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Abstract. In this paper we study a discrete multi-dimensional version of Aubry-
Mather theory using mostly tools from the theory of viscosity solutions. We set this
problem as an infinite dimensional linear programming problem. The dual problem
turns out to be a discrete analog of the Hamilton-Jacobi equations. We present some
applications to discretizations of Lagrangian systems.

1. Introduction. Certain variational problems which arise in applications such as
Lagrangian mechanics, Mather’s problem [Mn92, Mn96], Monge-Kantorowich opti-
mal transport problems [Eva99], or stationary stochastic optimal control [Gom02a],
can be written as infinite dimensional linear programming problems in spaces of
measures. The standard strategy to study such problems is to compute the dual
problem. In general, the dual yields important information about the original (pri-
mal) problem. This dual may be of interest itself, and therefore the primal problem
may provide useful insights about the dual.

In the continuous case, the dual of Mather’s problem is related to viscosity solu-
tions of Hamilton-Jacobi equations [Fat97a, Fat97b, Fat98a, Fat98b]. For stationary
stochastic optimal control, it turns out to be related with second order nonlinear
elliptic equations.

For discrete problems, such as optimal transport and the problem discussed in
this paper, the dual is not a partial differential equation but a difference equa-
tion. These equations can be seen as discretizations of the corresponding partial
differential equations in the appropriate limit.

The objective of this paper is twofold, one is to show that viscosity solutions
methods can be adapted and used to study certain discrete dynamical system,
and can be used to prove many well known facts about Mather’s theory such as
the existence of invariant sets and measures, the graph theorem, and asymptotic
behaviour. The other one is to show that in the continuous limit one can recover the
corresponding objects such as Mather’s measures and viscosity solutions. We would
like to point out that our results concerning Mather sets and measures are not new,
the main novelty consists in the formulation and the methods used to obtain them,
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as well as, in pointing out the connection between certain difference equations and
the corresponding Hamilton-Jacobi equations in the continuous setting.

Before stating the main problem, we need some notation. To that effect, let T™
be the n dimensional torus T = R"/Z", ) = T"™ x R™, and consider a Lagrangian
L(z,v) : @ — R, smooth, periodic in x (which is implicit by assuming z € T"),
coercive, and strictly convex in v. We look for positive probability measures p(z,v)
in Q,

dp =1, (1.1)
Q

that are invariant under the map x — = + v, that is, for all continuous functions
w:T" - R

/ w(z +v) —w(x)du =0, (1.2)
Q

and that minimize the average action

/ L(z,v)du. (1.3)
Q

This is a linear programming problem on a space of measures, and so it admits a
dual problem, which, as we will see in section 2, is given by:
inf  sup [w(z)—w(z+v)— L(z,v). (1.4)
weC(T") (z,0)EQ
In analogy with the continuous case we will study the discrete stationary Hamilton-
Jacobi equation associated with (1.4):
H(u(),z) = H, (1.5)
in which
H(w(-),z) = sup [w(z) — w(z +v) - L(z,v)].
v
The solution to (1.5) contains information about properties of minimizing measures
such as the support. The analog of the Euler-Lagrange equations that arise in
continuous time, are the discrete maps that we study in this paper.
It is instructive to observe several facts about the invariant measure that differ
from the continuous case. In the continuous case, we look for probability measures
that minimize (1.3) with the constraint

/ vDywdp =0 Yw € CH(T™). (1.6)
Q

Since L is strictly convex in v, and the constraints (1.1) and (1.6) are linear in v, it is
immediate that the minimizing measure is supported on a graph v = v(z). This is,
however, an issue for the discrete version since (1.2) is non-linear in v. Nevertheless,
if this measure were supported on a graph v = v(z), and its projection on T™ had
a density 6(x) then it would satisfy the Monge-Ampere equation:

0(x) det [I + Dyv(x)] = 0(x + v(x)). (1.7)

We will prove that, indeed, p is supported on a graph and therefore if this graph
is smooth the minimizing measure satisfies (1.7) as consequence of the change of
coordinates formula. Furthermore, as we will see in the last section the constraint
(1.7) should be regarded as the discrete version of

V- (0(z)o(z)) =0,
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which, together with the minimality condition, implies the invariance of the Mather
measure in the continuous case.

2. Duality. As it was mentioned in the introduction, the minimization problem
(1.3) with the constraints (1.1) and (1.2) is a linear programming problem in a
space of Radon measures. The Fenchel-Rockafellar duality theorem [Roc66] is the
natural tool to study such problems. In particular, it identifies the dual problem
that, as in the continuous Aubry-Mather theory, contains important information
concerning the original minimization.

The setting is the following: let E be a Banach space with dual E’ and dual
pairing denoted by (-,-). Let hi(z) be a convex lower semicontinuous function in
E assuming values in (—o0, +00]. Define hi(y) for y € E’ by

hi(y) = sup [—(z,y) — hi(2)] .

Similarly, if ho is a concave upper semicontinuous function in E assuming values in
[—o00, +00), let
ha(y) = inf [—(z,y) — ha(z)].

€L
Theorem 2.1 (Rockafellar). Let hy and hy be as above. Then

sup [ha(x) — hi(x)] = iHE, [hi(y) — hs(y)],
zel ve

provided either hy or hg is continuous at some point where both functions are finite.

Set

02_{¢ec°(9): lim 2(&:0) _o}.

|[v|—o00 ‘Ul

and observe that the dual of C? is the space M of Radon measures p in Q with

/ foldlu] < oo,
Q

Define
hi(¢) = sup [=¢(z,v) — L(z,v)].
(z,0)eN
Let
C={peC(Q): d(x,v) =1(x+v)—Y(x) for some ¢p € C(T")},
and set

—o0o otherwise.

if
h2(¢): {O pel

We should observe that the functions ¢ € C are discrete versions of exact one forms.
In fact, if (x;,v;), with 1 < i < n satisfies

Tip1 =z +v; (1<i<n—1) T1 = T,
then

> blwi,vi) =0,
i=1

as in the continuous case the integral along a closed curve of an exact one-form is
Zero.

Define
Mo — {MEM [ v+ o)~ vt =0, i e cmm}?
Q
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and

Mlz{ueM:,uZOand/d,uzl}.
Q

Proposition 2.2.

1 )
400 otherwise,

(w) = {deH if p€ My

and

() = {O e Mo

—oo  otherwise.

PRrROOF. Recall that

i = sup [ [ odu— o)

$ECY

If 1t is non-positive then we can choose a sequence of non-negative functions ¢,, € C?

such that
—/ Ondpu — 0.
Q

hi(¢n) = sup [~¢, — L] < 0.

Since L > 0 we have

Therefore hi(u) = +o0.

Lemma 2.3. If p > 0 then
hi(w) z/Ldqu sup [/ wdu—supw]-
Q PpeC? LJQ Q

PRrROOF. Let L, be a sequence in C? that increases pointwise to L, 0 < L, T L.
Any ¢ € C? can be written as ¢ = —L,, — 1 for some 1) € C?. Therefore

sup [—/ pdp — h1(¢)} = sup [/ Ly, +Ydp — hy(Lyp — ¢)} :
$eC? Q $eC? LJQ
Since L, — L < 0 we have

hi(=L, — 1) < S‘épw’

and so
sup {— ddp — hl(qb)] > / Lpdp + sup [/ Wdp — sup w] .
$€eC? Q Q $eC? LJa Q
Letting n — oo, and using monotone convergence theorem proves the lemma. m

Now suppose fQ dp # 1. Then by choosing ¢ = o € R we get
sup [/ z/)du—supw} > sup « (/ du — 1) = 400.
vec? Lo Q acR Q
On the contrary, if [, dyu =1 then

/ (—6— L)du < sup(—¢ — L) = ha (9).
Q Q

Therefore, for any ¢

—/bedu—hlw) < /Q Ldp,



VISCOSITY SOLUTION METHODS AND THE DISCRETE AUBRY-MATHER PROBLEM 5

and so
hi(p) < /Q Ldp.

To compute h3 observe that if u & My then there exists gZ) € C such that

/Qédwéo.

inf — [ ¢du < inf [ addy = —oco.
= J o < s, f iy = =

So for u & Mg hi(u) = —oo. If p € My then

Thus

/¢du:0 Vo € C.
Q

Therefore h3(p) = 0. |
Since hq is continuous, the previous result together with the Fenchel-Rockafellar
theorem yields:

Theorem 2.4.

—  inf Ldy = inf s —(z +v) — L(z,v)] .
st [ L= S [6) ¢ )~ Do)

3. Solution to the discrete Hamilton-Jacobi equation. The previous section
motivates the study of the equation:

sgp [u(z) — u(z +v) — L(z,v)] = H, (3.8)

which should be seen as a discrete analog of the Hamilton-Jacobi equation:
sup [~vD,u — L(z,v)] = H(D,u,z) = H.
v

In this section we discuss the existence of solutions to (3.8), and, as we will see, the
techniques used for the continuous case extend easily to this problem.

To construct a solution to (3.8) we are going to consider an approximate problem
and then pass to the limit. To that effect, we define an operator T* acting on
bounded periodic functions u by

Tau(x) —e @ irvlf [u((g + ’U) + L(ﬂ?, U)] s

for a > 0. We look for fixed points u® of T.
First observe that

IT% = Twlloo < €™ |u = w]|oo,

for any u and w bounded and periodic. Therefore it is a strict contraction, and so
there is a unique fixed point. Without loss of generality we may assume L > 0, by
adding a constant to L. Therefore this fixed point is non-negative since T maps
non-negative functions into non-negative functions. Furthermore, we have some
a-priori bounds for the fixed point:

Lemma 3.1. T%u is uniformly (with respect to o) semiconcave and therefore, since
it is periodic, Lipschitz.
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PRrROOF. Let v* such that
u(z) = e “u(z +v*) + L(z,v")].
Then
u(lzr +y) <e u(z+v*) 4+ Lz, 0" Fy)].
Then, since
Lz, v* +y) + L(z,0* —y) — 2L(z,v*) < Cly|?,
we have:
u(@ +y) = 2u(z) + u(z — y) < Clyl.
The last remark in the statement follows from the fact that for periodic functions,
semiconcavity implies Lipschitz continuity. |
Note also that we have an a-priori bound on any fixed point:
Lemma 3.2. Assume that 0 < L(x,0) < C. Then
e < 2
U P ———
F Tl
REMARK. The assumption L(x,0) > 0 is not critical (and of course implied by the
assumption L > 0) but simplifies the bound. The other bound on the Lagrangian
L is just a consequence of the compactness of T".
ProOOF. It suffices to observe that
0 <u®(z) <e *[u*(z)+ L(x,0)],
by choosing v = 0. |
Finally, the main result is

Theorem 3.3. There exists a semiconcave periodic function u such that, through
some subsequence, u® — minu® — wu. There exists a number H such that (1 —
e"*)minu® — H. Furthermore

u(x) = inf [u(z +v) + L(z,v) + H],
v
that is, u solves (3.8).

PROOF. Since u® — minu® is uniformly Lipschitz, with respect to «, and con-
sequently bounded by periodicity, it converges uniformly, possibly through some
subsequence, to a limit .

The uniform bounds on the fixed point imply that (1 — e™®) minu® is bounded
and its Lipschitz constant tends to zero. Therefore, through a subsequence, it
converges to a constant which define to be H.

To check that (3.8) holds, it suffices to observe that

u®(z) — minu® =
=—(1—-e"* minu® +infe™ [u¥(x +v) — minu® + L(z,v)],
v
therefore in the limit we have

u(x) = H + irgf [u(z +v) + L(z,v)].

Proposition 3.4. The number H is unique.
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PrOOF. By contradiction, assume that there is H; > H, and corresponding
functions wuq, us that satisfy

ui(x) = ir;f [ui(z +v) + L(z,v) + H;] .

Then it is possible to find a sequence of points (z;,v;) with ;41 = z; + v; and
1 < j < n such that

up (1) = ur (zy + o) + ZL(:L'j,vj) + Hin,
j=1

and
ug(z1) < ug(Ty + vpn) + ZL(xj,vj) + Hon.
j=1
Then, since u; and uy are bounded we obtain

C S (FQ —ﬁl)n — —0Q,

as n — oo if H; > Ho, which is a contradiction. o |
The last result in this section shows that the value H obtained in (3.8) is the
value of the infimum in Theorem 2.4.

Theorem 3.5. We have

PrOOF. We have

inf sup [é(z) — ¢(x +v) — L(z,v)] <
¢ (z,v)EN

< sup [u(z)—u(z+v)— L(z,v)]=H.
(z,v)EN

To prove the reverse inequality, suppose that v is such that

sup [th(x) —(x +v) — L(x,v)] < H.
(z,v)EN

Then we would have for all x

P(z) < ir;f [¢(x +v) + L(z,v) + H| — ¢

for all x and some e > 0 sufficiently small. The difference ¢ — u has an absolute
maximum at some point zg. At this point we have
u(wo) = u(wo + vo) + L(wo,v0) + H,
and
’l/)(il’()) S T/J(Cﬂo + ’U()) + L(CC(),’U()) -+ H —e.
By subtracting the two expressions we have
Y(2o) — ulzo) < P(wo +vo) — u(wo +v0) — €,

which is a contradiction. |
REMARK. This last proof resembles the ones that arise in the theory of viscosity
solutions - in fact, one should look at the function u as a viscosity solution of a
discrete Hamilton-Jacobi equation.
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4. Discrete Dynamic Programming principle. In this section we discuss the
dynamic programming principle and discrete Euler equations for the discrete Hamilton-
Jacobi equation.

Theorem 4.1. Let u be a continuous solution of
u(z) = irvlf [u(z +v) + L(z,v) + H] . (4.9)
Then
1. For each x there exists an optimal v(x) (possibly not unique) such that
u(x) = u(z +v(x)) + L(z,v(z)) + H.

2. w is differentiable at x + v(z), and

Dyu(x 4+ v(z)) + Dy L(z,v(z)) = 0. (4.10)
3. If u is differentiable at x then
Dyu(z) = Dy L(z,v(x)) — Dy L(x,v(x)). (4.11)

ProOOF. The first statement is a consequence that u is bounded and L(z,v) — oo
as v — 00.
To prove the second part, observe that for any x

u(z +y) < ulx+ (@) + Lz + y,v(z) —y) + H, (4.12)

with equality for y = 0. Since the right hand side is differentiable in y, u has
non-empty super-differential at any point (this also follows from the semiconcavity
of u, but this proof is instructive).

At the point = + v(z) we have

u(x) <u(z+ov(z) +y)+ Liz,v(z) +y) + H, (4.13)

which implies that at z + v(x) u has non-empty sub-differential. When a function
has non-empty sub and super differentials it is differentiable. From (4.13), by
differentiating in y we obtain

D u(z +v(z)) + Dy L(z,v(x)) = 0. (4.14)
Finally observe that from (4.12), by differentiating in y, we get
Dyu(z) = DyL(z,v(x)) — Dy L(x,v(x)),

provided w is differentiable at x. |
An easy consequence of this theorem is recorded in the next corollary. Let H,
the Hamiltonian be defined by

H(z,p) = sup [—v-p— L(z,v)].

Corollary 4.2 (Discrete Hamilton equations). Set
Pn = Dyu(xy,) Tnt1 = Tpn + 0(Tp).

Then

{pn-i-l — Pn = DxH(xnvpn-H) (4 15)

Tp+1l — Tp = 7DpH(znapn+1)~
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PROOF. Observe that from (4.10) we have
Pnt1 = —DyL(wn, v(zn))
and (4.11) reads
Dn = Dy L(xp,v(xy)) — Dy L(xp, v(zy)).
Subtracting these two equations we obtain the first identity in (4.15), since
D, L(zn,v(xy)) = =Dy H(xp, Prt1)-
The second line follows from the fact that v(z,) = —DpH (s, Prt1)- [ |

5. Regularity and the graph property. In this section, we study the regular-
ity of the solution of the discrete Hamilton-Jacobi equation, and prove the graph
property, that is, that a minimizing measure lies on a Lipschitz graph.

The first two propositions deal with the semiconcavity of the solution of the
discrete Hamilton-Jacobi equation (4.9) (proposition 5.1), as well as the local semi-
concavity along a minimizing trajectory (proposition 5.2). Then, following the
ideas of [EGO1], we prove that in the minimizing trajectory the solution of (4.9) is
Lipschitz. The graph theorem, which characterizes the support of the minimizing
measure is proven in theorem 5.5.

Proposition 5.1. Let u be any solution of (4.9). Then u is semiconcave, that is
u(z +y) — 2u(x) +u(z —y) < Cly|*.
PROOF. Let v* be the optimal velocity for x, that is
u(r) = u(z +v*) + L(z,v*) + H

and

u(z, +y) < u(zx +v*) + Lz, v* Fy) + H,
thus, since L is C?,
u(z +y) —2u(z) +u(z —y) < Cly|*.
|

Proposition 5.2. Let u be a solution of (4.9), xo an arbitrary point in T™, and
vo = v(xg) the optimal solution to (4.9). Then, at x = xo + vy, u is locally
semiconver, that is,

u(x +y) — 2u(z) + u(z —y) > =Clyl*.
Proor. Note that
w(zo) = u(z) + Lxo, vo) + H
and
u(zo) < u(x +y)+ L(xo,vo Ty) + H,
thus, since L is C?
ula +y) — 2u(x) +u(z — y) > ~ClyP.

|
Note that this proposition does not hold at all points x, otherwise u would be
both semiconcave and semiconvex and thus differentiable everywhere.
Now we borrow the ideas from [EGO1], to show that along a minimizing trajec-
tory, Du is Lipschitz.
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Theorem 5.3. Let xg be any point in T™ and vg = v(xg) the optimal solution to
(4.9). Let x = xo + vo. There exists a constant C' such that

|u(z) — u(y) — Du(z)(y — 2)| < Cla -y,
furthermore
|Du(z) — Du(y)| < Cla —y|.
Proor. For any h semiconcavity yields:
u(z + h) —u(z) — Du(z)h < C|h|?, (5.16)
and
u(z — h) —u(z) + Du(z)h < C|h|2. (5.17)
Also, by local semiconvexity at x,
u(z + h) — 2u(z) + u(z — h) > —C|h|?
Combining this with (5.17) we get
u(z 4+ h) — u(z) — Du(x)h > —C|h|?,
which, together with (5.16), proves the first estimate. Let now z be such that
|z| < 2|h|. We have,
u(a + 2) = u(w) + Du()z + O(|2P),
and
u(x + h) = u(z) + Du(z)h + O(|h|?).
Furthermore, the semiconcavity of u implies
u(z + 2) < u(z +h) + Du(z + h)(z — h) + C|z — h|*.
Therefore by combining these estimates we have
(Du(z) — Du(z + h)) (z — h) < C|h}?
Choose
Du(z) — Du(x + h)
|Du(z) — Du(x + h)
which implies the second part. |
Now we should observe that to a solution of (4.9) we can associate a dynamics
by (4.15), and the initial conditions are determined by D,u(xo), provided that at
the initial point zg u is differentiable. To this dynamics corresponds a measure on

T™ x R™ which is supported in the graph (z,v(x)). Furthermore u is differentiable
in the support of this measure. Observe that

D,u(z) = DyL(z,v(x)) — Dy L(z,v(x))

z=h+|h|

9

has a unique solution if L is strictly convex in v and D, L has a small Lipschitz
constant in v, these hypothesis are quite natural as we will see in the last section.

Theorem 5.4. Let pu be any minimizing measure and u any solution of (4.9). Then
p-almost everywhere

u(r +v) —u(x) + L(z,v) = —H,
in particular, if u is differentiable Dyu = Dy L(x,v) — Dy L(z,v).
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PROOF. By (4.9) we have
u(e +v) — u(z) + L(z,v) > ~T,

for all (x,v), namely those in supp . Therefore it suffices to prove the reverse
inequality. By contradiction, assume that there is € > 0 such that

w(x 4+ v) —u(x) + L(z,v) > —H +e
Recall that
/u(a: +v) —u(z)dp =0,
and so

/L(:z:,v)d,u > —H,

which contradicts Theorem 3.5. The last part of the statement is simply the opti-
mality condition from the previous section. |

Theorem 5.5. If the equation
p=D,L(z,v) — D,L(x,v)

has a unique differentiable solution v(x,p) for every p and x then any minimizing
measure is supported on a Lipschitz graph.

PROOF. By the previous theorem almost every v in the support of u is optimal,
and thus u is differentiable at x 4+ v with

Dyu(zx +v) = =Dy, L(x,v).
Furthermore, we have

Lemma 5.6. Almost every point (x,v) in the support of u is of the form (z,v) =
(zo + vo,v) with (xo,v0) in the support of .

PROOF. By contradiction, there would be a function ¢(x) > 0 such that

/qﬁ(af)du =1

and
/¢(m +v)dp <,
and this contradicts [ ¢(z) — ¢(x + v)du = 0. n
But then,
Dyu(z) = DyL(z,v) — DyL(z,v)
defines v uniquely, and since D, u is Lipschitz at x then v is Lipschitz. |

6. Asymptotic behavior. By replacing the Lagrangian L with
L(z,v)+ P v
for P € R™ we obtain a family of solutions u(z, P) and a function H(P) that satisfy
uw(x) = u(zr +v(x)) + L(z,v(z)) + P-v(z) + H(P).

Proposition 6.1. H(P) is convex in P.
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PrOOF. It suffices to observe that H(P) can be written as the supremum of a
family of convex functions:

H(P)= sup —/ L(z,v) + P - vdpu.
peEMoNM;  JQ
]
The next theorem should be compared with the corresponding result for Hamilton-
Jacobi equations [Gom02b].

Theorem 6.2. Let x, be an optimal trajectory for the problem corresponding to
P. Then

Ln

lim — = —-DpH(P),
n—oo n
provided H is differentiable at P.
ProOOF. We have
n—1
w(zo, P) = u(zp, P) + Z L(zi,v;) + P(xiz1 — x;) + H(P)
i=0
and, for any A
n—1
u(@o, P+ A) S u(@n, P+ A)+ > L(wi,vi) + (P + A) (@i — ;) + HP + A).
i=0

By subtraction we obtain

oQ) < Z A(zipr — ;) + HP+A) - H(P) =

i=0n
= A(x,, — x9) + nADpH(P) + o(n|Al).
Thus -
Tn —xo+ DpH(P)n 1
afnotot = 0(2) +ol(lA))
thus sending n — co and A — 0 we obtain the result. |

7. Convergence in the continuous limit. In this section we show that these
discretizations are approximations to the continuous Mather problem. The Euler
method for an ODE
z = v(t)
yields the discrete dynamics
Tptl = Tp + hoy,.

To study the limit h — 0, it is convenient to consider a rescaled problem in which
the constraint (1.2) is replaced by

1
7/ w(zx + vh) — w(z)du" = 0.
h Ja
As h — 0 this constraint converges formally to
/ vDyw(x)du’ = 0.
Q
The dual problem is then

. sup P = ()
Y (z,0)€Q h

- L(xav)7
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which formally tends, as h — 0, to

inf sup vD,v¢ — L(z,v).

Y (z,0)€Q
The corresponding discrete Hamilton-Jacobi is then

u(z) = inf [u(z + hv) + hL(z,v) + Hh] (7.18)

There are several questions that we would like to address
LH -H
2. u" — w, in which wu is a viscosity solution of

H(Dyu,x) = g

3. Mhéuo

. —=h . o
The first point, the convergence of H " can be addressed in two parts - it is

—h
clear that the sequence H is uniformly bounded in h, therefore through some

subsequence it converges to a limit. To see that this number is indeed A we need
to address the second point.

The main problem in dealing with these convergence issues is that the proof
of proposition 5.1 for the semiconcavity constant for a solution of (7.18) is O(}),
therefore we need a slightly improved proof:

Proposition 7.1. Let u be a solution of (7.18). Then u is semiconcave, that is
u(z +y) —2u(z) +u(z —y) < Clyf,

in which the constant is independent of h.

ProoFr. To simplify the proof, suppose h = 1/n for some integer n > 0. Let

yj:ly I<j<n
n

Then
1 _
u(@) =u(w) +— ) (L(zj,v)) + H)
n =
and
1 & _
w(zty) <ulw) + EZ (L(zj £y;,v; Fy) + H),
j=1
Therefore
u(zx +y) — 2u(z) +u(z +y) <
1 n
< D [y +yj,05 —y) = 2Lz, v5) + Lz — yj, 05 +y)] <
j=1
< Clyl%,
in which the constant is independent of n. |

As a consequence of the previous proposition the optimal controls are bounded
since
Dyu(z +v) = D,L(x,v)

yields uniformly bounded v if u is uniformly Lipschitz.



14 DIOGO A. GOMES

h

Proposition 7.2. Through some subsequence, u® converges to a function u®. This

function is a viscosity solution of
H(Du°, z) = H.
PROOF. Suppose ¢ is a C! function and u — ¢ has a strict local minimum at a

point z. Then for h sufficiently small u” — ¢ has a strict local minimum at a point
zp — x, as h — 0. Then

oo fuh(ash—i—hv) —ul(x)

_ﬁ = 1in h + L((E,’U) >
h _ 4h

Taking the limit h — 0
—H > infv- D,é(x) + L(x,v) = —H(D,¢, ),

that is, o
H(Dy¢,x) > H.

In the case that u — ¢ has a strict local maximum is similar. |

Proposition 7.3. Suppose u* — p°. Then
/UDI¢(x)d,u0 =0,
for all ¢(z) € CH(T™).
ProOOF. It suffices to prove the claim for a dense class. For instance, if ¢ € C?(T")

we have
¢(x + hw) — ¢(x)
h
uniformly, since the support of p is uniformly bounded in h. Therefore

0 = lim / d@+ m}? - ¢(x)duh = /sz¢(ﬂc)duO.

h—0

— vD,é(x),

Since ﬁh — FO, and
/Lduh — /Ld,uo = —FO,

Theorem 7.4. 1° is a Mather measure, that is, it minimizes

/ L,

among all positive probability measures that satisfy

/szqS(x)du =0,

we conclude:

for all ¢(x).

If the projection of the measure p has a smooth density 6(z), and the viscosity
solution u is smooth then the constraint in the last theorem reads

V- (0Dzu) =0,
as the Mather measure is supported on the graph (z,v) = (z, D u(z)).
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