is a smooth function that
in local coordinates satisfies appropriate convexity and superlinearity hypotheses.

Classical action. With each trajectory(-) taking values invf and with each time
T > 0 is associated the classi@ation

T
A[X()] = / L(X, X) dt,
0

also sometimes denoted By

We may look for trajectories which minimize the action, subject to given and
fixed endpoint conditions. The Euler-Lagrange equations in local coordinates then
read

—% (DyL(X, %)) + Dy L(X,X) = 0. (7.1)

Generalized action. Instead of considering minimizing trajectories, Mather intro-
duces measures invariant under the dynarids, that minimize the action. More
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precisely, consider a probability measuyre supported inT M, that is invariant
under the flow(7.1). The correspondingction of w is

Alu] :=/ L(x,v)du.
™

To replace the fixed endpoint constraints above, let us associate with each in-
variant measurg an elemenp (1) of the first homology grougi; (M), by setting

.= [ wdu
™
for eachw in the first cohnomology grouf/1(M). (In our case, whergf = T", we
can identifyHy (M) = HY(M) = R" andQ = p(u) is the rotation vector.)

Convex and concave functions. For eachy € Hi(M), Mather defines

By) == inf{A[u] | p(u) = y};

thatis,8(y) is the infimum of the action over all flow-invariant measures with fixed
rotation numbetry. (We identifyy with O € R” and set8(y) = L(Q). In other
words, Mather’s functiof corresponds to the effective Lagrangiamm the sense
of Lions, Papanicolaou and Varadhan.) Let us call a measwith o (1) = y and
Alu] = B(y) aminimizing or Mather measure.

Forw € HY(M), Mather defines as well

Aplul ::/ L—wdu.
™

Sincew is a closed one form, the Euler-Lagrange equationd.fandL — » are
the same. (WheM = T”, we can represem as some vectoP € R".) We may
also consider fow € H1(M) the convex function

a(w) = —inf{Aq[ul},

with no constraint on the rotation vector far Then for eachy € H1(M) there
existsw € H1(M) such that

a(w) + B(y) = {y, o). (7.2)

(Inthe case = T", we setw = P,y = Q,a(w) = H(P), B(y) = L(Q); and
then(7.2) assertdi (P) + L(Q) = P - Q, whichinturnmean® € 4L(Q), Q €
9 H(P). Thisisjustthe duality between the effective Hamiltonian and Lagrangian.)

Weak KAM theory. Inasequence of papers [F1,F2,F3,F4], recounted in the lec-
ture notes [F5]FaTHI has developed a weak form of KAM theory, which augments
Mather’'s work. These papers largely intersect our work, and we spell out below
some of the connections. We understand the term “weak KAM theory” to mean
finding generalized, nonsmooth solutions in the large for appropriate Hamilton-
Jacobi type PDE, for which usual KAM theory provides smooth solutions in the
case of small, nonresonant perturbations.
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In [F1] FatH1 demonstrates the existence of a constaahd two Lipschitz
continuous functions® : M — R, solving the PDE

H(Dut,x)=c¢ ae, (7.3)

H of course denoting the Hamiltonian derived fréniThe constant is H (0). (We
note that in fact

H(D.u",x) =c inthe viscosity sense (7.4)
and
—H(Dyu",x) = —c inthe viscosity sense (7.5)

as follows from the variational formulas faf in [F1]. Assertion(7.5) means that
the usual inequalities in the definition of viscosity solutions are reversed: See for
instance Chapter 10 of [E2].)

Define the Mather set1 to be the closure of the union of the supports of all
minimizing measures, thatis, those flow-invariant probability meagusasisfying
Sy L(x,v)du = —c. Also let Mo denote the projection of into M. Then
Fathi notes that® are differentiable onMg, and thatMg lies on a Lipschitz
graph, as follows in part from earlier work of Mather and ofiidaDias CARNEIRO
[DC] proved that the support of any minimizing measure is contained in a level set
of the energy. Our paper [E-G1] recast and reproved these statements using PDE
techniques, the main difference being that we constructed our version of Mather
sets in phase space, i.e., in the variabhlesd p.

In [F2,F3] FatHI establishes many more propertiesudf, and in particular
shows how to construct “Peierls barriers” from the collection of functiohsin
[F4]he demonstrates the convergence-as oo of solutions o, +H (Dyv, x) =0
to a stationary solution af7.3).
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